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DERIVATION OF A CATCHMENT
AVERAGE: UNXT HYDROGRAPH

by

D B BOORMAN- and D W REED

A problem that frequently arises in rainfall/runcff
modell...ng is the derivation of a catchment average
uinit hydrograph irom a numbex of recorded f£lood

. events. Two approaches are considered in this

repoxt: averaging unit hydrographs derived from
individual avents and joint analysis of a group of
evants to datermine an average unit hydrograph
directly. The orablems of ingtability which often
lfeature in ieast-sqguares unit hydrographs derived
fron individual events are found to have little
‘influence on average unit hydrographs determined for

~ eight trial catchments. Whilst particular techniques

have their merits, the main conclusion ig that

e «_.di.fferences are unlikely to be significant in appli-
-eation. Of the methods considered, event super-

pogition followed by a least-squares solution is
favoured for computational econamy. Replacing the

- least-squares criterion by an iterative solution of

the dominant equations is shown to bring derivation
,of .an average unit hydrograph within the scope of

- hand calculation.
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1 INTRODYCTION

1.1 Concept of a catchment average unit hydrograph

Methods of rainfali runoff modelling based ch unit hydrograph theory continue to
find application in design flood estimation and flood forecasting. Much of the
current interest in unit hydrographs stems from their use in the Flood Studies
Report rainfall/runoif method for flood estimation on ungauged catchments (FSR I.6%).
A unit hydrograph’ technigue has perhaps two important advantages over statistical
methods such as flood formulae based on multiple regresgion. Firstly, it allows
estimation of the whole hydrograph rather than just a single featuz. (a2y peak

F1aw) . A aserond advantage lies in the flexibility that unit hydrogxraph methods
provide to make good ugse of local rainfall and runoff data. If several xlooaQ events
are avajlable for analysis on a given catchment then the usual requirement is to
determine a single unit hydrograph that characterizes the catchment response to
heavy -ajnfall. €uch an entity can be termed a catchment average unit hydrograph.

Of course the adoption of a fixed response function for a catchment has limitations.
The generation of runoff from rainfall is ffected by a host of pnysical processes
and spatial factors and, ixrespective of the definitions used, the assumption of

a linear time-invariant relationship between net rainfall and response runoff is

no more than an approximation., However, such evidence as is available (see FSR
I.6.5.3) suggests that systematic variation of unit hydrographs between events is
discernible on relatively few catchments., Moreover, where present, the systematic
variation is not always in accordance with the intuitive reasoning that bigger

floods propagate more rapicly.
When apprqising the significance of variations between unit hydrographs it is
important to appreciate that calibration of the rainfall/runoff model, involves

more than derivation of a suitable unit hydrograph; rules must be formulated for
estimating net rainfall and baseflow (see Figure 1.1). Rainfall separation is a

aununodlhimrtknm—kwuﬂant

NET RAMFALL “JouicK RESPONSE RUNOFF

L | rainfal runoft F
RAINFALL . ot itution RUNOFF __
LOSSES ._-1"2:L:==::rn : BABEFLGNU. o
EVAPORATION

FIGURE 1.1 A system representation of the unit hydrograph approach ‘_



crucial <cwopglderation because it determines the volume of response runoff. 1In
contrast -thfg/ wnit hydrograph fulfils what is perhaps a secondary role, neamely
distribu® =ing this volume in time. Thus, while studies of dlfferences between
unit hydx«grapis may be interesting and occesiorally informative, a sufficient
requireme -t in vany cases 1is for a catchment average unit hydrograph. The report
offers g—u:;i_dance‘jin this one aspect of rainfall/runoff modelling, namely derivation
of an ave=—xage wiit hydrograph from a number of recoxded events on a catchment.

1.2 Datax selection and separation

The study vk flood event data for eight catchments from the archive assembled
at the TIrms=titute of Hydrology for the UK Flood Studies and follow-up work. The
decision = study eight catchments was fairly arbitrary. Too small a number
would have= provided little opportunity to draw generalizations, whilst many more
than eigtx®= wuld have made the study unwieldy. The selection of catchments took
many factocoys into account, albeit informally. The criteria for acceptance
included <®—he requirements that the catchment should: (i) have at least ten evants

\ R P Fop npo Ve d o reen m~eoldd w o et Bl mamt il Al rasmAnes ¢ hoatvy rainfall.
QAVA LA S ‘Wf uﬂu.u---.a, .- b e = e SRR GRS : by 4

and (1i1i) be amenable to analysis at 1 hour data interval. Within these limits an
attempt wamg lade to arrive at a set of eight catchments that embracéd as wide &

range of <=atchment sizes as possible.

The outcomane 0f the procedure was to select the catchments listed in Table l1l.1. As
it transprSred all are upland catchments, the smallest having an area of 69 km?, the
largest ox=me 0f 298 km?, Included in the table are some of the more interesting
tatchment  ¢iaracteristics (definitions as per FSR 1.4.2).

Net rainf==1]and quick response runoff data were determined by the procedures used
in the fFlcod studies project. Separation of runoff is by first extrapolating the
anteceden t— recession and ther. drawing a straight line fxrom the time of peak
runoff o rejoin the hyvdrocorarch at a predeterrmined time after the cessaticn cf
rainfall. This time is taken as four times the lag between the centroid of the
hyetograp¥= and centroid of peaks (if more than one) of the hydrcgraph. The method
of rainfa i ] separation can be summarised as a variable loss rate indexed by
catchment  —wethess, the free paraneter being determined by the condition that the
volumes o £ et rainfall and qgquick cesponse runoff should be equal, A full
descript i c»m of these methods of data separation is given in FSR 1.6.4. While
alternati <« separation procedures would undoubtedly have resulted in different unit
hydrograplxr = being derived, the choice was considered unimportant in the context

of compaxr I =g tethods of averaging.

1.3 Struc -zure of report

The report examines the features and relative merits of a number of methods of
determini ra<y an average unit hydrograph from several net rainfall/quick response
runoff evemts: Two distinct approaches are considered: averaging unit hydrographs
derived f£x <onthe individual ewvents (Section 3) and Joint analysis of the group of
events to <Jetetmine an average unit hydrograph directly (Section 4). A necessary
ingredient  fir either approach 1is a method of unit hydrograph derivation (Section
2). The ccopprative element of the report culminates in Section 5, which paves
the way f£ox— discussion of a parxrticularly simple method of determining a catchment
average wura &k t hydrograph (Section 6). The final section summarises the conclusions
reached arn<X mkes recommendations for further study.

tReference= = to= the Flood Studies Report (Natural Environment ,895,?3{??‘? _gqunc_il
(1975)) &g byw.lome numeral and chapter, section or subsection number.
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TABLE 1.1 DETAILS OF CATCHMENTS SELECTED FOR STUDY

Catchment characteristics

Catchment Number
of
Number Name Events AREA MSL s$1085 S01IL RSMD URBAN LAKE
Jem? km  @/km - mm
- 23002 Derwent. at Eddys Bridge 10 118 22.8 10.7 0.500 42.3 - -
45004 Axe at Whitford 11 298 34.5 3.8 C.279 42,9 006 -
T AR Dar+ at Avatins Bridge 22 248 35.2 6.5 0. 361 71.9 - 013
53005 Midford Brook at Midford 14 147 24.6 3.0 0.247 36.6 .009 - “
58001 Ogmore at Bridgend 17 158 20.2. 10.3 0.469 56.6 .036 -
61001 Western Cleddau at
Prendergast Mill 21 198 26.4 2.7 0.329 45.5 - -
65001 Glaslyn at Beddgelert 15 69 15.3 33.4 0.500 109.1 - -
20-1 1907 00460 5202 - -

76014 Eden at Kirkby Stephen 15 69




2 METHODS OF UNIT HYDROGRAPH DERIVATION

2.1 Introduction

Only one basic class of methods of unit hydrograph derivation is considered in this
report. These are ordinate methods in which the unit hydrograph is represented by
a sequence of ordinates evenly spaced in time. The convolution relation is
re-formulated as a set of simultaneous l!near equations which is solved to
determine the unit hydrograph ordinates from net rainfall and quick response runoff

dgata.

There are manv cther methods of unit hydrograph derivation and a comprehensive
review is beyond the scope of this report. O'Donnell (1966) distinguishes two
approaches -0 unit hydrog=z/ph ¢ ~—~ivation: techniques of synthesis and techniques of
analysis. In many applications 1t is necessary or desirable to represent the unit
hydrograph (or response functici.) in terms of a small number of parameters.
Synthesis techniques fulfil this requirement by assuming a particular parametric
form for the response fuaction, a well-known cxample dbeing the cascading linecar
reservoir model develoged by Nash (1960). However, there is the inherent diffi-
culty that the chosen parametric form may be an inapprcpriate representation of

the characteristic response of a particular catchment.

The analysis approach avoids this problem by invoking general techniques of linear
systems analysis to 'invert' the convolution relation:

y(t) = (t % (T)h(t-T)dT o 2.1

5
to determine the system response function, h(t), from knowledge of the input, x(t},
and output, y (t) In the context of rainfall/runoff modelling, x(t) is the net
rainfall avetogcaph, y(t) the quick response runoff hydrograph, and h(t) the
instantaneous unit hLydrograph.

Tf the net rainfall data are taken in block form, and the response runoff data in
ordinate form, then the convolution relation simplifiesz to a p .mber of summations:

Y.. = L xu, - for 3 =1, 2400, . 2.2
where y. = y(4AT), x, = x(T) for (i-1)AT < T < iAT. and U_ = AT,U(AT,kAT), U(AT,t)

being t¥e Ar-period uUnit hydrograph. With approprincte lj}:{xits on the summations
Qefined during rainfall and runoff separation, Equations 2.2 can be rewritten in

- matrix form:

u = Yl
xle u2 y2
X . s .
[ ] L L] xl L ] . )
N T "n | 2.3
xN ' L .
N Y

A

or
2.4

Xa = Yy

where X is an m x n coefficient matrix constructed out of the N periods of net
rainfall, u is the n x 1 vector of unit hydrograph ordinates, aid y is the m X 1 .
vector of Euick response runoff ordinates. It is usual to determine the length ©

the unit hydrograph vector by the condition:
2.5

m- N+ 1

n

se, of the unit hydrograph is consistent with the

tion, or time ba
so that the dura ’ ponse runoff hydrograph.

time bases of the net rainfall hyetograph and quick res

M ahacrn Aafinitinnae are summarised in Figure 2.1. We will refer to gqqa;;i:on 2.4
'as the discrete convolution relation; it comprises a system OI I BlliliLalcuus
" the unknowns being the unit hydrograph

linear algebraic equations in n unknowns,
ordinates, . This formulation reduces the problem of unit hydrograph dexf.vation
«n Ane of nuberical algeb.a, namely solutior of Equations 2.3.

s o . —— -

Note: n-m- N+1

L]ﬂ\,L?

1 2 i+ n
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FIGURE 2.1 Discrete foraulation of the convolution relation
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2.2 least-squares method

In general the problem posed by the discrete convolution relation is over-determined
there being more eguations than unknowns (m > n). A unique solution can be

obtained by applying a least-squures criterion, ie minimization of the residual sum
of squares. This is a widely used expedient and a variety of treatments of least-
squares pethods can be found in numerical algebra and statistical texts (eg

wilkinson and Reinsch (1971), Hoel (1962)).

The usual way of deriving the least-squares solution, _?:_, to Equation 2.4 is to
construct the 'normal eguations’':

T 2.6

Xia = XTy_
st _4._?-1» ran thon he enlvnAd ;‘J{ning a atandard techniove such as the Choleski symmetric-
al decopposition. The leist-squares soiution is nominally written:

i o= "y 2.7

although in practice _11 is usually obtained without explicitly forming the inverse
matrilx, (xTx) -1, That this matrix manipulation provides the least-squares estimate
of u is demoastrated in FSR I.6.4.6 by ‘a simple example. We will refer to solution
of the discrete convolution relation us..uc = least-sguares criiexion as the least-

squares ordinate method, or simply the lrast-squares method, of unit hydrograph

derivation.

Aprlication of the lcast squares method to derive a unit hydrogra.ph from i1
~heorved evant cften produces an unrealistic solution. A common fault is that

the unit hydrograpn is oscillatory, perhaps containing negative ordinaces \eg
Intuition tells us that the response of a catchment to a pulse of net

Figure 2,2).
UNIT HYDRGBGRAPHS FOR EVENT 17 @N CATCHMENT £1001
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just one maximum point and two inflexion
points (one on tlxwe= rising litb &and one on the receding limb) - as shown, for

rainfall cught tc be smooth witta (usually)

in Figuxr e== 1}, The ancomaly stems from the fact that the unit hydroarach
r of parameters (ordinates) and consequently
losely the observed relationship between

example,
is defined in tex=mmms of a large xxumbe

has the flexil>ili ==y to spproxinate very ¢
net rainfall and «<—guick response runoff. The leagt squares criterion ensures that

it does 80, arxd, —Sn the absence of any regtrictions on the relative values of the
ordinates, the erw<=i-product can 2> an unstable unit hydrograph.

UNITWV HYDRBGRAPHSS FBR EVENT 2 BN CATCHMENT 23002
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Some analysts, lI>-eemlleving 0scil Jatory unit hydrographs to be, at least in part, due .

‘to numerical ins“a:abiii‘qieﬁ}éf the solution method, reject the commonly used normal
equations appros «<h infavr o= the Householder method of orthogonal transforms:
(see, for exampl e=, Wilkinon (2965)). The latter method provides a direct
least-squares ixra~saversion of lquation 2.4 (ie without forming the normal equations)
but is a more ccm=mplicated and computationally demanding technique. While too.
simple a humexice==m! solition te=hnique {such as' forward substitution in Equations
2.3) can induce —anstbilities in derived unit hydrographs, the chief source of
oscillatory Solua-siohs lies it tthe problem itself rather than in the choice of a
particular s lu——don nethod. Ixa the authors' opinion the refinement provided by
Householder ' s me= wmmchod 18 of lit=le coiisequence in unit hydrograph derivation
problems, Foxr ta=mistorical reescms, however, twe of the methods of unit hydrograph

derivation teste<=3 i this stidy use Householder 's technique whereas the third: (the

" Flood Studies Reg=ort methoises the noimal equaticns approach.

Various modifica = joms to the Lerast-squares nethod have been proposed to ensure the
stabliity of dezmEved wit lyirograpns. The restricted least-squares method ~
(diseussed in Ses—=tion 2.4) sttaains a stable result by reducing. the number of
ordinotes de £ ini =g ths unit hye2xrograph. . A simpler altornaiive is to smooth the



. ralure,
‘siimificantly from unity then it is a signal that all is not well (either with the

_ no adjustment for uni VOlume has been made.

derived unit hydtograph; the variant of the least-squares method used in the Flood
Studies Report incoxrporates an element of such post-derivation smoothing, and is

considered next.

2.3 Flood studies Report method : B

As part of the Uk Filoo0d studies project, unit hydrographs were derived for more
than 1400 events us £ng a modified least-squares method. This is referred to in
the Flood Stidies Report as 'matrix inversion with smoothing'. The smoothing is

imparted in two vay s . , 2
»‘ . ’., .

In the basic lesst—sQuares method, m equations are solved in n unknowns, namely ;
Equations 2,3, The £irgt way in which the Flood Studies Report method differs is B
that m + 16 equtions are solved in n + 16 unknowns, This is because thedefinitions .
of the unit hylrograph and quick response runoff hydrograph are extended to include
an additional 16 ordinates (six before and ten after), the additional quick

response runoff ordimnates being set to zero. The extended representation is
1llustrated in Fljuxre 2,4, The effect of this modification has not been fully
isolated in the present study but it is thought that the extra values help to

dampen ibstabilitles , particularly those occurxring tovaxds the start and end of

the unit hydrograph . Certainly the technique allows a Qegree of flexibility in
interpreting rainfal 1 and runoff records that may be poorly synchronized.

The second way il wizich the Flood Studies Report method diffcrs is that the unit
hydrograph is sihjected to post-derivation smoothing. The unit hydregraph is

passed twice througha a three point moving average filter in which each ordinate is
replaced by the avex-age of itself and its two neighbours. The filtering process
succeeds in damplng xandom fluctuations in the unit hydrograph ordinates but at the
expenge of reducing the magnitude of true variations, These good and bad features
of the moving averagye filter are amply demonstraled in Figures 2.2 and <.3
respectively, The extent of either effect is very much dependent on che interval
at which the data ax e sampled.*

One other aapect in which the Flood Studies Repc:affr. method differs from the basic
least-gquares methocd 1s that the derived and un: sutned unit hydrograph is finally
scaled to unit volumme: {ordinates correspon-ding  icf negai -ive times being discounted

at this stage - Se¢e F'igure 2.4). There are two .i.nools of thought on this practice.
Oone hu.ds that it iss known a priori that the response function should have unit

The other v»iew is that if the volume of a derived unit hydrograph deviates

bus’c data, the sssumnptions made, or the methods used) and to scale blindly would

be iiangerous, Inrthe present study the Flood Studies Report method has been
foltiwed in its ent:.rety but 1t should be noted that in the other methods considered

2.4 Restricted léast-squares method

The restzicted leist—squares method was developed by Reed (1976) with the specific
aim of oveicoming iner ~abilities in derived unit hydrographs. In thig method the
unit hydroqraph j'de2sined in terms of a reduced number of ordinates, no longer
evenly spanad 1#5 time . - Definition of. intervening ordinates of the unit hydrograph

*The ..en(?gncy"?f the filter to reduce the peaks of unit hydrograp@é was ;.investigated
in Che omginml Floods Studies, As a consequence, the synthetic unit hydrograph
used in'the flood es&imation procedure was adjusted to compensate. for this effect

{seeFSRrsdﬁand 6.5.9).




" pethod was To remove spurious variations from the unrestricted unit hydrograph = -

.......

1 2 i

Note:n=-m-N+1

0 v . e

o
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FIQURE 2.4 Extended representation of the convolution relation (FSR method)

Starting with the unrestricted unit hydrograph (ie
t-squares method) the restricted least-squares
algorithn syrstepatically eliminates ordinates with the effect that the unit hydro-

graph vitinaxtely derived is unimodal and has the equivalent of no more thin one
infiexion p>dnt on elther the rising or receding limb. Details of the method are

reproduced A n Appendix 1. Examples of unit hydrographs derived by the restricted
least-square>s method are shown in Figures 2.5 and 2.6.

is by lineax= interpolation.
that. derivec® by the basic leas

of course tizere may be some catchments where the characteristic response is bimodal,
for exaple as a function of catchment shape or l>nd use. As a precaution/against
dognatic us«= of an inappropriate method, it is wise to examine the unrestricted

unit hydrogaaph for evidence of systematic bimodularity, although usually such

behaviowr we>uld be evident from a preliminary inspection of the flood event data. o

ror the elglat catchments considered here, the general effect of the restricted . . ‘

yather than +to impose on the natural shape of the catchment responsa. .
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11

.5 Comparisc ns

ioh we 1l the above methods perform with regard to deriving a unit hydrograph f£rom
an individual event is peripheral to this study. Rather, it is their effectiveness
1 paxrt of a technique for deriving an average unit hydrograph that is under

scrut. £ny. However, the example of application to an individual event does serve

to i1 Justrate some characteristics of the methods.

Init Iaydrographs derived by the three methods under consideration are compared in
fljare 2.7 for a particular event. Event 18 on catchment 46003 was selected for
llus +ration because it exemplifies a situation where the least-squares unit
hWirograph is in need of some form f soocthing., This was not the least stable
of the 125 unit hydrographs derived from individual events by the least-squares
wthod, but it was singled out because it came from a relatively simple event.
M Figare 2.8 (overleaf) confirms, the rainfall hyetograph exhibits no unusual

foatryw—es

-

UNIT HYDRGGRARPHS FBR EVENT 18 ON CATCHMENT 46003

pz.Cco

L
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=
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g g
, &
ﬂ '
Comparison of derivation methods

IIGURE 2.7

feturning to Figure 2.7, it is seen that in this instance the Flood Studies Report
pethodd provides sufficient smoothing to eliminate the oscillations that perturb the
jeagt —gquares unit hydrograph. However, the tendency of the moving average filter
to reduce the magnitude of true variations between ordinates is evident in the less
steep 1rxising limb and the lower peak ordinate. The effect of the extended
definition used in the Flood Studies Report method is also apparent; note that the
jnitial ordinate is greater than zero and that the receding limb is prolonged. For
this event, the adjustment to unit volume required no more than a 1% increase in

the oxdinates.
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BSERVED HYDRSGRHPH AND RRINFALL
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FIGYXFRE 2,86 Data and -eparation for event 18 on catchment 46003

The unit hydrograph dexri-~red by the restricted least-squares method comprises seven
liraes seguents; it approx 2 mates to what might be obtained if the least-squares unit
hyx ograph were smotheQ Dy eye, although some of the gradient changes are rather
abx-wapt, While it has to oo admitted that the restricted least-squares technique
is <comlicated, and thexe=Xore difficult to implement, given the availability of

a = andard program it woiasd seem o provide a more effective antidote to - :
oL 1latory unit hydrogxaphs than more conventional methods of smoothing.




. The methods of averaging assessed in this study are objective ones, ordinate by

However, comparisons made in Section 3.4 do make reference to ‘'by eye' results

.
¥
]
§
F
>
3
E

" average unit hydrograph by taking the mean of the corresponding ordinates of the

3 AVERAGING TECHNIQUES

3.1 Introduction

There are several ways of constructing or calculating an average unit hydrograph
fron & numbexr of individually derived unit hydrographs. The textbook method (eg
Wilson (1974) , Linsley et al. (1975)) is to plot the unit hydrographs cn a single
diagram and to mark cn a point which corresponds to the average peak ordinate and
average time to peak (see Figure 3.1). An average unit hydrograph is then
sketched in by eye so that it passes through the average peak point, has unit
volune, and generally conforms to thie characteristic shape of the individual unit
hydrographs. The procedure relies on a limited amount of trial and error (to
preserve volume) and on a good deal of subjective judgement. The ahility of the
eye to discriminate outliers, and to detect and interpret shape, is a strength
that objectiwve averaging procedures find hard to emulate.
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ordinate averaging (Section 3.2) and shape factor averaging {Section 3.3).

obtained at an early stage of the study.

1,2 Ordinate by ordinate averaging

iyl . :
Va}.\ious ordinate by ordinate averaging methods are possible and four such schemes

vete considered. The simplest of these was to construct each ordinate of the

. l‘f L

i



individual unit hydrographs; this will be referred to as the mean method. A
varjation of this approach is the median method; use of a median form of averaging

reduces the effect of outlandish ordinates.

A refinement of simple ordinate by ordinate averaging is to align the peak ordinates

of the individual unit hydrogrsphs prior to averaging.
recommended in the Flood Studies Report (FSR I1.6.8.4) and is more in keeping with

the 'by eye' textbook method referred to in Section 3. i.
is to calculate the average time to peak o

then to align the unit hydrographs with their peak ordinates synchronized at this
average time. Depending on the form of averaging used,

aligned or median peaks aligned method results.

This is the approach

The precise procedurr
f the individual unit hydrographs and

either the mean peaks

approaches are contrasted in Figures 3.2a and b.
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3.3 Shape factor averaging

Objective averaging procedures are hard-pressed to match the eye's ability to
discriminate outliers and interpret shape. Use of a median form goes some way to
eliminate the effect of outliers but ordinate methods are quite incapable of
appraising shape. An alter:ative approach giving emphasis to shape considerations
is ¢the shape factor method developed by Reed (1976).

The basis of the approach is the characterization of unit hydrographs by statistics
defined in terms of moment integrals: namely the volume, the pean, and the
coefficients of variation, skewness, and peakedness (see Appendix 2 for
definitions). Strictly speaking, the volum= and mean characterize the scale and
location of the distribution (namely the unit hydrograph) rather than its shape,
but it is convenient to refer to the five statistics collectively as shape factors.

Reed's method of using shape factors to determine an average unit hydrograph is as
follows. Eirst, the shape factor values are calculated for each individual derived

= =R | o SUPUREI. * 2 | PP o
VR MG A G Lwdis A \Av\.&“}’&itv u‘:u.ﬁ..a bhland A

bill hydidJiapis aud the values aveiragod,
merit of minimizing the effect of outliers). The shape factor values of the

individual unit hydrographs are then scanned until the unit hydrograph is noted
that has shape factors approximately equal to the average values. This is then
adopted to represent the average catchment response, constituting in effect an

average unit hydrograph.

Compared to ordinate by ordinate averaging, the shape factor demands rather more

from the individual unit hydrographs. They must be stable and have comparable

time bases. The former condition is desirable to ensure that the adopted unit
hydrograph will itself be stable. But the over-riding need for both conditions

to be met is that the shape factors of the unit hydrograph are sensitive to the
extremities of the distribution and can take on unrealistic values if the unit
tydresrarh is eocillatery or has an abnormally zhert or leong time base. The
coefficients of skewness and peakedness are particularly susceptible in this respect.

Reed met these requirements by using the restricted least-squares method of unit
hydrograph derivation (Section 2.4) and by constraining the time base of individual
event unit hydrographs to a predetermined value. (The latter was achieved by
linking the processes of rainfall and runoff separation and applying Equation 2.5
in reverse, ie to determine the duration of response runoff from the duration of
net rainfall and the specified time base for the unit hydrograph). The present
study utilised net rainfall and quick response runoff data prepared in Flood
Studies format (See Section 1.2). Thus the shape factor averaging method was
handicapped by the fixed time base requirement not being met.

3.4 Comparisons

3.4.1 Introduction

Average unit hydrographs were derived by the ordinate by ordinate averaging

methods (Section 3.2) and the shape factor averaging method (Section 3.3) for each
of the eight catchments under study. The ordinate by ordinate averaging methods
were applied to unit hydrographs derived by each of the three. procedures considered
in section 2. It was found that the relative properties. of the ordinate by
ordinate methods differed little with the type of unit hydrograph being averaged;
thus only results for the least-squares procedure are quoted in subsection 3.4.2.
Because the shape factor averaging method relies on the individual unit hydrographs
being stable, comparisons made in subsection 3.4.3 relate to use of the restricted

least-squares procedure,



3.4.2 Comparison of ordinate by ordinate methods

Fiqure 3.3 (opposite) shows average unit hydrographs derived by the mean and median
methods for catchment 46003. The inannotated lines in this diagram are the indivi-
The corresponding 'peaks aligned' results are

dual unit hydrographs being averaged.
not shown but Figure 3.4 allows direct comparison of all four average unit hydrographs

derived.
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FIGURE 3.4 Comparison of ordinate by ordinate averaging methods

These results for catchment 46003 illustrate several properties of the methods.
Firstly, peak alignment does of course lead to an average unit hydrograph with a
higher and somewhat slimmer peak. A second feature to note is that the mean peaks
aligned method produces an average unit hydrograph that rises before the time

origin. This anomaly arises because one {or more) of the individual unit hydrographs

inevitably has a longer than average time to peak.

A third pcint, not immediately obvious from Figure 3.4, is that on this catchment,
both the“.rq,adian and median peaks aligned methods generate an average unit hydro-
graph the% has significantly less than unit volume, For example, the median peaks
aligned unit hydrograph for catchment 46003 has a volume of only 0.212, Not all
unit hydrographs derived by the median peaks aligned method suffered such a

volume loss, but even lower volumes were experienced on three of the seven other

catchments.

pecause this study has used real rath#?r than synthetic data, there is no true
average unit hydrograph against which to assess those derived by the various

methods. In the authors' opinion, none of the ordinate by ordlnate methods is
totally 'satisfactory. The methods without peak alignment tend to produce a unit
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' hydrograph that is rather too diffuse when compared with the uni* hydrographs \
being averaged. This effect is all the more noticeable when the individual unit ‘

hydrographs have a wide range of times to peak. The technique of peak alignment
perhaps corrects this too far, producing an average unit hydrograph that if anything .
is rather too slim. Nor 1is there a clear preference between mean and median
‘ methods. Use of a median form has the advantage of minimizing the effectof outliers
’ but the disadvantage of producing an average unit hydrograph that is sometimes :
deficient in volume. Comparisons with 'by eye' average unit hydrographs, derived

' ‘using the textbook method (Section 3.1), suggested that the median peaks aligned
technique was generally the most successful at preserving the characteristic shape

of the unit hydrographs being averaged. For this reason alone, we favour use of

the median peaks aligned technique over the other three ordinate by ordinate

methods considered.

T, T = R ‘_‘ -

It was stated in Section 3.4.l1 that the relative properties of the osdinate by
ordinate methods differ little with the type of unit hydrographs being averaged.
This is not to say that particular combinations of derivation and averaging
technigues may not be particularly appropriate. For example, because the Flood
Studies Report method of derivation has a tendency to underestimate peak ordinates
of inc :vidval unit hydrographs, this effect might be offset by use of a peaks
aligned averaging technique (which has a converse tendency).

e i

3.4.3 Assessment of shape facfor method

Average unit hydrographs determined by the shape factor method gene:.ally stood
B apart from those produced using ordinate by ordinate averaging. On most of the
catchments considered, the choice of an individual unit hydrograph to represent
. the ave&rage response was l1ess than easy, none ©f them having gquite the right mux
ol of shape factor values. Various strategies could be followed to overcome this
B difficulty, For example, & iinear combination of a number of the individual unit
R hydrographs could be contrived to yield one with precisely the required shape
‘J‘i. factor values. Alternatively, at this stage in the analysis a synthetic unit
hydrogr«ph could be substituted, fitted in effect by the method of moments
(Nash (1959)). However, such grand schemes migh’ defeat what is otherwise an
uncomplicated attitude to unit hydrograph averag .i:.: namely to pick one from the

b bunch that is typical.

On catchment 65001 there was little difficulty in selecting a representative unit
hydrograph; that derived from event 10 h::l shape factor values that closely
N\ approximated the corresponding median values for the 15 events {(see Figure 3.5).
| Figure 3.6 contrasts this unit hydrograph with that determined by applying the
' median peaks aligned method ¢ f averaging to unit hydrographs derived by restricted
' least-squares. Perhaps the one noticezble difference ls in the breadth of the
upper healf of the unit hydrographs. An alternative comparison ‘is provided in Table
...3.1 (page 20) in terms of shape factor values. These confirm that the major deviations
between the two unit hydrographs ire in terms of volume and spread, the latter
being indexed by the coefficient of variation.

3.4.4 Conclusions .

The median peaks .iigned method is preferred amongst the four ordinate by ordinate
averaging techniques considered, despite its tendency to produce a unit hydrograph
with a wvolume appreciably less than unity. With regard to shape factor averaging
L it is difficult to draw firm conclusions because the rainfall and runoff separa-
et “tions used in this study were unsuited to the approach. Although it lacks total

3 objectiwvity, shape factor averaging may be worth consideratioa, particularly in

b anplicat inng'thnat seek to generalize unit hydrographs in terms of a small number

- of paramsetiers
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. S TABIE 3,1 JHAPE FACTOR VALUES FOR RESTRICTED LEAST-SQUARES UNIT BEYDROGRAPHS
~ DPRYVED ON CATCHMENT 65001
N ‘ﬂ- T - .
- ; ' o i d
N : R \ , Median Median values
oy Symbol _IShape factor Evernt .u peaks aligned (15 events)
A v . wlume . 0.907 0.929 0.987
=L N man (hr) ¢ 9.72 9.76 9.44
N ¢, coe£ £iclent of 0.606 0.531 0.597
R variation - |
St ¢ ~ coeE£4icient of 1.00 0.83 0,94
L e skewness .
e I J ¢, coeE€iclent of 0.42, 0.00 0.16
T peakedness

The one technique of averaging individual unit hydrographs_ carried forward, for
comparison with Jjoint analysis techniques, is the median peaks aligned method.

4 JOINT ANMLLY SIS TECHNIQUES

4.1 Introduction

The joint analysis of a number of events offe’/fs a possible short-cut to the
derivation of an average unit hydrograph; it avoids the two-stage process of first
I deriving unit hwQdrographs (Section 2) and then averaging them (Section 3). Two
‘methods of joint analysis are considered: event concatenation and event super-

position,

- 4.2 Event concata2ation

T . The possibiltty ©£ chaining a number i:.events end to end and deriving a unit
-'.. hydrograph fron the resulting hypothetical event has been considered by Diskin and
Boneh {1975) and others. This ldea of event concatcnation as a means of deriving
e an average'unit hydrograph makes use of the assumption of time-invariance that
g ~ is inherent in the adoption of a unit hydrograph based model. The principle of
e g -.tme-invarisnte states that the response to net rainfall is independent of the
[ time at W ,1 + "2 xainfall occurred; thus it is permissible to alter the time
g ' attached ‘.an Pvent provided that the relative timing of net rainfall and quick

response runoff i = preserved.

A simple example of event concatenation is shown in Figure 4.1.

4.3 Event superposition

S The idea of superposing rather than concatenating evente prior to analysis
RE—— providcd a particular gti...u...u.; to this study. The technique relies un the unit
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hydrograph assumptions of linearity and time-invariance. Originally the super-
position was carried out by summating the event data in simple fashion: namely
adding the first blocks of net rainfall together to form the first block of net
rainfall in the superposed event, and so on. Subsequently it was realised that
some systematic aligmment of events prior to summation was advantageous. For
reasons that will become clear in Section 6.3, the method finally adopted was to

align the peak elements of net rainfall,
Figure 4.2 4ilJ)ustrates the superposition for the same example as that used to

illustrate concatenation. Note that the alignments prior to summation preserve
the relative <timing of net rainfall and quick response runoff for each event.

4.4 Con_lErisons

Having combined individual events either bv concatenation or superposition it is in
principle possible to analyse the product by any method of unit hydrograph deriva-
tion. The comparisons here are made in terms of use of the least-squares method

(Section 2.2) .

Both techniques produced reasonably smooth unit hydrographs for each of the eight
catchments studied and, in general, yielded very similar results. The main
differences noted were in the tails of some of the unit hydrographs but it became
clear that tThese arose primarily out of the diiferent time bases used by the
methods. The time bases were calculated according to Equation 2.5 but were, in
effect, quite arbitrary; in the case of concatenation, the time base was that
implied by the last event chained. To avoid clumsy comparisons the time bases of
the Joint analysis unit hydrographs were constrained to a particular value for
each catchment, the value being determined as the upper quartile point of the
distribution of time bases implied by the events on that catchment. (These
constraints were applied during the unit hydrograph derivation process and were not
accompanied by changes in the methods of rainfall and runoff separation used) .

Figure 4.3 illustrates how the joint analysis methods performed on catchment 46003,
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There is little discernible difference= between the unit hydrograph derived aftrer

uperposition. The solutions

event concatenation and that derived £Lollowing 8
the variaticn is minor (Figure 4.4).

differed most on catchment 58001 but e=ven there

AVERAGE LERST-SQUARES UH'S FOR CATCHMENT 58001
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‘However, in terms of computational effoor. the two methods Aiffer grextly. Analysis
of a concatenated event requires comput—ation roughly proportional to the number of
events chained and may, depending on tI=me algorithm used to dexive the least-squares
solution, demand large computer storage= . In contrast, a superposed event is
scarcely longer than an individual evexat and poses no particular problem in
analysis. In fact, &s will be shown izxx Ssction 6, in m:: y circumstances it is
possible to use a simpler solution teclkanique for a sup.. posed event than can
generally be used on an individual evexat, For these.::usons, in the detailed
comparisons that follow, the joint anal ysis approach “+ Jetarraing an average unit
hydrograph is represented by the event  superposit’~: =echniqyve.

S DETALLED COMPARISONS

5.1 Structure of comparisons

The three derivation methods consideredd (Section 2), the five avereg_ing,;,,t&cl’.ﬁni;*_‘g&é,;
(Section 3), and the two techniques of joint analysis (Section o aowbitas Lo qffa'r_- :
a multitude of ways of deriving an avex—aage unit hydrograph. Whilst 4. would be -
possible to make exhaustive comparisons= of these combinations, it is pdrhaps more -
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useful to draw on the comparisons already made and to consider further only a sib=
set of methods. Although preferred methods emerged from Sections 3 and 4, the
discussion in Section 2 must first be estended to consider if refinements of the
basic 1least-squares method are of value when the goal is derivation of an average
unit hydrograph (Section 5.2). Detailed comparisons are taken up in Section 5.3.

5.2 Value of refinements to the least-squares method

5.2.d1 Introduction

In the analysis of individunl <:ents the unit hydrograph derived by the basic
least—-squares method is sometimes in need of smoothiny. Of the two techniques of
smooth ng'considered in Section 2, the restricted least-squares method appeared
the mox e promising, the Flood Studies Report method having a tendency to attenuate
the least-squares unit hydrograph. However, it is not clear whether refinements
to the least-sovares method are of value when the obiective is derivation of an
average unit hydrograph. The utility of the restricted least-squares and Flood
Studies Report methods is evaluated in turn for the median peaks aligned and

event swuperposition approaches to this problem.

5.2.2 when using the median peaks aligned technique

flgurs 5.1 presents median peaks aligned unit hydrographs for catchment 46003
ceiriaazs G with the least-squares, Flood Studies Report, and cestricted least-
- aethods. The first feature to note is that all three unit hydrographs

" .

n'\ ;:."".ur:.i.'ﬂ.!:ally stable. That smoothing of the unit hydrographs being averaged is
‘erta e  superfluous is supported by the close agreement of the least-squares and

restri—~ted least-squares solution. The systematic bias imparted by the Flood
Studles Report method is confirmed, the unit hydrograph being lower-peaked and

more G X Iuse.
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FIGURE 5.1 Conmparison of derivation methods for median peaks aligned
technique (catchment 46003)




Not =X ] of the averac < it hydrographs derived were quite as smooth as those

{11 uastxated in Flgure 5,1 although they are by no means exceptional. On catchment
65001  (Pigure 5.2) theme average unit hydrograph derived by least squares is a little
pertux=Ded hut scarcel Ny to such an extent as to make smoothing essential.

AVERAGED  UNIT HYDRGGRAPHS FOR CATCHMENT 65001
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" 5.2.2 When using the= gvent superposgition technique |

Figuxre 5.3 shows avexr—sage unit hydrographs cbtained for catchment 46003 using the
event superposition teechnique. Again, all three methods of derivation produce &
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basically stable unit hydrograph for this catchment and the wvalue of using
res:ricted least-squares rather than least-squares is minimal. The bias introduced
by the Flood Studies Report method is smaller than in the median peaks aligned

case but still evident. For catchment 65001 (Figure 5.4) there is little to fault
in the average unit hydrograph derived by least-squares.

AVERAGE UNIT HYDRBGRAPHS F@R CATCHMENT 65001
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5.2,.4 conclusions

Drawing on the results cbtained for all eight catchments it is concluded that
the least-squares method generally produces an acceptably smooth average unit
hydrograph, whether this be determined by the median peaks aligned technique or
that of event superposition. By this criterion, refinements to the least-squares
me-wod seem to be of little value if a reasonable number of events are available
for analysis. The Flood Studies Report method yields average unit hydrographs
that are consistently lower-peaked and more diffuse than those obtained by the

other two methods.

5.3 Median peaks aligned ox event superposition?

5.3.1 Introduction

—

So far in this report comparisons have been made and methods set aside without
recourse to formal testing of derived unit hydrographs. The median peaks aligned
and event superposition tecliniques present alternative ways of deriving an
average unit hydrograph and, as will be shown in the next subsection, yield
geierally distinct results. The question arises, does one technique consistently
produce a better or more useful representation of the average response than the

other? .

fs
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5.3.2 visual comparison of derived unit hydrographs

In what follows MEDPA denotes the median peaks aligned technique and SUPER denotes
event superposition. Figure 5.5 shows average unit hyvdrographs derived for
catchment 46003 by MEDPA and SUPER; as throughout this section, comparisons are
bused on results obtained using the least-squares method. It is seen that there
is an appreciable difference between the unit hydrographs. The variation on
catchment 65001 (Figure 5.6) is rather less but similar in that MEDPA again
produces a higher-peaked and somewhat slimmer unit hydrograph; and this difference
was evident on all but one of the eight catchments.
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A drawback of MEDPA noted earlier is that the median form of averaging often
resvlts in a unit hydrograph that has a volume significantly less than unity
(Subsection 3.4.2). Before applying such a unit hydrograph it is clearly desirable
to make an adjustment, the obvious one being to scale to unit volume. The
relevance is that this adjustment will in general accentuvzte he difference

between MEDPA and SUPER results. Reference to ¢ scaled version of the median peaks
aligned unit hydrograph will be made by the extended acronym MEDPAS.

5.5.3 Shape factor comparison of ds;ived unit hydrographs

Utdng shape factors (see Section 3.3 and Appendix 2) an attempt was made to T
mmmame shish A€ MENDR Hnd SNPEDR mensrallv nroduced an average unit hydrograph more

typical of the individual unit hydrographs. Characterizations of the MEDPA and

SUPER unit hydrographs are given in columns 3 and 4 of Table 5.1 for catchment
46003. These statistics confirm that the major differences are in terms of volume
and spread. The former is dealt with by use of MEDPAS rather than MEDPA hut the
latter (indexed by the coefficient or variation) remains as a statement that the

MEL. © unit hydrograph is peakler than the SUPER one.

Following the first step of the shape factox averaging approach outlined in

Section 3.3, median values of the shape factors of the individual unit hydrographs
were calculated and are given in column 5 of Table 5.1 for comparison with the
MEDPA and SUPER shape factor values. (As explained in Section 3.3 it is preferable
to use the restricted least-squares method when a shape factor representation is
emueht s howaver, the reaquired comparison is of average unit hydrographs derived by
least-squares). It is seen from lable 5.1 that the median values of the individual
event shape factors (column 5) fall part way betwsen the respective MEDPA and
SUPER values.  If it is assumed that the median shape factor representation
provides a neutral method of averaging then the conclusion to be drawn iz that

MECPA tends to underestimate the mean, spread and skewness inherent in the

individual unit rydrographs whereas SUPER tends to overestimate these features.
Results obtained for six of the other seven catchments analysed followed a general

pattern simila~ to that detailed in Table 5.1.

SHAPE FACTOR VALUES FOR UNIT HYJROGRAPHS DERIVED FOR CATCHMENT 46003

TABLE 5.1
(1) (2) (3) . . (4) (£)
’ :f?;izdpizks . Event superposition Median values
1 + -y _ .
Symbcl Shape factor least-squares and least-squares (22 events;
u.h's (MEDPA) (SUPER)
v Volume 0.912% 1.006 0.986 -
M Mean 5.85 6.97 . ) 6.72 K
c, ‘Coefficient of 0.559 0.669 . 0.577
’ variation | o
c, Coefficient of 1.27 1.71 11:47
skewness : : _ [
' ) i
G Coefficient of  1.22 - 2,90 1,56
4 oo o o e
peakedness ,
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5.3.4 mgegrinon by reconstruction of response hydrographs

In terms 0X answering the question posed in subsection 5.3.1 the comparisons

presented in suwsections 5.3.2 and 5.3.3 are inconclusive; there is no clear reason
to prefer either the median peaks aligned technique or the event superposition
technique. it vas decided that if a £irm evaluation were to be reached then it
would have to be based on some form of objective testing of derived unit hydro-

graphs.

The procedrare used to test the MEDPAS and SUPER unit hydrographs was as foilows.
For each catchment, and for both types of unit hydrograph, the response hydrographs
were reconsstructed from the net rainfall data and compared with the response

~unnff da-= . Refore discussing these comparisons it is perhaps as vell to say a
few words of justi f£ication regarding use of the same data in testing as in aerava-
tion of the unit hydrographs. The point to appreciate is that it is the perform-
arice of zethods of determining an average unit hydrograph that is under scrutiny,
not the pex formance of a rainfall/runc£f iiodel based on such a unit hydrograph.

Notwithstarading the above, because the same data are used in testing as in

fitting it is as well to assess perfoxrmance in terms of a feature not explicitly
pinimivad an the £awting process (ie othor than lcact-squares). The feature

chosen ¥as the pexcentage discrepancy between the reconstructed peak response

runoff and the 'observed' peak response runoff. Mean values of the percentage

error 5o defined are listed in Table 5.2 for each catchment and for reconstructions
using HEDPAS and SUPER unit hydrographs. It is clear from the tabulations that use
of MEDPAS *+—ends to overestimation of peak response runoff and that use of SUPER
tends to underestimation. <ne final row in Tabie 5.6 indicotes that the mean
percentaje error, oA all 125 events considered, is approximately +6% for MEDPAS

and -6% fox SUPER. This symmetry about a zero mean percentage error is emphacised
by & furthex statistic; of tre 125 events subject to reconstruction, peak response
runoff est imation was more accurate by MEDPAS on 63 events but by SUPER on the

‘remalning 62,

TABIE B2  TESTING - RECONSTRUCTION OF RESPONSE tv. © 2 \ALL EVENTS)

_— . - Mean § error in peak response runoff

Catchment

nunber No. of events. MEDPAS SUPER
23002 : 10 2.28 - 8.98
5004 11 | 12,56 ~ 3,49
46003 22 X - 9,05 -
53005 14 1.8% -14,05
58001 17 9.43 - 7.68
61001 | a1 15,02 - 3.50
65001 15 5.94 - 0.88
76014 .15 o -4.88 - 03¢
.All catchments 125 6.13° - £.95 .

i

R

tht—a time o alast » JYeader; a f:lna'l 'c'heck was made 6n ‘how- the

Having fall =g a thizad ;
tvo technigaes fared in reconstrocilng the.gejor.sients. On each catchuiant the

R Y PP : B
4T, et L AR : o
: e i



4 a1

events vex-e ranked using peak response runoff as a measure of event size. The aim
a8 to rara the test on the three biggest events on each catchment but the procedure
was relaxesd to cater for the fact that on one catchment there were only two out-
standing events whereas on others thexe were four. In all, 26 events were thus
selected. Examinatior. of the mean values of the percentage error in peak response
runoff (Faxble 5.3) at last yielded a marked preference for one technique, nawely
SUPER. T™ae comparison revealed that SUPER led to a superior estimate of peak
response unoff for 19 of the 26 events.

TANLZ 8,8 TESTING BY RECONSTRUCTION OF RESPONSE RUNOFF (MAJOR EVENTS)

Mean % error in peak response runoff

C:ut:{l)em:nt No. of events

MEDPAS SUPER
23002 3 - 8.01 -14.33
45004 3 10.16 - B.E4
46003 4 6.28 - 7.1
53005 2 9,27 - 2.35
56001 4 22.11 3.05
61001 4 22.71 6.80°
65001 3 12.86 6.79
16014 5 -20.50C ~le .t 2
All catchmeents 26 : 8.00 R 55,

: o

perhaps t¥2ds boost for event superpnsition is by chance but there is a logical
explanation why SUPER can be expsoted to perform rather better on the vigges .
events; “The reason is that the quantity minimized in deriving a unit nydrograph
by evont superposition is iche error sum of squares of the superposed fiows — to
. which blg events contribute proportionately more than littie cnes. This has the
affect of biasing the derived unit hydrograph towards goocd reconstruction of the
bigger events, an indeed is the case in the event concatenation technique (Seation
4,2), In contrsst, the median peake aiigned technique gives ro special weight to
unit Wdrographs dexived from bi¢ ¢vants wien constructing its average unit ‘hydro- )

grapk, "

¢

D ROR———

5.5, summmary
'The tenderxay for MELTAY o 162§ t> overestimates, and SUPER to underestimates of -
- ipetk resporse runof e eonfirms tne sarlier £inding that on average the NEDPAS unit
C'tydrograptr  is too peaky”and the SUPER one is too flat, Several strategies might.
“itiyy based ©m these results. A consexvative assumption might-'be to adopt the MEDPAS
{echnique Decause its ure will tend to overestimation rather than undevestimation
s¥'flihe,  -An’oppositeionclusion but one based on a similar prenise would be to.
 favout SER bécursa’ 1t {s weighted tovards the xesponse ewbserved in. the bigger
. ovents, A thiilstritegy might be to adopt the average ‘4% ths MEDPAL ‘&3l SUPER ™~ '

. . a P . ‘i'-.. t . T - e e H, v b . FTE T S
it hydrographs!  Wne {inal conclusion tha® L.ight be drawn:frcen the coueparisons -

{g that t¥> =vs 18 need of a better method of unit hydrograp- -ACexaging, perhaps - - -
b4Ed on'atiae dhepe factor averaging approachi .. oo R




But perhaps it is time to face the question that puts this study into perspective -
does the choice of method matter?

5.4 Does it mattexr?

A common piswderstanding is to think that a 20% increase in the peak of the unit
hydrograph vill generally lead to an increase of similar magnitude in the peak
response runoff, This is only true in the vexy rare, and usually non-critical,
cage of an event with a net rainfall duration equal to the period of the unit
hydrograph {e3 1 hour for the unit hydrographs considered in this report) . More
usually the duratfion of net rainfall spans seweral such periods and an averaging-
out takes place, T illustrate the point, Figure 5.7 shows the response hydro-
graphs reconstructed for event 9 on catchment 46003 using the MEDPAS and SUPER

techniques, ‘ompared with the Aliierelce ik saaasi higurographs ovident In Tlgurcs

5.5 it is geen that the reconstructed response hydrographs differ much less. For
the eight catchments considered, the peak ordimate of the MEDPAS unit hydrograph
was, on average, 25.2% hicher than that of the SUPER unit hydrograph. In contrast,
the catchment average value of peak reconsiriucted response runcff was, on average,
only 12,78 higher using the MEDPAS unit hydrogxaph than for the SUPER unit hydro-
graph. A lesson of t*his averaging-out phencme=ryOn is that the peak ordinate of a
unit hydrograph 1s mnot in itself a particular 1w effective measure on which to base
studies of unit hyAQxograph variation. What iss rather more important is the shape
and magnitude of the unit hydrograph in the wicinity of the peak. Thus, the

precise choice of method for determining an awverage unit hydrograph is unlikely to
be crucial to the success of a rainfall/runof£¥E modelling application. Indeed it

should be remembered that the unit hydrograph <forus only a part of a rainfall/run-

of= mpdel {nvhieh . from the awuthors' e.perie e, the major errers sten frem

o b -

estimation of net xrainfall.

However, particulaxr derivation techniques do hawve particular advantages. Methods
which begin by deriwing unit hydrographs from 4 ndividual events provide an

opportunity to check for systematic variation of unit hydrographs (ie between

events) and allow a more thorough validation o £ the basic data, for example with
respect to tining problems. On the other hand, as we shall see in the next

section, the short—cut offered by the event swuperposition technique has attractions.

ety

6 A BIMPIE NETHOD

|
e

'.H, e -

B A
€1 Inuiductlon
As has:'been vtated b>y Bree (1378) and confirmeQ in the present stuily, the general
_effeuh of joitt analysis of a numover of events is to reduce problams of instability
in unit hydrojraph derivation. For this reason, when derivatinn of a catchment
averag” unit' hydrogxaph is the goal, there ie X fttle need for the more complicated
methodi, desigied to provide smoothing. . On thes grounds of computational economy ,
and _\rq.}_rg_tliyé'simplicity wve suggest that event =zuperposition followed:ily the basic
leapt-squéres nethod is a particularly effzctive way of ‘arxivirg at an average

Perhaps with modern computer power thesq_geq,sops__ﬁgr favouring supérp:aaitliona.‘_\ and
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|
‘( leagst-squares are slim. Those specialists who already have an effective means of
unit hydrograph derivation to hand may well f£ind this report of interest rather

¢ than of consequence. But in the expectation that it will be read by others less

| committed we believe that it is worth discussing a simple variant of the preferred

E method that brings derivation of an average unit hydrograph within the scope of

| pocket calculator implementation. The key to the simplification is abandonment

| of the least-squares criterion in favour of an iterative solution technique.
|
f
|

6.2 Iterative methods of unit hydrograph derivation

Iterctive methods have long been used for unit hydrograph derivation, a well-known
il veirsion being Collins' method (see, for example, Wilson (1974)). What is less
| well-known iz that in cextain circumstances the iterative methods may diverge.

Corazider the case of a rainfall event that ir dominated by a particular block nf

net rainfsll, x . Then the coefficient matrix in the discrete convolution relation,

(Equation 2,4} ,P is duulnated by the terms xp which_ appear on the p'th diagonal:

*1 4 Yy
. xl . ]
L] xp - [ ] . l = Y
- X . [ xl . ) ' . P
. op [ » : L‘n ‘ '
[4 ﬁ * : . 6 [} l
y S .
L] » xp
. ® Yp.’:n_ 1
Y
| Ym

If the equatione that do no%t involve x are discarded then Eguation 6.1 i1s reduced
to the square sysatem: P |

.
x ] [ 3 u
P 1 1 YP
*» *1 ' ' =
. xN . hd i g . . !
[ ] [ L J L J & = » 6.2
s x
xN P " Yp'i-n-l
oxr
X*u = y* o o I | -, S :"'.."5.3
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ohservations before and after the main runoff effect (gresmenerated by x_) and hence
thetr neglect .. of little concern. However, the impoxr—megace of the Lase under
consideration stems not from the fact that the 'digcard sicesss equations’ approach
is a satisfactory alternative to using a least-squares <=xritexjon. Rather it is
because the reduced system of equations (Equation 6.2) —samenable to an iterative
solution process. Prccasses such as Jacobi or Gauss-Se=——ldel iteration are simple
in operation and, in cuases where convergence is rapid, a==are very efficient solut.ion

methods.
The iterative processes are set up by dissecting the coeamefficient matrix X*,

rearranging Equation 6.3 so that terms involving u appea===ron both sgides of the
equation, and by introducing an iteration count.

Let X* = xPI + L + U 6.4

represent the dissection of X* into a diagonal matrix »x.-_I, a lower triangular

‘matrix L, and an upper triangular matrix U. Then Equat=i&&on 6.3 can be written in

the form:

u = —%—{i*ﬂLu-Uu] 6.5
u % U LY Y

p
Introducing an iteration count, r, the Jacobi scheme fox—= solwing Equation 6.3 is

denoted by:

P-(r-rl) - _,%__ {y* - LEir) _ Ug(r)} 6.6
P

wilere u (r) represents the r'th approximant to the solut&==on u- The Gauss-Seidel
methiod differs in that new approximaticne are used as =——=on as they become avaijilable

within each iteration, the scheume being written:
+
u(r+l) = X {.‘{_* _ u(r 1)} 6.7
w— x —
P
Given an initial estimate, g(o) , Equation 6.6 or Equatic=on 6.7 is used repeatedly
to generate a sequence of approximants u'~’, u étc t— the solution u. The
iterative process is said to converge if g(r) +uas r 0,

™ _ v

Theoretical necessary and sufficient conditions for con~aswergence of the iterative
processes exist but are not particularly helpful. The X _.mprtant practical cxiterion
is that the coefficient matrix, X*, should be diagonallys domi nant and from

‘Equati.on 6.2 it can be seen that this is assured by the dominance of the peak net

raintidl block, %n. It can be stated categorically that—— both the Jacobi and Gauss-
Seidel processes will converge to =zclve Pquaeilin 6.3 1f=
¥ > 50% of L X,
o

6.8

From “rials involving the derivation of unit hydrographs- -- from each of the 125 events
in the study dataset, it was confirmed that the Gauss-Se=—jidel process is generally

" more effective than the Jacobi process. The latter rare=-=ly converged unless

Cendition 6.8 was satisfied; moreover, convergence of tim~..e Jacobli process was often
slow if the peak net rainfall block was only mildly domdi — mant {say, 50% of

N N .
I x, <x <75% o z xi).. In contrast, convergence o — f the Gauss-Seidel process

was'.generall"jf”ﬁihch' more rapid ;‘éhd”.d'écixfi‘éd in many casess wher:"-Comumdm 6.8 was



36

not satiss £ied, The convexrgence performance of the Gauss-seidel methoa is
sumarise<d in Table 6.1 for the 125 unit hydrograph derivations from individual

events.

'CONVERGENCE RESULTS FOR UNIT HYDROGRAPH DERIVATION BY GAUBS-8EIDEL

TABLE 6. 1%
ITERATION (<235 INDIVIDUAL EVENTS)

S— 4 o A .-.'u-‘ Lol

Nump:: of events for which Gauss-Seidel process:

Dominance of

peak net- converged* converged* appeared clearly
rainfal L within 10 in between set to diverged
bloen aaa Ltexations 1 an2 2C converge
range iterations
oy - SO 20 18 21 41
508 - 10O 25 1 2 8]
Total 45 i9 23 41

*Convergerace deemed when none of unit hydrograph ordinates changed by more than
5 x 105 etween iterations (ordinates sum to near unity).

6.3 App1l ication to superposed events

The princ i ple of event superposition was explained in Section 4.3. It is clear
from the p>xeceding discussion of iterative solution processes that a particularly
useful way” of superposing ewvents is to align the peak net rainfall blocks prior to
summation , so as to foster the desired property of a dominant net rainfall block
in the suprerposed event. Whether at least 50% dominance is attained wiil depend
~on several factors, notably the number of individual events available for super-
position. One hindrance may be the choice of an unnecessarily refined data inter-

val.

For th~ e i ght catchments studied, none of the superposed events had the desired
proper.y <X more than 50% dominance when considered a 1 hour data interval.

As a resul t, application of the Jacobi process failed to converge on any of the
eight catchments. In contrast the Gauss-Seidel process successfully produced an
average urnii t hydrograph for each catchment. Pexrformance of the Jacopl and Gauss-
Seidel iter-'iva methods is summarised in Table 6.2 for the eight superposed

events.

Average umni i t hydrographs derived by event superposition and Gauss~Seidel iteration
compared < L osely with those derived by event superposition and least-squares. The
comparisomn is shown in Figure 6.1 for catchment 6100l; the difference between
derived un t hydrographs was scarcely noticeable on any of the eight catchments.
An insight  Znto how the two methods (as opposed to their solutions) differ is |
provided by Figure 6.2. This compares the superposed event quick response hydro~
graph with that generated by re-convolving the superposed net rainfall hyetograph
with the wurait hydrograph derived by iteration. Whereas the least-squares criterion

. ensures that gll the informaton in the response hydrograph is used, Figure 6.2

onfirms f_laat, in the iterat:l.ve method, only the central part of the response hydro-~
g‘raph je- £3 tted to, the extent being determined by the range of influence of the |

doninant Ii-<ck of net rainfall.
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TABLE 6.2 CONVERGENCE RESULTS FOR UNIT HYDROGRAPH DERIVATION BY JACOBI AND GAUSS-
SEIDEL ITERATION (SUPERPOBED EVENTB)

Dominarce Number of iterations required for
of peak net
Catchment  rainfall block convergence* by method stated
Jacobi with
Gauss-Seidel Jacobi under-
relaxationt
23002 42.8 5 ) 13
45004 31.1 8 ) 13
IV S XY 33.i1 S M 16
53005 43.3 9 ) DIVERGED 8
58001 27.0 13 ) 20
61001 41.1 8 ) 10
65001 18.5 14 ) DIVERGED
76014 30.8 9 ) >20

* Convergence deemed when none of unit hydrograph ordinates changed by more than
5 x 10~° between iterations (ordinates sum to near unity).

+ Sae Section 6.5.
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6.4 Choice of initial estimate

A necessary ingredient of an iterative approach to solution of Equations €.2Z id an
initia' estimate of the unit hydrograph ordinates. Choice of a gocd initial
approximation will generally reduce the number of iterations required for converg-
ence. 1In the trials reported in Sections 6.2 and 6.3, an initial estimate of the
unit hydrcqazaph was made by scaling the relevant part of the quick response
hydrograph to unit -olume. In the notation of Equations 6.2:

a - -
- 3 . u o - ey
R T V] 5
= B e i o

Y / L vy
1 pHitl yop 13

Peo

H

vhere ui \0) denotes the initial estimate of u 3

6.5 Potential for :ngle mElement.ation

Combination of the event superposition concepi and an iterative gsolution tg;hn;que
brings derivetion of an average unit hydrograph within the scope of hand calcula-
tion. For such implement: s .1 it is a little easier if the unit hydrograph deriva-
tion is iwid out in Jacob. [ cmat, the unknowns being updated simultaneously at
the end of ewach iteration rather than successively during the iteration. However,
the relative ease of using Jacobi iteration is offset by its general tendency
tovard slower convergence than Gauss-Seidel iteration, or indeed divergence. No

' categoric rules can be given but it is cften possible to enhanziz the convergence
performance of the Jacobi/process by the technique of 'under-relaxation’. One
version of this technigue is to replace u‘® by the average of u'"' and win-1)

. when iterating for u (“h) . As can be judged from the results presented in the
extreme right hand column of Table 6.2, this expedient was successful in correcting
divergence of the Jacobi process on six of the elght catchments considered.

UH'S FROGM ITERATIVE SOLUTION BF SUPERPOSED EVENTS
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.. additional evenicss can ke incorporated wwith pariicuiar ease,
. -ﬁ‘addeﬁ to the exis=ting superpoged event and the iterative solution re-started using -
. the previously a==—xived average unlt hyd.rograph as the initial estimate of the new

But to keep the= solution process st i ts simplest -~ which is the ess2nce of o
calculation met—hod — there {83 hto be sas.® Tor increasing the interval at w

the data ars axmmalysed until the sye=Fosed rainfall event attains the deu:l.rue
property of peam "k net rainfsll block <Eominance. Hot only does this stratoegy ensuy
convergence of —the Jacobi process hut= at the pame time it reduces the length of .
calculations t<»> be carried out at eac-h {teration. In the context of deriving an
average unit hy~sxirograph, the significcance of the informe~ion loss resulting from
uge of a coarsea—x data interval cth he surprisingly small, As ai example, Figive .
6.3 shows avera —je ur:it hydrographs d=>ived for catchment 45004 by event super-
positicn am (8 R "n-Seidel iteration, wsing data intarvals rangino trom 1 to 5 hcurs.
It t*5uld bo ro—=’ ld that the respore  functions plotted are all l-hour unit hydro-
graphs, the': NCC emtiAry conversions hav-ing been made using the familiar s-curve

*achnique {eg- wWlion ."74)), Ascara be seen from Figure 6.3 there was very little

QUiIrerence DatweE=0en r_ne average unit nydrograph derived by 1 hour analysis and those
Aerived using 2 emd v houg dats inter~rals, That resulting from the 4-hour analysis
‘bhag an unsight. L - 2 duh. )J.n puaxhécyna;w* ky the interpolation algorithm used in the
S-curve tachnire=me) » % & ‘tewiso p: i A des arv acceptable approximation to the 1-hour
Anelysis - ever: thm.c:h the Linu ¥i pes =0 :1{ thve unit hydrograph is only t:wice the
2ata interval (e b iaoura), Th ;i"s =t of the choice of data interval on the
doninance of the—peaiz net rainfull bL-o>ck, and :anoe on he rn R of tonvergence of
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uni; hydrograph desem=ves closer sttention. One possibility is to link the rainfall
and runoff separatico = processes s0 Tiiat net rainfall and response runoff events are
defined it a mannexr «—onsistent vith & fixed time base for the unit hydrograph. An
" axtension of the appr==coack pight be o use a previously derived average unit hydro-
. - graph (together with a fully define@ =xule for runoff separation) to work backwards
- f.oward net rainfall, with the aim 0F resolving a method of rainfall separation
--\.-,:f‘.i-‘-‘-ﬂ'} kee_ping with the aadoptqd unit hy@xograph. We hope to evaluate the feasibility
©'mnd usefulness of thy ==s t:ghnique in FLuture research,
(it) Apoint noc de —=i| with inthe xeport is: how meaningful is an average unit
" ydiograph? A study Fimi Would g0 mxach of the way to answering this question
;l":_.,‘-”tu‘.jﬁr'i{:?;'d be to examine -=—=he bensitivity of an average unit hydrograph to the number of
= igveryy used in 1ts c=e>nstruction.
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APPENDIX 1: :F3ITRICTED LEAST-SQUARES METHOD OF UNIT HYDROGRAPH DERIVATION

Note: The descr.:i:ion is takzn from Section 4.7 of Reed’'s thesis with minor
amendment and re-orderiny of material. .

Al.l Formulation

In the restricted least-sguares methcd the unit hydrcgraph is represented hy =2 sub-

set of the original (ie evenly spaced) ordinates. To simplify the description
the original ordinate positions will be referred to avu gr’G points (see2 Figure

Al.l1(a)). The restricted formulaticn (Figure Al.l(b)) is in terms of unit hydro-

qgraph ordinates located at active grid pci:ts; those ordinates located ut passive

grid pointe are specified hy linear interpolation berween adijacent active CIainates.

Thus the restricted unit hydrograph is made ap of a number of straight line
sequents (Figure Al.l(b)).

The discrete comvolution relation (see Seru.cr 2. l)

Xu = y

e

requires modification to take account cf the redured formvlation. 1If u' denotes
the n' x 1 vector of active ordlnates then ‘he interpolative *‘latior' 21911.!16
ann X n' tzansformat-cn watrix, F, such, that- | . S

-

Al. .«

For illustrative purposes the transformation r,,zras;:anding to the zeleccion of
.ctlve grid points depicted in Figure &1.1ib) i5 given {n F:L'ru::e AL:L{e) .
Substitution of Equation Al.2 into Equar'on Al ) Gives: _

AL.3

where X' = XF is the modified coefficient matrix an¢ iz m 3 n'., Fquation Al.3.
is solved by least-squares to yield j}_‘ ¢ the segmented »uit hydregraph,

a1,z Pu_ggpse‘

The restrmn..ed z.. : oach 18 useful wiien the laast—square:s :aethod (Sestion 2.2)
produces an uns,ltisfacrory u:.it hydrograph. By defiring sufficient interpolations
(i¢ passive orid e :iatse), l'\fl.u"gUJ.B!"" ties i the derived unit hydrograph can be
elininated. It is interentinu to note that unequal spacing of urdinates, placing
emphasis on good representation of the rising i1imb and crest of the unic hydro-
graph, was a promlnenc tsuturz Oof W M Sayder's nriginal least-squaregs unit hydro-
graph method (Sn;der ‘.HSS) . Subset.uently, ‘Newton and vinyard {i9¢7) indicated
the utility of a segmented representation for the avoidance »>£ erratic unit
hvdrograph ordinates; however, an objeu'ive method fur the. seiection of a suitable
- set of active grid@ points was not given., Befoie presenting such an algorithm it
is necessary to define features thet make a. unis. ydrograph acceptable or

Sat‘istactor 7.

,Al.3~.~ Wha- 3 3 safisfactory unit hvdrog;a h?

"r» R I

Certa;.n a pr.lor.i itiformation is available relating to the unit hydrogx'aph. A
char’ icterist‘.ir- property of the res.’.ponse unoff system ie that sudden fluctuations

Al.L

-
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W

U.l’
Example of formulgtion used in

( a:

- 1
O00O0O0 01.3..!01.!..‘1!1‘
.O 00 01.21.2.81.30 0 0.0 _

.COO’.-.!OOOOCG?
OQCw(C 000 O fc D0
010300000 00

d.ﬁ. . ,Hz.looooooooooo

o D OC0O
restricted least-sguares method. .
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FIGURE Al.1
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in net rainfall resuad t in mwore restrained variation in response runoff; in other

~ vords the system is heavily damped. It is convenient to focus attention infitially

on the ins | .tanecus <o nit hydrograph, h(t); this represents the response or the

- system to  he moat acwie input fluctuation, namely an instantanecus unit impulss,

Properties of h{t) imn accordance with it Dbeing the impulse response ¢f a haavily
damped, linear, time-— 1 mwvarisnt, non-anticipating and initially rzelaxed system

include:

(1) hit) = O Tcctso
{41) h{t) 2 © Sox0<t<o
e Hii) hit) =+ O as t+w
= I

L) r k(t)ae

e s~tolments 1t dis reasonable to eXxpect also that. the ii’lSt;&ﬂt&ﬂEO’m-: unit

. e unimogal and possess ne more than one inflexion poiast d eiach limn,
_'-tu_at'; foxr D <ststp

ah : . S

a-t-so foxr tpst<w _ -

and (vi) g-t-}}zo for O<tst andt, S t<w

2
dh’o o T, bttt
1 2

at* -

where tp deno'tes the location of the peak wvalue and ¢; and tp refer to points of

inflexion on the rising and receding limbs. A hypsthetical instantaneous unit
hydrograph illustrating these features is shown in figure Al.2.

_ Ihp-m'.—'-‘-—---a—-—-— | . Lo ‘; |
. <10 \I\ | , lhl&ldt-'l | , J
at? BRY o |
| I |
1 i 3
i I
i |
|8
il
[} I K
i |
‘ | zp ; ta.w H

||“| N

mtiml?. A1,2 j"";pﬁsi_.;_:,"ab le prd’bg;',t_,iqi ,o_x'__'_gnj,‘_ i.aﬂtgptaneoui" unit h.y&ro”graph,\
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“he asowve pry >ty ies app:y in essence to the unit hydrograph also, the variable
hit) beirng rep. Al Di' the AT-period unit. Lydrograph, U(AT,t). When used in
conjunction with conventional rainfall and runoff separation techniques, a finite
‘uppez 1.3t ig placed on t, namely the time base, T, of the unit hydrograph.
ApPplying th« usual discretisation at equal intervals, the above properties can be
interpreted in terms of the unit hydrograph ordinates, u,, as follows:

(1) uk = O for ¥ <0
(414) u 2O for 1Sk < n whrre (n+l)AT = T
{(iidl} uk = Q for Kk > n
n
(iv) L u, = 1
k=1

(v) uk p-- uk-—l for k=1, 2, ..., kp
uk < u"k-l for k = kp+l, eeeys Ntl

{vi) gk P gk—l for x = 1, ve., kl ané k = k2+1, eesy DH2

gk S gk"'l fDI k = kl+l' « a8} k2

where k., corresponds to the peak ordinate, 9k = - u_yr and k) and k, relate to
the location of the inflexion segments on the rising and receding limbs.

A unit hydrograph that satisfies the above properties, with the exception of (iv),
will be termed satisfactory. Propverty (iv) is excluded because the volume con-
straint is not particularly ecasy to implement in the restricted formalation. Th2
deviation of the wvolume from unity provides one of several indications of the
acceptability of the unit hydrograph (see Section Al.S5).

Al.4 Algorithm for derivation of a satisfactory unit hydrograph

 STEP 1 Initially all ordinates are assumed active; th:3 F = I,, thenx n

identity matrix, in Equation Al.2.

STEP 2 The matrix X' is formed (X' = XF) and Equation Al.3 solved by least-
squares to yield the segmented unit hydrograph, G'. -

STEP 3 The segmented unit hydrograph (from Step 2) is examined as follows:

(1) ~The peak ordinate is located and the gradient of each lire segment
computed.

(1i) If the gradient of the first line segment is negative then the first
active ordinate is selected for elimination. Similarly if the gradient
of the last linc¢ segment is positive then the last active ordinate is
selected for elimination.

(1ii) The gradient of each line segment on the rising limb, excluding the
first and last such segments, is examined to see i it constitutes a local
minimum gradient, Similarly the gradient of each line segment on the:
receding limb, excluding the first and last such segments, is examined

to see if it constitutes a local maximum gradient. Line segments that
fall into either of these categories transgress the inflexion segment
criterion (property (vi)) of a satisfactory unit hydrograph ‘I‘he
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ordinates at each end of an offending segment are selected for elimination,
to be replaced by a single re-activated ordinate. A weighted-average
formula based on gradient dAifferences selects for re-activation that
ordinate which is likely to be most effective in reducing the jaggedness
of the representation. Sometimes (for example, when there iz no inter-
vening grid point) the ordinate selected for re-azcivation %111l ke ore of

the two Just selected for eliminat?.i.

The matrix F is modified, and the vector of unknowns reduced in length,

to take account of the eliminations and replacements selected in Step 3.
If no eliminations have been selected then _@_' is the required satisfactory
segmented unit hydrograph. Otherwise the procedure is re-entered at

Step 2.

STEP 4

_An example of how the algorithm progressively restricts the unit hydrograph
~xepresentation, until a satisfactory solution is derived, is captured in Figure

-al.3 for —~~t 4 on catchment 45004.

—is5  Acceptur..ity of the segmented unit hydrograph

i 1 tl.e the unit hydrograph derived by the restricted least-squares method may be
*satisfactory in the sense defined in Section Al.3, its actual acceptability can be
—judged in a number of ways. Firstly, 1f the derived unit hydrograph compriscs
—fever than (say) six line segments then it is an indication that the algorithm
Fas had quite a struggle to arrive at a satisfactory unit hydrograph. A second
==3{gn that all may not be well is if the volume of the derived unit hydrograph
&eviates significantly from unity. Perhaps tle clearest check on the implications
«f using the algorithm is a visual comparison of the unit hydrograph derived by
———restricted least- sguares with that derived by the basic least-squares method (Step

R of the algorithim).
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APPENDIX 2: CHARACTER IZATION BY SHAPE FACTORS [ +F

A2.L Moment integrals :

wvolume: vV = rpf(t)dt'
ri
o

(where €(t), 0 S t < o ig the di,étr:l_bution to be characterized).

mean: M) = r té(t)dat / r f£(t)dt

N

m "' th moment about mean:

My = fa (t-ui)m £{t)dt / r f(t)dt
C o]

eg variance:

M, = !r (c-ui)’ £(tjat / J £(t)dt
e L@

A2.2 Shape coefficients

coefflcient of vaxiation oy = fM—Z/Mi
ccefficient ot 5kewnes§ 2 oc, = MB/M;/Z
coefficient of pwzakedness : ¢, = (M 4/ME‘E) -3
yotes:z (1) ¢, > O implies distribution is skewed to the left.

K]

(i1) ¢ > 0 implies that distribution is more peaky than the normal
dis tribution (¢civen the same mean and variance).

A2.3 Shape factors

It is cohvenient to refer to the volume, the mean, and the coefficients of varia-
tion, skewness, and peakedness collectively as shape factors. Strictly speaking,
the volume and mean chaxrxacterize the scale and location of the distribution

rathex than its shape.






