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H I G H L I G H T S G R A P H I C A L  A B S T R A C T

• Develops a hybrid analytical model for 
frictional spheroidal particle packings.

• Extends excluded-volume theory using a 
symbolic-regression-derived correction.

• Reproduces near-sphere densification 
and oblate–prolate packing asymmetry.

• Bridges random loose and random close 
packing through friction-dependent 
interpolation.

• Provides a computationally efficient 
alternative to DEM-based packing 
predictions.
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A B S T R A C T

The packing of nonspherical particles remains a fundamental challenge in granular physics and powder tech
nology because particle shape and interparticle friction jointly control packing density, porosity and micro
structure. Existing excluded-volume models successfully describe many aspects of frictional particle packings but 
do not fully reproduce the characteristic densification peak observed for spheroids near unit aspect ratio. In this 
study, we develop a friction-dependent analytical model for the packing fraction of isotropically packed sphe
roidal particles by extending a literature based excluded-volume framework. The model combines an excluded- 
volume baseline with an additional shape-dependent rotational correction identified using symbolic regression, 
while a friction-dependent master curve is used to interpolate continuously between random loose and random 
close packing limits. The resulting formulation spans aspect ratios from highly oblate to highly prolate spheroids 
and reproduces the characteristic non-monotonic variation of packing fraction with particle shape, including 
near-sphere densification, the decline in packing efficiency at extreme aspect ratios, and the observed asymmetry 
between oblate and prolate packings. Model predictions show good agreement with published experimental and 
simulation datasets across a wide range of aspect ratios and friction states. The proposed framework provides a 
compact and physically interpretable alternative to computationally intensive simulations for practical appli
cation and testing.
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1. Introduction

The packing of nonspherical particles remains a fundamental prob
lem in powder technology because particle shape and interparticle 
friction strongly influence bulk density, porosity, flowability, perme
ability, and mechanical stability [1]. Unlike spheres, anisotropic parti
cles possess additional rotational degrees of freedom, orientation- 
dependent excluded volumes, and shape-specific contact constraints 
that produce more complex packing behaviour [1,2]. Experiments and 
simulations consistently show that spheroids exhibit a non-monotonic 
relationship between aspect ratio and packing fraction: packing den
sity increases as particles deviate slightly from spherical geometry, 
reaches a maximum at moderate asphericity, and then decreases for 
highly elongated or flattened particles [3–6]. This characteristic 
behaviour reflects a competition between orientational freedom, which 
promotes denser local arrangements, and increasing excluded volume, 
which progressively reduces packing efficiency at extreme aspect ratios.

Numerical approaches such as discrete element modelling, molecu
lar dynamics, and mechanical contraction algorithms have significantly 
advanced understanding of spheroidal packings and generated extensive 
benchmark datasets [4,6–8]. However, these methods are computa
tionally expensive, preparation-protocol dependent, and do not yield 
compact analytical relationships suitable for incorporation into 
continuum-scale powder, granular, or porous-media models [9]. 
Consequently, considerable interest remains in analytical formulations 
that retain a clear physical basis while reproducing the key features 
observed in experiments and simulations. Excluded-volume theory has 
been particularly successful in this regard, linking packing fraction 
directly to particle geometry through the orientation-averaged excluded 
volume [5,10–12]. Recent work by Yuan et al. [8] developed a universal 
friction-dependent framework for jammed packings that successfully 
describes random loose packing across a wide range of particle shapes.

Despite this progress, existing analytical excluded-volume models do 
not fully reproduce the pronounced densification peak observed for 
spheroids near unit aspect ratio. Simulations and experiments consis
tently show that slightly oblate and prolate spheroids can pack more 
densely than spheres, achieving packing fractions of approximately 
0.70–0.71 compared with about 0.64 for random close-packed spheres 
[3,4,6]. Moreover, numerical studies have shown that prolate spheroids 
can achieve marginally higher maximum packing fractions than oblate 
spheroids, for a similar departure from spherical geometry [3,4,8]. This 
near-spherical enhancement is thought to arise from orientational cor
relations and rotational freedom that become increasingly important at 
low friction but are not explicitly represented in current excluded- 
volume formulations. Existing compact models also struggle to repro
duce the subtle asymmetry between oblate and prolate packing maxima 
within a single friction-dependent framework.

In this study, we develop a friction-dependent analytical model for 
the packing fraction of isotropically packed spheroids that extends the 
excluded-volume framework of Yuan et al. [8] through the addition of a 
shape-dependent rotational correction term. The correction is identified 
using symbolic regression applied to residuals between benchmark 
packing data and the excluded-volume baseline model, yielding a 
compact and interpretable closed-form expression. By scaling this 
correction with the friction master curve of Yuan et al., [8] the model 
continuously transitions from the frictionless random close packing limit 
to the high-friction random loose packing regime. The resulting 
formulation reproduces the near-sphere densification peak, captures the 
observed minor oblate-prolate asymmetry, and provides a simple 
analytical framework for predicting the packing behaviour of frictional 
spheroidal particles across a wide range of aspect ratios without 
requiring computationally intensive particle-scale simulations.

2. Methods

2.1. Spheroid geometry

Spheroidal particles are ellipsoids defined by two equal equatorial 
semi-axes a aligned with the x–y plane and a polar semi-axis c aligned 
with the z-direction (Fig. 1). When a = c, the particle reduces to a sphere 
with unit aspect ratio (α = 1). Oblate spheroids (c < a, α < 1) adopt disk- 
like morphologies, whereas prolate spheroids (c > a, α > 1) are elon
gated or needle-like, as illustrated schematically in Fig. 1. These geo
metric distinctions control excluded volume, coordination number, and 
rotational accessibility, thereby governing packing efficiency, porosity, 
and mechanical stability in granular assemblies. The influence of par
ticle shape on the densest achievable packing is commonly interpreted 
through the number of accessible degrees of freedom (DOF). While rigid- 
body motion is formally described by six degrees of freedom (three 
translational, x,y,z and three rotational, θₓ,θᵧ,θz (Fig. 1)), packing 
behaviour depends only on those motions that alter interparticle con
tacts. Following the constraint-counting framework of Donev, Torquato, 
Stillinger and Connelly [13], a sphere has three effective degrees of 
freedom because all rotations are symmetry-equivalent and leave the 
contact geometry unchanged. Oblate and prolate spheroids possess five 
effective degrees of freedom, since rotation about the symmetry axis (θz; 
Fig. 1) leaves the configuration invariant, whereas rotations about the 
remaining axes (θx, θy) alter contact geometry. In contrast, a triaxial 
ellipsoid lacks rotational symmetry and therefore retains all six effective 
degrees of freedom, with every translational and rotational motion 
producing a distinct configuration. This symmetry-reduced hierarchy of 
effective degrees of freedom directly influences jamming constraints and 
enables non-spherical particles, particularly spheroids, to access a 
broader configurational space of mechanically stable packings and thus 
achieve higher packing densities than spheres.

2.2. Model development using excluded volume

From a conceptual viewpoint, particle packing is often considered as 
starting with the dilute limit through the ideal gas equation and statis
tical mechanics. 

PV/NkT = Z = 1 (1) 

Where, P, is the pressure, V, is the volume, N, is the number of 
particles, kB is Boltzmann's constant and T is temperature, Z is the 
structural compressibility factor [14]. In the absence of interactions 
between particles, when they are far from each other (i.e., an ideal gas), 
the compressibility factor has Z = 1 as in Eq. (1). However, as a granular 
material becomes denser, this no longer holds and under compression a 
gas can be considered to undergo a transition to a dense gas, a liquid, 
and ultimately to a granular or crystalline solid material. The correlation 
effects, which refer to the influence that the positions or orientations of 
particles have on each other beyond what would be expected if they 
were distributed independently, are described by Z becoming a virial 
expansion. The series is expressed in terms of the number density ρ = N/ 
V, and the expansion is written in powers of ρ: 

Z = 1+B2ρ+B3ρ2 +⋯ = 1+B2
N
V
+B3

(
N
V

)2

+⋯ (2) 

The second virial coefficient B2 accounts for pairwise interactions 
between particles Eq. (2). For hard particles (i.e., particles that interact 
only via excluded volume and cannot penetrate each other), B2 is 
directly related to the excluded volume Vex between two particles (for 
identical hard bodies, the second virial coefficient is B2 = ½ Vex; in 
packing theory Vex is typically, rather than a half is used directly). Third 
virial coefficient B3, and higher orders, effectively quantify the addi
tional excluded volume due to three particles or more coming into close 
contact in ways not accounted for by just adding up pairwise exclusions.
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In the context of particle packings and jamming, the simplest 
excluded-volume descriptions operate at the second-virial level: they 
retain only pairwise steric interactions and neglect three-body and 
higher-order correlations. This is sometimes referred to as a mean-field 
treatment because the detailed spatial correlations of neighbours are 
replaced by an orientation-averaged excluded volume. In this sense, the 
model assumes that neighbours are arranged randomly (uncorrelated), 
and mechanical stability is controlled primarily by the average two- 
particle exclusion volume. Many theoretical models of random loose 
packing (RLP) use this approach. For example, the pioneering work of 
Onsager [11] on liquid crystal theory treated orientationally averaged 
excluded volume (a two-body property) as the key to predicting phases. 
Similarly, Philipse [12] applied a mean-field excluded-volume argument 
to spherocylinders Eq. (3), relating the average contact number 〈C〉 and 
number density ρ through the excluded volume of a particle pair. This 
yields an approximate packing fraction formula under the assumption of 
uncorrelated (random) contacts [6,12,15,16]: 

η = 〈C〉⋅
vp

〈Vex〉
(3) 

where 〈C〉 is shape-independent and determined by the marginal sta
bility condition (related to the mean contact number at the jamming 
threshold), and the exclusion fraction (vp/〈Vex〉) is the particle volume 
over, 〈Vex〉 which is the orientation-averaged excluded volume. For 
rods/sphero-cylinders, Philipse [12] reported a value of 10.8 ± 0.4 for 
〈C〉, while Williams and Philipse [5] found a value of 10.2, and Wou
terse, Luding and Philipse [16] provided an experimental measurement 
of 9.8, which aligns with the modelling results of Donev [3]. This 
expression is essentially an ideal packing law assuming uncorrelated 
contacts – it mirrors a second-virial (pair-exclusion) approximation 
where each contact is treated as independent (no triplet or higher-order 
clustering effects). Under such assumptions, packing fraction is pre
dicted to decrease in direct proportion to 1/〈Vex〉. Notably, this 
excluded-volume mean-field model predicts that more aspherical par
ticles (which have larger excluded volume 〈Vex〉) will always pack less 
densely, all else being equal. This trend is observed in experiments and 
simulations for very loose, random packings where particles are free to 
arrange without significant ordering.

However, as packings densify or become more mechanically con
strained, the “uncorrelated contact” assumption breaks down and 
higher-order correlations (many-body interactions) come into play. In 
such regimes – for example, approaching random close packing 
(RCP = 0.64) e.g. when friction is low – particles can form local struc
tures that are not entirely random, they may have slight orientational 
alignment or clustering [7,17]. In terms of the virial expansion, these 
structural correlations mean that third and higher virial coefficients 
(like B3) contribute significantly to the system's behaviour. Indeed, it has 
been noted that truly ideal (second-virial dominated) behaviour is 

absent in maximally dense random sphere packings; monodisperse 
spheres at RCP exhibit substantial many-body correlations (e.g. local 
crystalline-like arrangements), so their packing cannot be predicted by a 
simple two-body excluded-volume model alone. In other words, jammed 
sphere packings are “non-ideal” because each particle's environment is 
influenced by cooperative interactions among multiple neighbours, not 
just isolated pairs.

Yuan, Jiao, Wang and Li [8] found that in the limit of infinite friction, 
jammed packings of various nonspherical particles reach the Random 
Loose Packing (RLP) state, which is characterized by minimal coordi
nation number (close to the isostatic minimum for frictional particles) 
and very weak structural correlations. In this RLP regime, the packing 
fraction for all particle shapes was observed to be a simple monotonic 
function of the orientation-averaged excluded volume – essentially 
validating a mean-field excluded-volume (second-virial) model for the 
loosest stable packings. In other words, the Yuan, Jiao, Wang and Li [8]
RLP data support the idea that jamming at high friction is governed 
primarily by pairwise excluded-volume constraints (each particle just 
“sees” the total excluded volume of its neighbours, without significant 
higher-order ordering). This is why Yuan, Jiao, Wang and Li [8] report a 
“simple scaling” of η with 〈Vex〉 in the RLP limit – it's essentially the same 
scaling one would get from the idealized packing law described previ
ously. Their work confirms earlier geometric packing studies by [5,12]
who likewise showed that if you plot random packing density as a 
function of a shape parameter related to excluded volume, data for many 
different shapes collapse onto a universal curve, indicating the domi
nance of excluded-volume (second-virial-like) effects in loose random 
packing.

When friction is finite or zero, however, packings become denser and 
exhibit more pronounced short-range order (e.g., slight alignment of 
neighbour particles, layering, etc. Delaney, Hilton and Cleary [7]). 
Yuan, Jiao, Wang and Li [8] describe packings with finite friction as 
continuously departing from the RLP reference state via increasing 
structural correlations (“a perturbative approach based on RLP” as they 
phrase it). In practical terms, as friction decreases, particles can rear
range into more efficient, but also more correlated, configurations. This 
is where higher-order virial terms like B3 become relevant. The model of 
Yuan, Jiao, Wang and Li [8] for RLP adds a second-order excluded- 
volume term, which effectively encodes three-body (and higher) in
teractions analogous to the third virial coefficient B3. In their 2021 
study, Yuan and co-workers found that the packing fraction η of jammed 
frictional particles could be fit with an empirical two-term equation 
involving the dimensionless excluded volume Eq. (4). In simplified form, 
one can write this relationship as: 

η = C1

(
vp

Vex

)

− C2

(
vp

Vex

)2

(4) 

The model, a perturbation expansion, expresses packing fraction η as 

Fig. 1. Schematic comparison of an oblate spheroid, sphere, and prolate spheroid showing geometry, principal axes, and rotational degrees of freedom. Oblate 
(c < a) and prolate (c > a) spheroids exhibit axial symmetry about z, such that rotation about the symmetry axis does not alter contact geometry, whereas tilting 
rotations are distinct. Curved arrows denote rotational modes θₓ, θᵧ, and θz.
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a function of exclusion fraction, (vp/〈Vex〉), C1 is the shape-independent 
constant determined by the marginal stability condition, while C2 is an 
empirical constant that addresses higher-order steric interactions (cor
relation) among particles. The first term represents the leading mean- 
field contribution based on pairwise excluded volume (comparable to 
a second-virial term). This is essentially the “ideal” packing law for 
completely uncorrelated contacts. This term alone Eq. (3) would imply 
that the packing fraction of a disordered packing is solely determined by 
two-particle geometric exclusion, (“second-virial level” approximation), 
since it considers only binary interactions. However, Yuan, Jiao, Wang 
and Li [8] observed that for nearly-spherical shapes or conditions with 
slight ordering, this one-term model is not sufficiently accurate – small 
systematic deviations appear because real packings are not perfectly 
uncorrelated. In other words, residual multi-particle correlations 
(beyond random pair exclusions) affect the packing efficiency. To cap
ture this, Yuan, Jiao, Wang and Li [8] introduced the second term in the 
equation Eq. (4). This term involves the square of the inverse excluded 
volume, and is a phenomenological correction for higher-order “steric” 
interactions. In virial-expansion language, it plays a role analogous to 
the third (and higher) virial coefficients: it accounts for three-body 
overlaps and other cooperative packing effects that are not accounted 
for by the pure two-body (excluded volume) term. Moreover, the second 
term signals that jamming is not governed by pure two-body exclusion alone 
– especially not for aspherical particles and for conditions slightly above 

the RLP limit.
The coefficients C1and C2 in Eq. (4) were estimated separately for 

random loose and random close packing. The orientation-averaged 
excluded-volume ratio Vex/vp was calculated for each aspect ratio 
using the analytical expressions for oblate and prolate spheroids, and the 
model was fitted using = vp/Vex. The fits were constrained to reproduce 
packing fractions of 0.55 and 0.64 at the spherical limit, where x = 1/8, 
for RLP and RCP, respectively. All RLP observations were used, whereas 
the RCP calibration was restricted to AR > 2.5 to estimate the excluded- 
volume response outside the near-spherical densification region. 
Parameter uncertainty was quantified using 5000 non-parametric 
bootstrap resamples, from which bootstrap standard errors, bias esti
mates, and percentile-based 95% confidence intervals were calculated.

The constrained fitting procedure results are shown in detail in the 
supplementary information with produced coefficient values of C1 =

7.465 and C2 = 24.522 for the RLP dataset, and C1 = 13.499 and C2 =

67.034 for the RCP dataset. The coefficients differ slightly for RLP 
compared to [8] as they were calculated using different model pre
dictions and were anchored at RLP = 0.55 for spheres. The larger co
efficients obtained for the RCP calibration reflect the greater packing 
efficiency of densely packed spheroids, resulting in systematically 
higher packing fractions across the aspect-ratio range. In both cases, the 
fitted coefficients satisfy the imposed spherical boundary conditions 
exactly, reproducing packing fractions of 0.55 and 0.64 at AR = 1 for the 

Fig. 2. Packing fraction as a function of particle aspect ratio for the constrained excluded-volume models representing random loose packing (RLP, red) and random 
close packing (RCP, blue). Symbols show the computational values used for model fitting, while solid lines denote the fitted model predictions constrained to sphere- 
packing fractions of 0.55 (RLP) and 0.64 (RCP). Shaded regions represent the 95% bootstrap confidence intervals of the fitted curves. Open symbols indicate ob
servations excluded from fitting, and the vertical dashed line marks the aspect-ratio threshold (AR = 2.5) applied in the RCP calibration. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)
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RLP and RCP states, respectively. Fig. 2 demonstrates that the con
strained excluded-volume model captures the broad dependence of 
packing fraction on particle aspect ratio for both loose and dense 
packing states. The RLP calibration reproduces the monotonic reduction 
in packing fraction away from the spherical limit, while the RCP cali
bration accurately represents the decline in packing fraction observed 
for highly elongated particles (AR > 2.5). The narrow bootstrap confi
dence envelopes indicate relatively low parameter uncertainty within 
the calibration domain, suggesting that the fitted coefficients are robust 
to resampling of the available observations. Consistent with the under
lying excluded-volume framework, the model reproduces the large-scale 
shape dependence of spheroidal packing while intentionally excluding 
the near-spherical densification peak from the RCP calibration, which is 
addressed separately through the symbolic-regression correction pre
sented later on.

The findings of Yuan, Jiao, Wang and Li [8] thereby bridge the gap 
between a simple mean-field like theory and the more complex reality of 
jammed matter: in the frictional RLP limit, the packing behaves almost 
like a second-virial (excluded-volume) ‘ideal gas’ of particles, whereas 
departures from this ideal — through reduced friction or shape-induced 
correlations — introduce higher-order geometrical structure, which the 
second term captures surprisingly well when the model is compared 
with simulated data (Fig. 2). This interpretation is consistent with earlier 
geometric packing studies and the concept of isochoric ideality by 
Kyrylyuk, van de Haar, Rossi, Wouterse and Philipse [18]: suggesting 
that jamming is largely controlled by pairwise excluded-volume geom
etry at RLP, with three-body (and higher) effects becoming important as 
packings become denser or particles more aspherical. Robinson, Fried
man, Thomas, Hirmas, Sullivan and Nemes [9] found this was also 
reasonable for MRJ packings. However, it was clear that it failed to 
capture the behaviour at low aspect ratios close to spheres as it doesn't 
account for rotational degrees of freedom, which are essential for the 
spheroid RCP peak (Fig. 2). Robinson, Friedman, Thomas, Hirmas, 
Sullivan and Nemes [9] suggested this could be addressed by adding a 
third empirical term to the model, that essentially accounts for rota
tional alignment around RCP. The proposed approach offered a 
conceivable path to extend the perturbation expansion of [8] into a 
functioning hybrid packing model that operates across the range of 
packing from RLP to RCP, but the approach would benefit from some 
refinement and accounting for changing friction, not considered in 
Robinson, Friedman, Thomas, Hirmas, Sullivan and Nemes [9].

2.3. Symbolic regression in model development

The mathematical form that a rotational alignment correction should 
take is unknown. Robinson, Friedman, Thomas, Hirmas, Sullivan and 
Nemes [9] used an empirical Jacquelin Generalised Logistic With Offset 
[19] as a function of aspect ratio to model the RCP limit. However, in 
this work, we turn to the use of symbolic regression to try and find a 
more compact, elegant term that can be added to the model to account 
for rotational alignment as a function of aspect ratio through excluded 
volume. Physically, this term represents, rotational alignment, steric 
interlocking, and reduction of free volume due to orientational corre
lations. Moreover, we know from the work of [3,8], that oblate and 
prolate maximal packings are not symmetric, and that oblate packing 
(0.70) is slightly less than prolate (0.71) at its maximal jamming, so 
ideally the model requires enough flexibility to also capture this.

Symbolic regression is a machine learning method that explores the 
space of mathematical expressions to find compact closed-form ex
pressions that describe data. In contrast to conventional regression or 
machine learning methods, where the mathematical structure of the 
model is assumed a priori, symbolic regression simultaneously searches 
for both the model's mathematical structure and its optimal parameters. 
The objective of symbolic regression is to find compact and interpretable 
expressions that preserve predictive accuracy while keeping the model 
as parsimonious as possible [20].

To perform SR, we used PySR, which is an open-source framework 
that relies on evolutionary algorithms to iteratively generate and eval
uate candidate mathematical expressions. PySR evaluates a large pop
ulation of candidate equations and evolves them through mutation and 
recombination [21]. At each step, equations with lower prediction error 
are selected while avoiding unnecessary complexity. Finally, a set of 
possible expressions is proposed by PySR that represents the trade-off 
between model complexity and goodness of fit. Fig. 2 illustrates the 
discrepancies between the Yuan et al. [8] baseline model and the 
benchmark packing data; these discrepancies form the residuals subse
quently defined in Eq. (5) and used as the target variable for symbolic 
regression. We applied SR to the residual packing fraction defined as 
follows: 

ηres = ηdata −

[

C1

(
vp

Vex

)

− C2

(
vp

Vex

)2
]

(5) 

where ηdata represents the reference packing fraction obtained from 
simulation or experimental datasets. The residual term therefore quan
tifies the component of packing efficiency not captured by the baseline 
excluded-volume model Eq. (4). The symbolic-regression analysis was 
conducted using published packing-fraction datasets for spheroidal 
particles reported by Donev et al. [4] and Yuan et al. [8]. These datasets 
were used to derive the residual correction term defined in Eq. (5) and 
should therefore be considered model-development datasets. Subse
quent comparisons presented in Figs. 5 and 6 evaluate the ability of the 
final hybrid model to reproduce these benchmark datasets but do not 
constitute independent validation.

PySR evaluates candidate expressions using a multi-objective 
evolutionary search in which equation accuracy and equation 
complexity are treated as separate objectives. Accuracy was quantified 
using the mean squared error (MSE) between predicted and observed 
residual packing fractions. Complexity was measured as the number of 
expression-tree nodes required to represent an equation, including op
erators, constants, variables and functions. Rather than combining these 
objectives into a single score, PySR identifies the Pareto-optimal set of 
equations for which no simpler equation achieves lower error and no 
more accurate equation achieves lower complexity. The candidate 
models reported in Table 1 therefore represent successive points along 
this Pareto frontier, and the final model was selected at the point where 
additional complexity yielded diminishing reductions in MSE.

To facilitate the search, we converted the original (vp/Vex) inde
pendent variable to (x =

(
Vex/vp)-8). Using this change of variable, the 

residual at α = 1 becomes zero. The transformation x =
(
Vex/vp)-8 is 

simply a translation of the predictor variable and does not alter the 
underlying statistical relationships; it was introduced solely to place the 
spherical case at the origin and facilitate enforcement of the boundary 
condition R(α = 1) = 0. Additionally, we restricted the fitting domain to 
aspect ratios 1 ≤ α ≤ 3.5, where alignment-induced densification is 
strongest, and after which no major deviation is observed in computa
tional models. Data at extreme aspect ratios were excluded because the 
two-term model Eq. (4) already captures the asymptotic behaviour in 
those regimes. The SR search was configured such that it was allowed to 

Table 1 
The set of equations found by PySR as possible candidates for R(α) in Eq. (9). 
Here, x is defined as the exclusion factor minus the exclusion factor of a sphere 
x =

(
〈Vex(α) 〉/vp − 8

)
.

Equation number Complexity Loss (MSE) Equation*

T1 1 6.11E-04 0.033
T2 5 4.59E-04 0.043 − 0.011x
T3 6 2.27E-04 xe− 4.128x

T4 7 1.26E-04 0.143
̅̅̅
x

√
e− x

T5 9 2.00E-05 0.208
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
xe− 3.357x

√

T6 10 8.15E-06 0.285
̅̅̅
x

√
e−
̅̅
x

√
− x
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use binary operators (+, − , ×) and three unary operators (negation, 
exp., √). Nested constraints were used to avoid repeated application of 
the same unary operator. Based on initial evaluations, the maximum 
expression complexity was set to 11 nodes. The loss function was mean 
squared error (MSE). To enforce the constraint that the correction 
vanishes for spheres (x = 0), the origin point (x = 0, ηres = 0) was 
included as a soft constraint in the symbolic-regression loss function by 
assigning it a weight of 3.

2.4. Friction

Interparticle friction profoundly influences the packing of spheroidal 
particles by restricting the translational and rotational rearrangements 
required to achieve efficient local configurations. In the frictionless 
limit, particles can readily reorient and develop orientational correla
tions that promote dense packing, whereas increasing friction progres
sively inhibits these rearrangements, producing a smooth transition 
from random close packing (RCP) to random loose packing (RLP) as the 
friction coefficient μ increases [7]. In the frictionless limit (μ = 0), 
particles enjoy full rotational freedom and can collectively align to 
maximize packing density, achieving the high-volume-fraction RCP 
state [4]. By contrast, at very large friction (μ → ∞), rotational degrees 
of freedom are essentially frozen out, eliminating alignment correlations 
and orientational entropy effects. The packing then converges to the RLP 
regime characterized by minimal structural correlations and a packing 
fraction governed almost solely by excluded-volume constraints. In 
other words, increasing friction progressively suppresses the alignment- 
based densification that nonspherical particles would otherwise gain 
from orientational order, while leaving the baseline excluded-volume 
contribution to packing density intact. Packings at intermediate fric
tion can be viewed as perturbations around the frictionless RCP state, 
developing modest local orientational correlations and progressively 
lower densities until friction becomes large enough to suppress these 
correlations entirely in the RLP state. This picture, demonstrated by 
Yuan et al. (2021) and [7], unifies frictional packings by showing that 
friction effectively tunes the system between two extremal states: 
maximally correlated, dense RCP (no friction) and uncorrelated, loose 
RLP (infinite friction).

To interpolate between the random loose packing (RLP) and random 
close packing (RCP) limits in granular media, we implemented the 
friction-dependent master curve proposed by Yuan et al. (2021). This 
approach provides a physically grounded framework for capturing the 
continuous transition in packing fraction as a function of interparticle 
friction, μ, and is particularly well-suited for modelling the behaviour of 
disordered packings across a range of particle shapes and frictional 
conditions. The master curve is defined by a logistic function that de
scribes the normalized packing fraction as a function of μ: 

f(μ) = 1
1 + (μ/μ*)

Ω (6) 

where μ* = 0.1636 is the characteristic friction scale and Ω = 1.07 is the 
logistic exponent. This function satisfies the boundary conditions f 
(0) = 1 (frictionless RCP) and f(μ → ∞) = 0 (high-friction RLP), and has 
been shown to collapse packing data from a wide range of particle 
shapes onto a single curve when normalized appropriately [8]. We used 
this friction factor to interpolate the coefficients C1 and C2 in Eq. (4). The 
coefficients C1 and C2 were interpolated as: 

C1(μ) = CRLP
1 + f(μ)

(
CRCP

1 − CRLP
1
)

(7) 

C2(μ) = CRLP
2 + f(μ)

(
CRCP

2 − CRLP
2
)

(8) 

With C1
RLP = 7.465, C1

RCP = 13.499, C2
RLP = 24.522, C2

RCP = 67.034 
based on empirical fits to the RLP (0.55) and RCP (0.64) for spheres and 
reproducing Yuan, Jiao, Wang and Li [8] within rounding. This 
formulation ensures that the model captures the nonlinear, monotonic 

decrease in packing efficiency with increasing friction, while preserving 
the known asymptotic behaviours at both frictional extremes.

Fig. 3 illustrates the friction-dependent evolution of the empirical 
coefficients C₁ and C₂ in the excluded-volume-based packing model, as 
governed by the logistic master curve of Yuan, Jiao, Wang and Li [8]. 
The results show that both coefficients decrease monotonically with 
increasing friction coefficient (μ), reflecting the progressive suppression 
of contact number (C₁) and higher-order structural correlations (C₂) as 
the system transitions from the frictionless random close packing (RCP) 
regime to the high-friction random loose packing (RLP) limit. This 
behaviour highlights the importance of incorporating friction- 
dependent interpolation into packing models to accurately capture the 
physical mechanisms that govern particle arrangement and porosity 
across a range of granular systems. Moreover, Using the friction- 
interpolated coefficients Eqs. (7)–(8), the baseline model reproduces 
the packing-fraction master curve reported by Yuan et al. [8] for fric
tional packings, thereby providing a continuous interpolation between 
the published RLP and RCP limits.

2.5. Dense packing in spheroids that are close to spheres

To address the underprediction of dense packing in spheroids with 
aspect ratios near unity, we extended the Yuan, Jiao, Wang and Li [8]
model by incorporating an additional term that accounts for rotational 
alignment effects. While the original model captures the excluded- 
volume-driven behaviour of frictional packings, it does not fully repre
sent the enhanced packing efficiency observed in nearly spherical par
ticles due to their ability to align and reduce local excluded volume. To 
capture this effect, we introduced a rotational alignment correction 
term, R(α), modulated by f(μ) with the increasing friction suppressing 
the rotational alignment of the particles in the orientation averaged 
packing. The excluded-volume and frictional components are physically 
motivated, whereas this rotational correction term R(α) should be 
interpreted as an empirically derived closure which we obtain through 
symbolic regression. The modified packing fraction model is expressed 
as: 

η(α, μ) = C1(μ)
vp

〈Vex(α) 〉
− C2(μ)

(
vp

〈Vex(α) 〉

)2

+ f(μ)(R(α) ) (9) 

The first two terms capture the baseline response, now adjusted for 
friction through Eqs. (7) & (8). These describe the behaviour of the 
packing as a function of friction through the master curve of Yuan, Jiao, 
Wang and Li [8]. The third term (R(α), addressed below) is a function 
that represents rotational freedom that changes with exclusion fraction 
which is a function of α. We also assume (via multiplying by f(μ)) that 
rotational freedom of particles follows the friction master curve Eq. (6), 
ensuring that alignment-driven densification contributes fully only to 
the frictionless limit f(μ = 0) and vanishes as f(μ → ∞).

To ensure physically meaningful behaviour, we imposed explicit 
boundary conditions on the correction term and frictional scaling. First, 
the rotational-alignment contribution must vanish for spheres, which do 
not exhibit alignment-induced densification; therefore we enforce R 
(α = 1) = 0 Eq. (9) by defining the symbolic regression variable as 
x = (Vex/vp − 8), where 8 is the excluded-volume factor of a sphere. 
Second, the friction master curve satisfies f(0) = 1 (full alignment in the 
frictionless RCP limit) and f(μ → ∞) = 0 (no alignment in the high- 
friction RLP limit), ensuring a smooth transition between the two 
physical extremes. Third, because Vex/vp → ∞ as α → 0 or α → ∞, Eq. (9)
correctly yields η → 0 for highly oblate or prolate shapes. This excluded- 
volume scaling therefore applies rigorously to the infinite-friction 
(μ → ∞) RLP state for all particle shapes. In the frictionless limit, 
excluded-volume control is recovered only for extremely oblate or 
prolate particles, where geometric constraints eliminate the orienta
tional correlations responsible for near-sphere densification. Finally, the 
chosen coefficients reproduce the known spherical limits η = 0.64 (RCP) 
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and η = 0.55 (RLP), anchoring the model to well-established experi
mental benchmarks.

2.6. Hybrid model formulation and symbolic regression results

Table 1 reports the set of equations identified by PySR for the term 
R(α) together with their corresponding loss values (MSE), which provide 
an indication of the goodness of fit to the residuals, ηres. The functional 
forms of all candidate equations are illustrated in Fig. 4. As expected, the 
MSE generally decreases with increasing model complexity. However, 
this decrease is not uniform and a significant drop in MSE can be 
observed between Equation number T4 and T5, where the MSE de
creases from 1.26E-04 to 2.00E-05. This point marks the transition 
where a slight increase in the model complexity leads to a substantial 
reduction in the residuals while for greater complexities has negligible 
effect on the model fit. As a result, we select equation number T5, with a 
complexity of 9, as R(α) in Eq. (9). Moreover, Equation T5 was selected 
because it corresponds to the elbow of the Pareto frontier, where model 
error decreases by more than a factor of six relative to T4 while requiring 
only a modest increase in complexity. Subsequent increases in 
complexity produced comparatively small improvements in MSE, indi
cating diminishing returns. The exact expression returned by PySR was 
R(x) = P

(
xe− 3.357x)1/2. For incorporation into the final packing model, 

the expression was simplified by expanding the square root to give 
R(x) = P

̅̅̅
x

√
e− 1.6785x, and then approximating the exponential coeffi

cient 1.6785 by the rational value 5/3. The resulting closed-form 
approximation was R(x) ≈ P

̅̅̅
x

√
e− 5x/3, while allowing the amplitude 

coefficient to be recalibrated separately for prolate and oblate spheroids. 
This simplification preserves the unimodal shape and rapid decay 
behaviour of the symbolic-regression solution while improving inter
pretability and facilitating implementation. The resulting approxima
tion is: 

R(α) = P

( ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
〈Vex(α) 〉

vp
− 8

√ )

exp
[

−
5
3

(
〈Vex(α) 〉

vp
− 8

)]

(10) 

where the best-fitted P values that yield the peak are P = 0.190 for 
prolate and P = 0.175 for oblate. The friction master curve Eq. (6) then 
multiplies R(α) interpolating the packing fraction between the RLP and 
RCP limits.

Hence, the most suitable model for packing fraction found was Eq. 
(9) using R(α) Eq. (10) with the values of C1 Eq. (7) and C2 (Eq. (8)
depending on friction Eq. (6) matching the simulation data of Donev, 
Cisse, Sachs, Variano, Stillinger, Connelly, Torquato and Chaikin [4,8]
for orientation averaged spheroids. Here, orientation averaging refers to 
an ensemble average over all relative particle orientations when 
computing the excluded volume and packing statistics. The resulting 
packing is assumed to be macroscopically isotropic, such that any local 
or transient orientational ordering averages out at the bulk scale, with 
no preferred fabric direction.

3. Results

3.1. Model output

Fig. 5 illustrates the model output and how the predicted packing 
fraction varies with particle aspect ratio for different values of the 
friction-dependent packing between RLP and RCP. The horizontal axis 
spans a wide range of aspect ratios on a logarithmic scale, from highly 
oblate (α ≪ 1) to highly prolate (α ≫ 1) shapes. Each curve corresponds 
to a specified friction coefficient, μ, with lower μ permitting a larger 
contribution from the alignment correction and therefore producing 
greater near-sphere densification. Except in the infinite-friction limit, 
the curves exhibit two packing maxima close to, but on either side of, 
α = 1: one for moderately oblate spheroids and one for moderately 

Fig. 3. Variation of the excluded-volume model coefficients C₁ and C₂ as a function of the interparticle friction coefficient (μ), plotted on a logarithmic scale. The 
coefficients are interpolated using the logistic master curve of Yuan, Jiao, Wang and Li [8], with parameters μ* = 0.1636 and Ω = 1.07.
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Fig. 4. Mathematical empirical expressions found by PySR for modelling the residual packing fraction, ηres, in Eq. (5).
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prolate spheroids. The spherical geometry at α = 1 forms a local mini
mum between these maxima because slight departures from sphericity 
introduce additional effective rotational degrees of freedom (from 3 of a 
sphere to 5 of a spheroid) and enable more efficient local packing ar
rangements. As particles become moderately oblate or prolate, 
enhanced orientational flexibility promotes local alignment and nesting, 
increasing packing density. However, beyond the optimal aspect ratio, 
these benefits are progressively outweighed by the rapid increase in 
excluded volume and geometric frustration associated with highly 
elongated or flattened particles. Consequently, packing fraction declines 
toward both aspect-ratio extremes. The model also reproduces the 
slightly lower maximum packing fraction of oblates relative to prolates, 
consistent with numerical studies [3,8].

3.2. Model performance

The proposed packing model reproduces the benchmark experi
mental and simulation datasets used for model development and com
parison across a broad range of aspect ratios, faithfully reproducing the 
known non-monotonic packing trends from sphere to spheroid geome
tries. In Fig. 6, model predictions (coloured curves) closely track simu
lation and experimental results over several orders of magnitude in 
aspect ratio. Notably, the model captures the dip in packing efficiency at 
perfect sphericity (α = 1) and the subsequent increase in packing frac
tion as particles become moderately aspherical, reaching a peak density 
at intermediate aspect ratios (~α 1.5 for prolate and ~0.67 for oblate 
spheroids). This behaviour is tailored to the simulations by Donev, Cisse, 
Sachs, Variano, Stillinger, Connelly, Torquato and Chaikin [4] who re
ported maximal random close packing fractions of ~0.70 for oblate 
and − 0.71 for prolate spheroids. Likewise, the model's predictions align 
with the experimental data of [5,6,22] for ellipsoids (showing similar 

densification at moderate asphericity) and the numerical results of [8], 
showing close agreement with the benchmark datasets from across the 
RLP–RCP spectrum (grey diamonds). In all cases, the predicted packing 
fractions remain within the expected random loose packing (~0.55) to 
random close packing (~0.64) limits for frictional spheres, indicating 
that the model faithfully adheres to known physical bounds while still 
capturing shape-specific effects.

Importantly, the model also reproduces the qualitative packing 
trends observed across particle shapes—including the increase in 
porosity when transitioning from spheres to more extreme spheroids. 
While moderate deviations from unity aspect ratio allow particles to nest 
and orient more efficiently (reducing porosity), at high aspect ratios the 
packing fraction drops off sharply due to growing excluded volume and 
steric hindrance. The model predicts this steep decline in density for 
both needle-like prolates and disk-like oblates, consistent with the high 
porosities reported in simulations and experiments for extreme shapes 
(e.g., packing fractions falling well below that of spheres). This outcome 
matches the universal packing trend noted by [5,6,16,22] – namely, that 
beyond a certain point, increasing particle asphericity leads to dispro
portionately larger void space and hence lower bulk density. Compared 
to earlier analytical approaches, the new model offers a notable 
improvement in fidelity. Previous excluded-volume models (e.g., mean- 
field or two-term fits) tended to systematically under-predict the 
densification near spherical shapes and could not reproduce the subtle 
asymmetry between prolate and oblate packing maxima. By incorpo
rating a shape-dependent rotational freedom term, R(α), our model 
remedies these issues: it captures the near-sphere packing enhancement 
and the slight prolate–oblate difference (prolate spheroids packing 
marginally denser packings than oblates at the optimal aspect ratio, as 
observed by [3,8]). This refinement, which was anticipated by Rob
inson, Friedman, Thomas, Hirmas, Sullivan and Nemes [9], builds upon 

Fig. 5. Predicted packing fraction as a function of particle aspect ratio (AR), generated using the new friction-dependent master equation Eq. (9). Each curve 
corresponds to a different value of friction coefficient resulting in packing fractions smoothly interpolated from 0.55 to 0.64 for spheres, illustrating how decreasing 
friction systematically raises the predicted packing fraction across all aspect ratios. The vertical dashed line at α = 1 marks the spherical case.
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the framework of Yuan, Jiao, Wang and Li [8] and ensures accurate 
performance from the needle-like and disk-like extremes to the spherical 
case.

The new friction-dependent master equation provides a comple
mentary but fundamentally different description of nonspherical parti
cle packing compared with the results of the Delaney, Hilton and Cleary 
[7] sedimentation-based simulations. Delaney's approach derives pack
ing fractions from gravitational settling of frictional and frictionless 
prolate particles with different aspect ratios, under Stokes drag, 
assuming a liquid phase with different viscosities. Particles progres
sively align as they sediment, producing an orientation distribution 
strongly biased toward parallel alignment for zero friction and random 
orientation for high friction. As a result, the reported packing fractions 
reflect a directionally constrained microstructure, in which end-on 
(edge-to-face) and face-on contact geometries occur with unequal 
probability and the packing state is shaped by hydrodynamic alignment 
pathways during descent. By contrast, the proposed model adopts an 
orientation-averaged excluded-volume representation, integrating over 
the full space of spheroid orientations rather than imposing a mechan
ically or hydrodynamically favoured alignment. This produces packing 
predictions representative of a statistically isotropic ensemble of 
spheroids, relevant to frictional jamming, granular agitation, and 
disordered preparation protocols that do not impose directional settling. 
Consequently, while Delaney's simulations capture the packing fraction 
attainable under sedimentation-induced alignment—typically yielding 
higher packing density where parallel alignment reduces excluded vol
ume, as indicated by the dashed black line in Fig. 7 that represents 
simple cubic aligned spheroids—the new model predicts the ensemble- 
mean packing fraction arising when all relative orientations contribute 

according to their geometric weighting. The simulations drop below the 
orientation averaged model for RLP, in agreement with Delaney's con
ceptual diagram of edge-to-face packing, because sedimentation induces 
alignment that reduces packing efficiency under high friction. The RCP 
data follow the orientation averaged model and not a straight line, 
suggesting they don't follow Delaney's conceptual aligned model, but 
have in fact ‘average’ orientation. The contrast between the two, espe
cially at RLP, thus reflects their different physical assumptions: Dela
ney's model quantifies a process-specific packing state dominated by 
alignment during settling, whereas Eq. (9) quantifies a shape-controlled 
mean-field-like state appropriate for a frictional range of orientation- 
disordered packings. Together, they potentially delineate the upper 
and lower levels associated with the packing process, indicating how 
alignment state mediates the packing efficiency of spheroids. In this 
case, the comparison represents sedimentation; compaction would shift 
the responses in the directions shown by the black and grey arrows as 
dependent on the packing alignment.

A further point of validation comes from comparison with the anal
ysis of [24] for the dielectric and electrical-conductivity behaviour of 
densely packed sands. In that work, coarse quartz sand was shown to 
behave as if composed of oblate spheroidal grains with an effective 
aspect ratio of approximately 0.46, a shape required to replicate the 
observed permittivity and electrical response of the material. For such 
sands, [24] reported a maximum packing fraction close to 0.64, 
consistent with dense but friction-limited grain contacts. Using a 
representative interparticle friction coefficient of μ ≈ 0.1—appropriate 
for quartz sand and well supported by independent measurements of 
quartz-dominated sandstones, which typically exhibit static friction 
values of μ ≈ 0.1–0.2 [25]—Eq. (9) of the present model predicts a 

Fig. 6. Predicted packing fraction as a function of spheroid aspect ratio, generated using Eq. (9). Coloured curves represent model predictions for different friction 
coefficients. Symbols show the published datasets used for model development and comparison, as identified in the legend, blue [4], red [6], and yellow [8] and the 
diamonds the data of [23]. The vertical dashed line denotes the spherical limit, α = 1. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)
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packing fraction of η = 0.635 for an oblate particle with aspect ratio 
α = 0.46. The correspondence suggests that μ ≈ 0.1 may provide a useful 
illustrative value for coarse quartz-dominated sands within the present 
model. However, this value should not be regarded as universally 
applicable because effective friction depends on particle roughness, 
morphology, contact conditions and preparation history; in time this is 
something open to further research, This close correspondence demon
strates that the hybrid packing framework not only captures numerical 
and experimental trends but also reproduces empirically inferred 
shape–friction combinations derived from independent physical prop
erty measurements.

4. Discussion

The physically-informed nature of the model yields clear insight into 
how particle shape and excluded volume govern packing behaviour. By 
explicitly incorporating the orientation-averaged excluded volume, the 
model reveals a non-monotonic packing efficiency as aspect ratio de
viates from unity, reflecting two competing mechanisms. At moderate 
asphericity for spheroids, and for asphericity more generally, additional 
rotational degrees of freedom allow particles to orient and nest more 
efficiently, temporarily increasing the packing fraction above that of 

spheres. This aligns with simulations by Donev, Cisse, Sachs, Variano, 
Stillinger, Connelly, Torquato and Chaikin [4], who showed that slightly 
elongated or flattened particles (aspect ratios ~1.5 for prolates or ~0.67 
for oblates) can attain packing fractions around 0.68–0.71, out
performing random close-packed spheres (~0.64). The model re
produces this shape-induced densification by capturing how moderate 
asphericity reduces void space via orientational alignment. However, as 
the aspect ratio becomes extreme (highly prolate or highly oblate), the 
relative excluded volume (Vex/vp) increases rapidly — scaling ∝ aspect 
ratio for rods and ∝ 1/aspect ratio for disks — severely limiting the 
number of neighbours a particle can accommodate. The model predicts a 
corresponding decline in packing fraction at extreme aspect ratios, 
approaching the highly porous limits observed in experiments and 
simulations (packing fractions dropping well below 0.2 for the most 
elongated/flattened shapes) (Fig. 6). In essence, the initial rise in density 
is driven by shape-enhanced packing (an entropic effect of orientational 
freedom), whereas the eventual drop is dictated by steric exclusion – a 
mechanistic interpretation consistent with the theoretical framework of 
excluded-volume dominated packing. This explanation, grounded in 
geometry, goes beyond statistical correlations by directly linking parti
cle morphology to bulk porosity and effectively identifies spherical 
particles as a local packing-efficiency minimum rather than a maximum. 

Fig. 7. Predicted packing fraction as a function of particle aspect ratio (α), generated using Eq. (9). The coloured model curves represent orientation-averaged 
spheroids, each corresponding to a different target packing fraction (η = 0.55–0.64 for spheres). Coloured diamond markers show the Delaney, Hilton and 
Cleary [7] simulation data for sedimented particles, with each Delaney point coloured to match the corresponding η-curve in the model. Circular markers show 
additional experimental and simulation results: blue [4], red [6], and yellow [8] and grey markers literature data. The black dashed horizontal line denotes the 
packing fraction for simple-cubic arrangements of perfectly aligned spheroids (cos γ = 1). The black arrow indicates the direction the orientation-averaged model 
curves would shift under perfect parallel alignment, whereas the grey arrow shows the shift expected for perpendicular alignment (cos γ = 0). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Our formulation follows Yuan, Jiao, Wang and Li [8] in treating the 
infinite-friction, RLP regime as a monotonic excluded-volume baseline 
across shapes, and finite friction as a perturbation away from that state. 
To reproduce the near-sphere density enhancement observed under low 
friction / frictionless conditions, we add a shape-dependent alignment 
term R(α) that is scaled by the frictional master curve Eq. (6). This 
separation clarifies that Yuan's RLP scaling does not by itself generate 
the near-sphere non-monotonic peak; the peak emerges when orienta
tional correlations become active as friction decreases.

Beyond matching empirical trends, the model captures emergent 
behaviours that eluded earlier statistical models, offering a unified 
physical interpretation. Our model's additional shape-dependent align
ment term R(α) (corresponding to orientational ordering effects) re
produces the near-sphere density peaks and the subtle asymmetry 
between prolate and oblate packings. Notably, simulations have shown 
that prolate spheroids jam slightly more densely (peak η ≈ 0.71) than 
their oblate counterparts (peak η ≈ 0.70) [3]. The inclusion of R(α)
further extends the model's predictive power: as Robinson, Friedman, 
Thomas, Hirmas, Sullivan and Nemes [9] posited, incorporating a term 
that vanishes at infinite friction and is fully active at zero friction allows 
a smooth transition between the random loose and random close pack
ing limits. Indeed, in the high-friction (RLP) regime, the model reduces 
to a simple excluded-volume control of density (consistent with Yuan 
et al.'s finding that RLP packings obey a monotonic excluded-volume 
scaling). In the frictionless limit, it recovers the alignment-driven 
densification noted above, matching the maximal packings reported 
by Donev [3] and others. Wouterse, Williams and Philipse [6] and col
leagues had experimentally confirmed this counter-intuitive trend – a 
shape-dependent density maximum – in colloidal ellipsoid packings, 
something unattainable with earlier mean-field models. By embedding 
the physics of exclusion, orientation, and frictional constraints into the 
closed-form model formulation, the present model not only fits the data 
but also illuminates the underlying causes of packing variation. The 
model shows that friction vertically modulates how much of the shape- 
dependent alignment term contributes to packing: reducing friction al
lows alignment-induced densification to emerge, while increasing fric
tion suppresses it, leaving the packing governed primarily by the 
friction-independent excluded-volume baseline. Such mechanistic in
sights – for example, recognizing that friction tunes the system contin
uously between an uncorrelated, low-density state and an alignment- 
supported dense state – were largely absent from purely empirical or 
statistical descriptions. In summary, the model translates complex 
packing phenomena into interpretable parameters, demonstrating how 
particle shape (aspect ratio), excluded volume, and interparticle friction 
together dictate the attainable packing fraction and porosity, in agree
ment with both classical packing theory and contemporary 
observations.

The hybrid packing model developed in this study provides a phys
ically grounded yet computationally efficient framework for predicting 
the packing behaviour of granular materials containing non-spherical 
particles. By combining excluded-volume theory, friction-dependent 
packing transitions, and a symbolic-regression-derived rotational 
correction, the model links particle-scale geometry and contact me
chanics to macroscopic packing fraction across a wide range of sphe
roidal particle shapes. In doing so, it offers a tractable alternative to 
computationally intensive numerical simulations while retaining a clear 
connection to the underlying physics governing jammed packings and 
granular structure.

Recent advances in real-particle packing research have increasingly 
relied on physics-engine and discrete-element-based simulations to 
represent complex particle geometries, particle-size distributions, and 
contact interactions. For example, three-dimensional digitalization and 
physics-engine approaches have been used to reproduce the packing 
behaviour of realistic recycled aggregates, demonstrating the impor
tance of particle morphology and contact mechanics in determining 
packing structure and density [26]. Similarly, studies of recycled fine 

aggregates have shown that interparticle friction, particle arrangement, 
and packing state strongly influence rheological behaviour and work
ability [27], while mixed particle-size distributions and irregular parti
cle shapes can substantially modify packing efficiency relative to 
idealized systems [28]. These studies highlight factors that are not 
resolved explicitly in the present framework. Rather than modelling 
individual particle contacts or detailed packing protocols, the proposed 
model provides a reduced-order analytical description that captures the 
first-order influences of particle shape and friction through orientation- 
averaged excluded-volume relationships. Consequently, the framework 
should be viewed as complementary to detailed numerical simulations: 
it sacrifices geometric realism and particle-scale resolution in exchange 
for computational efficiency, physical interpretability, and rapid pre
diction across a broad range of spheroidal particle shapes. Extension of 
the approach to account for particle angularity, broad size distributions, 
and more complex contact laws represents a promising direction for 
future work.

Beyond its relevance to granular physics and powder technology, the 
model also provides a useful bridge to Earth-system applications and 
other planets [29], where soils, sediments, regoliths and other uncon
solidated materials can be viewed as granular assemblies whose bulk 
properties emerge from particle-scale packing processes [30–32]. The 
ability of the model to reproduce the non-monotonic relationship be
tween aspect ratio and packing fraction suggests a pathway toward 
improved mechanistic understanding of how particle morphology in
fluences bulk density, porosity, permeability and compaction behaviour 
in natural materials. Such links are particularly valuable because they 
provide a common conceptual framework through which observations 
from granular physics can be translated into practical interpretations of 
sediment structure, soil architecture and porous-media behaviour. More 
broadly, the model highlights how relatively small changes in particle 
morphology can propagate across scales to influence pore-network ge
ometry, hydraulic conductivity, gas diffusion, mechanical stability and 
susceptibility to densification under external loading. In soils and sedi
ments, where particle shape varies as a consequence of weathering, 
transport and aggregation processes, these effects may contribute to 
systematic differences in bulk density and pore connectivity that are 
often treated empirically [33]. By explicitly linking aspect ratio, friction 
and packing state, the proposed framework offers a physically inter
pretable basis for investigating how mineral grains, biogenic particles, 
aggregates and fragmented materials organize into larger-scale struc
tures. This may provide a useful foundation for future efforts to couple 
granular packing theory with pedophysical, hydrogeological and 
geomorphological models, ultimately helping to explain how particle- 
scale morphology influences water retention, infiltration, aeration, 
root penetration and sediment transport behaviour across a wide range 
of environmental systems. These links are increasingly recognised 
within soil science and sedimentology, where bulk density, porosity and 
permeability are now viewed as emergent properties of pore geometries 
generated by particle packing and morphology [9,34]. Particle shape 
has been shown to influence pore-throat size distributions, water- 
retention characteristics, permeability and fluid transport pathways in 
both soils and sediments [35,36], suggesting that analytical packing 
models may provide a valuable mechanistic bridge between granular- 
scale physics and larger-scale geomorphic, hydrological and pedolog
ical processes.

Compared with purely empirical correlations, the present formula
tion offers greater physical interpretability, while avoiding the compu
tational expense and protocol dependence associated with large-scale 
DEM or molecular-dynamics simulations. Nevertheless, several impor
tant limitations remain. The current model assumes monodisperse, 
isotropic assemblies of ideal spheroids and does not account for particle- 
size distributions, angular or irregular particle geometries, or cohesive 
interactions. Surface forces such as van der Waals attraction, electro
static interactions and capillary bonding become increasingly important 
for fine-grained materials, particularly clay-rich systems where these 
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forces may dominate over gravitational effects [37,38]. Furthermore, 
natural and industrial granular materials commonly exhibit anisotropic 
fabrics, multimodal size distributions and mixed particle morphologies 
that fall outside the assumptions of the present framework. Moreover, 
although the model reproduces multiple published experimental and 
simulation datasets, most available spheroidal packing datasets are 
limited in number and were also used during model development. 
Consequently, the current study should be viewed as demonstrating 
consistency with established benchmark data rather than providing a 
fully independent validation.

Future work should evaluate the framework against new experi
mental datasets spanning broader particle shapes, friction coefficients 
and preparation protocols. In addition, focus on extending the model to 
polydisperse systems, mixtures of particle shapes, stress-dependent 
fabric evolution and orientation-dependent packing states, including 
nematic and partially ordered structures could be undertaken. Such 
extensions would provide a closer connection between analytical 
packing theory and the complexity of real granular materials, while 
preserving the interpretability and efficiency that make hybrid analyt
ical approaches attractive. Ultimately, the framework presented here 
may serve as a foundation for a new generation of physically informed 
packing models that bridge fundamental granular mechanics with 
practical applications in powders, sediments, soils and other porous 
particulate media.

5. Conclusions

This study presents a friction-dependent analytical model for pre
dicting the packing fraction of isotropically packed spheroidal particles 
across a wide range of aspect ratios and packing states. Building on the 
excluded-volume framework of Yuan et al. [8], the model introduces a 
symbolic-regression-derived rotational correction that captures the 
characteristic densification peak observed near spherical geometries 
while preserving the physically constrained behaviour at extreme aspect 
ratios.

The proposed formulation provides a compact hybrid description of 
spheroidal particle packings by combining excluded-volume physics, 
friction-dependent packing transitions and an empirical closure repre
senting orientational packing effects. The model successfully reproduces 
key features reported in numerical and experimental studies, including 
the non-monotonic dependence of packing fraction on aspect ratio, the 
transition between random loose and random close packing limits, and 
the subtle asymmetry between oblate and prolate spheroids. These re
sults demonstrate that a substantial proportion of the observed packing 
behaviour can be captured within a simple analytical framework 
without recourse to computationally intensive simulations.

More broadly, the study demonstrates the potential of symbolic 
regression as a tool for discovering compact empirical closed-form cor
rections to established physical models. Rather than replacing mecha
nistic theory, the symbolic-regression approach complements existing 
excluded-volume formulations by identifying interpretable closure 
terms that account for unresolved packing behaviour. This provides a 
promising pathway for developing analytical models that retain physical 
transparency while reproducing increasingly complex features of gran
ular systems.

The model is intended primarily as a framework for understanding 
and predicting the packing behaviour of anisotropic granular materials. 
However, because particle packing fundamentally controls porosity, 
bulk density and transport properties, the formulation also provides a 
bridge between granular physics and application domains including 
powders, sediments, soils and other particulate porous media. By linking 
particle-scale geometry and friction to macroscopic packing behaviour, 
the model offers a foundation for developing more physically based 
descriptions of natural and engineered granular systems.

Several limitations remain. The current formulation assumes 
monodisperse, statistically isotropic assemblies of ideal spheroids and 

does not incorporate particle-size distributions, particle angularity, 
cohesive interactions, or fabric anisotropy associated with preferred 
particle orientations. The alignment term included in the model repre
sents local orientation-dependent packing correlations under isotropic 
conditions, rather than the development of a directional packing fabric. 
Future developments should therefore focus on extending the frame
work to anisotropic orientation distributions, fabric evolution under 
stress, and ordered or partially ordered packing states.
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