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ABSTRACT

A mathematical rainfall-runoff model based
A Yinematic wave theory has been developed
for application to urban subcatchments.
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1. INTRODUCTION

The purposes of a model of the rainfall-runoff procesé is to gain a
better understanding of the physical processes at work and to use this
rpowiedde in engineering design. This report describes one such model
and its application to observed rainfall-runoff data.

It is useful to identify two classes of mathematical model: on the one
hand, there is the phvsicallv-based approach which ‘attempt‘s: to simalate
the individual processes ‘(such as overland flow in this case). ©On the
other hand, there is the lumped conceptual approach which, assuming

the individual processes to be too complex for satisfactory mathematical
description, pretends that the overall process is governed by a simpler
mecnanism whnich 1s 1tself meore conducive to analytical manipulation.
This latter approach requires the parameters of this simpler mechanism
tc be related to physical properties of the prototype catchment,
generally vy regression anaiysis involving as much rainfall-runofi data. .

as is available.

The choice of approach may be seen as a trade-off between scientific
rigour and enginecring expedience. To date, the Institute of Hydrology's
urban rezsearch programme has concentrated on the latter approach (Kidd

5 Lowing, 1979) due to the constraints placed upon it by the need to
develop improved design. This present study develops a model based on
the first approach. In this way, it should be possible to assess the
effect of the decision to adopt the lumped approach in terms of
predictive performance. re

The specific objective has been to study the model under circumstances
most conducive to predictive success. In this respect, the model has
teen arplied only to catchments which lend themselves well to division
into overland flow and gutter flow elements. The data used were

" collected during experiments on a laboratory catchment at the Imperial
College of Science and Technology (Johnston et al., 1978), brief details
of which have also heen given by Makin & Kidd (1979). A rainfall
simulator was used to generate artificial rainfall inputs (varieties
of intensities, durations and profiles) over a variety of catchment
sizes (petween 17 and 36 m?) and slopes. The catchments contain a
single overland flow segment plus a single guttér flow segment down

one ‘edge.

Limited tests were alsoc done with a catchment using observed data
deriving from fielc experiments. Like the laboratory catchments, this
catchment lent itself easily to the process of dividing into segments.

i
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TABLE 1: The Laboratorv‘Catchments

- ﬁ —
catchmoent Size (m°) Slopes (%) Area (m*)

101 2.75 * 3.66 boel 35.67

102 " " 3/.%6 reduced

T . : ‘ area

103 2,32 * 3.66 Lol 26.76

. . ,:_.,\ . ";\ an L « 1 ]7'94

LA~ e e - 13 "

100 475 3,66 1+ 2.5 35.67
1062167 9,75 * 4,38 1+ 2.5 47.57

THE MODEL |

Introduction ‘

The St Venant momentum equation for long waves in open channels can be

defined as:

At -~ Av v . 1
—_ 4 = — = (s -5 (
R el A T T )
/ N
1 2 3
where v = . velocity (m s~ 1)
g = acceleration due to gravity (m s ")
.So = channel slope (=)
Sf = ‘friction slope (-)
‘ X = :distancé in downstream direction(m)
time (s)

the three terms on the left hand side of equation (1)

s
~ . g e

——— e i e et s

term 1 can be called the diffusion term
" 2 v " " acceleration term
” 3 L1 ” ”n 1"

dynamic term

Under certain circumstances (for instance, where lateral inflow
three terms can safely Lo ignored, oo that the

becomes

" S i B
proedominatos) thoeose

momentum equation

g(So - Sf) = Q or So = Sf

With empirical relationships for S¢ which are available, it is possible

to find a sclution for the rate of discharge as a function of the
cross-sectional area of flow in the form:

W ' om
v = R </

For instance, values for o and n can be found from the shape of the

Clusseosectliun and Cheezy 's friction eyualion

= b
v = (C 8§ s R
o
where Vv = mean velocity (ms™1)
C = Chezy's roughness coefficicnt (m 5_1)

hydraulic radius (m)

ty

A continuity equation for open channel flow can be written as:

s

oA oR
ETR O ‘ (3)
where A = cross-sectional area of flow (mz)
W = rate of discharge (m? s
q = lateral inflow‘(m2 s~

(and derived by ignoring
is known as the
This pair of equations has nu analytical o

1he model defined by equations (2) and (3)

Kinematic Wave model.

solution, and the extensive literature on the subject (e.g. Lightfiill.

& Whitham, 1955; Ruh-Ming Li et al., 1975 Lyngfelt.. 1978) is mostly .
concerned with determining numerical schemes for solving them. ” In

".this. case, the selution is based upon the work of Singli (1975)... i
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A numerical solution

Q can be eliminated from equation 3 by substituting eguation 2, so
that the continuity equation can be written as:

A a-1 3A
ve aq naA ™ ‘ (4)

A Taylor expansion gives:

A(x,t + At) = A(t) + At. -a}-+ (At) . A + HOT . (5)
v at 2 at? " I

Y
i
i

where HOT stands for Higher Order Terms, which will be ignored from

now on.

2
2_5 can be found by differentiation of equation 4

It
: 3g 3 n-1 2"
o°a - = AP g - o 22 6
= Tt X {na {a S )} (6)
Substituting equations 4 and 6 in 5 gives:
n-1 oA

Alx,t+At) = A(x,t) + At(g - na A FTy ) o+

2 D _ ! - n
(.A____g’ { gﬁé _Bix- [n a att (q -« %‘% U} ST )

_There is no analytical solution for equatien 7, which is solved by a
finite difference scheme. A fixed grid scheme (see figure 1) has been

adopted.

By replacing partial derivatives by differences, one obtains the
following finite difference solution: !

B4

Ai" - Ai“
i+l i, i j+1 j-1
Aj = Aj + At (q a A ) +
i+1 i : Ain-l + Ain'l Ain - Ain
'(At)z q - gl _ no [ J+1 - ] ( -0 j+1 ] ) -
2 At bx 2 q Ax
1 4 \
. . ’ ) .n=-1 in—l i
e . At + A 1 i A 1
= _J_____J___
J 5 ”! (q° - a )

Af is the cross-sectional area of flow at point j and at time i, and q

i=1 J J+1

% | 41

I 44‘r | )

t
~ i=~g
{
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FIGURE 1 The fixed finite~-difference grid

is the lateral Lnflow at tlme i. Now the cross- sectlonal 1"ea\ Ai+1 ‘an

3 41

i+l
be calculated from AJ 1 A Al and q and q . So wben buundary
condltlons for A are given for i=0 and for 3«9, all the values of the

array A can be computed, except for the point at the downstream end of

the flow, For this point a first order approximation can be used:
. e in T '
A, - A J ) )
i+l 1 i j j-1 ’
. = A, + At ( -
J J d Ax ) o (“9)

The analytical solution

If-the lateral inflow g from equation 3 is zero (e.g. overland flow
after cessation of rainfall), an analytical solution for the differen-~

tial equation can be obtained.

Y

By substituting equation 2, equation 3 can then be written as:

n
oA, (=a’)

ot 9x © . (10)

A solution can be found by the ‘'separation of variables' method.

Assuming two independent functions T{t) and X(x) such that

Alx,t) = T(t).X(x) S S




) xg{; . , . .
From eguations 1/ and l8a, it can be seen that ¢, = O. From equations

g oT A1) uX '
+ hen Tti = X i:I {12a) and el T 57 (12b) 17 and 18b, it follows that: 2

42 -
A {ter rearranqsying terms, the differential equation becomes: ¢, = Uz £ - %(_ 1 AIl‘ : (19)
- - - A e ’ 0
Lo L e 2y (13) ) '
n ot ‘ ‘ gX In equation 17, u° is eliminated automatically. When cl>and <, are
! substituted in equation 17 the.soclution for A is found: |
As the term on the left hand silde 1s dependilinyg only on ot and e el . B
: in the middle only on %, they can be equal to each other only if 1 \
. ; t,. . . X
. i s a constan A(x,t) = A L (20)
L'tO I + ) An—l n-1
TIow we hawe btwo simpler differential eqgquation:s: 4 ’(t‘to an Lto
i Y R IS0, S (1 Aver o this solution is valid for t » t and for A{o,t} = O (without
'Tn et . R dx upstream inflow), By_g&enfzraliziﬁg equation 18a it is possible to find
a solution for case“s“,wﬂi: Capstream inflow.also. “
) ‘n . wffe W g e :
W BT 2 n . d _ }l__ . d-n . o . L . . o
X r —_ = - T 15a and = = X (15b) ! '
=0 Y (15a] X na Assume that: g )
ST Y‘ 5
Alo,t) = A 4 : K
£ romvwhich it follows that: (o,t) o,t : _ (21),‘
‘ /RN i
‘ ! 1 o L Then ¢, and c, can be found in the same way: T
. . m——— 'i'A — .
T o= [(endlep - w0 ax = (D) (e, b ) IS |
s 2 na . 2 n-1
, c, = (ult - cl)*_,AO " (22a)
. . | (16a) (o)., ‘. - ' :
) 2 ‘
¢ B _U__ L
- A , L L= 2 _ - nu )
0 'that v ’ - D ‘1 V5 nrl o on-l (22b)
: : : L AV - A ‘
i e ,‘ ' L't O”t
“” __1__ - . o o}
C2 + ;7: X n_l ‘ i ‘ 0
Alx,t) = YR ”71__‘ " The sglution for A is then
' . Coe i v eV o v . l
R Ve POV " . “T1p - n-1.
Noyw the constants-<., ¢, and U must be.elimirated.  This. cqn Jbe done S UA(x,t) = Ag i + 7 X - ;(23)
- s . o N - : i r - +.
, >y usipg the F oundary’ conditions: ) , R ' o no.(t to) n-1 n-1
- X . TR S ‘ A - A
" . ‘ i L,to o,“o
CAo,e) = O \\u B (1€a) : g :
1} .“ T H 9 : L . s e 1 .
= A s 5 . it . . R T (*Gb) - .
A(L',-t*o) L,t \\;“‘-1_;,, P ’;“ g f"?/@f] o B Lt 4
© i o N Parameters a and n
‘ where L is the length of the flow region . As mentioned earlier the precise form of equation 2 (ie values of a
: P et Y o ; and n) can be obtained by reference to Chezy's friction equation
+he time from which the lateral infleow ig’zéro (s) et \ ' '
T P v= cs’R (24a)
, o]
e




“a  and a, are easy to sclve, For instance when the side slopes of™
. . NEEE

On the other hand, Manning's formula is:

- Loonge S
A (24b)
m

There is some conflict between the exponents of R in these 2 equations,
30 that a general equation <un be written in the form:

- L om-

v=cs ‘rR"! (24¢)
o

A , = ;
As R = = (WP = wetted perimeter) and Q = va, it folleows that
.m .
A

O = C 8§ — (25)

T owpt

For overland flow, where depth of flow is small in comparison to the : "
Width' it can =-o.5¢een that wp i b. For a unit Wldth, wp = ] and

A =,  sou tor cveriand flow
N ‘,:l:‘r = | i .
. . - a I .
e SR Y 1o
R o) : :
so that = C 5 and : = m.
e o

For _‘glm« through a gutter (with triangular cross~section) o and n
depend on the shape of the cross-section as well. It holds that

A = alh‘q “and WP = azh {h depth of flow, al and a2 are constants,

depending on the sideslopes). Then:

E : ‘ (27)

Whers this is applied to equation 25, we obtain

_ ) LHim=1) (l-m) _LH{m+l} ‘
.0 = C So‘ a, a, A (28}
L L (1~ - g
so that for gutter flow a =C S ° a o l)a, (1-m) O |
: G H 2 LAy
Ly ; I
= 4 (m+l)

and n

Table 2 gives asurvey of the values for n and n obtained depending
on which form of the friction equation is used, L

1 2 ‘ ‘
the gutter are Gl and 92,

o ~f“l’!"ro '))
“space as well ag Hme. As the model’ does not allow this, a smphfi-- )

. n '
Table 2. Values for a and n from the equation @ = A foir three cases

Overland flow Triangular qutter flow

Manning's eq

Chezy's eq Mah.nt.nq's eq exponent m Chezy's eq. axponent m
X -1 free 3 free
2 3 =3 me3
N " 1 2
N N ok -k 5y 3 3 4 4(m-1) (1-m)
a CS 3
© k so Cbo CSO al 22 knbo a: a2 o a1
3 5 5 4
n 2 3 n ry 3 & (m+1)
1 1 1 1
a = L o* + ) and a = - 4+
1 { tg 0 in (. ‘si
tg 1 g0, 2 sin Gy sin 82

At this stage, no prior decision was made as to which fricticn
relationship was must appropriate. The general wauaticn 24c was used
which eitectively encompasses the other two. 8 Co

[

Application of the mode).

The model as described makes it possible tso simulate

(1) flow over rectangular planes (sverland flow) with
length L and longitudinal slope S ov and "or time. vazying

rainfall RF(t) and top end inflow 'I‘E (t) L ‘ .i',;{;
(2) flow through a gutter with triangular crossJSeétiaﬁ'J}~‘a'f31',d‘r;f~
slopes G and 8

T

-

tlme varymg lateral inflow g(t} and top end .Lnflow TE- - (t). |

For certain situations in an urban env:.rnnment it is “0551 Je to

distinguish rectangular planes and gutters, forming a group of

segments over which a 'cascade’ of flow takes place. The variables
and S or 0 and §  can ? Ltained from

Loy ov 1’ 82, Lgu gv &2 then be L rom an

examination of catchment topography.

in de’\-:) the overland flow wiil not take place in the directioh of the
longitudinal slope C (i.e. ractangular to the gutter section). due -

'LO a long;.tudlnal cross-slope associated w:.th the gutter itself {see

Thls causes the lateral inllow to the gutter to depend on

cation is necassary o in the risdel” as conceived it is assuxred rhat
tne water flOWa Anwy -u“-"direc'tion cf the longitudinal slope (dottpd
arrows) . It is considered that thi= simpleication will not be to
the sxgnlficant detriment of the’ performance of the model. v

length Lg P 1ong'i\‘\cudinal “slope :Sgu for "



LATERAL INFLOW
DEMNDENT ON
SPACE

LATERAL INFLOW
CONSTAMT IN S
SPACE

Slmpliflcatlon of flow direction for
overland flow

FIGURE 2

When the gutter is formed by overland s-ctions as in Jigure 3a a
second p'oblem arises. Here the flow ovnr the recLanqulur olane
scction ends at the water level in *he gntter (Poin! 8%in Figure 3b)
and the lateral inflow into the guttér’ from the plene SeCthﬂ should
be computed fof’ point B. Foint B huwever varie ‘wzth the rate of wﬁ‘
flow in the gut'er, and thus also in time “and sy ce. For simpli thy, .
the rate of flow fi'hm the plare-section at Point A is taken as the ‘
lateral inflow into the gutter. For that reason, the rainfall t..at
falls on the water .surface in the.gutter is not determined because it
has already been taken . into aczcount between the poihts B and A and

C and A as lateral ,h low-on the rectangular plane sections. .This vy
assumption greatly. al.pllf+95 the application, of the medel, and is vy
: Jlgniflcantly detrimental to its perfoxmance,

not considered to be
As the lateral inflow rrom the rectangular planm sections neVnr becomos
Zer¢, the analytical solution is not applicable for qutter sections
with lateral inflow. Furthermore, from equation 26 it can be- 'seen

that the analytical solut! ons is not usable for A t' = AL L ='0."
I i

So for gutter segments w1th ne lateral inflow the risxng Iimb nf
the hydrograph must be calculated. numerLcally as: we;l

i 3! n

FIGURE 3a | Gutter segment formed by two overland segments ‘ /;(

b
: N
» A
\'f"
- - R S o
® V' c | '
A i ' : e . | £
FIGURE 3h  Simplification of houndary between T SRS ’
‘overland and gutter segment N . Jiﬁp
[ o . Y -
. , v

For the application of the model, the catchment mu:rbe 1ividec into
sugments, which can éither be for overland flow or for guttér flow.

R brlef‘ﬂummaLy of the algorithm is shown in Flguru4 overleaf

.and/or space-step decreases, the simulation cornveviges towards solutiony

"t

The" romplnte :nurcv program is shown in Appendix A,

"Analysis on grid size

The numerical solutxon given is an expl;cxt.fln;te dlfferen;e s leme, ) R
‘As such the efficiency of the solution is dependentupon the. grld sxze“ﬁi Ll
used. It is possible that the calculation becomes unstable when -
veither the time or the space-step -chosen is *too lirge. As the tlme

but the requlred computational effort also -increases,




To investigate the effect of decreasing the time-step a simulation ~——of
a hypothetical storm was carried out for different time steps (O, 2 and

- ( KWAVE j e ;111?‘11\:1\:):1% gments to he a number of space-steps fixed on 30.0, 1.71 and 5 respectivelyj on
NOKBG Nuamber of time-intervals of catchmert 105. The rainfall was kept at a constant 200 mm/hr for a
Jata. ‘ pe'ericd that yas long enough to reach thelequzln.bnt.zm runoff. At £i ——xst
_ DELIAL Time=1nterval tor the caleulat son sight, o::xe might expect the accuracy‘to 1ncrea§e with decreasing ti=——me-
INITIALISATION . AR ITaction of the time- step. Figure 5 demonsf:rates that, with a 55 time-step, the runoff
CALCULATION , OF ' mterval of the datia. goes more or.less straight to the e'zqulljh.brlum flow ax?d stays there
OC AND EXPONENT 1.1 e and segment counter. until the rainfall stops. Simulation with smaller time-steps have ==
' ) progressive tendency to oscillate around the equilibrium, before

FOR EACH SEGMENT ; . . ; ’
becoming stable. A simulation with At = 10s qave stabllity problem ==,

/

/
/

1S
IT=1
iT> YES

[NORDG — 1}
/DELTAT+1

NO | | | ( STOP j

CATCHMENT 108 HYPOTHMETICAL BTOAM OF CONSTANT INTENSITY
‘ { 200 mm/me | ‘ :

w08 | C=30.0 Nat. 7 ;
NUMBER OF BPACESTEPS PER SEGMENT 8 .
208 | ateB500 /
- 3y, -1
20 : [o RV, © 08y ' -

IT =1T+1

- “‘u:
202 " '

“",
[N

201 |

200
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o
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220 |

N
N\
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180 |
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40 |
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T TIME [mine]

Pl !
. f

FIGURE 4 © Summary of the algorithm of the kinematic wave model

3
i
!
W
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FIGURE 5§ Simulations with decreasing time-steps. The top-curves ,
are an enlargement of the hstched section R

e i




From this it may be concluded that, for a chosen space-step, the
largest time~step that does not cause stability problems gives the best
simulation. How large this time-step will be must be found by txial
and error. The maximum time-step that does not give instability

depends upon the chosen C, n and rainfall intensity. It can be seen
that once .a satisfactory pair of Ax-At valies has been foung,

decreasing the spacestep only will lead to stability problems.

Using the above scheme for choosing the time-step, it is possible to
investigate the effect of decreasing the space-step (still keeping

C and n constant). As the space-step decreases the simulations tend
to/converge towards some absolute sclution. Satisfactory results  can
be obtained with approximately 5 space-steps for any given segmen t.
Adopting this criterion time-steps between 2.5 and 5.05 are found to
be apbropriate for the type of data under inf;.'est.}ga‘tion.

0
‘
i

i ’[. I

<

2. ANALYSIS OF LABORATORY CATCHMENT DATA

‘Introduction ,
The model described in the previous secticn ubes variables, for whaich .
values can be found from the properties of the catchment (catchmen t
configuration, length and slope of segments), and model parameterss
{roughness C and exponent n). This section is concerned with the
performance of the model for a variety of these variables. (The L
dimension of C is dependent on n: metEer“ second™!, For this reason
the dimension is omitted; but the units may be assumed to be metri <),

l : ' ' b
~For convenience the Kinematic Wave routines have been made compatille
" with the Institute of Hydrology Modelling package. This cémputer,-
based package is described in detail elsewhere (Kidd, 1978), and
has the following capabilities:‘ :

. ;o
/ i

1. easy ana efficient data access ,
2. a variety of loss-moadels,

3. a variety of surface routing models (to which the Kitiemat i <
Wwave model has now been appended),

4. Optimization of up to 10 model paramctegss (using a Rusenpzuuk
algorithm) on individual or combined events, ;

5. error surface mapping for designated pairs of model
parameters, ‘ : _‘

6." a variety of objective functions for optimization. L
For the purpose of this investigation, optimization has

, been per formed ug.’ing the Integral Square Error, which i

m
m /J
R
.
l h
[l
m
“

a normalised version of the las+ squares estimate, and

given by
Q- 9’
ISE = = * 100%
LQ,

observed runoff

where Qb

Q

m
1SE

]

medelled runoff

I

integral square error J!
For this analysis the data from the experiments on laboratory catch-

ments with concrete surfaces at Imperial College (Johnston et al.,

1A7RY have heen used.,  Ac the catchment surfaces have Leen wetted
irﬁmediately before the actual experiments, it is assumed that no

noticeable depression storage takes place nor any other losses by ,
percolation or evaporation. The rainfall volumes have been proportionally
corrected to match the observed runoff volumes (volumes have effectively
been forced)., This correction is small due to the centrolled nature

of the experiments. The number of zpace~steps has been taken as 5 for :

all segments and the time-step as 2.5 seconds.

For each catchment (- see Table I) a group of events has been 'éelected
that has been used to perform the optimization. The characteristics
of these events are shown in Table 3. ‘

TABLE 3. (Characteristics of evenis used for the analysis.

'

Cat.,n Storm no. Duration Intensity Shape (SW = square wave
No. (s) . {mm/hr) T = triangular wave)
101 100018 60 250 Sw .
: 100019 30 250 © swW .

100005 60 200 SW

100010 60 150 sw

100022 - 60 126 SwW

100025 300 208 (max) T
103 100055 90 146 SW

100058 sTe) 198 SW

100060 150 -+ 250 swW

100061 90 250 SW

100063 300 204 (max) T

100064 300 153 (max) T
104 100069 60 250 SW

100070 45 250 SW.

100073 ! 90 , 1198 SW




16 17

TABLY 4. Global optimal C and n for each catchment (found by

, 90 SwW ;
ig.?gzg 338 3;(_; (max) T optimisation on events of Table 3 combined).
100079 300 253 (max) 7T
. SN Pt
105 100085 60 251 SW o
100086 45 251 SW : Catgzme“t opt Copt
100089 60 199 S TREN ‘
100093 60 148 SW AT Y : , , T
100097 60 . 128 SW PR 101 ' 1,70 65.383 R
100102 300 . © 307 (max) T ; = 0 . ) . . ' T '
100103 120 307 (max) T o § 107 1.73 OB, 826
106 100116 60 ‘ 256 SW X ' s 104 C 1.72 70.850
100117 120 256 sw o . S
100113 60 196 Sw ‘ 10% C 1.71 roga 014
100117 ce 140 S " ,
100137 60 200 (max) T , 106 1.40 12.580
100130 180 196 GW y P : :
-r I .

Estimation of optimum parameters for individual catchments

.

For each catchment, the two model parameters were optimised. For this
purpose, a global optimum wa$ obtained by doing the analysis on all
events combined. It immediately became clear that the error function
surface contained a very clearly-defined stecp-sided valley caused
by a strong interdependency between the two parameters. An example
of this phenomenon .is shown in Figure ¢ for catchment 105. The linc
of the bottom of the valley is very flat, so that satisfactory
gimulations can be obtained from an infinite variety of pairs of
C and n values, ‘ K .

180

"
-

170 |

i

The Rosenbrock algorithm does not work very efficiently under thegse ;o

circumstances, so that a search for the true optimum was poerflormed by _ S
studying cross-sections of the valley at different points. - ‘ b o ///;”/

CONTOUR

Table 4 gives the global optima found for each catchment. TIn Figurn 7, o F ‘ ¢
the optima have been plotted to a common scale. Through each optimum k — betlem ot ine valiay
has been drawn a line representing the bottom of the valley (as 130 —@— Calculated point on botllom ot the valley

plotted on Figure 6 for catchment 105). From. this it can be seen that,

T while there is some variation in the position of the optimum for —f~  Oeeont poim |
each catchment, the relative locations of Lhe vulley bottoms are / / -
almost coincident. The apparent disparity in the position of the vas L oyl . | N . ) . A
optimum for catchment 106 may be associated with the fact that these S ' . 2 ' ' ‘o M ' .s
data were processed somewhat differently than those for the other - ) ¢ [mPta]

catchments.,
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TABLE 5. Changes in the objective function when n = -§- is used
i

e e ~~"~'7 instead of n .
I opt
1 mo — .‘!o ot %g‘ ot '
: i 5 5
. i T ) | - - - 2 L] - . - i .*
3 O;‘t" o 1 Cat;l;ment nopt copt I.5.E (n0pt) Ci(n 3) 1.5.E (n=3-) rel. diff.*
- R : ‘ : (=) (%} (%) (%)
B ‘ ‘
1oy .*/;’/' , N . r . )
‘ : ! | 101 1.70 65.3 1.95 55.2 1.95 0.2
N g | ) 103 1.73  63.8 1.48 49.5 1.49 0.6
il ‘ ;

: ’ ji / ’ ; J 104 1.72 70.8 2.34 52.3 2.36 0.8
I ' | o 105 1.71  59.9 1.34 a7.4 1.38 3.8
., 106 1.40 12.6 2.94 57.6 3.72 26.5

‘ J
o © iy 30 40 40 [ o tu ) a0 ~l’5‘ ‘*"‘05 “'?U v-l.n ’
mé-n . ‘
“l b : : : *} relative difference in values of cbjective functions:
5
Obj (ant) - 0bj (n = 3)
obj (n__ ) " 100s
FIGURE 7 Bottomg of the valleys for the five laboratory catchments opt
TABLE 6. Optimal C's for n = -53- for individual events of catchments 104
" and 105. : :
Estimat icn of Oveyall parameter valucs
As Manning's Valye of 2 (see equations 24) for the exponent n is close Catchment Event copt 1.S.E. (Copt) I.5.E. (€=52.4) rel. diff.
to the optima °f gouf Catchments, the effect of taking n = = for each , y -1 co
3 No. No. m° s (%) (%) (%)
catchment inst®ag of the optimal value has been investigated. Table 5
shows the values of the opjective function for n optimal and for
.n = -2— for each cagchment and their relative differences. As can be 104 100069 53.8 3.10 3.17 2.1
expected, the Ufference in the values of the objective function is ; ‘ 102070 55.0 3.82 4.04 5.6
only significaht gor catchment 106. Even _in this case the difference "100073 51.1 2.33 . 2.78 19.2
is not 1large. Oveyall the choice of n = 2 for all catchments is 2
. 3 g 100076 49.9 2.56 2.75 7.4
considexed justifj aple. , . ,
lo0078 51.0 0.91] 0.93 1.9
For this valué: it hr?s been investigated how the C value found by ' 100079 49.6 0.85 0.91 7.52
optimization o0 combined events corresponds to the C value found by y _ . N
optimization ©0 individual events, Table & shows the C values for the arithmetic mean ; 51.7
events of 104 and 105 whick have been found by individual optimizations. e standard deviation 2.2
“The value for C found by optimization on combined events differs in , global mean 52,3
both casses 1e58 from the arjthmetic mean than its standard deviation.

} while tie differences in objective functions seem quite large, the ‘ 105 100085 47.7 .99 2.73 ‘ . 175.7
absolute valueS are Still small (< 52). 100086 47.9 1.63 3.43 110.4
Having <£ixed & Valye for n, it remains to ascertain whether a single 100089 48.0 1.18 <. 71 130.6

100093  45.5 1.80 4.50 150.0

value of ¢ will syfgfice, as it should do if the model is justified, _
for all catchmentg . _In Figure 8 the error function is plotted against B
' : 100097 47.3 1.99 3.59 80.4

the C value £0Y n = E\for the five catchments showing the five minima.
i . 100102 47.1 .54 .78 44.4
i , 100103  47.3 1.04 1.94 86.5
' : " arithmetic mean 47.3 . .
e standard deviation 0.8

glcbal mean 47.4 o " R
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TABLE 7. Changes in the objective function when C = C = 52.4
is used instead cf C = Copgffor each catchment (n = %ﬂ
ne 4
108
8
101 Catchment C I.S.E. { ; . i i o
- men opt lcopt) Obj (52.4) Relative difference¥*)
7. 1/3 -1
R m* 3 (%) (%) | (%)
Z
Os . .
5 ‘ 101 55.2 1.95 2.26 15.9
z 0 ‘ 4 , ‘
Esd 10 103 49.5 "1.49 1.69 13.4
108 \ 104 52.3 2.36 2.3 0.0
W
-2 103 105 . 47.4 1.38 2.89 ‘ y 109.4
[ 5%
".’834 106 57.6 3.72 3.92 5.3
1 : 2 ’
0 F i\
, ‘ obj (C ) = 0bj ;¢ ) }
B | *) Relative difference = —Iean Pt » 100%
| obj (C__.) )
opt
0 — y ' y r—t- . . S __ :
0 10 20 30 40 - s0C 60 70 l' STORM NO. 100078
% _1ﬂ R _EfIC””EﬂI,NP 104
C m 8 J : ( ) OBSEAVED HYETOGRAPH
13 GROSS AAINFALL
" '.,_‘ ‘ . NET BAINFALL
glﬂ) ’ﬂ:h?‘
" ’ v
z
FIGURE 8 fRelationship between objective function and C for five §"° HHHR
laboratory catchments &
’ ¢ S LA, I —
‘;\'_"t \/ t o 1e 32 4; s .a L] ‘ we )
.. The arithmetic mean of the C values for which these minima occur is 2a L JIE Pmined e '
5o - C = 52.4 (standard deviation 4.1). The values arc §losc cnough L? 23;32:32233: .
suggest that the adoption of such a mean figure is justified. This e , C - 82.41
Sooe o MODELLED HYDROGRAPH
o hypothesis is tested by Table 7, which shows the values for ‘the error , o o)
' function for C optimal per catchment and for ¢ = C = 52.4 and their - i
relative differei;res. From this table and from Figure B8 it can be o 3
expected that the goodness of fit. of the simulations of catchment 104 M
will e affected least and of catchmentleS most when C is used g
instead of C opt” Simulations with n = 3 C =¢C opt ‘and ¢ = C for 5 | 0 v
events 100078 and 100085 are shown in Figures 9a and “b. These two Son ! w
represent the best and the worst results that could ue expecLed from | a
the adoptlon of ¢global overall parameter values. ‘ c
. 5
\\ 0 ° S 1 an ul‘.‘" V>n"6;x - o'e

TIME [mins]
. \\
FIGURE 9a Stwulations for C optimal for the catchment and for. the
meiin value of C for all catchnients
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coefficient is lower for the falling limb (i.e. a higher roughness)

J— 1 -

[ 'sTORM No. 100085
CATCHTMENT NO. 105

300 4. -
OBSERVED HYE TOGRAPH

y GROSS RAINFALL
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- FIGURE 9b  Simulations for C optimal for the catchment and for the

mean value of C for all catcliments

i

The effect of rainfall impact on roughness

It has been suggested in the literature (e.g. Ruh-Ming Li ! al, 197%)
that rainfall impact increases roughness. To investigate the importance
of this phenomenon, the subroutine that calculates .the objective
functions was changed in such a'way that it became possible to do the
calculation for a reduced part of the event. Then it was possible to
carry out optimizations for the rising limb, the recession limb or for
the whole event. For long-lasting events with a square-wave rainfall
profile, the time before the fall-off of the hydrograph can be assumed
to represcht the catchment under rainfall and the period after this
point to represent the catchment under no rainfall.

Y]
For eight events on three different catchments optimizations were
pereerﬂeo for € for the rising limb, the falling limb anAd the wh~le
event,- resulting in roughnesc»estlmates Cc vy Cfa and th respectively.

(values for ' n have been taken from Table 4 for each catchment). Table 8
gives a summary of the results of this analysis. The roughness ‘.2 ..

Conclusion

TABLE 8. Results of optimization of C for the rising limb, the falling

limb and the whol e
e ole event (Cri' Cfa' th)

Catchment Event Duration Intensity n*) C C c
No. No. (s) (mm/hr) i fa wh
101 100007 240 200 170 64.7 62.0 64.0

100008 150 150 190 gt T3 03l
100015 - 120 250 1,70 65.0 59.4  -64.3
105 100088 150, 199 . 1,71 %8.7 .56.s s58.2
100002 1o o wge G sels o 55,5
100096 150 128 L71 58.2 52.8 56.9
106 100112 1200 196 L 1.0 13,7 13.1  13.5
100117 120 256 1,40 11.8 il.o  11.7

*n values taken from table 4

all cases, although the difference is not great. This is the opposite
effect to that expected if rainfall impact does increase roughness.

‘A possible explanation of this phenomenon is that, as the recession
has a greater proportion of low flows than the rising limb, the. . y .
roughness will increase with decreasing depth, so the two phenomena .. L
may be effectlvely cancelling each other ocut. The conclusion from this !
analysis is that the effect of rainfall impact may safely be lgnored ?(

-
-

The analyses described above suggest that the KinematiciWave mode.l ‘ i
simulates the data very well. However, these analyses: have béen k !
performed with data from highly controlled conditions. ‘e iinpd
is that with roughness C = 52.4 and exporent n = gq”um moda?l ¢

events occurring over well defined urban subcatchments of suri.
texture the same as the concrete used in the labdratory, The ef
applying the model to less perfect circumstances is investigated in the
next section.
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3. ANALYSIS OF FIELD DATA

Introduction

The analyses described in this section repvesent a first attempt to
evaluate the model under circumstances less ammnable to accurate

modelling than the laboratorv data usvd i 1hx ‘previous section. A

limited amount of analv;iu;“ “ hnen Do on catchments which lend
themselves well to the type ot J1v1c1~“': ‘o seJments necessary for
the applicatlon of the model. s

School Close, Stevenage (catchment 206/2) is a subcatchment instrumented
as part of the lInstitute of Hydrology's data collection programme, and
details can be found elsewhere }“wkzn and Kidd, 1979). Figurc 10 is .a
renpresentation of the rafrhmr\f an progyammnd, Proay sseeebe o :
used in the analyses.

48m -

55m

—
1.5m

FIGURE 10 Schematic representation of catchment 206/2

Anal!sis )
Catchment data have been cobtained from a 1:100 map
The catchment has been divided in two rectangular overland flow segmentis
converging into ohe gutter segment. These segments had to be idealised
to rectangular planes in order to obtain a longitudinal slope anAd a
length for each segmgnt As the catchment was dry at the start of

each event a depression siorage had to be applied. 1In an earlier study
(Kidd & Lowing, 1979) lan average depression storage of 0.53 mm hdd been
found for this catchment. After an initial allowance for Jnv saion
storage, the volume of rainfall has been corrected to the measured
runoff volume with the constant proportional loss model (see Kidd,

Kidd & Lowing, 1979). :

1978;

(Makin & Kidd, 1979).

:“This proporticnal loss is given by:

’ RO .
CF = 1 - (RF - DEPSTOS)*ARER (29)
where cp constant proportional loss [-)
RF gross rainfall volume (mm)
PEPSTOG  depression storage (mm)
AREA total area of the seqments (m?)

RO measured runcff volume (ltr)

For event. 206019 the kinematic wave model parameters have been optimised,
giving a.similar valley as found for the-laboratory catchments, with ‘an
optimum at n = 1.71 and C = 73.0. Figure 11 shcws the simulation for

the optiral values of the medel "avamu*c*'. Figurce 12 shows ihe line

of the bottom of the valley for event 206019 tcgether with that for

catchment 105. For the va]uo ¢f n = %. obtalned in the previous

x/

section, an;optimum ¢ = 55, Gie obtained as against 52.4 for the
ccncrete surfaces.

STORM Nv, 208019 D 40 DN Qb‘l‘l 76 J

| _CATCHMENT W0 2062
'6;;;;&5"‘;.;570@.""““‘:..7{ ‘

- GROSS RAINFALL
HEY  RAINFALL

-
»

i
“

I + T r T

L 4 L1}

RANFALL INTENSITY ar
s - -

Hlll {Imnn R ‘ m e
ot e e —
’ e oasuww vauomum
. MODELIED HYDAOGRAPH !
) €+« rno
omr LR EL .
’ MOCELLED  HYDMOGRAPH
LG 134
. "3
oss Lo
o &r
MR- H 4
H
-
§4I'!
¥
-]

© » : .
; TN

TIME (mins;

Simulation with C and n optimal for the event and with

FIGURE 11
n =-§ and the mean value of C fpgm four events
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FIGURE 12 Bottom of < he valley for e\}’ent 206019 and catchment 105
and optimal C,values for _th{ee other events of catchment

2062 for n =

wajem

For n = —§~, C has been optinised for three other events on the same

catchment. The resulting o‘ptimum C values, as marked on Figure 12,
show a much greater vax iability than was found for the laboratory
catchment events. Ewvemit 206019 has been rerun with € = 73.7 and

n =2 and the resulting simulation is shown in Figurece 11. - .

-

For éonditions less icie=al than those of the laboratory catchments,
the variability in opt.imum roughness is muich greater. However
Figure 11 shows that a reascnable similation can be found with the

tinematic wave model wrader these condi;ﬁicns.

4. SUMMARY AND CONCLUSTIONS

A mathematical model Xoased on kinematic wave theory has been developed
for application to urban subcatchments. Within a spectrum of

mathematical models of wvarying complexity, this mod:.:.;l represents the

iy

practicable limit as far as sophistication is concerned. The model
uses an explicit solution to the kinematic wave equations, and uses a
fixed-grid finite difference formulation. The model has been
programmed in Ascii Fortran, and the routines are in Appendix A.

Performance testing against laboratory data has demonstrated that the
model does indeed simulate the overland processes very well. A strong
interdependence of the two parameters was observed but one pair of

parameter values (roughness € = 52.4, exponent n = .E_ ) is capable of

satisfactorily reproducing observed rainfall-runoff data for all five
catchments in the laboratory study. A brief attempt to apply the
model to the less ideal circumstances of field data was less rewarding
in terms of reproduction of observed runoff hydrographs. ’

In practical application, the advantages of scientific exactitude tend
to be masked by such elements as (a) data error, (b) uncertainties in
modelling the rainfall loss in space and time, (c¢) shortcomings in the
assumption of uniform sheet overland flow, and {(d) idealisaticn of
catchment topography. This study has shown that under ideal circum-~
stances (where the effect of these elements are kept to a minimum) the
wodel is excelient. Thc_w,:j;;'mnq_r in which this perfomance fulls cff as
the above elements (and"{-"-‘n"."ost; importantly, items (b) and (d)) become
important should be the subject of further study. It is in this
respect that this model canjthen be compared to its more simplistic

lumped counterpart.
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APPENDIX A

Source vrograms in FORTRAN

' The common blocks ma'le the routines compatible with the Institute

of Hydrology's urban hydrology modelling package. Input and output
is done by this package.
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