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PREFACE :

At the Chang Bai Mountain Research Station in Jilin Province in north-east China
there is 2 maJor research programme on the ecolodgw and manadement of native forests
under the auspices of +the Acadesiz Sinica., Prof, Cui Bi-wu has special
resronsibility for sustess analusis in this srogramme and has srent tuwo vears with

ITEs at Merlewoed and Bansors develoring various asrects of forest ecosustem and
manadement models,

Following an earlier forest manadement models Prof. Cui has develored a porulation

nodel which extends the logistic and exronentizl eeustions, The model has denerzal
srprlication but has been examined in the context of forest manadement. The present
Research and Develorment rarer is z comrosite of three rarers to rprovide & full

description of the model. The first rarer is due to be published in the Journzl of
Theoretical Biolody and describes the basic models the second describes possible

extensions and the thirds develored while FProf, Cui was at Bandors discussed the
model 3s an a3id to forest manadement.

1. An exeransion of the lodistic and exronential ecuations bs Cui "Qiwu and
6+ Lawson.

2, A new model of porulation increment with several limiting conditions by Cui Biwy
and 6. Lawson.

3+ Aprlication! calculation of the control indices used in forest manadement bu
Cui Qiwu.

O.W. Hesl



AN EXPANSION OF THE LOGISTIC AND EXPONENTIAL EQUATIONS

Cui Qiwu and G. Lawson

SUMMNARY

Starting with the adsortion theory of chemiczl hinetices and rassing througsh 2 number
of waathematical transformationss we have introduced 2 new eauation concernind sindle
rorulation increwent as follows!

dx _ 1= X%
.RT - Ur—x ,-K/x;‘

or in its intedral form!

x xw'x Mo X'x
bk ek s B LA v o)

This formulz connects todether the fzmous lodistic eauation (often used im ecologu)
and the eaually famous exronential eauation {often used in microordganiss gSrowth)y and
ic 2 ressonsble nmodel to exeplazin the relationshir between porulation incresent and
limiting resources. It can be reduced to the losistic equation when the value of
Xm‘'/Xm is verwy lardes and to the exronential equation when the value of Xa‘/Xm nears
1, This new eguation has three rarameterss ie Xm» X’ 2and Ucs and a starting roint
(Xo:to) on the fitting curve. Each parameter has ecoledicsl sidgnificance,

Xm’/¥m concerns the efficiency of hnutriemnt utilizetion by an ordanism. When the

value of Xm’/Xm nears 1y the efficiency is high’ if the value of Xm’'/Xm is larde,

the efficiency is low and sorpulation increment is restricted earls by limitins
TeSOUTrCes,

Ue is 2 velocity rarameter concerning porulztion increment., Its value lies hetween
the value Ue {for exronential srowth) and the value U, (for lodistic growth)sy and is
derendent on the value of Xm’'/Xm., From the velocity rarameter Ucr» we can predict the
time course of eropulation incremental velocity (dX/dt)s and can observe that it is
not symametricals unlike that derived from the 1lodistic equation, The wmaxinum
difference of aaximum velocity between these two eauations is 2 times at Xm’'/Ya=1.

Porulation srowth occurring in nature seems to surrort the new eauation rather than

the logistic ones 8nd it has been successfully fitted to varicus rorulstion by wmeazns
of a3 least souare method.

Kew words: Population biologys Ecolosical modelr Limiting resourcer Biolodical
kinetics




1., INTRODUCTION

The simrlest model of single rorulation increment is the well know exrenentizl
eauation:

dx
7E = Ve X (1a)

For convenience in the future discussionr it is better written in the intedrzl forms!

L'% = U (t-L,) (1b)

wherer X and Xo are poruylation densities at t and to respectivelsi Ue is 3 velocity
parameter in time',

Howeversy exronential srowth can hold true only for 8 limited preriod of times 3and
ultimately an increasing rorulation will exhaust 1its resources and the life of
cosronent individuals. Therefores to account for the limited superly of resourcesy
another eguation iz often used to describe the rforulation increments ie

. (23)
dE =y~ %0 X :
or in its convenient intesral form:

———

x o X
LT.-L%-_—&=UL(1’-L) (2m)

wheres Xa is the s2ximum rorulation densitye allowed by the limiting resources and can
te czlled the carrving caracituy U, is the velocity rarameter in time's This is the

famous logistic equation which is often wused to describe the srowth of sindgle
rorpulations,

Althoush the logistic eauation ha2s been 3arrlied in a wide rande of ecological

situationss its theoretical hurothesis is too simrle and is oren %o criticism on
severzl drounds!

(A) Egquation (23) is nmerely the simrlest mathematicz]l expression which permits
ropulation srewth to be halted bs 8 rescource becomins limited., It is not derived
fros 3 knowledde of an ordanism’s rerroduction or nutrient recuirementsy and has

therefore little value in exrlaining the mechanisms of drowth (Smithr 19747
Pielous 1%94%).

(B) The relationshir» between srecific velocity (ie dX/Xdt) of rorulation increment
and resource availability (exrressed as 1-%X/Xm) is not necessarily linear. The
logistic eauation assumes that rorpulation drowth bedins to slow down at half
maxisum carrving capacityi In reality resource limitation is 1likelw to be

rrorortionately more important in the later ctages of porulation drowth and the
rrorposed linear decline is unreslistic.




{C) As t incressesr some rorulations (ed forest elantations with homodeneous Bse)

will sgrow olds and their incrementsl velocity will decresse for rhusiolosgical
reasonssy even thoudgh the resource surrly may not he_linitins. In other wordsr U
should not be 2 constants'but 8 function of the rorulation ase.

(D) Climatic conditions <(watery he2t and so on) are limiting factors which are 3s
important as nutrient surrluy and the seasonzl variatien of rorulation increment
is especislly derendent on the seassonsl variation of climate. These two kinds of
limiting conditions (ie nutrient and climate) asre better discussed seraratelu.

¥e wish to introduce 2 new model which includes some ideas on the above reoints. In
speciazl casess we can reduce the new nodel to obtain the lesgistic eguation (22) or
{2b) and the exronential eauation {12} or (ib)., Thereforer this new wsodel can be
considered as an exeansion ot these Lwo ecustiens:. In this rparer the model caters
for only soints A 2nd By but in Parer 2 modifications gre introduced to account for.
senescence and seasonality,

khat follows is lardelw directed towards rorulations of annual or perennial rlants as

well as microorsanismss and terms such a5 ‘*biomass' and ‘nutrient® will often rerlace
*ropulation density® snd *resource’. ' -

2, DEPENDENCE OF THE SPECIFIC VELOCITY OF POPULATION. INCREMENT
ON RESOURCE AVAILABILITY

In the first instance it is wuseful +to discuss the simplest of z1l rorulations?
microordanisa srowth in 2 tank. FPorulation increment in this case is derendent onlw
on nutrient concentrationy and on the ability of the microordanism te absorb

nutrients. We can bedin from those asrects of chemival kinetics dezlingd with the
sdsorbtion of substance onteo 3 surface,

2:+1 The Adsorﬁtiun theors in-chemical kinetice! The Langmuir isotherm.’

Let 2 substancer 2t concentration C in das or sﬁlutiony be-adsorbedfat the surface of
another rphase., Consider unit zrez of the surface and surprose that 2 fractions &y is
occuried by adsorbed wmoleculesy (1-0) heing left free. There is 2 dunamic

equilibriun between free and adsorbed moleculesr and this is expressed by the
eauation’

Kec(t~o) = K¢ (32)

wheres K’ and K' are constants. The left hand side exrrecses the fact that the rate

of derosition of wmolecules on to the surfasce is erorortional to the asmount of free
surface and to the concentration of the molecules in the g2s or solution’ the right

hand side shows that the inverse rprocess is rrorortional to the densits of molecules
on the surface. Rearrangement of (32} gives!

be ¢ -
7= TH+bL T K+ - (3b)




Eeuation (3b) is know as the Langauir isothers (Hinshelwoods 1947)s where b=K’//K"3

K=1/b=K*/K’y in units of concentration. If the adsorbed molecules undergo 3 chemical
transforaation 3t & rate prorortional to their density on the surfaces then we have!

K. C

‘te” = —
K+¢C _ (3c)

where K, is alsoc 2 censtant.

2.2 Specific velocity and limiting resources in culture of microordanisms

Equations (3b) and (3c) are forms of Michaelis-Nenten eauation and have been used
successfully in enzumatic kinetics and the culture of microordganisss,  Let us take a

rorulation of microordanisms &s an examrle. We have the following ecuastion
(Mitchell, 197431

— _U.C
V= (42)

which dis like the sabove eauation (3c)s but here describes & rprocess of-sbsorbing
putrients into the microordanism instesd of the shove adsorrtion rrocess on the cell
surface, Where U is the srecific velocity of rorulation increments- ie d¥/Xdt. and
ecuivalent to the "rate® in ecuation (3¢)3 Um is the maximum value of U . z2llowed buw
the nutrient in the tanky and is eauivalent to K; in eauation (3c)i € is the

concehtration of nutrient in the culture eediumi K ic the value of L needed for
U=0.5Ums called the Michselis-Menten constant.

In this cases the nutrient transfer is from the culture-aedium to the roprulation. We
can use S5 {0 exeress the nutrient rer volume which has been absorbed by

microordganisms and 8§’ to express the nutrient per volume which remains in the medium
and has wet to be utilized by the microorganisms. §* in thics case ecuals € in

eauation (4z}), The tot2l amount of nutrient rer volume which can be utilized by
microorganisms in the tanks Smr including thst conizined in the microordganismess is &
constant, ie

S+8 = 8m : (4b)

Using 3 dimensionless coefficients 2+ to translate the nutr1ent term to ropulation
densityy we have!

s
Sm

L

X

ax,

It

and {4c)

In other words: S draems of nutrient has been become X drams of srorulations and Sa
grams of nutrient can be become Xm grams of rorulation. Xw is the mazximum rorulation
density allowed by the nutrient in the tank. Thus from eauation (4a)s we have!

dX Ul U (Sm-S5)  _Un X)) U (= X (55)
Mt~ KktC Kt Se -8 T X=X T e X/X,




Where! Xm=Sn/a,i Xa'=(K+Sm)/a+ and is =& rparameter related to the efficienc: of
resource utilization whose significance is discussed lster’ &nd Uc=UnXm/Xn’.

Note two srecial cases for this new eguation!

(A4) When the value of K/g. is smglls then Xm’=Xm» 3nd eaustion (S2) will reduce to
hecome! :
dx

x4 = U
This is the exronential eauation taking Uc (in this ecuation) as Ue {in eguation
13)0 .

(R) When the value of K/a is large: then Xo’'>>Xm» énd eguation (53} will reduce to.
becomel

dz
7 Ue (1= X%

This 1is the lodistic eauation taking Uc (in this eeuation) as U, (in eeuation
23)0

Thus eauation (53) is an exransion of erevious Lwo simrle poustions, W¥hen the value
of K/& 1s larde or smalls it can reduce to originzl simrle ecuations. Howeverr in
denerals it is different frem those two eeuationsy and it has a3 reasonsble -

theoretical basis, Thus we can consider eauation™(S3) 3s z fundamental model to
exrlain the relationshir between rorulation increment and limiting resources.

By intesrztions we can obtazin!

L-ﬁ--l«iﬁ—’-‘— + T"_,_lu XX oy ct-t)

K= Ko R Xy — (5b)

In this form it is easy to see the relationshir betueen the combined model and the
rrevious ones. The first tere in the left hand side of eauatien (Sh} is eauivalent

to exronentiazl hurpothesiss and the first two terms together can exrress the logistic
hurothesis. Eeustion {(Sb) is uniaue because of its third term in the left hand side,

The three eauations rossess different values for their velocity earameters Uey Ups
Ues, Their relationshir will be discussed in section 3. For the moment we can compare
the equeations by assusing Ue=U =Uec=1 3and rlotting the relztionshir between the
specific velocity (dX/Xdt) of rorulstion increment and resource  availabilitu
{expressed in 1-X/Xa), In the combined eeuation this relzationshir is non-linesr and
is derendent on Xn'/Xm. (Fid., 1 and Table 1)
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TABLE 1., DEPENDENCE OF SPECIFIC VELOCITY (dX/Xdt) OF POPULATION
INCREMENT ON RESOURCE AVAILARILITY (1-X/Xm)

g o dale

Y ke o D T ] ik S

(taking Ue = U

= Ue = 1)

i

dX/Xdt fro dX/¥dt fros equaticn (33) dX/Xdt froa

exronentiglp——r-———m—c—remmmme e =] lpgisticC

eaustion B'/Xm=1 1,2 1.4 1.8 1.8 2 3 4 5 |eauvation

1 1 1 1 1 1 1 1 1 1] 1

1 | + 98 97 + 94 95 .95 .92 .22 ,91 Y J
11 1 25 + 23 ' 73 +20 .89 .86 .84 .83 «8

1 1 493 ;B? ‘$86 v84 .82 r?B o7ﬁ 074 07

1 i + 90 +84 + 80 277 W70 89 87 651 W&

b 1 84 + 78 73 6% 67 W60 W57 56 -]

| 1 «80 +70 64 60 .57 .30 .47 .45 o4

1 1 V72 +&0 +53 A9 .44 .39 ,36 .35 '3

1 1 +60 47 +40 v386 W33 L27 .25 .24 o 2

| 1 40 .28 +23 +20 1B 14 13 .42 o1

1 1 0 Y 0 0 0 0 ) 0 0
———————————— L T T TRy Sy v - e

Fig.1. Derendence of specific velocity (d%/Xdt) of rsorulastion

srveaveexponentiz]l ea.

------ logistic ea.

incresent on resource avasilability (1-%X/Xm)

new e,




2.2 Seecific velncits and limiting resources in other rorulations

Under natursl conditionsy +the dgrowth of nost rorulastiions is mot  similar to
microordganise sSrowth in & tank. Howevers the procese of nutrient absorbtion bv
plants in the soil mav be similar to the urtzhke of nutrient by microorganises in a.
tank., It we use *biomass® instesd of porulation density and "soil derth® instesd of
the depth of the tank (see Fid., 2): then eauations (53) a2nd (507 will still be true.

But in this caser X is the biomass in s/cky Xo is the msximus value of X allowed by
nutrients in 2 scil column of derth L{cm): and Xm’ = LK/2 + Xa,

In naturers plant grouwth is not only derendent on the ngtrient conditionse but zlso

derends on factors such as watery hest and the zde or vidour of the rorulatiion. The
velpocity rarameter Ue in eaguations (33) and (Sb) will be comsideredy in 3 subseguent
rareTr 8s @ founction of these other limiting factors,

3. BEHAVIDUR OF THE COMBINATION MODEL AND THE BIOLOGICAL SIGNIFICANCE
OF 178 PARAMETERS :

Te iilustrate  the similarities and differences. between the new eauation and the
exponential and losistic curves it is convenient Lo assume thet esch reauires the
same reriod of times 4tys to increment the rorulation from 0.1 to 0.9 of maxinum

density (Xa)., In the case of the exronential equation (since Xe=see) & nine-fold
increase ie zssumed. Thus frow eauations (1b)y (2b) and (Sb)y we have?
Laq = Ugdtq
b9 - i) = v at, '
g,q - (1) +(R/xi) L (1) = y aty
or: Ue = 2.2/a%q : (63)
U = 4..4,/At’ {&b)
U =

2.2 (2= Xn/xi)/at, (6c)




Each eauation has 3 different value of velocity rarametery but Uec (for the coabined

equation) can vary between Ue {for the exponentizl eaustion) and Ur (for ihe logistic
eaquation)s &nd derends on the auotient Xn'/Xm. (Table 2)

TABLE 2. THE VELDCITY PARAMETERS OF THREE EQUATIONS NEEDED FOR POPULATION
INCREMENT FROK 0.1Xm TO 0.9%m DURING THE SANE PERIOD OF TINE
(taking Aty = 2.2)

] U (for eg.éc) - : _
Ue(POT €G4+88) |-=m=m=mm—mm o= m oo e ——| U (for ea.bB)
fﬁn‘/Xn=1 1.2 1.4 1.6 1.8 2 3 4 5 -
1 Ue= 1 1.2 1.3 1.4 1.4 1.5 1.7 1.8 1.8 2

= e S T i o o gy S . T T —— A R T W R Sy i e e -

Inserting the - above wvalues of Uer Urr Ue in eeuations ({13)s (28) =and (S2)
resrectively gives!

dx

G = 22 X/aty (78)
AL _ 44 X U= X/xm) Jat, (7b)
by ' {7¢c)
TF = 22 XK1= %n/xn ) (1= %) A(1= /%4 )aTg)

Flots of the rate of rorulation increzse adsinst rpopulation density (Fig., 3)

illustrate the relationshir between the three equations: and examine the effect of
the euotient Xm’'/Xm. S

oK .
d1 .
i2 .
L X sty
ma—nT - !
- ~d
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Fig. 3. Velocity distribution of three eauations (takinsg Xm/atq =1)

ceveseEXronential eas. we-mee lodistic ea. rnew €a.




Note» as mentioned befores that in the logistic curve the rate of rorulation increase
has 2 maximum 3t half carruing caracity (0.5Xm)y and declines symmetricallw about
this roint. In the combined eauation the rise and fall of dX/dt is noti{ summetrical

and its mexiaum is not 2t 0.5Xmy but can instead be obtained b differentiating
eauation (5a) adaini

d(dx/a) UKol [ (K =250 (Xoy = K ) 4 X K= X" ]
dx Yo { K= X I* ' (82}

!

Let eepuation {83) eaual zero to find the tor roint Xn of the curve (a3t this roint:s
dX/dt has 3 maximumls ie

*

(f,‘.‘-zx..)(xn:"’xn)i* kaﬂ" Xon = O
or Xl (2o = Km ) = Ky | - (8b)

The value of term (2Xn-Xm)} in the left hand side has to be drester than zero to keer
adreenent of sidn between the two sides of eeuation (8b). In other wordss Xn has to
be sreaster then 0.5Xms and this was shown in Fid, 3, From eauation {(Bh): we can
obtain the values of Xn for different values of the aquotient Xea/Xms ie )

s F ’ Xn xh: J ! "’_ xn’u
xh—x'“ Jx“” Ax“ or Km — X \ (X-) X‘-n
We can substityte these values of Xn into (7b) and (7c) to find the relstive values

of meximum drowth rate at these epoints. Table 3+ for different values of Xa’'/Xwm
{line 2)s rortraus the mavimum velocity (line 4) and the relstive raorulstion densite
{line 3) at which this maximum velocity occcurs., -y

TABLE 3. THE RELATIVE VALUES AND PLACES OF MAXINUM VELOCITY
{taking X¥m/ &tq = 1)

________ e e e e e e e e e e e
CONBINED EQUATION

---------------------------------------------------------------- LOGISTIC EQUATION

xu'/%s | 1F 1.2 1.4 1.6 1.8 2 3 4 5 |

Xn/Xs 1. W71 +65 462 60 58 455 .53 .52 .50

(Bx/dt)n | 2.2 1,29 1,20 1.16 114 1,13 141 L1 119 1.1

Most drowth observed in nature seems to surrort the new esuation rather than the
logistic hurothesis. Microordanismsy rlants (Section S) and animals {(D‘Arcuys 1952)
3ll evidente a maximum growth velocity when ropulation densitue is greater than half
maxisun. Perhars an extreme case is the Korean-Pine forest {Wang Zhan et zl.: 1980)

where maximum velocity alwaus occurs after one or two hundred uvears: and Xn is
greater than 0.7Xm.

The maximum relative velocity of the combined eaquation nears that of the lodgistic one
when the earameter Xo’'/Xm is s=reater than 3 {(tzble 3}, Houwevery if the raraseter
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Xa’/Xe nears 1y them the maximum relative velocity of the combined eauation is

veryd
different to that of the legistic eauation, Their maximum difference is 2 %times.

From forsuls (7¢c)» we know that the value of velocitvy (dX/dt) at the roint where X
ecuals 0.5Xm is zlwsys  eoual 1o 1,1Xm/Ateq irresrective of the wvelue of Xn’.
Thereforer it seems that the velocity of rporulation increment a2t the rpoint of half
lifer, where the rporulation density is 0.5Xmr is 2 dood parameter for exPressing the
rattern of rpopulation increase. If we derive this vzlue exactlyr we can estimate the
rarameter Aty which is the time between porulation density 0.1Xm and 0.9Xn. At 0.5Xm
we can see that the velocity vslues for the logistic and exrponential forsulse (7h)
and (72) are 3lso eeual to 1.1Xm/4tq (Fig. 3}, Thuss  althoush the distribution of

velocitw values (dX/dt) is different in the three ecuations they gtill have £ CORRON
value when ropulation density is half of maximums ie 3t 0.5Xm.

Fid., 4 and Fig., © express the varistion of rorulstion density with time using three
equations in two different situztieons! in Fig. 4y velocity rarameters {(Ue: Uis Uco)
-~ are azssumed eaual whilst the time (&tq) reauired for 20X of maximum dgrowth is varied;
in Fig.5 aty values 2re assumed eausl whilst velocitwy rarameters are varied,

X | 1 | - L 3 ]

o 5 10 15 20 . 25 - 3D

Fig, 4, Variation of erorulztion density Fig, 5; Uariation of rorulaiion density
' with the time _ with the time
{taking Ue=U =Uc=1) {taking aty = 2.2}
_ esresresexponential e@. 00 ——mme- logistic ea. ' nes ea.-

It is very interesting to find Xe'/Xa being an imrortant rpzrameter. As the value of
Xa’/Xm nears 1y so the curve drawn from the combined eauation nears the exeponentizl
one. #As the value of Xu‘/Xa increzses bevond 1y so ithe curve froe the new eaustion

approaches logistic form. How can the effect of Xm’/Xm on the share of the srowth
curve be explained in biological terms?
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Since Xn’=(K+Ss)/a and Xm=8m/qo. the factor of K is entirely ressronsible for the value
af Xm'/Xm, K is &8 Michselis-Nenten constants which exrresses the rower of an.
prdanism to utilize & resource (in microbiclody the ‘affinity’ of an ordanism for =
rarticular nutrient)s If K is sm3lly the concentration of rescurce needed for 3

specific velocite approaching 0.5Um is lewr meaning that the ordanises has 2 low
reauirenent for thast earticular resource (ke it food in animzls or different

‘nutrients in rlants), OGrowth is little affected by resource gavailability and

rorulation density will soon arrive a3t 0.9%¥m. In this cases the value of X' /Xm
arProaches 1.

Howevers uwhen K is lardery drowth will be more restricted bv resource avai]abilitg
and 2 longer time will be reauired for rorpulation density to arrive at 0.9Xu,
(Fig. 4)

4, METHODS OF RETERMINING FARAMETERS

Equation (Sb) contzins three rarameters (Xm’> Xme Uc) and an initial parulation
density (Xo)., These prarameters wmerit research since thes s&re of considerable
significence in ecology, We will describe two 1least sauare methods to determine
these rarameters: a3lthoush oiher methods and refinement a2re rpossible.

{A) Using equation (Sb)s find 2z function B1 for the sum of sausres of errors between

fitting and observed valuess takindg s set of raired values of Uc?(ﬁ and Uel (i)
where 1=ly 25scesnvane

E

g= Zlut-utl = Llud-tr-ye-wf

= Llbg- it + 5 WES)-wa-t)) (92)

Let 2Q1/8Uc = 0 and 801/3Xm’ = 0, to obtain following two eauations:

Bl - I 2% )t -1,)) + .?,.;jm.’- )(t-t.)]
= (90)
% ?_:‘I.[(t-t,) ]

Bllhg - bEf) bt 1+ FLILEE)
‘ PHIERE- =3 L)

<
!

(%c)
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These two vzlues of Uc (in eguations 9b and 9c) are eausls therefore we can solve
eauztions (%b) and {(9c) for Xm’

K S 5 X, ﬁ[ct-t.r]-f;[m fa=2 )]
ﬁl(t'tel'l-ﬂ[(lv--ﬁ;-hﬁ)&%:}‘-] f;[(l..“ Lok )(t t)]ﬁ[(.';.. X t-tg) (54)

Substituting &z set of values X(i)s %(i)s and eproviding suitable values of Xa and

Xor we can obtain the value of Xa’ possessing least seusre error. Theny we can
obtain an ortimised value of Uc by measns of eeuation (9h) or (%),

The rroblem is . that we must have suitzble ectimates of Xa znd Xo. Xm is the
maximus value of rorulstion densitys and can be derived from exrerience without

difficulty., Xos the starting porulation densitus may be known explicitlys, but if
not it could be estimated by iterating emuation (93} with different values of Xo
to nininise the error term,

(B} e could also use the least seuare method in eguation (53), In this cases we can

obtain the least sauare estimates of Xa’' and Uc without knowing the rreliminary
value Xo. The following eeuations will rerlace eauations (%2)s (9h)s (9c)» and

(9d) ¢
= é[% (1= Xfxd) — U X (= ’%m)] (103}
RIS % 451- n BLgE = 5] |
y = = , (10b)
¢ LG x0-%4)
" Ax - Ry TR 4% X
U = Glxgl :Vf-)} ﬂéﬁf(‘ ] (10¢)
. ;[xu- X/ ke ] '-
14X -
Z[)‘ 21 S[x - %)= [El" 0 )} {10d)

%= INESEIPAL I A Z[X“""u- 5;_,)_]2[::4?0-5;_)]

-Houever; the instantaneous values of dX/dt used in these eguations are difficult to

obtains and inaccuracies maw influence the derivation of rarzmeters, Thusr we
sugdest using enuat1on (Pa)y (%h)r (%c)y and (9d)y but not (103)y {(10b}s (i0c)y and
{10d).

Other methods of estimating rarameters invelve successive substitution in many of the
previously used equations. Buts these methods do not use least saquare estimatiaons
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and 'therefore their results mav be somewhat unszfe. Howevery they still have some

value 3s 2 first aeproxisationr or in checking the values estimsted from the least
sauare method.

S+ APPLICATIONS OF THE BASIC MODEL

We wish to demonstrate the wutility of our combined equation (52 and 5b) by
concentrating on two turicasl problems in rorulation biclodu, '

3.1 Fredictins the maximsum value of rorulation densitw

In & tueical culture of microordanicsm (Fig., 44)s the rorulation densituyy or timer at

which +the exronentiasl rhase gives wav to decreasing growthr will derend on the
initizl surply of food in the medium, (Kitchind:» 1937}

Splecting data for two initial food concentrations {Table 4)r it is arrarent that anu
of the exronential (Q(lb)), lodistic (@(2b)) or combined (?tSb)) equations can give a
reasonzble fity although the error from the exronentizl eauation is drester than from
others, Howevers the predicted curves after 50 hours diverde considerzblyr and
different maxinum values of rorpulation density are obtained. Only the erediction
froe the combined eauation matches the exrerimentsl observation (Fig, &R).




1L

TABLE 4, FIYTING RESULTS OF HICROURGANISM GROUTH

e e e P T e e W e s e S W e S . T . —n S m

INITIAL CONCENTRATION IX INITIAL CONCENTRATION 0.5%
OBSERVED FITTED OBSERVED FITTED
DENSITY ¢ T T Tesmy |pEmsity Tus Te Tese
(cells (hourd} (hours) (hours) (hours)|(cells {(hours)| (hours) (hours) (hours) .
CFET Cele) PEr C.C) :
———————————————————————————————————————— 15-&——--0----—-t-u-——--—1h—————————-—_‘--——'-————-——
132 1.5 A7 1.5 1,5 132 1.5 +53 1.5 1.5
148 2 1.10 2,06 2,08 148 2 1.16 2:06 2.07
234 4,5 | 3.60 4,29 4,32 234 4,5 3.70 4,32 4.35%
316 6 5.24 5.75 5.80 316 & S.38 5.80 5.84
661 ? 9.28 2.35 ?.43 661 9 ?.45 ?.45 9.52
8%e1 11.5 [10.91 10.81 10.90 g9t 11.5 i1.10 10.92 11.01
1227 13 12,44 12,37 12.48 1227 13 12.88 12.51 12,61
1445 13.5 J13.54 13,17 13.29 1445 13.5 [13.78 13.33 13.43
2312 16,3 ]14.58 15.87 14.02 2512 156.3 14.84 16,10 16.22
3981 1% i2.10 ig.14 18,30 3981 19 i9.39 18.43 18.56
2012 19.5 [20.36 19,27 19.44 5012 19.5 120.467 19.61  "19.74
6310 20 21.42 20.41 20,59 6210 20 121.95 20.81 20,93
56907 21.95 (21.87 20.464 20,82 6607 21,5 |22.2 21.05 21.17°
11220 24 24,76 23.28 232.47 11220 24 25.13 23,88 23.97
15850 25.3 (264645 29,03 25.22 15850 25,9 [27.05 25.82 25.87
25120 28 29,17 27 .41 27.59 25120 28 29.60 28,41 28.55
444670 30.5 [32.32 30.51 30,43 33050 31 31.44 30.87 30.79
75840 32.5 [35.2% 33.61 33.66 50100 34 33.42 33,76 33.43
125900 35.5 |37.98 37.04 34.92 71000 37 ="135,35 37.48 37.38
199500 40 40,50 41,19 40.75 80000 40 35.01 JF.64 3?.89
251200 45 41.74 44,31 43,70
305000 4% 42,82 48,91 49,10 ] ]
fitting parameters : _
U (he') Ue=,18288 Uz.20543 Uc=,20329 Ue=,18056 Uz,20336 Up=,20124

Xe{cells/c.c.) 353000 323000 108000 S0000

Xn’/%m 3.2545 2.5037
Xol{cells/c.cs) 132 132 132 132 132 132
tolhr} +4713 1.9 1.3 05279 105 1.5
fitting errors o

| S(E-t) 1.9 0.67 0.64 1.4 0.43 G.41

n- {hours) {hours) (hours) {hours) (hours) (hours)

Rx + 7897 19989 9989 +9931 7994 9994

P &.00 ! < .00 <00l £.e0l - Z.eol PR L J

i 0 Y A (e S S i S Y = gy T i . o $5e ok o oy o i A sl S o e ok e 4 T S PP Il GRS S M S

R*j;~correlation coefficient between the observed value (t) and the fitted

value(t),
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Fig, é, Predicting curves of the manimum densits of nicroorsenism rorpulation.  Data

from Phelrs (1936 and Rottier (1934) for axenic cultures of Tetrahumens
(Blaucoms) puriformis (=T,geleii}. Curves are fitted to dats before 30 hours.
{Table 4) and eredicted to maximum rorulation densitw. Observed maximpun
densities are 328800 cells per c.e. 2t BT hours (for 3% uwesst extract) and
89200 cells Per c.o, 2t 73.5 hours {(for 0.3% veast extract) resrectivelw.

froe the combined equation @~ — =~=-=-- from the ledistic eauation

S.2 Estimating the maxisum velocity of rorulsztion incrémsent and the time st which the
max»iaus velocity occurs

These factors are vers imrortant in forest managements and determine the time -and
amount of fellinsg and thinning (Cui Qiwu et 2l., 198023, 1980h).

Red rine (Pinus koraiepsis Siebsy et Zuccs)s 2 valusble commercial trees rosSsesses &0
unusual drowth curve. Growth velocitis continues incressing until the tree is close
to its maximus biomsssy and then diminishes very rapidlu., HMaximsum velocity of wood
volume incresent aften occurs after 70% of wmaximum wood volume has been achieved.
This ture of growth cannot be described by either the exronential or losistic
eauations but 2 reassonasble Tit is obtained with the combined eauztion. The losgistic
equation estisstes 3 maximum current annual increaent (0.0238 mdur~® ) ocecurring a2fter
230 wygearss 3t 3 time when iree weight is hslf of its maxisum. The combined eagusztion
ecstimates 2 maxisum current annual increment (0,049 &} ur-' ) occurring after 242
vearsy a2t 3 time when +i{ree weight is 70X of its maximum, The observed maximum

increment is 0,055 m*ur' occurring zfter 255 vearsy when tree weight is asbout 78X of
its maxisum.

It should be stressed that these datz are from individuszl trees. An even 2se forest
will displaw the saae share of growth curver but the dats azwy not arrly to some
natural forests, However: the pattern of rorulation increazse in & natural forest can
" be obtained by combining the growth curve for an individuzl tree with the knouwn

dizaster composition of the forest, In genersl this dizmeter comeppsition will often
felliow 2 norazl distribution.
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Beside this there is 3 senescence gftect which comrlicates the influence of limiting

resources. A second eparer Will deal with senescence and ensuing modifications to. the
cormbined eauation should provide an even hetter fit than diseplaved in Fig, 7.

“*-03

D4

b 03 . -]

o 1 2 3 4 s
% (m?)

Fig, 7. Fitting curve of srowith velocity of Red rine

from the combined eaqustiion W -=—=--- from the loggistic eauation
Uc = 0.0229943 uvear™ U, = B.0270163 wesr™
X = 4,31 &} _ Xo'/¥m = 1,22231 *¥p =5 md
R = o9if
R = o0.992
Conclusion:

The coabined eeuation introduces 2 third tere into the losgistic esuations anmd it s
therefore not surerising that better rredictions of rorulstion growth will result.,
However this third ters should not be viewed 25 & mere curve fittind devicey since it
grrearTs  to - have denuine ecologics] significence throush its 2bility to exrress the .
efficiency with which 2n orsganise csn utilise 3 food or nutrient resource. WNe feel
it has further rotentizl aerlication to various rhenomena in ecologyu,
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A NEW MODEL OF POPULATION INCREMENT WITH SEVERAL LIMITING CONDITIONS

Cui Giwu and G, Lawson

SUMMARY

‘A previous parelr combined the exronential snd logistic eguationsy with an attemert to
describe the efficiency of resource utilisations in 2 new deneral eguation of single

rorulation drowth, This parer incorrorates two further limits to drouwth in the
general eauztion?

{1} & death wvelocity parzmeter (D) 1is introduced: and is assumed rrorortional to
porpulation density (X} and th where the exronent (g) expresses the life-sran of
the rorulations

(2) Seasonal reriodicity is assumed to modifw the  rorulation drowth velocitu
rarameter (Uc) according to 2 simrle reriod functions sin? (Xt/12),

Therefore» we can rewrite the denersl equation zs!

df Jx' . dyt . '-X/Xm
= g x ARl
IR ) =

This fora is identical in form to the Frevious seneral eauations but here
Ue,* = _U" S;‘"z(x%?-) - Dot}

Uy Sea*( Xt/ )~ Bt
U S%Cnthd= % t? /ey ©"

K =

Therefore this drouwth curve hes 8 new velocity rarameter of rorulaztion increment and
8 new maximum porulation densituw. It also has 2 new inflexion roint!

16._’

x:” Jﬁ.’.‘ - xu: 7-‘

The behaviour of the new eauzstion is discussedsy and in some circumstances it is shown
to be very different to that of the classicsl lodistic eauation.

Key words! Ecological model» Porulation biolodys Liwiting resourcesr Biological
kinetics -
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1, INTRODUCTION :

In a prgvious parer (Cui ¥ Lawsons 1982)s we have derived a srowth eauation from the
2dsortion theory of chemicazl kinetics as follows!

Jr |- x/xu
ar * 1= X/th

(1a)

wheres X is porulation density 3t time ti

Xm is the maximum value of Xs allowed by the limiting nutrient;

Xm‘is 2 parameter concerning the efficiency of nutrient utilization by
g8n organise?

Ue is 2 rarameter concerning growth velocity.

This foraulz connects todether the famous ledistic and exrponential eaquationss and is
8 reasonable model to exrlain the relationshir between rorulstion increment znd

limiting nutrient surplw. It caen De reduced to the losgistic ecustion when the value
of Xa'/Xm is veruy larde! -

dx
2= — Y x(- X%, )
it " (ib)

and to the exronential eaquation: ie

g—;: Léx ) ' (1)

when the value of Xm'/Xm nears 1.

Unfortuynateluy natural ropulations are coarlexr and diverse in srecies, The increment’
of most rporPulations is derendent not onlw on nutrient conditions, but zlso on factors
such as waters heat and the adge or vidor of comronent individuazls. Thus eauation
(1a) is 2 considerable siaplificationi glthousgh it may comrletely describe some
poPulation incrementss especially those of wicroorganisas drowind in 3 culture
medium, This rarer seekss thereforer to extend the aprpliczbility of the denersl

eguation by incorrorating modifications to account for seasonal variation and
senescence.
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2, DEPENDENCE OF THE VELOCITY OF POPULATION INCREMENT ON SENESCENCE:
DEATHs AND THE SEASONAL VARIATION OF CLINATE

'2.1 Ieath of comronent individusls in rorulztion and the derendence of death rate an
rorpulation density '

All rorulationsy even microordanisms in exronential drowths eventually involve  the
simultaneous srowth and death of comronent individuzls. The velocity of rorulation
increment cen be divided into two parts! one is its drowith velocity (including +the
weidht increasse of cosronent individusls and the formation of new cosronent
individuals) which can be exsressed as dXi/dt: another is its death velocitw:
(including 2lso loss of weight of comrponent individualss eg falling leaves of trees)
~which can be exrressed as dX2/diy ie

dy _ de. _ dx
At = 4f T dt

CL2)

It is erobably zcceestashle to asssume that dezth velocitw is prorortionzl to rorulation

density a8t any rarticulsr instanty 2lthough it is rossible to imagine that some
dietary deficiencies in the rast could affect sresent suscertibility to disesse and

therefore mortality, (Murdie, 19746.), Thusy we havel

X

The first term in the rigsht hand side of eeuation (2) should eaquzl the right hand

side of eauation (l12)» ie {(further sorhistications could zccount for rPossible time

lags between concertion and birthy but at the moment we do not consider that these
are necessary,)

dX ' ‘- KV&; : .
-2?- :_ULXW o (3b)

~thereforer we can rewrite eauation (2) ss:

d4 I-%/y. {43y
Rl T LA S .
= STy TP

ar
dX 1~ Xk |
zdf = U 7 D | (4b)

Fig, 1 and Fisg, 2 exeress the relationshirps between srowth velocituys death velocity
and their combined results (called ropulation incremental velocitu).
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Fig, 1. Derendence of the srecific velociiv of rorulation
increment on porulation density

1. Srecific drowth velociter Ucl1-X/Xm)/{1-X/%n")

2. Specific desth velocitus D
3. Combined results d¥/Xdt

Fidg, 2. Derendence of the velocity of erorulation increment
an rorulation density

1. Growlh velocitsy UcX(1-X/Xm)/{1-Y/%n’)
2. Death velocitys DX

3+ Combined recsults dX/dt
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-
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2.2 A simrle exrression of sessonzl variation and the decrease of rorulstion vidour

Plant rorulstions have an obvious reripdic varistion over. g

. vear from sering to.
winter.

This periodic variation is caused by various phusiclogicsl rrocesses within
the rlant itself which are trigsered by &3 combination of environmental conditions
such &8s temrersture and dov-lensth., Howevers ignoring the phusiolody of the eplant:s
the sessonality of growth is & cimrle conseequence of the fact that +the earih wmoves

around the sun with & period of 12 months., Thus we can use 2 simple time function to
exrress the drouwth velocity rarsmeter Uct ;

Ut = Ui ntjfy)

(Sa)
Ue oo Uy ot
P ~
/7 ~
V4 . Y
. LN
/ N
/ \
/ AY
/ N\
s AY
/ \
¢ h -
7 \
7/ \
’ \\
—
=z s——— i

oy "
0 ' 2 4 6 8 10 12

Fig, 3. Sezsonal variation of srowth velocity rarzmeter Uelt)
(t in amonth? DU

Senescence is common to the develoement of 211 living things. As the 3de uf a
rorulation increasesy the incremental velocity of the rorulation will decreases 2nd
comronent individuals will become old and feeble.  This rhenceenon is obvious in
_perennial rplants {(such zs trees) and animsl rorulaztions. I4 .is rossible to exrress

this law . with & simrle time functiorn using 2 rarameter for initisl death velocitg
(Do)s and an exronents g» which exrresses the life-sran of the rorulationy ie

Dt = D,t?
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D
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Fid, 4, Variation of death velocity rarameter I(L) with time
Io is the inmitisl value of D in the first monmth (t=1)

1. ¢
2y 8
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0
0

Therefores eauation (43) and (4b) can be rewritien to include these amendmentis:

d? Som (3rf/})‘x___322: —D,1 )t

__Lk
t o | (63)
or TIE= UpSem® (L), )r- X —Dct_.v‘ | (&b)

Note! Uo and Do are in units of month™? s wheress Uc and U in eauation (43 or 4bh) are

in units of time™ .

3. BREHAVIOUR OF THE MEW EQUATION AND THE BIOLOGICAL SIGNIFICANCE
DF ITS PARANETERS

Yo illusirate the similarities and differences between the new eauation (é2) and thé
rrevious eauation (1a3)r we will start to discuss from eeuation (43).

J+1 A new Baximunm Pngulation density Xm¥

The new maxisum rorulation Xs¥ can be obtazined fronm the value of X in the right hand
side of equation (43} at dX/dt=0: ie




1 1= Xy, (73
- - D& /y, %, ~ (7b)

It is useful to consider the relationshir between Xm {theoretical carruine caracitiy)
and XaXx (maxiwus obscerved densiiw), Figs. S5 shows how this relstionshir derends on the
ratios of D/Uc asnd Xm/Xm’.

Bhen D/Uc—0 or Xa/Xm’~r 1 then Xmk— Xm» otherwise the value of Xm¥X is alwaws less
than the value of Xm.

1 | | J
‘ | L*_-_ ‘-!i '-;. ‘___‘_Er JPN K
iF' AT *;"f T ST ; v F
¢ % od L S TINLTRS ¢
A - (A, B SN
E - FJ i { j ! ' I L{ W e -E P )
A S TR TR TN -6 X
1, "N S e iy 2
T A I TP ST 6 X
" ; LT TR
7TV TV 7V ;'J"' % (o
A R N A VA A T e N
2 3 4 5 .6 7 8 .9 ¢
' D

Fig, 3. Derendence of Xm¥/Xm on the ratios of D/Uc and Xm/Xn’

In the csse of wicroordanisms in continuous cultures rorulation density can be

mzintzined at 3 stable level which is derendeant on the ratio of outrut rate or
dilution rate {(eeuivalent to D in esustion {7b)) and srecific srowth rate (ecuivalent _
to Uc in eauation (7b1). This rhenomenon could be explained by eeuvations (73) and.
(70)y but not the exronential eeuztion which is normally arrlied to microordanise
growth. -Likewises over-mature forestis (where D/Ue is lergelr and manaded foresis
(where rart of eroduction is +thirnned or harvestedy, ie D>0) are not adeauately .
described by the logistic eauztien. The introduction of & desth term (D) into the
new eaustion ensutres thetl their mewimuw densiiv ic slwavs lese than the theoretical
cerruing caracity.

- Fig, 5 2lso demonsirates that Xm/Xs’ should be as close 25 rossible to unity for
naximUn population density to arproach the theoreticzl czrrving ecaracite. This mesns
that the efficiency with which food or nutrient can be utilised (Xa/Xm’) influences
not only the rete of rorulation <growth but also the eventuzl maximum rorulation
densityu.,
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3,2 A new velocity rarameter Uck

We can rewrite eauation (43) a3s follows!

dr o 1%
A= Uax'_x/x; DX
Yo Xo- X DX
= 7 WX % utx.'.)

o, X.(1- Dy ) - x(1-PXy/y %)
7 U X Yo~ % (8a)

Using the relationshir

(70) Xn¥=Xm{1-1/Uc)/{1-DXa/UcXm’)Ys then we have!

! 4
d_ M Eo K DX
il Ll Sl v
ﬂ- . X-:-’E‘ E
3 X - ‘._.-
vz &5 T ( )

L]

gy T Xl
-——ch - Y/ (8p)

where Uck is 3 new velocity rarameterr and ecuals Uc-D+-

3.3 & new inflection roint Xn¥ (2t which srowth rate besgins to decrease)

By differentating ecuation (48) agzins and letting it eacual zeros we have!

R o[- 22 Bl =B X(AHNY .
dx  ~ X (K- X)° | -

' U K- DE K- (UK DR K (YR DX YDI Ko K
a UK = D Xm

(93)

Using the relatiaonshir (70} Xa¥=Xm{1-T/Uc)}/(1-D¥Xm/Uc¥Xm’} asg3inr then we have!

g [ =
7 X
< S AT %
n
T:=7:'Jf¥)“—%‘s
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This form is very simrle and is similar to that listed in the first parer (usinsg heré
Xm¥ instead of Xas},

3.4 Behaviour of the new eauation

The behaviour of -eguation (Bb)y with rparameters Xs% and Uckr is similar to the

behgviour of the previous eauation (13) with the rarsmeters Xa and Ue. Seasonsl
variation (33) and senescence (5b) only modifs the values of rarameters Uck and Xmk,

Therefaorer we can easily rewrite the new eayation a5 follows!

J% R LW } l - x/xpﬂ'
where
& . Ugs‘:"‘CW: )- .tg .
Xh = [2) = D Xom

U, S (t/p) - Dt X /1
(10)

Eoustion (10) can be reduced to 24 simrle forms in different circumstances» some of
which are listed 2s followuws!

A, dx _ - Xl at Uk =y =
H_‘pr"-'x/x’;‘ & C’DQ

this is the coabined eeuation (1a)}

E, -i—"f— = UX U= X/x.) ot Ucnf')—_.-—U‘HDcz'o , Xl» X

this is the lodistic esuation (1b)}

T b U=u o, K= e

this is the exsonential eeuation {ic)} |

The three azbove eauations were introduced in the first rarer,

D, Wﬁf: U (1= X/t ) =D, af U=y, D<osy, }=0, AR

this form is often used in the literzature,

€. dt _ (U, —D)(1-%/%: ) 1-%fs) ot Yh= U, p<osy, F=0, Kun>Xn

r

this form has been develored zs eauation (Bb).
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dx . .
Fe = U, S (g1 - 0. 1= X/xw _ ’
TF [ (£l/iz)~ 05 ] P ar De=os U, , 3=a

this is 2 stable reriod fluctuating function with the mean vzlue Xos which mau be
suitable for herbacedus perennials, :

4% _ " g1~ Klxn
B = Ulsm (nf/2) - ot J',—_""g;;z - d D=oty,
this is & period funciion with diminishing fluctuations:

dx . - X
He = = U Son (A ) 1= ¥/ K A Do=o

i-%/%n

this is a2 S-shared curve with diminishing fluctuations and 32 Xm~asumptote?

Jf .2 . - x/x’:
I, TE= { U,Sm .(thﬂz)—'Dbl-—;_—-?-(?;a “f._‘Do<0.$‘UL,?==U

this is 8 S~shared curve with diminishing fluctuations?

dx - ' 1= %X ! | ’
Je e S“,‘z JT _.._.D ? e e P [)

this is 3 common form of eauation (10)s which rossesses following charactistics?

{2) rorulation density increases slong & S-curve to-arrroach a maxiaum values from
which it subsecuently decreases due to senescence?

(b) the whole life history is rerresented by 2 set of fluctusting waves with
diminishing azarlitudes,

4,CONCLUSION AND DRISCUSSION----A FINAL COMMENT ON
THE VERHULST-PEARL LOGISTIC EQUATION.

The Verhulst-Pearl lodistic eeuation (Verhulsty 1838:¢ Fearl and Reedy 1920) has
existed for over one hundred vears, This eaquation has had dreat influence and

continves to be used. Much exrerimentzl effort has been put into simulzting the
shases -of poruylation drowthr earticularly with ricroordanisms and insects.
Reasonable fits to the logistic curve can be obtained rrovided that the risht
ordanisa is chosen and the conditions are carefully defined -(eg the dgrouwth of
Parzmeciuwm in 2 limited wvolume of nutritive medium-Gauses 1934). Howevers even in
such rarified exrerimental modelss derartures from the  idesl curve of eropulation
drowth are commcner than deod conformity (Fellers 19405 Sangs 1950}, Lag phases at
the start of the exronential dgrowth reriod and over-shooting of the theoreticel
¥m-zsumptote are commens and the life cucles of most organisms involve rperiodicities
of reeroduction so that the growth of their rorulations -ccocurs in steps or Jumes
rather than 2s & smooth curve,




28

Unfortunatelyr the logistir huerothesis remsins central +to
slthoush wany variations have been derivedr es Gomrertzs

Mitscerlichy Weibulls Smith and so on., (Yands: 1978; Hays 1974) These variztions
emphasise derartures frowm ledistic eeuation only in formsey bhut not in essentisl
asrpectsy and thus the bazsis on which the losgistie eaustion was estaplished has never
been shaken. This parers in addition the rrevious rarery tries to chanse. the

logistic hyrothesis in princirles Using the adsortion theorw of chemical kinetirs as.
an anslosue for resource uiilization in organiss rorulationss & new eeuation has been
deriveds which 3lso includes the effects of deaths segson and sgeing on ropulation
increment, This new eauation behaves differently to the logistic eguations and can

be used in a2 wide range of ecological situstions, including rorulations of
microorganises annual and rerennial eplantsy and rerhars 3lso in the studey of some

snimal porulations. Its main characieristics can be sumearized in followind grarhl

rorulation bfoiess:
Von Rertalanffus

ABPE

e
VAV NS

popuietlion densily of plomass

time

fig, 6. Behaviour of the new equation
(see previous section for exerlanation of lettering)

The lodistic curve is only accurste when the following conditions rertainst

x’: >) xtﬂ r Do: O

, Uerh) = o,

Therefore it is not sureprising that sindle eorulations should.freauently derart from

the leogistic sssumrtions and it is our hore that the new general equation given here

can exrlain Yhese derarturess whilst remzining 2 theoreticzl and mechanistic tools
rather than 2 comrlicsted curve-fitting device, '
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AFPLICATION: CALCULATIONS OF THE CONTROL INDICES USED IN FOREST MANAGEMENT

Cui Qiwu

SUMMARY

Uesing the new growth eauation of single porulstionsy which was derived by Cui and.
Lawsons 3and the ‘chemostat sustem’ theory used in  semi-continuous culture of

microorganise rorulationss this rarer eprovides 2 new forest drowth model and 2 number
of control indices which can be used in forest manzdement!

(1) Cutting intensity, In semi-continuous selected cutting of forest manadgement:, the
cutting intensity is increzsed when the harvested cucle period is dectreased., The

maxisum cutting intensitu will be obtsined in the comrletely continuous selected
cuttind, Therefore ‘dilident cutting’ or ‘sligsht cutting’ should be encourasged.

(2) Productivitu. In the conmrletelw continuous selected cuttings, the rroductivity

curve follows the srowth curve, The maximum rroductivity occurs at the inflexion
roint  ustuslly bewond. B.5Xs {(halt the maximum rorulation densitw)s In the

semi-continuous selected cuttindy productivity can be caleulazted from the index
of IRFP.

(3) Stable state. When the cutting intensity is lesg than the incremental velocits
raraseter (B ¢ Ue)s forest porulation density can arrroach = stable siste, Its

value is not only derendent on the parameters of the growth curves but is zlso
derendent on the cutting method.

Key words! Forest manzsementr Porulation modely Ecolodical baslance
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1. INTRODUCTION

Three wears ador the author derived 2 mathematical model of forest wmanadesent for
sustained wield (Cui et 31, 1980)., The nmodel described the srowtih of s forest
porulation under the condition that 2 part wass harvested in 3 cucle with fixed
period. This is a3 tyre of event model describing the chandes in 3 ropulsiion subdect
to suddens more or less catastrorhicy events., The sorulation densits falls rapidluy

during & short ereriods then recovers to arrroach its oridinzgl level aceordins to 2.
norszl srowth rate after the event has haprened, The auestions to be answered by the

model are. how the rorulstion can be msintsined and how its stable state derends on
the rarameters of the drowth curve a2nd the event’s behaviour,

These models were originally derived in order to determine the influence of changing
dilution. rate on the outerut rate of rorulation in the semi-continuous culture of
sicroordanisns  (Monodr 1990}, The same sarsumeniss howevers aPFlu to other
circuastances such as studuing the effect of hudraulic conditions on the numbers of
tottom~dwellindg species (Smiths 1982): and the intermittent release of toxins. the
models of harvested rorulations used in fisheries (Schaefers 1954% Pella and
Toawlinsons 1949F Maus 1981) are merelv special cases {ie continugus harvests), For
different uses the basic growth ecustions on which the event models are established
are different. The exronential eauations, 3s the basic srowth eauations is wusually
used in semi-continuous culture of wicroorsanisms. The logistic ecuations are used
in authdr’s sarer and Smith’s reper, The results obtained from the event wodels are
different when these different besic drowth equations are used., For exasrler with
the lodistic eauations 3 maximue rate of growth occurs 2t half the carruindg caracity.,
Therefore the wmaximus harvesty at the ideal centre rointy from the model of the
forest manadement which is established on the hssic lodistic eguations is &lso a3t
hzlf the carrving carpacity, The situation seems not %o adree with that in rractice.
Therefore the harvest at the non-ideal centre roint was discussedr and caontrol
indices under conditions of the non-maxipus harvest were calculated in that rarer.

In the rresent parerr we wish to discuss the use of the new ecuations which uwas
derived by Cui and Lewson {1982). This is shown as eauation 1ia,

1- X/ %
1= X/ Ar

If we use equation (1a8) as the basic equstion instead of the lodistic egustion for.
the wmodel of forest aanagement , this then establishes znother new manadement sodel
instead of the one discussed rreviousluy, Where X is carruing caPacltu; Uee R 2re
the growth and death velocity rorameters respectivelw’  3nd '

J% _ l"x/«m
1= X/ y

—DX = U'X (1a)

* — * Ue

Vo= t=> , K== mx.x.“x"
gre the increment velocity rarageters and the paximus rorulation densitw in practice
respectivelys when the deasth velocitu paraweter is considered. If Xa/Xa=0; eouation

(ia) can be reduced to the following fors ususl in the literaturel

dx
— k(- %, ) -
At /) = DX (1b)
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Howevers under more seneral conditionss Xa/Xa%0s and the behaviour of ihe eeuafihn is
then derendent on the value of Xa/Xk.

Xa/Xwu rerresent the efficiency of nutrient utilizstion by 2n orgasnisa, Its value is
between 0 and 1., With ratios aprroaching unitu the efficiency is highy Lower ratios .
indicate that rorulation increment is auickly restricted by limiting resources. X
s the third rarsmeterr is introduced into the logistic equation. This is not only
2% 2 curve fit{iing devicesy since it arrears to have denuine ecological sisnificance
through its sbility tg express the efficiency with which an organisk can utilise a
food or nutrient resource. Using this neud eauation 25 2 basic srowth eauations the
model of forest sanazdgement will have many new characteristics., In particulars the
idesl centre point will be moved to the right hand side of the middle roint of the

drowth curver ie 2t the roint bevond 0.5Xm. This result is apceptable to foresters:
and generally agreees with the datz in practice.

As shown in the discussions in an earlier rarers in the srpecies case (Xm/Xn=0)s the

new enuation (13) can be reduced to the logistic form (ib)s and the new model of the
forest manadement in the rresent parer will be also reduced to the wmodel which was
. derived bw the suthor three uezrs 280,

2. THE GEMERAL FORM OF THE FOREST MANAGEMENT MODEL AND
THE HARVESTED CYCLE PERICR

We eca2n rewrite eauation (la) im its intesgrzl form!

Lot b B L2

- %, “"Uff t)= y'at (23) -

where t: and t, are times 3t two points on the integral curve resrectivelw’s X and
X; are the sorulation densitites 3t the resrective roints, Forulation density varies
with time 2¢ curve 1 in Fid., 1,

s 0K

'\1

ox | ,WV ¥

Fid. 1. Porulation density varies with time

------ natural forest rorulation
manaded forest porulation
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It is alsc an S-shared srowth curve but not susmetrical and iis inflexion Paiﬁt is

‘not a3t 0.5%k. The rositiog of the inflexion and the asuametric relation are
derendent on the auvotient Xm/Xm. Curve 1 is usuzlly used for 2 natural epopulation in
2 rlosed sustem: In thic sustemr neither inrut nor outprut of nutrients takes rlaces

@e Xa is.2 constant, For a manzged forests the model aprlies if the nutrient which
is carried out with the wood harvested can be rerlenished in another way: ie the net
transfer of nutrients is zero. This case resenbles that of the ‘chemostat sustem’ in
the semi-continuous culture of microorganiss.

We would bl To diseuss The model of forest m«aaement under The following  conddums .

{1) Selective cutting! in which only 2 prorortion of the old trees are cut and all
young trees are retained, In this caser the forest environment h2t not been
destroved., After cutting, therefores the forest still drows according to the
pridinal lawr but the rorulation density is decreaseds from X; (the rorulation

density before cutting) to X; (the rorulstion density after cutting’é see curve 2
in Fig, 1).

(2) Stable state! This is to be cut 2d2in when the rorulation densitu returns to the
point X, We can consider it as 2 sustem to which the amount of forest dgrowth
during the reriod (t,-t, =at) is added and from which the cutting wood is taken
away semi-continuouslysy and the two parts (inrut and outrutl) are eeual in amount.
The sustea can be ma2intained in 2 dunamic eauilibrium state.

Curve 2 in Fid, 1 describes the behaviocur of this swstem. Let us use a to exeress
the cutting ratio during the reriod (t,-t,) ie '

X.- X, aAX
a = %, = X

Taking the middle roint Xi between X, a2nd X,r we havei™

¥ o= % + 0fa¥ = X; + 052X,
X= K/(i-osa) (2b)

and | K, o= K — 0t oK = % - 088X, = (l—d)x-/u-a,s'd)

Using ratios F = Xi/¥Xmr and substituting eauation (2b) into eauation (2a3)s we have:

-i-[Lu-————-—(l _ K Lﬂn - - 0.5 J

at

Il

ur p-om-ran(i
I y -8 -o0ra +df (2¢)
= F(I-———)L‘ L/ X5 /xl )

; L (1-g-osa ) (1-2)
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This eauation describes the harvested cucle reriod (At), which is needed to nai;‘utain

3 steady states is 3 function of the cutting ratio (d), the relative cutting rosition
(!) and the rarameters of the dgrouth curve (Xb/XasUc). For a rarticular rorulation, .

the paraseters are constantss the eauation (2c) therefore can be used in the study of
control indices used in forest manadement, ie the relationshir among d» g and at. An
index of relative cycle reriod {IRCP) can be constructed to exrress the relationshis
between ds § X&/Xk and 4!

IRCP = UFfat
Table 1 in the addendas lists 2 set of values under different conditions.

3. CUTTING INTENSITY

For cutting at the middle roint (-?:o,s), we can obtain & simrle f‘nrn_ of equation

(2¢)1 .
at, = :,(" ::)L' “_&)Hl' /G- %k x)
= - ) s
or &._g == 1 = &p [ *z({-: 7(?‘:/7:_’, J

{33}

et

The cutting rstio in wunit times 9/4ats ic called the cutting intensity which is 3
useful index for comparing the harvesis between different cutting _netho_ds. At the
middle roints we have Il'.,,-

* 3 i - exp[- vlet/(2- X:/Xé)] . ,
Doy= (TE'J,;: at (3b)
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Fig., 2 shows the relationshir between st and D:g
i
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Fig, 2. Cutting indensity varies with the harvested cucle reriod

For @an extreme caser ie 4i=0 cslled continuous selective cutting (to be cut point be

point during an extreme short reriod)r we can use Robieda’s law te obtazin?
(differentiating rumeraior and denominstor sisultsneously) -

fim D Jon 2= expl-Ulatfia- xhreiy] - W/t -2tz
At20 ot str0 }
Y (3c)

2- XX/xl

caaw

(note: when Xa/X&k-=0s0' = 0.5Uc, this

relationshir wes obtazined in the rprevious
rarer {Cui et al.:« 1980)1).

Eeuation (3c) is onle used for the middle eoints ie at # =0.5. For seneral situstions.
- an exesnded fors of lim D* will be obtained as follows: (from esuation {2¢))

fim D* = fom 2 . (T80

Atye atee 4T T |- F K-:/'x.’.‘ (3d)

Eeustion (3d) exrressed the wurrer limitstions of cutting intensity {(continuous
selective cuttings ie 4t 20), Its vzlue is only derendent on the rarameters of the
growth curve (Xﬁ/xi:UE) and the relative cutting position (§). Howevers in generzls
cutting intensits is less then these vzlues and ic 3lso derendent on  the harvested
cucle reriod (At)y when 4% is not eaual to zero. 4Althoush the relationshir which ic
shown in Fig. 2 is merely for the middle roint ($=0,5)y but it is 2lso siwmilar (=zt
least aualitativelu) to the relationshir between D" and ot under general conditions
(ie §%0.5), That is! the smaller the a4ty the Ilarger the cutting intensity Dx,
Therefores ‘diligent cutting (4t small)’ or ‘slisht cuiting’ should be encourssed in
forest manadement. In this casey 2 bidger harvest could be obtzined when other
conditions 2are the same, This reassoning is similsr to thati relsting ito semi-culture
arrroaches to continuous culture in the rroduction of microordanism rorulations! the
output o©of the rporulations is increased when the twele reriod (41) is decressedr znd
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the maxiaua outrut will be obtained in the comeletelw continuous culture (&t >0).

When 4t%x0 and@ %0.5, we have the following relationshir instead of eeustion (3b) and
(3d):

Do | o U
= ar S - -0 :
(1 _—x;} 1= 8 - otd + of ey

(p-eso){1-2) /0= ¥ 7753

An index of relative cutting intensitwy (IRCI) can be constructed to express the
relationshir between X&/Xa; o f and D

IRCL = D*/u?

Table 2 in the addendz lists 2 set of values under different conditions.

4, PRODUCTIVITY

Eeuation (3d) shows that! the smaller the value of #+ the larger the cutting
intensity:, Howevery this has not exrressed the relat:onsth between rroductivity and
g+ Productivitys or harvest in unit tlme: is eaual to I' X;+ When g is smalls the
value of X. is also seall (X;=Xi/(1-0,50)=fXn/(1-0,54))s althoush the value of D* is

larse. Theretores productivity is derendent on g .in double times, Using B"X, 7UtXid -
as an index of relative rroductivity (IRP)s and from eauation (2b) and (3e)r we have

])*xt o S 3

_ _ . (43)
ur X --3:)}»- t- - ot -!‘ Sg __ : 1= 0.50 :
(1- f-o.5d ) (1-a) /07 X2Ixa)

Table 3 in the addends lists the relstionshir (43) between relative productivity and.

3 § + XB/Xh -under general conditions, These control indices can be used in forest
manasenent.

When 4t >0+ ie continuous selective cuttings eaguation (43) can be reduced to the
following eaguation sccording to the Robeida’s law!

L " X, B(I-B)
ar P x* T - 8XL/x . (4b)
t [ ] F Lol XM
or s
D*X, Dy, - D)
rrvrii—— e (4¢c)
atr | XK. Ul - D7 X /%

Fide 3 shows the relationshir between the index of relative eroductivity (IRP) and

the relative cutt1ns Pos1tzun (f) under the condition of the continuous selective
cutting (taking Xa/Xa=0.8),
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Fig, 3, Productivity distribution curve

Differentiating eaustion (4b)s and letting it be eouzl to zeror we find the rosition

where ihe maxiaum eroductivits occurs under the condition of continuvous selective
cutting., :

d BCi- g .
ap[ - pAT /%l J= o

(1=2§) Ctm Bx2/02) + Pri-pI I/ = o©
Po = Klar - Jxifr ) - Kl

(ad) .

This relationshir ctan 3lso bhe obtained immediately from eaustion (13)) on that

S-shared drodth curve 3 maximum increment velocity (dX/dt)m will occur at the
inflexion roint (Xn): and the relative rosition of the inflexion is at!

K K g Kl
—_"“j(“)- X

Ka = X '~

{(4e}

In other wordss the rosition where the maximun increment velocity occurs znd the
rosition where the maximum rroductivity is obtzined are the sase rlacer ie

(4d) = (#e)  or ‘8,,== 45:/%:
The maximum relative rroductivity (IRP)., can be czlculzted as

fiﬁ-”f”"— Bo (1~ )

mfu,_ %2 | 1= p Xi /%l

= [ 1ot - / (Bl ) - Yul2 | ) (af)

This shows that the aaximum productivity in continuous selective cutting is only
derendent on the rarameters of the drowth curve,
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5. STABLE STATE -

From eaustion (2c)» we can solve for the relstive cutting position (f): ie

__ osDat-1+ (1- ae D at )(1-Dt) ‘/”'h#;)&fj[ufd/ﬂ-x:/:gi
F Dlst-r + (1 DPat YU KAL) pypr Tt syt fyn)] (58}

In the extreme case (At =20)s we have!l

b = v - BT

atvo v - D* Lo /xl (5b)

B can therefore indicate the rosition of & stable stste meintasined under conditions
.of different cutting intensitu.

Eaquation (523) and (Sb) are used in denersl selective rutting and continugus selective
cutting respectivelu. Thew cshow the stzhle state is not omlwy derendent on the
rarameters (XR/Xm,UZ) of the srowth curver but is also derendent on the wmanagement
aethod {exrressed by DX and 4t), Fig, 4 shows the relstionshis between F and Dx/Uc or
Xu/Xm under the condition of continuous selective cuttins,

Fid, 4. Steady rorulation density varies with the parsmeters
e of drowth curve and the cutting method

Therefore for the denersl situations ie when 4t does not arrroach zeros the prosition

of the stable state will be lower than that exrpressed in Fig. 4., Althoush Fis._4 andg
eauation (Sb) azre only true for continuous selective cuttings thew however have 3
theoretical value, MWe would like to snaluse them another wawu. '

Under the condition of manzsements rorulation increment will follow the eauationi

- X/x?l
L pey
- X/ (62)
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The tirst term in the risht hand side exrresses the increment velocité'of-a
rporulastion under natural conditicns: the second term in the right hand side ié the
decreased velocity of the rorulation due to cutting., If the first term is lardger
than the second tersr then the rorulation still ipcreasess ie dX/dt > 0. This

shoWs
that there is 3 new incremental curve 2nd which can be exrressed zs follows!
d¥ Uty 1~ X/ex __D*x _U”x "'X/P(:
o T T e T - %/l
- her ax . * * ¥, o r » !
where VW= u=-2° , K= KUEPV oty D)

This is still an S-shared growih turver but in this case 2 new incremental velocity
rarameter U and s new maximus ropulation densits Xm are included. Note that the

value of the new maxisum porulation density Xm  is eeual to the value of the
porulation density a3t the stable stzte 3s ewpresced in eeuation {Sb). In other wordss
at the start if the incremental velocity in the natural state is lavder than the
cutting velocituy: then srorulation density will still incresse. Howeverry the amount
of increment will vare with the rorulstion density a5 expressed in curve 1 in Fig. Sy
and ultimately the rorulziion densite will certsinly arprosch & steble state, In
that casesy the first term and the second term in the right hand side of eruation (62}
will become eeuzl: then dX/dt=0. T

it

Fig, S. Porulation density varies with time {in 2 manasged
forest parulation with & fixed cuiting rstio),

Under snother condition» ie if a2t the start the incremental velocity in the natursl

condition is less - than the cutting velocitws then the rorulation density will
decreaser but the asmount of decrease varies with porulation dencity as expressed in
curve 2 in Fis. S,

it should be rointed out that under the two conditions aboves the rorulation density
will arprosch & sisble state which it only derendent on the rarameters of the dgrowth
curve (Xh, Xa'UE) and the cutting method (exrressed by D™ and at). When DXXUT the
rorulation density at stable state arrroaches to zero. That  wmeans the forest
rorpulation will be cut out comerletely.
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TABLE 1 INDICES OF RELATIVE CYCLE PERTOD ( ™mepr )

4 &  (cutting ratio; %)
AN DN 10 | 20 | 30 | 4o | 50 | 60 | 70 | 80 | 90 | i
0.1 10.12 10.25]0.401 0.57 1 0.7711.0% [1.32 |[1.76 [2.L8 :
0.2 10,13 10.28 1 0.4 1 0.6L 1 06.8611.1311.47}11.95 |2.72 g
0.3 10.15 10,32 0.51]1 0.7310.9811.29]1.67]2.20 [3.03 :
0.4 0.8 10.3710.5910.8511.15]{ 1.50[1.96 [ 2.56 [3.53 B
0.0 0.5 10.21 to.bslOo.7e 1 +.0201v.39 1 .83 12,41 13,22 [4.6) ::
0.6 10.26 1 0.56]0.90 1.30]1.79] c.hh 3. 44 [1.82 | / 2
0.7 10.3510.75 {1.23 ] 1.85 | .77 17.4 | / / / B
0.8 |0.53 | 1.1812.11] 7 / / / / /
0.9 11.1311.58 | / [ / / / / / &
0.1 lo.11 0,24 | 0.39] 0.56 | 0.75]1 0.99[1.3011.73 |2.45 =
0.2 [0.13 10,27 | 0.43 1 0.61 1 0.83]1.09 1'1.4211.88 [2.63 £
0.3 10,14 10.30}0.48] 0,681 0.92] 1.2t ]1.58}2.08 |[2.89 :
0.4 10,16 0.3 Jo.551 0.78 [1.05[1.39 1.8 [ 2.37 [3.28 -
0.2 0.5 10.19 [ 0. 40 ] 0.64 1 0.92 [1.25] 1.65 [ 2.17 ] 2.90 [4, 14 &
0.6 10,23 10,49 1 0.79 {1 .1h {1.57 1 2.14 | 3.00 1 14.9 | / N
0.7 10.30 [0.65 | 1.06 [ 1.58 12.36] 14.1 / / / [
0.8 10.45[0.9911.76] 7 / / /1.7 A
0.9 [0.93 (12,71 7/ / / / / VA / e
0.1 |0.,11 ]0.,24 10,381 0,54 0,741 0.97 1,28 {1.70 |2.41 E:
0.2 |0.12 ]0.26 ] 0.41 {0.59]0.7911.05[1.37 1 1.81 12.55 i
0.3 |0.13]0.28[0.45({0.64 [0.87[ 1,14 | 1,491 1.96 [2.7h o
0.4 |0.15] 0,31 10.5010.71 10.961 1,27 [1.65]2.18 [3.04 £
o.41 0.5 {0.17 |0.36 1 0.57 | 0.82 1.11{ 1.k7 ] 1.93]2.58 [3.68 B
0.6 |lo.20l0.4310.681 0,98 11.35] 1.8312.55]11.6 | / D
0.7 10.2510.54 | 0.88 | 1.31 |1.94]10.8] / / i &
0.8 [0.36 [ 0.80 ] 1,41 / / / / / /
0.9 [0.72 19,59 | / / / /[ 1 7 / /.
0.t 10.11 10,2310.3710.53 10.7210.95 11,251 1.67 |12.38
0.2 |0.1210.25 [0.39}0.56 {0.76 ] 1.00 [1.31 } 1.7 |2.47
0.3 |0.12 |0.26 | 0.42 ] 0.60 1 0.81]1.0611.39] 1.84 [2.60
o.4 |[0.13]0.28 ] 0.45! 0,65 {0.871.1511.50] 1.99 12.79
0.6 0.5 l0.15 10.31 | 0.50 | 0.72 [0.97 [ 1.28]1.69] 2.25 [3.22
0.6 [o.1710.36]0o.57] 0.83 1,131 1.53 12,10 8.25 | /
0.7 lo.20 jo. bk To. 71 1.0k [1.52] 7.50 | / / ~/
0.8 10,28 10,61 11,06 / 7 i / 1/
0.9 |0.52 |6.47 | 7 / / / / A
0.1t |0.171 {0.22 [ 0.36 [ 0.52 [0.71 [ Oo.9h }1.23 ] 1,64 |2.34
0.2 lo.,11 10.23 10.37 10,54 {0.73] 0.96 11,26} 1.67 ]12.39
0.3 |0.11 }10.24 {0.3910.55 [0.75/0.99 [1.30] 1.73 [2.45
o.,4 [0.12 0.25 {0,400 | 0.58 [0.78{1.03 |1.35] 1.80 j2,.54
0.8] 0.5 (0,13 10.,27 {0.43 10,61 (0,83 1,10 [1.k41{1.93 12,76
0.6 (0,14 10,29 {0.47 [ 0.67 (0.91 [ 1.22 1,65} 4.93 | /
0.7 10.15 {0.33 [0.53 {0.78 [1.11 14,21 7 7 /
0.8 {0.19 | 0.41 [0.71 / / / / /
0.9 1031 13.351 / / / / / / /
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TABLE 2 INDICES OF RELATIVE CUTTING INTENSITY ( IRCI )

o o (cutting ratio; %)
KANE NI 10 20 30 40 50 60 70 | 80 90
0.1 0.8510.811 0,761 0.71(0.65]10.501710.,53]10.k6| 0.36
0.2 0.76 1 0.721 0,67 | 0.63 | 0.58 {0.53 [ 0.4k7 10411 0.33
0.3 1 0,66] 0.63] 0.5910.55/0,51 [0.4710.427]0.36] 0.30
0.4 0.5710.5410.51 1047 10,44 | 0.4010,361{10.31] 0.2
0.0 0.5 o.47 1t 0.45] 0.42] 0.39[/0.36 ] 0.33 ] 0.290]0.25] 0,20
0.6 0.37 ] 0.36] 0.33 1 0.31 [ 0.28 [0.25 1 0.20 } 0.0k /
0.7 to.28t0.271 0,240,221 0.18 1 0.03 1 / / /
0.8 10,161 0.17] 0.14 / / ya / Vi /
0.9 [0.,0910.01] / / [ 1 / _/ VA /
0.1 0.8710.8210.771 0,721 0.66 [ 0.6010.50 1 0.46] 0.37
0.2 10.7910.7510.70]1 0.65}1 0,60 10.55}0.,49 {0.43] 0.34
0.3 0.71 1 0.67]1 0.631 0.59 1 0.54 | 0.49 | 0.44 {0.38{ 0.31
Q.4 0.621 0.501 0.551 0.51 ] 0.47 ] 0.43]10.39]10.341 0.27
0.2 0.5 0.5310.50]0.571 044 1 0.40]0.36{0.3210.28} 0,22
0.6 O.43 {0,411 0.3810.35]0.32 10.2810.23]0.05 /
0.7 0.33 1 0.3 | 0,28 ] 0.25 | 0.21 | 0,04 / / /
0.8 0.22 | 0.20] 0.17 / / / / /7 7/
0.9 | 0.11 | 0.02] 7 7 7 7 7 7 7
0.1 0,891 0,841 0.79 | 0.74 1 0.68 10.62 ] 0.55} 0.47] 0.37
0.2 0.83 10,781 0.73 1 0.6810.63 10,57 0.51 | C.kh ] 0.35
0.3 1 0.76 1 0.71}1 0.67 1 0.6310.38]0.53[0.,47]0.411 0,33
0.4 0.68] 0.64 ] 0.601 0.5610.52 1 0.7 {0.5210.37} 0.30
0.4 ]10.5 0.59]1 0.56] 0.53 1 0.49 ] 0.4510.41]0.3610.31} 0.24
0.6 0.50 ] o471 0.4h jo. 41 ]10.3710.33]0.27 1 0.07 /
0.7 0.39] 0,371 0.34 | 0.30] 0.26 ] 0.06] / / /
0.8 0.28 | 0.25 | 0.21 / / / / / /
0.9 | 0.1k [ 0.02( 7/ / [ / / Vi
0.1 0.91 1 0.8 ] 0.8 | 0,75 0.69 {0.63 ] 0.56 { 0.48} 0,38
0.2 0.86 1 0.8210.771 0.71 ] 0.66 | 0.60}0.5310.46] 0,36
0.3 0.8l o771 0.7210.6710.62 10.56 1 0.5010.431 0.35
0.bL 0.75] 0.71 1 0.66 | 0.62 ] 0.57 ]0.52 {0.47 {0.40] 0,32
0.6 0.5 0.681 0.641 0,60 0,56 [0.52}0.47 [0.5210.36] 0,28
0.6 10.5910.3610.52 0,48 }0.44 10.3910,33]0.70} /
0.7 0.49 | 0.46 | 0.42 10,3871 0.33 | 0.08 / / /
(0.8 1 0.3610.33 1 0.28] / / i AN YA /
0.9 10.19]10.03 ] / / / / / /
0.1 0.9310.810.82 0,77 10.71 |0.64 | 0,57 ]0.49{ 0,38
0.2 0.90 | 0.85]0.8010.75{0.69]0.63]0.56]0.481] 0.38
0.3 0.8710.83}0.7810.721{0.67 |0.61 [ 0.54 [ 0.46] 0,37
0.4 0.8 |0.7910.74 10,69 | 0,64 {0.58 [0.52 | 0.44 | 0.35
0.8{ 0.5 0.79 1 0,751 0.70 1 ©.65 [ 0,60 10.55 | 0.48 [ O0.4k1 [ 0.33
0.6 0.73.10.6910.64 1] 0.6010.55]0.49]0.4210.16 /
0,7 0.651 0.61 10,561 0.51 [ 0,45 C.14 | / / VA
0.8 0.52 1 0.48 ] 0.4z / / / / / /
0.9 |0.3210.06| /7 | / L1/ / /
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TABLE 3. INDICES OF RELATIVE PRODUCTIVITY ( IRP )
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EXANFLE 1

In 2 natural forest rorulation of Pices asrerata in Gansu province in Chinas we have
cbtained the following rparzmeters of the drowth curve!

 Mho— 400 M |, /¥l —= O

Ur = o.04 3ear“

If we would like to cut the forest at Xi=200 H)/ha and set 8 cutting ratioc sas 40% s

how many wears do we have to wait for the forest to be maintained in 2 stable state
and how much are the cutting intensity and the rroductivitu?

From Tahle 1 we can find out the index of IRCP under a=40%, XE/Xh=0, B=200/400 = 0,S:
JRLP = |.02

The harvested cucle reriod = 1,02/U¢ = 1.02/5.04

= 25,9 vears; From Table 2 we c2n
find out the index of IRCI under @=40%s XB/Xm=0; f=0.5:

IRC]l = 0.39

The cutting inlensity = 0,39-U% = 0.39 » 0,04 = 1,6%/uears} From Table 3 we can find
b3 7
out the index of IRP under 3=40%s Xm/X&=0: $=0.5:

IRP = o024

The productivits = 0,24-UCX® = 0,24 x 0,04 x 400 = 3.8 M /ha.uear.

EXAMPLE 2

In 2 naturzl forest rorulation of Korean rine in Jilin erovince in Chinas we have
obtained the following rarameters of the growth curve:
K:: goo M /ha , X:‘/x._’,, = o8

* -t
U, = o0.03 qear 5

It we would like to cut the forest in 2 cutting ratio of 20%Z» which stade is the best -

for +he lardest harvest {(ie the rroductivity 1s the mawimum) * and in this cutting
nethods can vou caleculate the harvested cucle reriody the cuttingdg intensitu and the
productivitu?

From Teble 3 we f:nd the best state is in F =0,7 where the index of IRF is eaual to
0.47 {(largest) when Xm/Xm 0.8 and a=20%

ie X, = 8 Xm/C1-05a) = 07 * 400 /(1 - ofr02) = 311 M [ia
in which the productivity is the maximum.
The eproductivity = 0.47-UEX; = 0,47 % B.03 » 400 = 5.6 MS/hai

From Table 1 we can find out the index of IRCP!
IRCP= 03}
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_The harvested cucle reriod = 0.33/UC = 0,33/0.,03 = 11 vearsi
From Table 2 we can find out the index of IRCI:
IRCL = o.6]

The cutting intensits = 0.61-U6 = 0.61 x 0.03 = 1,8X/year




(B) LIST OF SYMBOLS

t, !t;
4t

H o

X1 !XL

5 4

IRCP

IRCI
IRP

Le

time (uear)

times 3t roint 1 2nd Foint 2 on the intesrsl curve (uwear)
harvested cucle reriod needed for 3 stable state; at=%,; -4,

drowth velocity rarameter (wear”')

ipcrelent velocity rarameter in the natural candition {(uear”')
Ue = Ue-DIv:

increment velocity parameter in 2 mensded condition (wear™')

ue = ud-nx
rorulation density (M°/ha)
rorulation densities after cutting and before cutting (H3/ha)

cutting amounti 4X = X, -X,

carruing caracity {(K’/ha)

maximum rorulation densitw in the natural condition (M3/ha)
X8 = Xm(Uc-D )/ (Uc-D-Xm/Xk)

ropulation densituy with duynamic ecuilibrium in 2 managed forest -

O Xm o= XBOUT-DR) Z(UE-DEXR/XR)

2 parameter concerning the efficiency of'nutrient utilization bw an
ordanism (M3/ha)

the rorulation densituy at the middle roint between X, 2nd X,

death velocity parameter (wear™')

cutting intensity allpued by 2 sustained manadement (X/uear)
& -

value of D% at o.5xm

value of DX 3t continuous selective cuttins

cutting ratio (1)

relative cutting positiaon p = Xi/Xe.

_-value ofﬁ- at the inflexion rpoint

index of relative cucle periodi IRCP = at-Ua

index of relative cutting intensits; IRCI = DE/UG

index of relative erroductivitus; IRP = Productivits/UEX;
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