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Introduction

The plotting of highly multidimensicnal dats has. long been a practical
problem in the interpretation of multivariate analysis. Hethods such as
'pfincibal component analysis and caroRical varizte analysis have the

important preperties of reducing une dimensions of “the totsl variability

to the, smallest possible number consistent with 1little or no less of
esééntiéi-iﬁ%ofmatidn; In-ébmé'basés, the ihtéfpfetéﬁién of the results

is possible from consideration ¢f the distribution of the original
observations on a plane; or, with the aid of stereoscopic egquipment, isometric
diagrams, or solid models, from consideration of distributions in three _
dime:.sions. lHany practical problems, however, require interpretation of the
distribution of the obscrvations in more than three dimensions, even after
principal componcnt analysis or canonical variate analysis, Various
suggestions have boen made for the usco of different symbols on a two-dimensioml
plot to give some idea of the effects of & third or fourth dimension, but such
‘methods lack precision and camnot be rcedily extended to large numbers of
dimensions. . o _ _ _

A recent paper (indrews, 1972) has suggested the embedding of highly—
dimensional data in a higher dimensional, but easily visualizcd, space of
functions and then plotting the functions.. The suggestion is so obviously
sensible and so simple in concept that it seems astonishing that it hos not
becen develoned before. This paper presonts the”ideafin a simple form,_givés

a BASIC program for the plotiing of multidinensional dﬁta_on qh ordinary
teleprinter, and applices the teehnique to a problem of the morphometrics

of speeics of bireh.

Nethod

Thg méﬁhod.proposod ﬁy Andreﬁé (19?2) is véff Siﬁplc} 'FoP each'pdint the
function: o o o

ﬁ\' = / v/w_ i si
fx( J o= xy/ V2 4 x, sin o+ Xz cos t + x sin 2% + xg cos 2t + o.ue.
is defined and the function plotted over the range = 77 <t < 77, This function
traniforms a seot of points into a sct of lines drawn ascross the plot in such
'a“way that the mean of the functions of n observations corresponds to the mean
of the observations themselves, The function representation also prescrves
distances, so that the distance between Gwo functions accords with the distance

as judged by the human eye, and this distance is proportional to the Zuclidean




distance between the ccfresporﬂing points. Even more important, the }
prusentation preserves variances, so that, if the components of the data are
uncorrelated, with a common variance 0'2, then the function value at t, fx.(t),

has a variance which is given by:

var _/_"fx(t) o F + sin’t + cos°t + 3111221: + 8inZ2t + cosi2t + ceed)

The varizbility of the plotted function is almost constant across the graph,

a fact which considerably simplifiss the interpretation of the plotted
“functions.

Table 1 gives a BASIC prosram for the caleulation of the values of the function,
and the plotting of these valucs on the kind of toleprinter usually provided
for a remote-access, time-sharing systom. The prog-rs.m assumes the existence
of a disk file containing the celoulated values of the principal components or
“canonical varia’ées, the first variable boing associated with the first
component or candnicel variate, the second variable with the second component,
etc. The program can, however, bc easily modificd to operate as subroutine
working on a dsta metrix held in core. The function is plotted for up to 30
sets with valucs of + from -3.0 to +3.0 in stcps of 0.5, It is, thercfore,
reasonably fast and suitable for operation from an interactive terminal, the
symbols, which may be freely selected frow thoco availablc.on the keyboard,
being Jjoined by straight lines.

Only o limited amount of information can be absorbed conveniently from one
plot, and experience suggests that sbout ten functions is the maximum number
that can be considered in detail at any one time, unless colours arce used o

. distinguish a priori groupings. Preliminary grouping of the sets by cluster
anplysis may, thercfore, be helpful in rcducing the number of sets to be
considcred, with scperate plots to examine within-group variation. The technique

is porticularly valuable in detecting outlicrs to the main set of observations,

An Ex-mple

Gardincr and Jeffers (1962) analysed measurements of 13 leaf characters for
spceics of Botula, and calculated five components accounting for 99 por cent
of the total variation dcscribed by the %3 variablos. The caleulated values

-of those components are given in [eble 2,
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TABLE

REM PROGRAM TO PLOT MULTIDIMENSIONAL DATA

RECORD X(29)

OPEN B8,"DATA"™

PRINT *NO 0OF VARIABLES AND SETSY™;
INPUT NoM

DIM AL29)

FOR 1=1 TO M

INFUT ALCD)

NEXT I

FOGR Ja=3.0 TO 3.0 STEP 2.5
FOR =1 TO M

GET 8,t0,1

LET I=1-1

LET K=@

LET T=p@

LET S=X(K)/(SQR(2))
LET KzK+1

LET T=T+]

IF K=N THEN 120

LET S=S+X(KI*SIN{Tx
LET K=K+

IF K=N THEN 120

LET S=S+X{KI»COS(T*J)
GO TO §g@

LET SsINT(S*5+40)
PRINT TAB(S)3ASCI);
NEAT I

FOR L=t TO S

PRINT

NEXT L

NEXT J

5TopP

END

1 BASIC PROGRAM FOR THE PLOTTING OF MULTIDIMENSIONAL DATA.




Table 2, Calculated values of five components of leaf measurenents
- of Betula species

Value of coumponent: -

Taxa

A. B. verrucosa 1.95 0.63 -0,36 -1,89 0.17
B, B. verrucosa 2.00 0.4 -0.55 ~1,53 0.08
C. B. pubescens 1.12 -0.14 0.02 -0,21 0.27
D. B. pubescens 1.37 -0.23 0.05  =0.34 0.28
E. B. tortuosa 0.30 0.25 0.07 1.00 -0.11
¥. B, carpatica 0.50 0.31 ¢.09 -0.62 ~(2.43
G. B. oycoviensis ~1.12 0.59 Ousy . 0,69 ~0.05
H. B. cbscura 1467 0.12 -0.45 ~1.38 0.07
I. B. nana -5.91 ~0,23 -0.77 2,17 0,19
J. B, mumilis -1,88 ~t 46 1.46 2.10 ~0.47

The functions for B. verrucosa, B. pubescens, and B. nana are plotted in

M.gure 1. Clearly, all three species are easily distinguishable, B nana having
values consistently less than those for the other two species, and the patterns

for 3. verrucosa and B. pubescens being distinct. In Figure :, the functions for
B. obscurs and for B. tortuosa and B, oycoviensis have been added, B. oscura
matches the funotions for B. verrucossa almost oxactly anmd is certainly not a
distinet species, on the basis of leaf charscters at least. B. tortucsa and

B, oycoviensis have very similar function shapes, and probably represent a single
species, but the species is distinet from B. vcrrucosa and B, pubescens. Finally,
in Figure 3, the functions for B. carpatica and B. humilis have been added.

B, carpabica takes values intermediate between B, tortuosa and B. verrucosa along
almost the whole range of -T<t < 7T, and it seems likely that it represents a
hybrid between these two latter species. Similarly, the intermediate position of
B. humilis botween B, nana, the dwarf birch, and the collective species B. alba
suggests that it is a Tybrid.

The functions plosted in Figurc 3 have the added advantage of indicating the
optimm discriminator betwesen species. In Figure 3, when t is approximately equal
to 2.0, the value of the computed function enables the species to be identified with
a fair degree of certainty, and no other value of t enables such good discrimination
to be made. At a value of t = 2.5, B, humilis cannot bc distinguished from B. nana,
or B. carpatica from B. pubcscens. However, thc best discriminater between B. nana
~and all other species is at t = 0.5, and hybrids between B. nana and the collective
spceies B. alba might be best identified by valucs of the function at t = 1.5.
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