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INSTITUTE OF HYDROLOGY

Report No. 13 December 1971

A COMPUTER PROGRAM TO USE ORTHOGONAL
POLYNOMIALS IN TWO VARIABLES FOR SURFACE-FITTING
by Dorothy Richards

ABSTRACT

The program is written to run on any I.C.L.
1900 series computer that has s Fortran
compiler, It will attempt to it surfaces
up to degree six, depending on the amount
of data provided,

1. INTRODUCTION

Given the observed value of a function at n points (x,y)
the progrem will fit the highest order polynomial surface
up to degree six which is possible. The restriction is that
the degrees of freedom of the residual term in the analysis
of veriance table is at least ten.

The program outputs the degree of fit attempted, the
analysis of variance of the fit and the coefficients C in the
resulting fitted surfaces which teke the form




e IR S
a8 = C_ +C.x+C_y+C x2 +Chxy +C yz
20 21 22 23 2h 25
ssesess Up Lo the sextic surface, and the residuals.

The cost of running this program in the state shown in Fig.l on the
I.C.L. 1903A computer installed at the Hydraulics Research Station (HRS)

for the example shown in Fig.2 was £1, the minimum charge.

2. INPUT TO THE PROGRAM

For users who are familiar with programming and the I.C.L. George
System, there is sufficient detail on Fig.l to run the program without

reading this section further.

The input to the computer for this program is in two sectioms: first,
the data-file; second, the computer job steering cards, henceforth

referred to as job cards.,

The data-file, as its name implies, holds the data which must be
availsble to the program when it is executed under the control of the job
cards . Hence the data-file precedes the job cards.

2.l The data-file

The cards which the program expects to resd, and the order in which

it expects to read them, are listed below.

Card 1 The number of sets of data
2 A title card to the first set of data
3 The number N of observations in this set

This must be not greater than one hundred
(i.e. ¥ & 100)

L + A card for each point giving grid coordinstes
(x,y)} and the related cbserved value

L + X The title card to the second set of data

4y + K+ 1 The number of cbservations in the second set

L+ N + 2+, Points and observations for set two

LA I etc-,
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To ease deta preparation, there is no fixed format on the

numbers. There are three simple points to remember:-

{e} integers do not have decimal points,

(¢) real numbers do have decimal points,

(¢) one or more spaces, or a new card, will separate the
data.

The first and last cards in this file, shown in Fig.l are job
cards and will be subject to restrictions noted in the following

paragraph.,

2.2 The jab cards

The example of job cards in Fig.l is relevant only to those
intending to use the program on the I1.C.L., 1903A under our present
arrangement with H.R.S.; other installations will have their own

operating procedures.

The items in capital letters are system words and should be left
unchenged, although they may be abbreviated by the experienced user.
The items in lower-case letters should be replaced by names that will
help the operators and the user to identify the files and job. The
system requires these identifiers to have no more than twelve

characters and conventionally they begin with the user's initials.

The file BINOPS contains a compiled version of the program and is
not the same as the listing given in Section 5 which is in source
language.

Eragsure of the data-file and the output-file is optional, but it
is expensive to leave them in the computer file-store for any length
of time, and the presence of many unused files slows camputer through-
put.
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3. THE OUTPUT FROM THE COMFUTER

Fig. 2.1 is a copy of the data used to produce the output
shown in Fis’t 2.2 .nd 2.3.

Output is largely self-explanatory, but two symbols may be
unfamiliar:

(i) ®%, expomentiation, or 'raised to the power of’.

(ii) the symbol rEm means that the number r is to be
Bultiplied by 10 to the pover n.

eogo - 0.'40553 1 i' - ll».055
0.4055E-1 is 0.0k05%




FLISTING OFf

tAPROG , DRTESTDATA(Y/)}

PRODUCED ON 24FEB72 AT 19 48,073

BOUTPUT BY LYSTYFILE IN ':APROG ORpR' on Z4FEB72 AT 19 %4, 39

DOCUMENT

2
TEST £IT 2
20
9965
9460
L4759
L8242
6626
. 8139
L0348
1403
L 2104
L6007
3222
. 3525
.3394
1985
7693
0011
L3142
. 4655
.7518
9122 ,
TEST F1T 2=
20
. 5295
L6849
L8965
.3526
L2474
L0641
3183
. 4888
L0996
L0671
6053
2428
L4223
L0812
,2707
L0879
L6671
L6612
887" .3
L2901 L 48

LA R R

DRTESTDATA

Bl=X=Y

.529% = 5240
.hB4O -, 4309
. 8965 . 3744
L7054 -, 5293
L2471 L0903
L0841 .1220
,398% -, 2531
.4B88 L3709
.099%9¢ ,6900
L0674 . 3322
.6053 LO7eS
L2428 , 4347
L4223 . 2383
L0812 7203
.0879 1428
.e707 7282
L6471 L0377
L6812 , 0733
.8871 = 6389
2901 -.2023
(1ey®*Xmy*Y)

L W97y L4782
4?30 ,5413
.2379 L1397
L k129 . 70589

.331% 8290
L4069 . 8303
YL .56803
L0701 7862
L1052 .9789
.3007 9052
REYE 6076
P62 9099
.1697 . 7928
L0992 .9R3?
.0n0s .9268
.3848 L8444
L1871 5567
.2327 7332
756 L0720

61 .7078

Fig. 2.1

Input data filed used to produce output in Figs.2.2& 23
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ORTHOGONAL POLYNOMTIAL FITTING
TEST FIT 2mquy=Y

DEGREE OF plTY ATTEMPTED 3
ANALYSTIS Or VARIANCE TABLE

SQURCE nF $S Mg MSe
LINEAR FIT 2 3,405¢95 1.70253 %$360%,50393
ADDITIONS pOR

QUADRATIC plY 3 0.00010 G.00003% n,63816
LuBlC gIT 4 0,00022 0.00006 1.090694
RESIDUAL 10 0,00081 0.00008

TOTAL 19 - 3.405a8

FITTED SUrrACES

CONS X Y L1 XY Yee2 T
Xee3d Xbw2 ¥ X You2 yee3 Xowd Xsey ¥
x*n2 Yae2 X vws3 Yeed Neés LA AT T X*®3 You2
X*W2 Yiay X vang Yeus Xrhg Yooy Y X*hy Yae)

XP*3 Yéuy Xwd2 yony X Yool yeng

0.1004g 09 «0.,1003¢ 01 -0_1003g 01
0.10008 01~ =~0,9774E 00 ~0.9973& 00  -0,3281€~09  0.27286<01  =0,25578m01

0.9643E 00 -0,8285E 00 «0_ 7808 00 =0.204%E 00 = «=0.2448F 00 =0,4561E 00
0.1510E pv 0.1220E 0o D.1693E 00 0.2612¢ 00

Fig. 2.2
An example of output demonstrating a good linear fit




0BS
-0,5240
-0,4309

-0,3724

-0,5293
20,0903
0.12%p

=-0,253
0.3709
0.6900
00,3322

90,0718
0.64367
0,238%

0.7203

0,1428
0,.7282
0,0377
0.0733
-0.6389
00,2023

1
.OI 0003
«0.0000
«0,0000
=0.0004

n.0016
0.0048
0.0006
4.0023
0.0034
9.0024
“0.0275
0.0020
0.0018
0.0035
0.0023
0.0015
~0.0008
0.0007

RESTDUALS WHEN M=
2

=0,00%0
0.0002
~0.0028
0.0017
0.0ué5
=0,0015
=0, 0008
=0.0000
00,0043
0.0033
0,0018
=0,0442
0.00V68
0.006
0,0002

'.01 ouo?

0,0018
0.005%
=0,0007
«(,0005

3
0,0043
=0,00%6
=0,0020
=0,0089
0,0048
-0,0025
0.0011
0.0036
0.0041
0.0021
=0.0013
=0,0470
0.00A2
6.0016
=0,0006
=0.002&
=0,0021
0.00%1
0.0045
0.0011

Fig. 2.2 (Cont'd)
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ORTHOGONAL POLYNOMIAL FITTING
TEST FIT Zm(1=X*Xav*Y)

DEGREE OF pIT ATTEMPTED 3
ANALYSIS Of VARIANCE TABLE

SQURCE oF SS Ms MSR

LINEAR Flv
ADDITIONS pOnr

1,098B47

0.5693% 45184144.105646

QUADRATIC glIY 3 0,07947 0.02649 2178857, 43011
CusiC fIT b ¢.000n00 0.00000 n, 72551
RESIDUAL 10 0,00000 0.00000
TOTAL 19 1.178414 -
FITTED SURpACES
CONS X Y Wik D Xy Yéu2
Xe*3 Xwe2 vy X Yee2 veey Xewh Xew3 ¥
w2 You2 X ven} VAT TS Yees xeny ¥ A*®*3 Yoe)
X*%D Yowy X venl Yoe$ P T.) Xoeg Y Xo&l Yeow)
Xe*e3 Yiewy XenD yiag X Yuel I T T3
0.Y179E 01 =0.8871¢ 00 =0.5284g .00
0.1000E 01 =0,.9060E~04 =0,.67048=03 =0.9097E 00 -0.5?785-03 =0 ,9984E Q0
0.1001E O =0.3235E=Q? «0_49458=02 -0,993Z2g 00 0.61778-02 =0 ,9822E 00
wd.40853E~-0¢ “0,.6348E=07 -0.4590€~02 «(,20366a01

Fig. 2.3

Further example of output demonstrating a quadratic fit



oBS

0.4722
0,5413
0,.1397
0.7059
0,82%90
0.830%
0,480%
00,7562
0,978¢%
90,9052
0,6074
00,9099
0,79¢28
0.9837
00,9268
D,Bb44
00,5567
0_ 7332
0.07490
0, 7078

1
'0-0258
-0.0425

n.1183
w0,0575
w0, 0443

0.0748
-0.0307
'0.0"’76

0.0562

0.05%4
‘Ol0506
“0‘0393
=-0.0780

0.0709

0.0119

0.0534
-0,0347
~0.0843

0.1215
-0,0272

RESTDUALS WHEN M=
2

0.0001
-0,0001
0.0000
-0,0U01
0.0002
0.0001
=0, 0001
0.0000
0.0001
-0, 0001
0.0001
0.0001
0,0000
«0,0001
=0, 0000
-0,0000
-0, 0001
-0, 0001
«0.0000
0.0000

3
n.000
-0,000%
0,0000
=0,0000
n.00n2
0.0001
=-0.000%
=0.0000
0.0001
-0.0001
0.0001
=0.0000
=0.0000
=0.0001
0.0000
=0,0000
-0.0000
«0.0000
=~0,0000
-0.0000

Fig. 2.3 (Cont'd)
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4. COMMENTS ON THE PROGRAM

This section is included for those who wish to understand the
method end the program. There is no detailed flowchart but
associated with each step in the method are the relevant line
numbers of the program as listed in Section 5. Fig.3 is a sketch
of the method used. The method for fitting orthogonal polynomials
to the surface is described in Cadwell and Williams (1961).

Firstly, the terms involved in fitting a surface of degree six
ere written in the following pattern, numbering the rows m, each row

containing m elements:-

: £ (l)

i (x) f3(y)

: f (x2) £5(xy) £4(5%)

: f (x3) £ (xzy) : ot®) rm(y )

(xb') f (x y) f13(x 2y2) ¢ h(xzr?’) f15(:f )

: 16(15) fl,i,(xhy) £.5(x%%) f19(12.v3) 1’200::»r ) £,,(5°)

 2,,(x8) 1,.(2%y) £,,(x*?) £,5(xy?) 15005 2% £,,007) £,55%) ()

B B B 88 B B H
i i
- On W E W

The fundamental principles defining the orthogonality of these

functions are

(i) 2 2 ) ..
T {f.{x., y.)} =1, i=1,2, 3 ceueens (11}
j=l 1 J J
(i¢#k
- n - -
(ii) jil fi(xjyj) fk(xjyj) w0, {k=1,2, 3 vaes. (iii)

(i=21,2,3 coaus

where n is the number of observations to be used in the fit. An

iterative procedure for evaluating the functions of (i) is given

in Forsythe (1957), and the iteration is covered by lines 42-86 of

the program on listings 5.2 to 5.h4.
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Continuing to refer to the rov number ss m, and abbreviating

fi(x,y) to f, vhere the context is clear, then the iterative procedure
is defined as

-1 n
- . a [} - ) [N u » Z“.<Zk i
AiE5 ™ Hemer * STy Y 5% ¢ ®5,3-175-1 o Un (iv)
and
m
£.o= yf, . . LAETTTI PR } = Ik
3T % it Sufa t %52t ‘4151 0T B

To initialise the procedure

n

£ fl2 =1, i.e. £, =
ixl

T

(Lines 29, 39, 40, listing 5.2)

e

To determine the e.. multiply the equations (iv) by-fi for i =1, 2 .,.
J-1 and sum over n, which yields s set of equations of the form

n J-1 n
EAGEE; = Exf. f. 4 t£1 o5y LT, (v)

But ijfi = 0 and zrtri = 0 except when t = i, then thfi = 1, Thus from
(v)

n

i "7 ian i n) fiia)

Note that the vector of values xkr. (xk_y ) is involved in celculating f.,
J-m+l "B J
as well as all the e; of the jt jteration, so it is useful to evaluate this

vector once and hold it during the iteration. (Lines 46-55, listing 5.3)
The e ; are determined in lines 56-~58, listing 5.3.

Substituting for T in {iv) the vector of elements Ajfj is obtained. To
satisfy equatior (ii) for fj

n
2 =
L(£5)" =1

gir.r,0%2 = 2,2 1£.2 w32
i3 j J p

N -"'""—"""‘2
. lj /i(xjrj)

which means we can now evaluate fj. {Lines 64~69, 1listing 5.3)




- 13 =

For increasing i do

v

171 + Qerz * seae *+ ei lri—l

;\f -v(:aq,r)f()-i-ef

Evaluate ej, Ai
Calculate and store fi
f. 8v. . + v, x4V, y+v, x2+ venns
i il iz i3 il

Calculate and store vij

+ '

i exhausted

Y

z = alfl + n.2f2 + a3f3+ coee

Calculate a,

=a,v._ + v, + v +
Sl 2,(v,.

11 22x) (v31 * VXt v33y) + ...

a+3
z = (alvll eV, + a3v3 + .I.) + (a

+ (a3v3 -l-ahv RV, F reed)Y F viieen,

2,93

8V, + 3v32 + 2, V)5 vee )X

2
z=cl+c2x+c3y+chx +c5xy+06y e

Fig. 3

Block diasgram of program
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At this stage the coefficients of the terms in each individual orthogonal
function fi cen be calculated.

f()ll.—.
1\ S T Vi ew

Tr S X0+ e f) T30y ¥ e W, =Wy VX
Ae 12 Az 12

H

2 .
fj = X2 j_m-]-l + wjl + 'wjax + VJ-BY + 'Hjhx T oaarsreny (Vl)

iy

Repetitive substitution shows

j=1 j-1
vk I (T el w.
IA iay k=i >
(Lines TO-73, listing 5.3)
X . »
But AE fj-m+l also involveg terms in 1, x, y, etec.,
Let j_ml - B’ fs = '51 + ‘fsax + vs3y wshxa *r P PRy
‘-x' f =—*E-J:- + 82 + sf + LA NN Y
AJ A X, X,
J J J

Obviously the terms of fj involving x (whilst excluding those in 1 and
£{y), f(ya) etc.) are incremented then by the terms of fs divided by Aj'

. ) - ] » y + . + » LR}
Likewise if equation (vi) was of the form fj =XE fj-n + ujl wJax “333 + .
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the terms of fs = fj-m would have been adjusted into fj’ excluding

the constant term and those involving x only.

(Lines T4-~85, listing 5.3)

The terms wjz + :E;wlll now be referred to as vji'

A5

At this stage the iterative procedure is finished and when performed
sufficient times to give the required fit we have two matrices, one

of the f elements and another of their coefficients, v.

Consider the equation

z = alfi + a2f2 + a3f3 + sseveny

Successive multiplication by fi, i=1,2,3 v.v., and sumation over n,
and with the application of equations (ii} and (iii) as previously
used

n
b3 zkfi(xkyk) = a, i 21,2, 3 coevene,

k=1 1

and zk are the observed values.

(lines 87-91 listing S.h)

There now remain three subroutines:

{a) SURFACES {Listing 5.7}

for a linear surface

z = alfl + a2f2 + a3f3

=av, 32(721 + v22x) + a3(v3l + VX + v33y)

= (a,v,, +av,. +ayv..)}+ (a

1V11 ¥ %2 * 83¥g; ¥pp * Ba¥ap)X *+ agvayy
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To tidy up the surfaces, the elements of the function coefficients
natrix vij are multiplied by their corresponding &;, then the terms
necessary for each degree of fit are summed. The remainder of the
subroutipe is printing.

(b) AOV (listing 5.8, 5.9)

This is a straightforvard subroutine thet does the necessary arithmetic

to enable the following anmlysis of variance table to be output.

Analysis of variance of fit.

Source d.f. s8.5.

Linear fit 2 a.“ +a

Additional for

Quadratic 3 8y .+ a5 +ag
i 2 2 2 2
Cubic b a.? +agt 2 +a,
. 2 2 2 2 2
Quartic S a + 312 + 313 + alh + a15
. a 2 2 2 2 2 2
Quintic 6 8¢ + 8, + 8.0t 819 + 8, + 8,

' . 2 2 2 2 e 2 2
Sextic T a22 + a23 + aah + 125 > a26 + EQT + 3'28
Residuals By Bubtraction
Total n=-1 n

Z|.2 -8 2
1 1
im]

(¢) RESIDUALS {(listings 5.5, 5.6)

This subroutine points out the difference between the calculeted and cobserved
value at esch of the input data points.



FORTRAN COMPILATION BY #XFAT MK 4C PATE 44/02/72 TIME 19/51/26
0001 LISTOLP)

0002 PROGRAM(NLZ24 017>

0003 INPUT Z=CRO

0004 QUTPUT 1aLPy ]

0005 COMPRESS INTEGER AND LOGTCAL

0006 END

WYAD0Ud 40 ONILLSIT 'S

5.1



gnov
2008
0049
o010
1011
Ng 2
na13
1014
n015
o016
4017
0018
04019
no2o0
30823
00<¢
0n23
0024
0nas
0026
0027
3028
0029
00390
0031
no32
po33
0034
003>
0036
0037
0038
0039
0040
0041
0042
0043
0044
00&sS

18
17
21

22
23

38

36
35

12

MASTER ORTHUPOLYS

nIMENSION X(100).YC100),pHI(100,28),F(28),BACIC(100),ALPRA(2B),
2¢900) ,TITLEC20) ¢((28,28) '

READ (2,102 NTIMES

n0 30 IN=1.NTIMES

READ (2,103) TITLE

WRITE {(1.104) TiTvLE

READ (£,%02y N

N 15 NUMBER 0F FIEMFENTS,M DEGREE OF FIT, NTIMES NUMBER OF FITS

ROUNDS N 100 M §

tF (N=100) 17, 1718

WwRITE (%1,101)

¢0 Yo 3G

mzb

NPHIs{Me1)n(M+2y /2

THE FULLOWING PASSAGE ENSURES D,F. RESIDUALS TS AT LEAST 140

1F (N=~{NPHI+10)) ¢2,23,23

MEM=-1

¢C 70 2%

WRITE (1,105 M

NPHI#*NPHI="

rEAD (£.,100) CCx¢1),Y(I)Y.ZC1)Y) Jad N

AR, 0/SQRT{RP1OATINDY

no 37 121,100

pd %4 J=1,28

pHI{td)ml, 0

CORTINUE

p0 35 1=9,25

n0 36 J=1,22

c{1,J)=0.0

tONTINUVE

C(1 s 18R

puU 4 I=1,N

pPHI(I:1)2A

NinZ

p0 2 NJ=1,NPHI

NKakj+1h

Al 12 I=1,.N)

g{l)=U.0

5.2




0046 NCOUNTE((NI+1)wNT)/2=1
D047 YMaNK+T=N]

004B IF (NJd=NCOUNT) .43

0049 ' 3 p0 5 187 ,4

0050 5 BASICUI)mX{T1y%PHI(L,IM)

0051 g0 T0 6

0052 & NImNT®Y

0053 {MeIM=T

0054 p0 7 I=1,N

0055 7?7 BASICCI)=Y(1Y*PNT(I,IM)

0056 6 pO B Im,NJ

0057 . DO 9 K=®1,N

0058 9 E(D)mE(TI)=BASIC(K)wPNI(K,])

pos5e 8 cONTINUE '

0060 00 10 I=t,N

0061 pC 11 Kmt,Nj

D062 11 PHICI/NKYSPHT (T, NK)SECKYPHLC(T /KD

0063 10 PRICI NKI®PRI(I,NK)+BASTC(])

0064 aLAMBDA=Q, 0 L
0065 20 13 lag,N P
0066 13 RLAMBDARRLAMBDALPHI (T, NK)Y*PUT(I,NK)

0067 RLAMBDA=1T,D/SQRT(RLAMBDA)

0068 39 pO 14 Imy,N

¢Qey T4 PHI{T/NKIRPHI (I, NK)wRLAMADA

0070 60 31 ICml, N

53



0071
0072
0073
Q074
0075
no76
0077
0078
0079
0080
0081
0082
0083
084
0085
0086
0087
0088
008%
0090
0091
0094
0093
0094
0095
0096
gae?
0098
6099
0100
0101
0102
0103
0104

END OF

SEGMENT,

32
31

33
34

30

100
131
102
103
204
105

LENGTH

p0 32 INT=IC, NI
c(HK.IC)=C(NK,IC)&E(!NT)*C(INT:IC)
cONTINUE

1D=2

1F (NJ.EQ,NCOUNT) Ip=iD+1
MTOT=1

pd 33 IS=5.1M
C(NK:‘D)'C(NK!ID)*C(IHIIS)
MCOUNTR{MTOT#(MTOT*1)) /2

yF (1S=MCOUNT)33,0,33

{poiD*t

MTOT!HTOT*1

LLAAA]

pd 34 INT=1,NK
C(NK.IHT)'C(HK:INT’*RLAMBDA
cONTINUE

n0o 15 I=st NPHT#+Y

ALPHACI) =0, 0

n0 16 Ks1,(N
ALPHA(I)-Z(K)tpuv(K.I)+ALPHA(I)
cONTINUE

cALL AOV(N, 7, ALPHANPHI M)

pALL SURFACES(L, ALPHA, NPHIS 4 M)

cALL RESIDUALSC(X,YrZ,CoM, N

cUNTINUVE

eTOP

FORMAT (3FD. )

EORMAT (1X+32HELEMENTS aOUNDED IN ARRAY ofF 100}
EORMAT (10)

FORMAT (2VAH)

cORMAT (30H1QRTHOGONAL POLYNOMIAL FITTING/1%,20A4)

:gRMAT(1X:23HDEGREE OF £tT ATTEMPTED.I4)
END

572, NAME OptROpPOLYS

5.4




0105
g:gg sg::g::;n& RFSIpUALR{(X,Y,OBs,C/M,N)
n N X¢100),¥Y(900),08S¢100y, '
g:gg _ 00 WRITEC1,100) (I,7a1,m) (1003, cezn.28r CALCCE)
4 FORMATC(IHY s18%,tRES U
g:;g | P09 Tutin IDUALS WHEN Mo /5%, 'neS',IX. 6(5X,11:4%))
011; p0 30 Js=mt .M
g::: " 30 cALC(d)=(. D
X1=X{1)
g::: _ AL LAS
S 1F (M=) 0,10,0
0117 o x2ux4eXy 0s0
0118 B XYRXI*Y1 |
g:;: _ o yiémyi*yd
- tF ("'Z) 0!10:0
0121  x3nx2eXx1
0122 : x2Y¥mXZ*Y4
0123 nYemx1ey2
D124 yiny2ey
0125 1F (M=3) 0,10,0
0126 xhmxoexa
0427 x3yayx3ey"
0128 E XeY2nXx2wy?
012¢  xY3xx1vY3
0130 yhmy2eyo
0:;1 _ tF (M=&) 0,10,0
0132 : XSmY3wxe
- 0133 | XAYuXh*yy
0134 X3Y2uX3wy2
0135 NEY3ZuX2Zwy}
0136 - XYhmX1¥Y4
g:g; yimy3ey2 _
1f (M=3) 0,10,0
0139 x6mxX3*X3 '
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0140 X3YeXo*y1

0141 yhy2mibry2

0142 v3y3uxX3ey3

0143 x2Y4uX2*Yh

0144 XYSax1+*ys

0145 yomy3*Y3

0146 10 CONTINUE

0147

0148 CALCL1IMC(3,1)+0(5,2)%X14C(3,3)wv1

0149 tF (M~1> 0,20,0

0150 CALC(Z>nc(6.1)*cf6'2>*X1+C(6.3)*v1*cf6.k)*XZ*Cfé.SitxY*C(éub)*Yz
01%1 1F (M=2) 0,20,0

0152 PALC(3)=

0153 * C(10:1)+c<1n.2>*x1*c<10,3)*v1+C(10.&)txz+c<10.5)-xvact10:6)-
0156 1yz+c(10.?)-x3~0c10.a)*X?v¢c<10.9swxv2+c<10.1n)*v3

0155 1F (M~3) 0,20,0

0156 CALC(A) =

0157 * Ct15,1)+ct1S.Z)tx1¢c(15.5)-v1+Cf15.a>~xzoct1S.S)tXVoctqs.s)-
0158 1Y2+C(15;?)*!3+C(15:8)*X2Y¢C(15r9)*XY2*C(15;10)*Y3#8(15a14}*x&¢
0159 2c(15.12)*XSV#C(15.13)*X2v2*c(15,14)*1Y3+n(15.1S>*v£

0140 1F (M=4) 0,20,0

o461 cALC(S )=

0162 * C(21t1)*C(21:z)*X1+C(21r3)iV1¢C(Z1.6"!2*042105)*XYtC<21v6)*
0163 1v£+ctz1.?)*x3+C(21.8)*XZV+C(21.9)*xvz+c(21.1n)tv3+c(z1,11)tx4¢
0164 2C(21;12)*X3V*C(?1:13)*X2V2*C(21a1ﬁ)*XY3+c(21.15)17‘#0(21,16)*X5+
0165 3ct21-1?)*XAV*C(21,1a)*x3vz¢ccz1,49>*w2v3+c<21.zoaﬂxva+c<?1.z1)*vs
0166 1F (M=5) 0,20,0

D167 LALCC(S) = .

0168 " C(28.1)+c(2R.Z>tx1+c<zs.3)*v1+0(28.ﬁ)~x2¢c<28.5)*XY~C(28,6)*
0169 1v2¢ctzs,?)*x3+cr?a-a)*xzv*ctza.Gatxvzﬁct?8.1o>~v1+c<28.11)*x4+
0a70 2c(28a12)*X3Y+C(28:13)*X2V2+C(28.1ﬁ)*xY3+c(28.15)*Y4+C(28.16)*X5+
0171 3nl28;1?)*kaoct?8:18)*x3v2¢0(28,49)*12Y1+C(28:20\th£+C(’8’21)tv5¢
0172 4cc28,¢2>-x6+ctza.23)-x5v¢ctza.24)-x4v2+ctzs.zs’*xsvsaCtzn.zs)*xzvk
0173 s+0(23.2?)*xv5+c(28.28)*ya

0174 20 CONTINUE

0175 pe 97 K=1,M

Q176 97 cALC(K):CALC(K)-nBS(I)

077 98 WRITE(1.,101) (08a(I), {CALLLK) +K=1,M))

0178 101 PORMAT(IX,F10.4,6F10.4)

0179 99 CONTINUE

0180 pETURN

a1 31 gND

END OF SEGMENT, LENGTH 718, NAME RESIDUALS
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9182 CUBROUTINE SURFANES(C,A,N,M)

1183 NIMENSION Ce28.2R)f A(Z28)

184 n0 1 1=2%,N

0185 ) 80 2 4@,

018¢& 2 rl1,4)8CCL, 1IwACT)

01487 1 rONTINUE

04188 1dE1

0189 pnd 3 1=z1,M

0190 JE((I*2)e(1e1)) 2

g191 o & TA=dd,u=1

0194 _ pe s 18=1,y

193 5 clJ,IB)=Cl), 1)+ (I IB)

0194 4 PONTINUE

0195 3 Jd=) _

0196 _ WRITE (1,300)

0197 pU & 12%1,M

0198 : J3CCTI*1 )}« {1e2)) /2

0199 & WRITE (1,301) (r¢dsK) K, d)

¢200 K00 gORMATC//1X,"SRETTTED SURFACES/ /18X, 4HCONS 13X THX, 146X, 1HY,
0201 142X GHXn 219X THX Yo 12X, AHYR*2 /18X LHX*n3,0%  6HX**2 Y, 0¥,
0202 26HX Y* 2,11, Vw3, 10X, GHXww b, 10X SHX* T Y/15X . ONXan2 vew2,BX,
0203 ZEHX Y**3,90x . LHYw®d 11X, LHXwe5 8y , THY**L Y. QX -FuX¥**3 Yeu2/45X,
0204 LOWYewld Yued Y, 5uX yawd 10X, 4HY##5 11X 4nX*ah  BX, PHX*=5 Y. .0X,
0205 SOHX*wh VH*2 /15X OHXw#*3 vudd PX , GUXN®) VarboAX /bHY Ya¥5,14X,
Q2ué GLHYR*ES )

0207 307 PORMAT(//CTnux,6815.4))

0208 RETURN

0209 END

ENDO OF SEGMENT, LENGTH 159, NAMg SURFACES
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0210 CUBROVTINE AOVI(N,2r,A/NPHT M)
0211 NIMENSION Z(N),A(28),RMS(7) ,RMSR(S)
0212 YDFR=N=NPH] 1
0213 I1DETaN=1
0214 €57=0.0
0215 no 1 I=1,N
0216 1 ¢§Tas5T+Z2(1)wz2 (1)
0217 eSTasSTrAC YA

<0218 eS1MAC2)« AL 2V S AL *A(3)
0219 eSRE§5T»E3Y
02290 RMS(1)%581/2.0
0221 TF (M=1) 2,2.0
0222 eS2BALEIWACLIYSALSINA(S)+A(6)*AL4)

;0223 ¢tSRE§ER~5S2
0224 RMS(272582/3 0
0225 tF (M=2) 2,2,0 8
0226 eSIRALTIRA(TI+ACRIPA(B)+A(TI#A(OY4ACI0)#ACI D) T
0227 qSR=55R=553
0228 pMS(3)=2583/4.0
0229 1F (M=3) 2.,2.0
0230 sskuh\11)*l(11)+l(12)*&{12)*A(13}&A(13)*l(ﬁ&)thtﬁﬁ)+ht15)tl(15)
0231 gSRegSR=§54
0232 RMS(4)=S84/5 .0
0233 1tF (M~4) 2:2.0
0234 sSSlA(16)*l(16)+l(17)*ﬁt1?)#h(18)*A(18)+A(10i*l(19)+A(20\*A(20)+
0235 1 ACZVI*AC21)
D236 gSRBgSR=8S5
0237 RMS(S)ESSS/4 O
0238 tF (M=3) 2,2,0
0239 _ gs6ak(22)*A(22)tA(ES)*A{23)+A(2&)*A(2‘)+A(251*A(?S)*A(Zé)*A(ZG)t
0240 1 AC27)%A(27Y+A(R28)%A(?8)
0241 _ gSRagSR=~556
0242 aMS(Aa)BSS4/7.0
0243 2 RMS{7)=SSR/FLOAT(IDER)
0244 nOo S I=1,6
0245 § pMSREIDERNS{T)Y/ rMS(P)
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?szg WRITE 1,20
0345 WRITE (1,204 $81,RMS(1),RMSR(1)
324&9 tF (M=1} 4.4.0
. WRITE (1,207 Sg2,RMS(2),RM3R(2
gggs tF (M=2) &.,4.0 } SREE
025 WRITE (1,20%) $53,RMS(33.RMSR(3)
0232 1F (M=3) 4,4,0
253 WRITE (1,204) $S&4,RMS(4) RMSR{L)
gzss 1F (M=4) &,4,0
WRITE (1,205) S58,RMS5(5),RMsRI
gggg 1F (M=5) &4.,4,0 >
0257 WRITE (1,2006) Sch,RMS(6), RMSR(S)
0259 & uRITE (1.,20" IDFRJSSR!PNS(?)
0260 200 HE;L:TEE'ZOS’ HASI
F 7H ANALYSIS OF VARIANCE
ggz; 1 3K, ZHHS 4 0%, SuMSR/ /) TABLE//7H SOURCE.12XpZHbF.9X:2NSS:
204 pORMAT(11H  INEAR FIT.9X, H2,3
0263 202 PORMAT(14H gUADRATIC ;af.le{ni’iifé’ﬁﬁ ADDITIONS For)
0264 503 £ORMATC10R cuslc FI $F1 '
02¢% 3 c T 10%,1M4,3F15.5) !
265 204 sORMAT(12H QUARTIC FIT,BX,1H5/3F15.5) &
0 205 FURMAT(12H oUINTIC FIT AX,1H6/3F15.5) v
0267 506 FORMAT(11H SEXTIR F 5
20 S it FYT,9%.1H?,.3F15,5/)
0268 207 FORMAT(9H RESIDU
0269 508 EORMAT(6H TOTAL ‘;igx'13'2F15'5}’
! | TO 12X, 5.
0270 RETURN 13,F13.%)
0271 END

END OF SEGMENT, LENGTH 495 NAME AQV
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