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 U M M A R Y 

eismic wave speed monitoring is important for the non-destructive evaluation of material properties in response to exter-
al forcing. Coda wave interferometry (CWI) uses traveltime perturbations in multiply-scattered seismic wave trains—the
eismic coda—to detect subtle perturbations in bulk wave speed. However, conventional body-wave CWI cannot separate
he coupled contributions of P and S waves, which are sensitive to different material properties. We introduce energy
artitioning inversion which decouples these modes by combining a scattering model with CWI measurements within
on-equipartitioned coda windows. We applied this methodology to repeated ultrasonic pulse surveys during two lab-
ratory loading experiments on Clashach sandstone: a dynamic experiment (constant strain rate until brittle failure)
nd a quasi-static experiment (modulating stress to maintain constant acoustic emission rate and slow down the failure
rocess). Relative traveltime perturbations and their full covariance between all pairs of surveys were measured across
ultiple coda windows and inverted for a single perturbation profile using a least-squares method to minimize the vari-

nce of the profile. Using an isotropic point scatterer model to predict mode partitioning with respect to the coda lapse
ime, we invert traveltime perturbations for the scattering mean free path traveltime and relative P and S wave speed
erturbations via Markov-chain Monte Carlo inversion to quantify uncertainty. P and S wave speed perturbations were
esolved with 95 per cent credible intervals of 0.025 and 0.008 per cent, respectively. During the quasi-static experiment
he temporal resolution was sufficient to capture a quasi-linear decrease in P and S wave speeds by ∼50 and ∼14 per cent,
espectively, from peak to failure. The peak P and S wave speed perturbations were ∼33 per cent lower and ∼75 per cent
igher, respectively, compared to those found in the dynamic experiment. These results demonstrate that CWI and energy
artitioning inversion enables the robust, uncertainty-quantified evaluation of separate relative bulk P- and S -wave speed
erturbations in strongly scattering media. 

ey words: Fracture and flow; Interferometry; Inverse theory; Coda waves; Wave scattering and diffraction. 

 INTRODUCTION  

he non-destructive evaluation of material integrity is critical for monitoring system responses to external forcing across an expansive
ange of scales and disciplines. Over the past several decades, changes in the velocity with which seismic or (an)elastic wavefields travel
as served as a useful proxy for temporal variations in material density and (an)elastic moduli. Applications of velocity monitoring are
ow widespread: it is used in civil engineering to assess materials in buildings, bridges and earthen dams (M. Picozzi et al. 2011 ; S.C.
tähler et al. 2011 ; T. Planès et al. 2016 ); in subsurface industrial settings to monitor mining operations, geothermal energy production
nd large-scale reservoir characterization using time-separated seismic reflection surveys and passive seismic imaging (R.J. Arts et al.
002 ; S.A.L. de Ridder & B.L. Biondi 2013 ; D.H. Johnston 2013 ; A. Obermann et al. 2015 ; G. Olivier et al. 2015 ); in environmental
onitoring to capture seasonal changes due to precipitation, temperature changes, freeze-thaw cycles, long-term variations in climatic

orcing and snow loading and melting (U. Meier et al. 2010 ; V.C. Tsai 2011 ; M. Gassenmeier et al. 2014 ; A. Mordret et al. 2016 ; T. Lecocq
t al. 2017 ); in geophysical hazard assessment to monitor volcanic activity and stress-drops following the occurrence of earthquakes
U. Wegler & C. Sens-Schönfelder 2007 ; F. Brenguier et al. 2008 , 2014 ); in industrial testing for flaws in manufactured components
K.M.M. Tant et al. 2018 , 2020 ); in medical settings to characterize the elastic properties of muscle and the brain (K.G. Sabra et al. 2007 ;
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Figure 1. Summary of the energy partitioning inversion method. (a) Schematic of three possible ray paths (red, green, blue arrows) with successively 
longer traveltimes through a medium containing heterogeneities in rock materials represented by point scatterers and heterogeneous wave speed per- 
turbations. (b) One active shot recording, with coda windows centred about lapse times t1 , t2 and t3 , shown. (c) Traveltime perturbations �ti j between 
every pair of epochs i and j, within a single coda window around t1 , with delays in red and advances in blue. (d) A traveltime perturbation profile rela- 
tive to a single reference epoch is calculated using a least-squares inversion of measurements in panel (c). Examples are also shown for coda windows 
around t2 and t3 . (e) A traveltime perturbation profile similar to (d) is measured for all coda windows and displayed together. (f) Curves in panel (e) 
are used for energy partitioning inversion for the P and S wave speed perturbations relative to the first epoch, �α1 j /αi j and �β1 j /βi j respectively, and 
scattering mean free path traveltime τp, j . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/245/3/ggag145/8654596 by Southam

pton U
niversity user on 01 June 2026
A. Zorgani et al. 2015 ); and in materials science to measure material responses to thermal, mechanical and other stimuli (R. Snieder
et al. 2002 ; E. Larose & S. Hall 2009 ; T. Planès & E. Larose 2013 ). 

Between repeated seismic surveys, changes in the bulk wave speed v , denoted �v , manifest as changes in the traveltime t of seismic
waves as they pass through the medium, denoted �t. Conventionally, traveltime perturbations of the first arrival are used to infer
changes in absolute wave speed, with many methods available for picking the first break of wave energy (R. Peraldi & A. Clement 1972 ;
P.J. Hatherly 1982 ; C.P. Ervin et al. 1983 ; P.S. Earle & P.M. Shearer 1994 ; F. Boschetti et al. 1996 ; J.B. Molyneux & D.R. Schmitt 1999 ).
However, first-break methods have three primary limitations: (1) Their spatial sensitivity is restricted to the specific paths through the
medium that have close to the minimum possible traveltime, which may not represent bulk properties; (2) the exact ballistic path is
poorly constrained and the assumption of a rectilinear ray path from source to receiver in heterogeneous media introduces a systematic
bias towards lower apparent wave speeds (J. Singh et al. 2019 ); and (3) they are highly susceptible to noise (see Appendix A ). 

Rather than using the first arrival of energy, R.L. Weaver & O.I. Lobkis ( 2001 ) and O.I. Lobkis & R.L. Weaver ( 2001 ) demonstrated
that meaningful information regarding relative bulk variations in the medium (e.g. �v/v ) can be extracted from the seismic coda—
the multiply-scattered wave train following the first arrival of energy (K. Aki 1969 ). Coda waves provide a more complete sampling
of the bulk medium in 3-D because they originate from multiply-scattered paths (Fig. 1 a). They exhibit a higher sensitivity than the
first-arrival to perturbations in pore pressure, fracture density and temperature (R. Snieder et al. 2002 ; S. Vlastos et al. 2006 , 2007 ).
Frequently, relative rather than absolute changes suffice to characterize the material response to external stimuli such as fluctuations
in loading pressure (M. Landrø& J. Stammeijer 2004 ). Furthermore, as | �t| increases with path length for bulk-averaged wave speed
changes, relative measurement errors are smaller when using coda waves rather than the first arrival, and values of �v/v can be
estimated using a suite of techniques collectively termed coda wave interferometry (CWI). 

When applying CWI to body waves, the relative proportion of P and S waves within the wavefield evolves with coda lapse time
due to mode conversions that occur during scattering events, eventually approaching an equilibrium state with more S wave than
P wave energy (R. Snieder 2002 ). Traditionally, CWI studies target this state by isolating late coda windows. However, the inability
to distinguish between P and S wave speed variations represents a significant limitation of conventional techniques, as these modes
exhibit distinct sensitivities to other specific material properties. For the first time using laboratory data, we demonstrate that P and
S wave contributions to coda wave perturbations can be decoupled using non-equipartitioned coda windows in a step we refer to as
energy partitioning inversion , building on the theoretical and synthetic work of R. Snieder ( 2002 ) and J. Singh et al. ( 2019 ), respectively.
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nergy partitioning inversion relies on a scattering model; in this case, we apply an isotropic point scatterer model appropriate for
trongly scattering media where wave speed perturbations are broadly distributed (R. Snieder 2002 ). 

In this work, we infer relative perturbations in the bulk P- and S -wave speeds of a sandstone core during deformation in a laboratory
sing a sequence of repeated ultrasonic pulse surveys. Our methodology advances conventional CWI in three key areas: (1) We adapt

he double wavelet CWI method of R. Snieder ( 2002 ) for measuring means and variances of �v/v between surveys by incorporating the
ovariance between survey pairs, ensuring correlations between CWI measurements are not neglected; (2) we minimize the variance of 
WI measurements relative to the initial reference state by using a damped least-squares inversion of relative measurements between
ll survey pairs; and (3) we decouple the respective P- and S- wave contributions via energy partitioning inversion, also recovering
he scattering mean free path traveltime—the average timescale for an initial packet of P -wave energy to convert to an S wave due to
cattering. Our methodology operates within a fully probabilistic framework, allowing accurate uncertainty estimates that are essential
or interrogating the wave speed evolution model for, for example, velocity thresholds marking transitions between deformation stages
R. Arnold & A. Curtis 2018 ). 

We apply our methodology to two distinct laboratory loading configurations: A dynamic experiment where the sample is subjected
o a constant strain rate until catastrophic failure, resulting in a sudden and sharp stress drop; and a quasi-static experiment in which
he acoustic emission (AE) rate is maintained at a constant level by modulating the applied stress via AE feedback control, such that
he stress drop is extended in a stable way with no dynamic failure (D.A. Lockner et al. 1991 ). Catastrophic failure in brittle, porous

aterials initiates when small fractures localize along an emergent shear band, transitioning from stable crack growth to unstable
rack coalescence and dynamic rupture (D.A. Lockner et al. 1991 ). In the dynamic case, peak stress is typically accompanied by a rapid,
on-linear acceleration of the AE rate (P.R. Sammonds et al. 1992 ), reflecting rapid fracture growth and coalescence (P.G. Meredith &
.K. Atkinson 1983 ) which severely limits the temporal resolution of measurements during the experiment relative to the duration of
atastrophic failure. 

Conversely, quasi-static experiments slow down the sample failure process (M. Terada et al. 1984 ). This approach allowed A.
artwright-Taylor et al. ( 2022 ) to observe microstructural processes during failure, such as grain rolling, using X-ray imaging. Such
seismic deformation, usually representing the majority of accumulated strain energy (G. Dresen et al. 2020 ), is often detectable by
elocity monitoring and is regarded as the largest source of uncertainty in induced seismic risk forecasting during subsurface fluid
njection and extraction (S.J. Bourne et al. 2014 ). We find that using an acoustic emission control to slow down the deformation process
hanges the evolution of bulk mechanical properties of the medium in the lead up to brittle failure, which should be considered when
etting seismic velocity thresholds for risk management of material integrity (R.J. Walters et al. 2015 ; G.R. Foulger et al. 2018 ). 

 MATERIALS  AND  METHODS  

.1 Data 

e use repeated active seismic surveys (Section 2.1.2 ) which were taken at a constant time interval throughout two rock deformation
xperiments (Section 2.1.1 )—a dynamic experiment (A) and quasi-static experiment (B) (A. Cartwright-Taylor et al. 2022 )—with a
lashach sandstone sample. Experiments A and B are the same as those analysed by M.D. Mangriotis et al. ( 2025 ) with identical
orresponding labels. 

.1.1 Experimental setup 

he experimental material was a highly cemented (17 per cent porosity) quartz-rich sandstone from the Clashach quarry in Morayshire,
cotland, cut to cylindrical cores of 10 mm in diameter and 25 mm in length (Fig. 2 ). The samples were saturated with deionized
ater and subjected to triaxial deformation in a pressure vessel called Stór Mjölnir (Fig. 2 a), developed by I. Butler et al. ( 2020 ) and A.
artwright-Taylor et al. ( 2022 ). Both experiments were conducted at room temperature and the Clashach cores were jacketed in silicone

ubing with a confining pressure of 25 MPa and a pore fluid pressure of 5 MPa, which was maintained throughout the test. Initially,
 hydrostatic pressure starting condition was produced by increasing the axial pressure to match the confining pressure, before the
rincipal loading of the sample axially by fluid injection to the hydraulic actuator. 

Two Glaser-type P -wave piezoelectric transducers (G.C. McLaskey & S.D. Glaser 2012 ) were positioned axially on the ends of the
istons (Figs 2 b and c). The transducers have a flat response spectrum between 500 kHz and 2 MHz, measuring normal displacement,
ith a contact area of 0.5 mm diameter. A smear of high-viscosity molasses was used to couple the transducers to the pistons and

ilicone grease was used between the pistons and ends of the sample. 
During the dynamic experiment (A), the sample was strained at a constant strain rate of 10−5 s −1 until brittle failure (Fig. 3 b).

uring the loading period, the corresponding axial load response showed behaviour typical of brittle deformation: early nonlinear,
ransitioning into linear and then to nonlinear again (Fig. 3 a). These regions were associated with early compaction, competing com-
action and dilation/shear, and dilation-/shear-dominant processes, respectively (M.D. Mangriotis et al. 2025 ). Acoustic emissions (AE)
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Figure 2. (a) Schematic of the X-ray transparent deformation rig, Stór Mjölnir (A. Cartwright-Taylor et al. 2022 ). (b) During the loading experiment, 
two Glaser-type P -wave piezoelectric transducers (top) send and receive ultrasonic pulses through a sample of Clashach sandstone (bottom). (c) The 
transducers (green cylinders, top and bottom) are positioned axially on the ends of pistons which subject the sample (orange cylinder, middle) to triaxial 
deformation. 
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were produced by microscopic processes as the rock deformed and were counted when the amplitude of the events exceeded a user-set
threshold. Just prior to failure, the AE count accelerated and the sample underwent runaway catastophic failure (Fig. 3 d). 

In the quasi-static experiment (B), the applied stress was modulated after the yield point (Fig. 3 f) by an AE event rate servo-control,
by slowing down the stroke rate of the ram, or allowing it to go into reverse, in order to maintain an average AE rate of 1 ± 1 s −1 measured
over intervals of 10 s (Fig. 3 d). As a consequence, the length of time for strain softening and fault formation was extended from ∼1
to ∼50 min, allowing for greater relative temporal resolution of observations with respect to the duration of the failure window (D.A.
Lockner et al. 1991 , 1992 ). 

Although both cores were taken from the same block of material, geological heterogeneity results in measurable differences be- 
tween the samples in work done prior to yield despite the test protocols being identical until this point (Fig. 3 c). Experiment B required
greater mechanical work than experiment A, indicating that the former sample was stiffer, underwent less compaction before entering 
the quasi-elastic regime and experienced a higher peak differential stress after yield. 

2.1.2 Seismic data 

The acoustic transducers act as both sources and receivers of ultrasonic P waves using the pulse transmission technique (F. Birch
1960 ). Ultrasonic active surveys were conducted every 5 min during loading for both experiments (Fig. 3 e). To improve signal-to-noise,
ten shots were taken in short succession during each active survey and stacked. We refer to each survey as an epoch (see Table 1 for
a summary of time variable nomenclature). Although two active shots were taken at each epoch with the top and bottom acoustic
transducers as sources, respectively, continuous data acquired at 10 MHz with a long enough recording window to capture the full
seismic coda was only recovered from the top transducer with the bottom transducer as a source. 

The source time of each survey was measured by manual inspection for the first-break in the voltage output of the source transducer,
and traces further aligned using cross-correlation of the electrical shock noise which propagates through the deformation rig and arrives
before the seismic signal (amplitude spike in Figs 4 a and d). A subsequent systematic correction was made to the source time to account
for the propagation duration through the pistons, measured by an active survey with no sample placed in the pressure vessel and the
pistons clamped together. 

Although the first arrival time is < 10 μs, the coda lasts for over 1200 μs with a logarithmic decay in instantaneous power (Fig. 4 a).
The exact first arrival time is not obvious, and no clear S wave arrival is identifiable (Fig. 4 e). However, traveltime perturbations between
epochs are clearly discernible when comparing the coda of the waveforms at different epochs (Figs 4 f and g). There is a significant
decrease in the signal-to-noise ratio above 1.0 MHz, and the dominant frequency is < 0.4 MHz in the early coda before stabilizing to
∼0.6 MHz in the late coda (Fig. 4 b). 
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(a)

(b)

(c)

(d)

(e)

Figure 3. (a) Profile of the differential stress evolution, (b) profile of the axial strain evolution and (c) subsequent work done calculated by integrating 
the stress–strain curve during the dynamic (A, red) and quasi-static (B, blue) experiments. (d) The AE rate was held at 1 ± 1 s −1 during experiment B to 
slow down the deformation process. (e) Active seismic surveys were taken approximately every 5 min. (f) The linear-elastic deformation regime begins 
after the loading onset and ends at the yield point, before reaching peak stress. The vertical dashed lines in panels (a)–(d) represent the time of failure 
during experiment A and the end of loading in experiment B. 

Table 1. Nomenclature and definitions for temporal variables. 

Epoch Index of each active source seismic survey during the experiment 
Traveltime Duration of travel from source to receiver for a specific seismic phase during an active survey 
Lapse time Time elapsed since the active survey source time 
Coda window A window over lapse time 
Lag time Time-shift in cross-correlation of coda windows between epochs 
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(a)

(b)

(c)

(d)

(e)

(f )

(g)

Figure 4. Recorded waveform examples from dynamic experiment (A). (a) Mean amplitude envelope and (b) spectrogram (dominant frequency as 
solid line) over all epochs. Recorded waveforms at epochs (c) 10 (black) and (d) 13 (grey). Traveltime perturbations are slight in early coda windows, for 
example, (e) central time 15.0 μs and more pronounced in later coda windows, for example, central times (f) 527.5 μs and (g) 1202.5 μs. Coda windows 
have half-width T = 15μs. 
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2.2 Background theory 

In Sections 2.2.1 and 2.2.2 , we provide the necessary background to set up two respective inversions. First, we describe the theory for the
CWI double wavelet method for estimating means and variances of relative traveltime perturbations between pairs of epochs within 

a coda window (R. Snieder 2006 ). These measurements are used in the first inversion for a traveltime perturbation profile relative to a
single reference epoch (Figs 1 c and d, Section 2.4 ). Then, we describe the scattering model used to obtain relative changes in the P and
S wave speeds from the aforementioned traveltime perturbation profiles during the second inversion–energy partitioning inversion 

(Figs 1 e and f, Section 2.5 ). We refer the reader to Table 1 for a summary of time variable nomenclature. 
We show how to obtain the full covariance structure for measurements of relative traveltime perturbations, assuming errors in

coda waveforms are uncorrelated between epochs. This covariance structure propagates into that of the traveltime perturbation profiles 
during the first inversion, which in turn propagates into the covariance structure of the P - and S -wave speed perturbation profiles during
the second inversion (energy partitioning inversion). If correlations within the input to either inversion are ignored, then inputs are
falsely treated as providing independent information and therefore maximum constraint on the output, such that the uncertainty on 

the output will be underestimated. 

2.2.1 Coda wave interferometry 

The average wave speed perturbation �v between epochs i and j along ray path P within a medium is denoted �vi j,P . The corresponding
traveltime perturbation �t along path P is 

�ti j,P = −�vi j,P 

vi,P 
ti,P (1) 

where ti,P is the traveltime and vi,P the average velocity during epoch i along path P , assuming the path length remains unchanged
between epochs i and j (R. Snieder 2002 ). The relative change in path length due to the applied strain by pistons is assumed to be
negligible as the path length of arrivals in the coda is much larger than the dimensions of the sample. Waves arriving later in the
coda (i.e. larger ti,P ) are multiply-scattered and hence sample the medium over a larger volume and range of propagation directions.
Therefore, as ti,P increases, �vi j,P approaches the bulk average isotropic wave speed perturbation, �vi j . 

Although one cannot measure traveltime perturbations along individual ray paths P , which are unknown, R . Snieder ( 2002 ) showed
how to extract the first and second moments of the associated �t distribution for a set of arrivals within a coda window of width 2 T 

about a central time tw using the double wavelet method. They use the windowed cross-correlation function, Ri j between the seismic
recording at epoch i , ui ( t ) , and the seismic recording at epoch j, u j ( t ) 

Ri j ( τ ; tw , T ) =
∫ tw + T 

tw −T ui ( t ′ ) u j ( t ′ + τ ) d t ′ ∫ tw + T 
t −T u2 

i ( t ′ ) d t ′ 
, (2) 
w 
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here τ is the lag time of the cross-correlation function. We denote the expectation and variance of the traveltime perturbation distri-
ution for arrivals within the window as 〈
�ti j 

〉 ≡
〈 {

�ti j,P 
}

ti,P ∈[ tw −T,tw + T] 

〉 
(3) 

nd 

ar 
(
�ti j 

) ≡ var 
({

�ti j,P 
}

ti,P ∈[ tw −T,tw + T] 

)
, (4) 

espectively, where 
{
�ti j,P 

}
ti,P ∈[ tw −T,tw + T] is the set of traveltime perturbations �ti j,P along all the different ray paths P which arrive

ithin the coda window in square brackets and notation about the dependence of 
〈
�ti j 

〉
and var 

(
�ti j 

)
on tw and T is omitted. As

erived by R. Snieder ( 1986 ), the expected value of the �t distribution is approximated by 〈
�ti j 

〉 = τmax 
i j , (5) 

here τmax 
i j is the lag time τ corresponding to the maximum of the cross-correlation function (eq. 2 ) and hence can be measured. The

elationship between the variance and the maximum cross-correlation value is approximately given by 

i j 
(
τmax 

i j ; tw , T
) = 1 − 1 

2 
ω̄2 

i var 
(
�ti j 

)
, (6) 

here ω̄2 
i is the dominant mean square angular frequency of windowed ui (t ) given by 

¯ 2 
i =

∫ tw + T 
tw −T u̇2 

i ( t ′ ) d t ′ ∫ tw + T 
tw −T u2 

i ( t ′ ) d t ′ 
, (7) 

here Newton’s overdot notation is used to represent the time derivative (R. Snieder 2002 ). 
The covariance of the �t distribution between two pairs of epochs, { i, j} and { k, l} , is not necessarily equal to zero if there is a

ommon shot recording used in both measurements, that is, any of { i, j} are equal to any of { k, l} . The covariance, cov 
(
�ti j , �tkl 

)
, can

e calculated from the formula for the variance of a sum, 

ar ( A ± B) = var ( A) + var ( B) ± 2cov ( A, B) , (8) 

nd the following identities: 

tkl − �ti j = 

{ 

�t jl for ( i = k) ∩ ( j � = l) 
�tki for ( i � = k) ∩ ( j = l) 

(9) 

tkl + �ti j = 

{ 

�tk j for ( i = l) ∩ ( j � = k) 

�til for ( i � = l) ∩ ( j = k) 
(10) 

ti j = 

{ 

�tkl for ( i = k) ∩ ( j = l) 

−�tkl for ( i = l) ∩ ( j = k) 
. (11) 

ombining eqs ( 8 ), ( 9 ), ( 10 ) and ( 11 ), the covariance can be calculated by 

ov 
(
�ti j , �tkl 

) = 

1 
2 

[(
δik ∨ δ jl 

) − (
δil ∨ δ jk 

)]
× [

var 
(
�ti j 

) + var ( �tkl ) 
− (

δik var 
(
�t jl 

) + δ jl var ( �tki ) 
+ δil var 

(
�tk j 

) + δ jk var ( �til ) 
)]

, (12) 

here ∨ denotes the logical disjunction such that a ∨ b = 1 if a and/or b are 1. Note that var ( �tnn ) = 0 for n ∈ { i, j, k, l} . 
Using eqs ( 5 ), ( 6 ) and ( 12 ), the cross-correlation function between recordings of active shots at different epochs can enable us to

nterpret waveform changes between epochs as the distribution of traveltime perturbations of waves arriving within a coda window.
hese traveltime perturbations are caused by the relative wave speed perturbation �v/v within the medium that occurs between epochs,
here the expected value of �v/v is 〈

�vi j 
〉

vi 
= −

〈
�ti j 

〉
tw 

. (13) 

onsequently, one can use multiple coda windows (i.e. different tw ) to estimate �v/v . Under the principle of linear elasticity, waves
ravelling along different ray paths are independent from one another and therefore estimates of �v/v from eq. ( 13 ) are independent
f calculated from non-overlapping time windows. 
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Figure 5. The proportion q of packets in an S -wave state increases with lapse time t normalized by the scattering mean free path traveltime τp , with 
the rate of increase and the equilibrium value of q determined by α/β. The equilibrium value for α/β = 1 is q = 2 / 3 , marked by the black horizontal 
dashed line. A Poisson’s solid is marked by the red dashed line. 
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2.2.2 P- and S-wave energy partitioning 

If the waveform energy comprised only a single wave type, independent estimates of �v/v from eq. ( 13 ) using measurements from
windows throughout the coda would all approximate the same value. However, due to mode conversions during multiple scattering 
between source and receiver in the 3-D elastic experimental domain, the waveform energy consists of P wave energy travelling in
one mode at speed α and S -wave energy travelling in two modes with different polarizations at speed β, with relative wave speed
perturbations of �α/α and �β/β, respectively. Consequently, estimates of �v/v contain information about both �α/α and �β/β. 

The scattering model of R. Snieder ( 2002 ) provides a way of decoupling �α/α and �β/β from estimates of �v/v for a medium of 
constant wave speed containing simplified heterogeneities acting as an isotropic set of point scatterers. Wave propagation is modelled 

as many packets of energy in either a P- or S- wave mode and can only be in one mode at a time. At each point scatterer, a packet of 
P- wave energy has probability pPS of converting to a packet of S -wave energy, and likewise a packet of S -wave energy has probability
pSP of converting to a packet of P -wave energy. Over a lapse time interval d t, a packet of P -wave energy encounters αd t/a scatterers on
average, where a is the average distance between point scatterers, and likewise a packet of S -wave energy encounters βd t/a scatterers
on average. As α > β, a packet of P -wave energy is likely to encounter more point scatterers in the time interval d t than a packet of 
S- wave energy. This effect will be amplified as α/β increases. Because packets of P -wave energy encounter more scatterers within a
given time interval and there are more S -wave modes than P -wave modes, the wave energy will become dominated by S -wave energy
with increasing traveltime of the wavefield. 

R. Snieder ( 2002 ) derives the following system of differential equations for the rate of change of number of packets of P -wave
energy, NP , and number of packets of S -wave energy, NS : 

ṄP = 1 
a 

( pSP βNS − 2 pPS αNP ) (14) 

ṄS = 1 
a 

( pPS αNP − pSP βNS ) . (15) 

By assuming the medium is non-attenuative, that all the packets of energy begin in the P -wave state, that is, the source is purely
compressional, and pSP /pPS = ( β/α) 2 (L. Margerin et al. 2000 ), these differential equations can be solved for the relative proportion of 
packets of S waves at time t (see Appendix B ) 

q ( t ) = 

NS 

NP + NS 

= 

1 
γ

(
1 − e−γ t/τp 

)
, (16) 

where 

γ = 1 
2 

(
β

α

)3 

+ 1 , (17) 

and where τp is the scattering mean free path traveltime ( τp = lp /α where lp = a/ 2 pPS ), that is, the average timescale for an initial
packet of P -wave energy to convert to an S wave due to scattering. The relative proportion of packets of S waves converges to 1 /γ
as the traveltime increases and the energy partitioning of the wavefield is in equilibrium (Fig. 5 ). During the period in which the
energy partitioning is evolving from some initial ratio of P - to S -wave energy towards equilibrium, the wavefield is described as being
in ringdown mode (R. Snieder & M. Deheuvels 2024 ). 



CWI and energy partitioning inversion 9

a

�

C  

(
b  

l  

P  

a

2

T  

t  

h  

f  

w  

w  

t
 

m  

t  

e  

t  

f
w  

n  

L  

c  

t
 

r  

m  

i  

f  

b  

h  

w  

e  

w  

f  

m  

c  

c  

i

2

W  

{  

o  

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/245/3/ggag145/8654596 by Southam

pton U
niversity user on 01 June 2026
The predicted �v/v can therefore be decomposed into its P - and S -wave components: [
�vi j 

vi 

]
( t ) = ( 1 − q ( t ) ) 

�αi j 

αi 
+ q ( t ) 

�βi j 

βi 
(18) 

nd corresponding �t: 

ti j ( t ) = −t
[

( 1 − q ( t ) ) 
�αi j 

αi 
+ q ( t ) 

�βi j 

βi 

]
. (19) 

onventional CWI only uses late coda windows whereby �v/v is lapse time-invariant as energy has equilibrated, but J. Singh et al.
 2019 ) showed that the nonlinearity of �t measurements with lapse time in ringdown mode can be used to separate �α/α and �β/β

y using the sensitivity kernel q ( t ) . Eq. ( 19 ) is a nonlinear equation linking measurements of the traveltime perturbation �t at multiple
apse times t to the P -wave speed perturbation �α/α, S -wave speed perturbation �β/β, scattering mean free path traveltime τp and
 -to- S wave speed ratio α/β. We solve eq. ( 19 ) for the latter four parameters using the Metropolis–Hastings Markov chain Monte Carlo
lgorithm (K. Mosegaard & A. Tarantola 1995 ; A. Malinverno & S. Leaney 2000 ), described in Section 2.5 . 

.3 Traveltime perturbation measurements 

he traveltime perturbation of an arrival along path P , �ti j, P , is estimated by the �t distribution within a coda window with central
ime tw = ti, P (Fig. 1 b), using the double wavelet method (Section 2.2.1 ). First, a bandpass filter was applied to the signals, with low- and
igh-corner frequencies 0.4 and 1.0 MHz, respectively, retaining estimated wavelengths of 3.92–9.80 mm for P waves and 2.58–6.45 mm

or S waves in Clashach sandstone (C. MacBeth 2004 ). The high corner of the frequency band is chosen to maximize signal-to-noise,
hich decreases at higher frequencies (Fig. 4 b). Random, incoherent noise decreases the correlation coefficient in CWI measurements,
hich we do not account for. The low-corner frequency ensures estimated wavelengths are smaller than the dimensions of the sample

o provide sensitivity to scatterers within the medium. 
The mean and covariance of traveltime perturbations within windowed recordings between two epochs were found using the

aximum of the cross-correlation function (eqs 5 , 6 and 12 ). The coda window length was 15.0 μs with a 2.5 μs cosine taper applied
o each end so that the central untapered 10.0 μs constitutes four periods at the low-corner frequency. The cosine taper reduces edge
ffects in the cross-correlation function due to the Gibbs phenomenon (J.W. Cooley & J.W. Tukey 1965 ). Multiple windows were used
hroughout the coda, with a 12.5 μs spacing so that only the tapered part of the windows overlapped. The windowed cross-correlation
unction contains both the cross-correlation of waves along common paths and cross-terms associated with the cross-correlation of 
aves that have travelled along different paths. The amplitude of the cross-terms relative to the desired diagonal terms is ∼ 1 /

√ 

n where
 is the number of degrees of freedom in the signal, which is in turn equal to the product of the bandwidth and window length (H.J.
andau 1967 ; O.M. Bucci & G. Franceschetti 1989 ; R. Snieder 2004 ) giving a relative amplitude in our study of around 24 per cent. This
ould be decreased if a greater window size were used, however fewer independent measurements would then be available through
he coda. 

The correct local maxima in the cross-correlation function must be chosen so that arriving waves are correctly matched between the
eference and perturbed epochs. Cross-correlation functions with multiple local maxima (e.g. Figs 6 a and b) can lead to the incorrect

atching of waveforms, that is, cycle skipping. This problem is more severe for waveforms with a high-dominant frequency. Therefore,
n order to build a �t profile across all perturbed epochs relative to a particular reference epoch, we used a practice borrowed from
ull-waveform inversion (C. Bunks et al. 1995 ), whereby we began with low-frequency measurements and incrementally expanded the
andwidth to higher frequencies. A Tukey window was applied in the frequency domain with a fixed low-corner frequency and variable
igh-corner frequency defining the flat-top boundaries of the filter, with one-octave cosine tapers. The initial signal was narrow-band,
ith coincident high- and low-corner frequencies. The correct local maxima to pick for the autocorrelation function at the reference

poch is at zero lag. For the cross-correlation function between the reference epoch and a perturbed epoch, the correct local maxima
ill be the closest to zero lag if �t is smaller than the dominant wavelength. Therefore, the local maxima chosen for cross-correlation

unctions between the reference epoch and adjacent epochs in experimental time was the closest to zero lag. Iteratively, the local
axima for other epochs were selected as the maxima with the closest lag time to the neighbouring epoch (Fig. 6 c). Then, the high-

orner frequency of the bandpass was increased, and the measured �t profile was updated to consist of local maxima in the cross-
orrelation functions with lag closest to the measured �t profile using the previous bandpass filter (Fig. 6 d). This latter process was
terated until the full frequency range was applied to the signals. 

.4 Traveltime perturbation profiles 

ithin a single coda window, we calculated the mean and covariance of �t distributions between all possible pairs of epochs, { i, j} and
 k, l} for i, j, k, l ∈ { 1 , 2 , ..., N} , denoted 

〈
�ti j 

〉
and cov 

(
�ti j , �tkl 

)
, respectively. To interpret the �t profile throughout the experiment,

ne must find the �t distribution relative to a single reference state, chosen to be epoch 1. The �t profile relative to epoch 1 is written as
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(a) (c)(b) (d)

Figure 6. Cross-correlation functions from the recording of the active survey at the reference epoch [the i -th epoch, (a) i = 4 and (b) i = 11 ] to recordings 
at every epoch in the series (the j-th epoch) in a coda window centred at lapse time 527.5 μs during the dynamic experiment (A). Then, selecting the 
local maxima for, for example, i = 11 to measure the mean traveltime perturbation by gradually increasing the upper corner of the bandpass filter (c–d). 
The correct local maxima for the autocorrelation is at zero lag (circled). 
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a vector m = �t1 j , with covariance matrix Qm 

= cov �t1 j , �t1 l . An estimate ˆ m of m can be found using various combinations
of relative measurements with different reference epochs. 

The simplest way to build a traveltime perturbation profile relative to the fixed reference epoch 1 is to use direct measurements of 
the �t distribution between reference epoch 1 and all other epochs. This is called the fixed reference method. An assumption underlying
the CWI method for estimating �v/v is that there are no changes in the ray paths. However, during rock deformation, scatterers
are moved, new scatterers are created and old scatterers are destroyed during the closure of pore spaces, addition of microcracks
and coalescence of fractures and all of these effects can change ray paths. When there are changes in the ray paths, the waveform
may or may not be shifted in time significantly but the waveform shape will be distorted. This is turn will reduce the correlation
coefficient between time-shifted waveforms recorded at different epochs, making it more difficult to match the corresponding wave 
phases between epochs. Therefore, relative measurements between epochs far apart in experimental time, between which the medium 

has changed substantially, will be less reliable. To limit the extent of these changes, the moving reference method may be used, whereby
the �t profile is built up by accumulating �t measurements between epochs adjacent in experimental time: 

[ ̂  mMR ] j =
j ∑ 

p=2 

〈
�t( p−1) ,p 

〉
(20) 

[
Q ˆ mMR 

]
jl =

j ∑ 

p=2 

l ∑ 

q =2 

cov 
(
�t( p−1) ,p , �t( q −1) ,q 

)
. (21) 

Note that using the moving reference method results in the accumulation of error throughout the �t profile (eq. 21 as j and l get larger).
Furthermore, measurements between epochs not adjacent in experimental time (i.e. epochs i and j where i � = j − 1 ) are discarded yet
contain useful information, despite perhaps being of poorer quality than measurements between adjacent epochs. 

Instead of following these strategies we use a damped least-squares (DLS) inversion of relative traveltime perturbation measure- 
ments between all pairs of epochs that survive a minimum correlation threshold, to estimate the traveltime perturbation profile relative
to a fixed reference epoch, wherein measurements with high variance are down-weighted. F. Brenguier et al. ( 2014 ) and C. Gómez-
García et al. ( 2018 ) also use damped least-squares in a similar manner but down-weight measurements according to their correlation
coefficient as opposed to using the full covariance matrix. The full covariance matrix is necessary to avoid under-estimating uncertainty
in the inverted �t profile. Arranging the relative mean �t measurements, 

〈
�ti j 

〉
for all { i, j} , in column vector d , with covariance matrix

Qd , d is related to m through the linear equation 

d = G m (22) 

where G represents the forward relationship from elements of m to the corresponding element of d , 〈
�ti j 

〉 = 〈
�t1 j 

〉 − 〈 �t1 i 〉 . (23) 
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his set of linear equations can be solved using a weighted least-squares inversion that is damped towards ˆ mMR for stability: 

ˆ DLS = 	−1 (GT Q−1 
d d + μQ−1 

ˆ mMR 
ˆ mMR 

)
(24) 

here 
−1 = (

GT Q−1 
d G + μQ−1 

ˆ mMR 

)−1 (25) 

nd μ is an adjustable parameter controlling the magnitude of damping of the solution towards ˆ mMR . A minimum correlation threshold
as chosen whereby relative traveltime perturbation measurements from a correlation coefficient below the threshold are discarded,

n order to ensure that Qd is positive semidefinite. μ was chosen to minimize the root-mean-square error between the observed and
redicted relative �t measurements. Following this, using the standard method of R.C. Aster et al. ( 2019 ), the covariance matrix of
ˆ DLS is calculated by 

ˆ mDLS = A

[ 

Qd 0 
0 Q ˆ mMR 

] 

AT (26) 

here 

 =
[ 

	−1 GT Q−1 
d 

	−1 μQ−1 
ˆ mMR 

] T 

. (27) 

n this way, all relative �t measurements above the correlation coefficient threshold are used to minimize uncertainty in the inverted
t profile, and measurements between epochs with a high correlation coefficient are preferentially weighted over those with a lower

orrelation coefficient in order to limit the impact of any errors arising from larger waveform changes during the experiment. 

.5 Energy partitioning inversion 

he profile of �t distributions relative to epoch 1 was found using the DLS method for a single coda window centred on time tw , with
istribution means as vector ˆ mDLS ( tw ) (eq. 24 ) and covariance matrix Q ˆ mDLS ( tw ) (eq. 26 ). We denote the set of ˆ mDLS ( tw ) for all central
indow times tw as [ ̂  mDLS ( tw ) ] . 

As described in Section 2.2.2 , wave energy is partitioned between P and S waves according to the sensitivity kernel q ( tw )
eq. 16 ), which is dependent on the P -to- S wave speed ratio α j /β j and the scattering mean free path traveltime τp, j at epoch j.
his sensitivity kernel is used to decouple perturbations in P - and S -wave speed from traveltime perturbations throughout the coda

Fig. 1 f). α j /β j was calculated from �α1 j /α1 and �β1 j /β1 by assuming a starting P -to- S wave speed ratio for the undeformed rock of
1 /β1 = 1 . 52 , from measurements on Clashach sandstone by C. MacBeth ( 2004 ). We discuss the effect of this assumption in Section 4.4 .
e denote the set of profiles of P -wave speed perturbation, S -wave speed perturbation and the scattering mean free path traveltime,[
�α1 j /α1 

]
,
[
�β1 j /β1 

]
,
[
τp, j 

]}
for all perturbed epochs j, as 
. The nonlinear forward relationship in eq. ( 19 ) predicts �t at coda time

w and epoch j, given �α1 j /α1 , �β1 j /β1 and τp , j . We denote the predicted �t profile at coda time tw by ˆ mq ( tw ) , which is related to 

hrough the forward relationship 

ˆ q ( tw ) = g ( tw , 
) (28) 

here g captures the nonlinear forward relationship from α j /β j and τp , j to �t1 , j ( tw ) (eq. 19 ) for all perturbed epochs j. 
The likelihood of the observed �t profile at coda time tw , ˆ mDLS , given 
, was estimated by assuming that �t follows a multivariate

ormal distribution with mean ˆ mDLS ( tw ) and covariance Q ˆ mDLS ( tw ) , 

p ( ̂  mDLS ( tw ) | 
) =
exp 

(
− 1 

2 ε
T Q−1 

ˆ mDLS 
ε
)

( 2 π ) N/ 2 | Q ˆ mDLS |1 / 2 
, (29) 

here ε = (
ˆ mq − ˆ mDLS 

)
and notation about the dependence of ˆ mq , ˆ mDLS and Q ˆ mDLS on tw has been omitted for clarity, and N is the

umber of model parameters in 
. The joint likelihood of the observed set of �t profiles over all coda windows given 
 is therefore 

p ( [ ̂  mDLS ( tw ) ] | 
) =
∏ 

tw 

p ( ̂  mDLS ( tw ) | 
) . (30) 

To infer the posterior probability distribution of the profiles of P -wave speed perturbation, S -wave speed perturbation, and scatter-
ng mean free path traveltime, all represented by 
, following observation of �t profiles within different coda windows, represented
y [ ̂  mDLS ( tw ) ] , we used Bayes’ rule, 

p ( 
| [ ̂  mDLS ( tw ) ] ) ∝ p ( [ ̂  mDLS ( tw ) ] | 
) p ( 
) , (31) 

here p ( 
| [ ̂  mDLS ( tw ) ] ) is the posterior probability of 
, representing our state of knowledge on 
 after assimilating information from
he �t profiles [ ̂  mDLS ( tw ) ] , and p ( 
) is the prior probability of 
, representing our state of knowledge of 
 before any measurements
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(a)

(b)

Figure 7. (a) The expectation 〈 �ti j 〉 and (b) the variance var 
(
�ti j 

)
of the distribution of traveltime perturbations of arrivals within the coda window 

centred at lapse time 527.5 μs between all epoch pairs { i, j} in the dynamic experiment (A). 
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were taken. We used a largely uninformative prior–a uniform distribution with wide bounds on all parameters in 
. We calculated
the posterior distribution using the Metropolis–Hastings Markov chain Monte Carlo algorithm (K. Mosegaard & A. Tarantola 1995 ; 
A. Malinverno & S. Leaney 2000 ), whereby a chain of samples of 
 were generated with a target probability density of the posterior
distribution. A sample 
 was first drawn from the prior distribution. Then, a new sample 
′ was drawn from a proposal distribution,
and accepted into the model chain with probability 

f
(

′ | 
) = min 

[
p ( 
′ | [ ̂  mDLS ( tw ) ] ) 
p ( 
| [ ̂  mDLS ( tw ) ] ) 

, 1
]

, (32) 

otherwise the same sample 
 was appended to the chain again (P.J. Green 1995 ). The proposal distribution was an adaptive isotropic
multivariate normal distribution following M.J. Baker ( 2014 ), where the proposal distribution is iteratively updated towards the cur-
rent best estimate of the posterior distribution—the current sample chain—and the covariance matrix was scaled to keep an average
acceptance ratio of 0.234, as suggested by J.S. Rosenthal ( 2011 ), the update being increasingly damped at each iteration. 40 chains of 
1000 000 samples are generated. The model chain stabilizes to the posterior distribution after a burn-in period. Then, the final ensemble
of model samples was selected by decimating the sample chain to every 50th sample because successive models in the Markov chain
are not independent, which can cause the estimated posterior distribution to be biased for a finite set of samples (C.J. Geyer & K.S.
Chan 1994 ). The mean and 95 per cent credible interval of each parameter in 
 was taken from the ensemble of models. 

3  R E S U LT S  

Within a single coda window, the mean of the �t distribution shows a general traveltime advance relative to the first epoch, which varies
throughout the experiments and the variance of the �t distribution increases when comparing epochs further apart in experimental 
time. For example, Fig. 7 (a) shows that for a coda window during the dynamic experiment with central time 527.5 μs there is a mean
traveltime advance increasing to ∼2 μs throughout the experiment, a trend that is broadly consistent for any reference epoch. The
standard deviation of the �t distribution within the window increases from ∼0.1–0.2 μs for measurements between epochs adjacent 
in experimental time, to ∼ 0.4 μs comparing epochs far apart in experimental time (Fig. 7 b). (For an analysis of the full covariance
matrix, see Appendix C .) Note also that var 

(
�ti j 

) � = var 
(
�t ji 

)
due to the difference in the dominant mean square angular frequency
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(a) (b) (c)

Figure 8. (Top) means (red dot) and standard deviations (error bars are ± 1 standard deviation) of �t distribution profiles estimated using (a) a fixed 
reference, (b) a moving reference and (c) DLS, and (bottom) the corresponding covariance matrix in a coda window centred at lapse time 527.5 μs 
during the dynamic experiment (A). 
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eq. 7 ) between recordings at epoch i and j within the finite respective coda windows. The similarity of �t trends using any reference
poch indicates that all relative measurements contain information about an underlying true �t profile within the coda window, but
he increase in variance for measurement pairs of epochs further apart in experimental time illustrates the need to down-weight these

easurements during inversion. 
The error in the �t profile from DLS inversion is minimized as it uses as many relative �t measurements as possible. (For an

xample of damping parameter selection, see Appendix D .) Within the example coda window, using a single reference epoch means
hat measurements further apart in experimental time were less reliable and often resulted in anomalous trends in the �t profile such
s jumps (Fig. 8 a). The mean profiles using a moving reference and from DLS inversion were very similar (Figs 8 b and c, respectively).
owever, error is accumulated throughout the moving reference profile and becomes significant at later epochs. The error for later

pochs when using DLS inversion is less than half of that from using a moving reference. 
The �t profile shows an overall traveltime advance within coda windows at later times, but not linearly in proportion to the central

ime of the window. For earlier epochs, �t is small throughout the coda during both the dynamic experiment (A, Fig. 9 a) and quasi-
tatic experiment (B, Fig. 9 c). �t generally advances with the central window time for later epochs, reaching a maximum of ∼1.5 μs in
oda windows between ∼1000 and 1200 μs. Experiment B shows a slight traveltime delay during later epochs. �t should approach zero
s the traveltime approaches zero (eq. 13 ), however coda windows before ∼100 μs show an anomalous mean traveltime advance during
xperiment A that is greater than two standard deviations (Fig. 9 b). During experiment B, the mean �t shows the same behaviour for
arly epochs, however shows anomalously small mean �t before ∼200 μs for later epochs. Note that the magnitude of the anomalies
or experiment B are below one standard deviation (Fig. 9 d). We discarded measurements using coda windows before 100 μs. The
raveltime can be seen to advance with the central time of the window, with a steep gradient for earlier windows before stabilizing to
 quasi-linear relationship between ∼300 and 400 μs. The nonlinear gradient in �t with respect to t indicates that packets of energy
rriving at different times travel through the medium from source to receiver with different path-averaged �v/v , exhibiting a similar
hape to that predicted by the energy partitioning model (Fig. 1 e). 

The sensitivity of �t at a given epoch to �α/α, �β/β and τp is given by an analytical sensitivity kernel (eq. 16 ). Following the
rocedure in Section 2.5 , the analytical sensitivity kernel was inverted to provide estimates of �α/α, �β/β and τp given the measured
t profiles in all coda windows (Fig. 9 ). By visually inspecting the likelihood of each model chain, the likelihood appeared to become

tationary after 10 000 iterations. These iterations were chosen to be the burn-in period and discarded. The width of the 95 per cent
redible intervals for the inverted �α/α and �β/β profiles is on average 0.025 and 0.008 per cent (Figs 10 a and b), respectively. This
recision allows us to confidently resolve differences in the wave speed evolution between experiments A and B. �α/α followed an
pproximately linear increase following the onset of triaxial compression, however this trend slowed down after ∼1000 s during exper-
ment B. Both experiments A and B reached peak �α/α, of ∼0.3 and ∼0.2 per cent, respectively, at approximately 2000 s. Following
his, �α/α plateaued during experiment A, and began to steadily decrease during experiment B after the acoustic emission feedback
ontrol began. �β/β shows an approximately linear increase with time—after ∼500 s during experiment B and ∼1000 s for experiment
. The peak �β/β shows the opposite relative relationship between the experiments compared to that of �α/α, with experiment A
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(a) (c)

(b) (d)

Figure 9. (a, c) Means 〈 �t1 j 〉 and (b, d) standard deviations 
√ 

var 
(
�t1 j 

)
of the traveltime perturbations throughout the coda for each epoch j relative 

to epoch 1 during (a, b) the dynamic (A) and (c, d) quasi-static (B) experiments. 
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rising until failure to ∼0.04 per cent at ∼3000 s and experiment B rising to a peak of ∼0.07 per cent at ∼2400 s before slowly decreasing
to ∼0.06 per cent during failure. The corresponding � ( α/β ) / ( α/β ) was similar to �α/α, however decreased to near its original value
( ∼0.02 per cent) prior to failure during experiment B (Fig. 10 d). During both experiments, τp began at ∼ 400 μs (Fig. 10 c). During ex-
periment A, it decreased to ∼300 μs until ∼1500 s before rising back to ∼400 μs just prior to failure. During experiment B, however,
τp showed an approximately linear increase throughout the experiment to ∼800 μs. τp is better constrained for experiment A, with an
average 95 per cent credible interval width ∼34 per cent that of experiment B. 

4  DISCUSSION  

4.1 Alternative coda wave interferometry methods 

In order to provide a �t estimate for every time sample within the waveform, T.D. Mikesell et al. ( 2015 ) used a dynamic time warping
algorithm, which applies a nonlinear stretch to one waveform to match the point-by-point amplitude of another, and can be extended
to consider local signal topology for robustness against noise (J.L. Li et al. 2024 ). However, different phases with the same traveltime at
epoch i may not exhibit the same traveltime perturbation at epoch j, as they pass through different parts of the inhomogeneous velocity
perturbation occurring between epochs i and j. Furthermore, a multiply-scattered arrival has a finite frequency bandwidth and hence 
cannot be represented by a single sample point in the coda so averaging traveltime perturbations within a finite-length time window
is ultimately necessary. 

Instead of the cross-correlation function being a function of a linear shift in time (i.e. the correlation between ui ( t ) and u j ( t + τ ) ),
C. Sens-Schönfelder & U. Wegler ( 2006 ) suggest the trace stretching method, whereby cross-correlation function is a function of a linear
stretch in time, so that the stretching factor ε that maximizes the correlation between ui ( t ) and u j ( t ( 1 + ε) ) is 

〈
�vi j 

〉
/vi . Although 

this method is more robust to noise in the seismic data for long windows of equilibrated phases where �vi j /vi is time-invariant (C.
Hadziioannou et al. 2009 ), we found that when using shorter coda windows required to characterize the variation of �vi j /vi with lapse
time, there was little difference to the double wavelet method, particularly for windows centred at larger times and for small wave
speed perturbations. This is because if the origin of the linear stretch is at t = 0 , then a transformation of the waveform within a small
time window later in the coda is approximately a translation. 

G. Poupinet et al. ( 1984 ) suggest the moving window cross spectral method, whereby the traveltime perturbation between two
epochs within a window is measured by the gradient of a linear regression fit of the cross-correlation function phase spectrum, passing
through zero, with the implicit assumption that waves of all frequencies experience the same traveltime perturbation. However, waves 
of different frequencies are sensitive to different scales of heterogeneities and take different scattered paths through the medium. 
Therefore, waves of different frequencies are not likely to experience exactly the same traveltime perturbation and the unwrapped 

phase spectrum is not necessarily linear. This is accounted for by the double wavelet method, which measures the distribution of �t as
opposed to a single value. 
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Figure 10. Samples from the model chain (lines) and the marginal mean (circles) and 95 per cent credible interval (error bars) of the (a) relative P - 
w ave speed perturbation, (b) relative S -wave speed perturbation and (d) the subsequent perturbation of their ratio and (c) the scattering mean free path 
traveltime, during the dynamic (A, red) and quasi-static (B, blue) experiments. (e) The linear-elastic deformation regime begins after the loading onset 
and ends at the yield point, before reaching peak stress. 
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H. Douma & R. Snieder ( 2006 ) suggest applying a correction to eq. ( 6 ) to account for the decrease in the correlation coefficient
ue to the correlation of uncorrelated noise sources in addition to that of the desired signal. In effect, this decreases estimates of the
ariance of the �t distribution. Using an estimate of noise amplitude from recordings of background noise preceding the triggered
ctive shot, we found that this correction often overcorrects variance measurements, leading to negative variance estimates. This indi-
ates that the noise is correlated between epochs or that the noise amplitude varies with lapse time. In either case, by not applying the
orrection we obtained an upper bound of variance measurements, meaning that uncertainties obtained in subsequent analyses are
lightly overestimated, despite still being well-constrained. 

To produce a �t profile relative to a single reference epoch, the moving reference and DLS methods gave similar mean solutions
owever the variance of the DLS solution is much smaller. It is important to understand how we should interpret these results: In
rinciple, a �t profile that fits through twice the width of the uncertainty bars in Fig. 8 ( ±2 standard deviations) and conforms to their
ssociated covariances, is consistent with the relative �t measurements and hence is potentially true for these samples. Therefore,
ne cannot infer from the moving reference solution that there is a statistically significant traveltime perturbation in the coda window
hown in Fig. 8 , because the constant value of zero �t is a valid solution. However, this interpretation changes given the DLS solution
ue to the decreased variance. As the DLS covariance is smaller, the profile epochs are less correlated to each other and the solution is

ore informative. 
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Table 2. Linearized sensitivities of the energy partitioning equation to representative perturbations in model parameters, quantified by the L2 norm 

(sum over the coda, lapse time > 100 μs) of squared changes in the predicted traveltime perturbation. Only relative L2 norm magnitudes between 
parameters are meaningful. Ranges denote the interquartile range across inverted parameters in experiments A and B. Reported L2 norms correspond 
to representative perturbations of each parameter: changes in the relative P -wave speed perturbation �α/α of 0.2 per cent; changes in the relative S - 
w ave speed perturbation �β/β of 0.04 per cent; changes in the scattering mean free path traveltime traveltime τp of 300 μs; a 1 per cent error in the 
source time t0 ; a 1 per cent error in the reference P - to S -wave speed ratio α/β; and change in the proportion of S -wave energy q0 by 1 per cent. 

Variable L2 norm [ μs] 

�α/α 3.0–4.5 
�β/β 2.0–2.5 
τp 2.0 × 10−1 –3.2 × 10−1 

t0 1.4 × 10−3 –7.7 × 10−2 

α/β 2.2 × 10−2 –6.3 × 10−2 

q0 1.0 × 10−2 –2.0 × 10−2 
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4.2 Direct wave interferometry 

By assuming that energy partitioning in the CWI window is in equilibrium, and hence the proportion of P to S waves is known given the
P -to- S wave speed ratio, previous authors have used direct P -wave speed perturbation measurements to extract S -wave speed perturba-
tions from CWI measurements (L. Griffiths et al. 2018 ; G. Sang et al. 2020 ; B. Zhong & J. Zhu 2022 ). However, it is advantageous to use
energy partitioning inversion of the coda in ringdown mode as, unlike multiply-scattered P waves, the direct P -wave arrival is only sen-
sitive to changes within a restricted volume around the fastest path, making it unrepresentative of the bulk volume (see Appendix A ).
Despite being of lower dominant frequency (Fig. 4 b) and therefore a wider Fréchet kernel (K. Yomogida 1992 ; F.A. Dahlen et al. 2000 ;
S.H. Hung et al. 2000 ), the restricted spatial sampling of the early coda produces significant observed deviations in behaviour between
the early coda ( < 100 μs) and the late coda (Figs 9 a and c). Furthermore, as the traveltime perturbation measurement for multiply-
scattered waves is greater than for the direct wave, the proportional measurement error of the traveltime perturbation is smaller for
multiply-scattered waves (J. Singh et al. 2019 ). The proportional measurement error is further reduced by using multiple measurements
from different coda windows of multiply-scattered waves, as opposed to the single window used in direct wave interferometry. 

4.3 Scattering model limitations 

The energy partitioning inversion model assumes the coda wavefield is diffusive, that is, strongly scattered. However, coherent ballistic 
energy is typically present after the first arrival in real weakly scattering and heterogeneous systems, for example, primary reflections,
free-surface and internal multiples and guided waves. Consequently, whilst the approach is well suited to high-frequency wavefields 
in strongly scattering media such as small sandstone cores, its effectiveness is reduced for field-scale systems where late ballistic ar-
rivals are significant, for lower-frequency wavefields that are less sensitive to small-scale velocity fluctuations, or for weakly scattering 
homogeneous media that do not generate a long, diffuse coda. 

4.4 Sensitivity to errors in fixed parameters 

During energy partitioning inversion, we invert for three free parameters at each perturbed epoch—�α/α, �β/β and τp —and fix 
the source time t0 , the reference P -to- S wave speed ratio α/β = 1 . 52 (C. MacBeth 2004 ) and the proportion of S waves at zero lapse
time q0 = 0 . As steps were taken to ensure accurate estimation of the source time (Section 2.1.2 ), the primary uncertainty in t0 is the
correction for traveltime through the pistons; the relative timing error decreases with increasing lapse time its influence is expected
to be minor for late coda windows. Uncertainty in q0 is also expected to be small as high-viscosity molasses and silicone grease were
used to enhance transmission efficiency (Section 2.1.1 ), however some conversion to S -wave energy is unavoidable during propagation
through the pistons (Fig. 2 ); this could be reduced by mounting sensors directly on the rock sample. We were unable to directly measure
α/β for our samples in the absence of an S -wave transducer, making it the fixed parameter with the largest uncertainty; J. Singh et al.
( 2019 ) treat α/β as a free parameter. 

To assess sensitivity, we derive the partial derivatives of the energy partitioning model (eq. B7 ) in Appendix E1 and compute
the linearized response of �t, quantified by the square root of the squared difference in �t summed over the coda (L2 norm), to
representative perturbations in the six parameters listed above (Table 2 ). Among the free parameters, the inversion is most sensitive to
�α/α and least sensitive to τp . Perturbations in the free parameters produce L2 norm variations at least an order of magnitude larger
than those associated with the fixed parameters, meaning the inversion is most sensitive to the free parameters, supporting our choice
of parametrization. 
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.5 Scattering mean free path traveltime 

he scattering mean free path traveltime τp is the average timescale for an initial packet of P -wave energy to convert to an S -wave due
o scattering. It increases with decreasing P -wave speed, decreasing probability of a P to S conversion and increasing average distance
etween scatterers. The initial response of τp to sample compression differed between experiments: decreasing in experiment A and

ncreasing in experiment B. During both experiments, P -wave speed initially increases, so does not account for the difference in τp

volution. The probability of P to S conversion depends on the P -to- S wave speed ratio (L. Margerin et al. 2000 ), which shows the
ame behaviour as the P -wave speed evolution. Therefore, the τp evolution likely reflects changes in the average distance a between
catterers due to the movement, destruction or creation of scatterers or changes in the dominant frequency of the waveform. The sample
n experiment A underwent more compaction before entering the quasi-elastic regime (Section 2.1.1 ), decreasing a , which explains
hy a decrease in τp is observed in experiment A and not experiment B. The subsequent increase in τp in both experiments may reflect

he closure of heterogeneities such as pores which have a broad spatial distribution and the progressive localization of damage (M.D.
angriotis et al. 2025 ). 

For the theory of CWI to hold, the wavelength should be smaller than the scattering mean free path length (R. Snieder 2006 ). In this
ase, consecutive scattering events are independent and the wavefield does not become localized, that is, become trapped or confined
o a small region (B.A. van Tiggelen 1999 ). The wave period of the applied bandpass is 1.0–2.5 μs, which is much smaller than the
stimated scattering mean free path traveltime which is in the order of 10 2 μs. For P waves, however, the spatial wavelength corresponds
o about half to one times the sample width. This indicates that multiples throughout the whole sample, and likely multiples through
he pistons of the deformation rig, play a key role in the scattering that is observed in the extended coda. We acknowledge that some
f the scattering will have occurred within the apparatus itself, implying that the observed wave speed evolution is an average over the
ample and the apparatus. However, we expect relative changes in the wave speed of the sample to be larger than those of the apparatus
ecause the stress sensitivities of elastic moduli are 2–3 orders of magnitude larger in Clashach sandstone (C. MacBeth 2004 ) than in
on-compliant metals (D.S. Hughes & J.L. Kelly 1953 ; D.I. Crecraft 1967 ). Ideally, it would be advantageous to use higher-frequency

ransducers which provide a shorter wavelength. 

.6 Wave speed perturbation 

ttenuation causes phase velocity dispersion to preserve causality (W.I. Futterman 1962 ). Changes in attenuation therefore perturb the
raveltime between epochs, which is included in the mean and variance measurement of traveltime perturbations within each coda
indow. However, the traveltime perturbation due to changes in attenuation is expected to be an order of magnitude smaller than
bserved in this experiment (see Appendix E2 ); therefore, we can conclude that observed wave speed perturbations are dominated by
hanges in elastic constants and density. Attenuation can be included in the energy partitioning model by introducing two more free
arameters—the attenuation coefficients of P and S waves, introducing an exponential dampening of P- and S -wave energy with time
R. Snieder & M. Deheuvels 2024 ). Differential attenuation of ultrasonic P and S waves is a well-known phenomenon in pressurized
aturated sandstones (D.H. Johnston & M.N. Toksöz 1980 ), however we chose to assume a lossless medium to avoid introducing coupled
arameters into the model and to keep the number of free parameters low, reducing computational cost. 

The pressure vessel is X-ray transparent and deformation of the rock sample placed inside the pressure vessel was imaged in situ
n beamline I12-JEEP at the Diamond Light Source using μCT imaging simultaneously with the repeated active ultrasonic pulse
urveys, providing observations of the spatio-temporal evolution of the microstructure (A. Cartwright-Taylor et al. 2022 ; C. Elijas-Parra
t al. 2025 ). X-ray tomographic scans scans show that there was a longer period of exploratory strain localization prior to microcrack
amage localization along the eventual failure plane during the quasi-static experiment (B) compared to the dynamic experiment
A) and that microcracks were longer and more open in the latter with a broader shear zone and a greater degree of cataclasis and
ouge throughout the sample (M.D. Mangriotis et al. 2025 , figs 4 and 5). These microstructural differences in deformation between the
xperiments manifest differences in the bulk wave speed evolution as observed by CWI. Wave speed initially increases in response to
ocal compaction, then decreases during strain softening stages, dominated by local dilation and local shear, respectively (A. Cartwright-
aylor et al. 2022 ). There are many mathematical and empirical models that link these microscale characteristics, such as crack density
nd crack geometry, to seismic wave speed (R.J. O’Connell & B. Budiansky 1974 ; J.G. Berryman 1980 ; P.A. Cilli & M. Chapman 2020 ).
rack density and geometry measurements from X-ray tomographic scans could be used to further inform rock physics models for
ave speed evolution, in order to verify the wave speed evolution as obtained from CWI and energy partitioning inversion; however,

his is beyond the scope of this work. 

 CONCLUSIONS  

WI has long been used to monitor subtle variations in the bulk seismic wave speed. However, conventional body-wave CWI cannot
eparate the relative contributions of P and S waves, which are sensitive to different material properties. In this work, we presented
n energy partitioning inversion that uses a scattering-based model of modal energy partitioning to infer relative perturbations in P -
nd S -wave speeds, together with the scattering mean free path traveltime, from CWI measurements. The methodology is formulated
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within a fully probabilistic framework: We demonstrated how to estimate the full covariance matrix of CWI measurements and how
to obtain Bayesian posteriors for the separated P- and S -wave perturbations through energy partitioning inversion. 

The approach was validated using repeated active ultrasonic surveys during dynamic and quasi-static rock deformation exper- 
iments. The results show that the combined CWI and energy partitioning framework can estimate wave speed perturbations with 

sufficient precision to distinguish statistically significant differences between deformation regimes. 
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In the main text, we use interferometry in late coda windows to determine relative bulk wave speed perturbations. J.A. Smith et al.
( 2021 ) compared the relative wave speed perturbation inferred from both first-break picks and interferometry with a coda window over
the first arrival of wave energy using the same active data during the dynamic experiment. 
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however these results also differed on the order of ∼5 per cent. This demonstrates the large relative error of first-break picking methods
for very small traveltime perturbations. 
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Table A1. Summary of variables in energy partitioning equation. 

�t Traveltime perturbation for phase at lapse time t
q Proportion of S waves at lapse time t ( q0 ≡ q |t=0 ) 
α� Relative change in P -wave speed with respect to reference state (denoted �α/α in main text) 
β� Relative change in S -wave speed with respect to reference state (denoted �β/β in main text) 
κ P -to- S wave speed ratio (denoted α/β in main text), κ0 in reference state 
τp Scattering mean free path traveltime 

Figure A1. Estimated relative velocity change during the dynamic experiment from cross-correlation of an lapse time window at the wave train onset 
(direct wave interferometry) and first-break picks (AIC, Z-detect, STA/LTA and recursive STA/LTA algorithms) assuming a rectilinear ray path from 

source to receiver and an initial velocity of 3920 ms −1 with the bottom (dashed line) and top (solid line) transducers as sources. 

(a) (b)

Figure A2. (a) The data and (b) covariance matrix of relative traveltime perturbation measurements to invert for the traveltime perturbation profile, d 

and Qd in eq. ( 24 ), respectively, built from measurements in Fig. 7 ). 
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J.A. Smith et al. ( 2021 ) showed that using interferometry with a moving reference in a 150 μs window at the onset of wave energy

direct wave interferometry, DWI) yields a smoother profile (Fig. A1 ). The magnitude of relative wave speed perturbations is similar
o first-break picks, however measurements are accurate enough to show key features of the wave speed profile, for example, steadily
ncreasing wave speed following deformation onset followed by a decrease in wave speed prior to failure. 

Relative wave speed perturbations from first-break picks and DWI are an order of magnitude greater than those measured from
WI in the main text. This is because CWI measures changes in the bulk medium as opposed to changes along the fastest path, which is
learly unrepresentative of the bulk medium in this case. This indicates that velocity changes are spatially localized, which is supported
y the spatial localization of damage observed by M.D. Mangriotis et al. ( 2025 ) using X-ray tomography. 
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(a)

(c)

(d)

(b)

Figure A3. (a) Selection of the optimal damping parameter to minimize the root-mean-square error (RMSE) of the observed to the predicted relative 
�t measurements of (b) the DLS solution for the �t profile. Colours in panel (b) correspond to damping parameters shown in panel (a). Red shows 
the DLS solution with the lowest RMSE value. (c) Arrivals on the uncorrected waveforms show perturbations in traveltime between each epoch, (d) 
which were used to validate the inverted model by checking whether they have been aligned after correcting for the perturbation. 

Figure A4. Trade-off between standardized model parameters across the model chain: P -wave speed perturbation Z�α/α , S -wave speed perturbation 
Z�β/β and traveltime of the scattering mean free path Zτp . All model samples are plotted with a kernel density estimate overlaid. 
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A P P E N D I X  B :  P  AND  S  -WAVE  E N E RGY  PART I T I O N I N G  EQUAT I O N S  

R. Snieder ( 2002 ) introduces a set of simultaneous differential equations for the rate of change of the number of packets of P -wave
energy NP and S -wave energy NS in the wavefield (eqs 14 and 15 , respectively). Here, we show how to derive an analytical solution to
the variation of the relative proportion of packets of P- and S -wave energy with lapse time, assuming the medium is non-attenuative
and that all the packets of energy begin in the P -wave state, that is, the source is purely compressional. 

Let lP be the scattering mean free path, defined as a/ 2 pPS , where pPS is the probability that a packet of P -wave energy converts to a
packet of S -wave energy during a single scattering event, and vice versa for pSP and a is the average distance between scattering events.
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he traveltime of one scattering mean free path is therefore 

p = 

lp 

α

= 

a 

2 pPS α
, (B1) 

here α is the P -wave speed. τp is used to define the normalized time t ′ = t/τp . Furthermore, from the ratio of the scattering cross-
ections from P to S scattering and S to P scattering, the ratio pSP /pPS in a non-attenuative medium is given by L. Margerin et al. ( 2000 )
s 

pSP 

pPS 
=

(
β

α

)2 

(B2) 

here β is the S -wave speed. Letting Ṅ ′ 
S = d NS / d t ′ and combining eqs ( 15 ), ( B1 ) and ( B2 ) gives 

˙ ′ 
S = τp ṄS 

= NP − 1 
2 

(
β

α

)3 

NS . (B3) 

Let q be the relative proportion of S -wave packets, 

 = NS 

NP + NS 
. (B4) 

f no wave packets are lost, that is, (NP + NS ) is constant, using eqs ( B3 ) and ( B4 ), q̇′ = d q/ d t ′ is 

˙ ′ = 

Ṅ ′ 
S 

NP + NS 

= 1 − γ q (B5) 

here 

= 1 
2 

(
β

α

)3 

+ 1 . (B6) 

etting q at t ′ = 0 be q0 , the solution to eq. ( B5 ) is: 

 = 1 
γ

(
1 − ( 1 − γ q0 ) e−γ t ′ 

)
. (B7) 

ssuming that the packets of energy all begin in the P -wave state, that is, q0 = 0 , eq. ( B7 ) becomes: 

 = 1 
γ

(
1 − e−γ t ′ 

)
. (B8) 

P P E N D I X  C :  ANALYSIS  OF  T H E  COVARI ANC E  MATRIX  

t measurements are not independent if the measurement pairs share a common epoch, and their covariance is of the same order of
agnitude as the variance of a single measurement. After flattening the upper triangle of the matrix of �t measurements between all
easurement pairs (Fig. 7 a) into a vector (Fig. A2 a), the covariance between each element in the vector was calculated using eq. ( 12 )

Fig. A2 b). Generally, for measurements with the same reference epoch, the covariance is positive and highest between measurement
airs whose perturbed epochs are close together in experimental time. The covariance decreases for perturbed epochs far apart in
xperimental time. Furthermore, for measurement pairs with different reference epochs, the covariance is generally negative when the
eference epoch of one pair is the same as the perturbed epoch of another and positive when the perturbed epochs are the same. This
hows that if the measurement pairs were considered independent, then the measurements would appear to contain more information
han they actually do. 

P P E N D I X  D:  DAMP I NG  PARAMETER  T E ST I N G  

hen inverting for the �t profile within a single coda window (eq. 24 ), it is important to damp towards the moving reference solution
hich is a stable solution (eq. 20 ) to ensure the inverted profile is stable. The measured relative �t distributions were assumed to

ollow a multivariate normal distribution, which is only valid for a positive semidefinite covariance matrix. This may not be the case
ue to errors in the measurement of the covariance matrix. Therefore, to ensure that the covariance matrix is positive semidefinite,
e set a minimum correlation coefficient cut-off for valid measurements. This effectively reduced the relative traveltime perturbation
atrix (Fig. 7 a) to a band of elements around the diagonal. When no damping was applied in the inversion (eq. 24 in main text for
= 0 ), the misfit between the predicted and observed relative �t measurements is high, indicating that the inversion was unstable
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(Fig. A3 a). The misfit decreases quickly to a local minimum with greater damping, then increases as the inverse solution is further
damped towards the moving-reference solution. This indicates that the solution from DLS inversion provides an improvement to the 
moving reference solution (Fig. A3 b). The recorded waveforms show common waveform shapes that can be tracked across epochs
(Fig. A3 c), which were used to verify that the waveforms have been aligned correctly without cycle skipping, upon correcting for �t
(Fig. A3 d)—if the waveforms were aligned incorrectly, this was usually because the moving reference solution contained significant
errors and measurements in these coda windows were discarded. Tracking phases in the waveforms across epochs shows how phases
appear and disappear throughout the experiment, indicating the importance of measuring �t locally between epochs close together in 

experimental time. Moreover, not all phases follow the same �t profile, due to the heterogeneous distribution of �v/v and differences
in path length between phases. 

A P P E N D I X  E :  S E N S I T I V I T Y  ANALYSIS  

E1 Partial Derivatives of Energy Partitioning Model 

The energy partitioning model predicts the traveltime perturbation of the wavefield at a given lapse time with respect to changes in
the P -wave speed, S -wave speed and scattering mean free path traveltime. Relevant notation is given in Table A1 ; the notation of some
variables is different to Appendix B for brevity. We repeat the relevant equations (eqs 16 , 17 and B7 ) here for convenience 

�t = −t [ ( 1 − q) α� + qβ�] , (E1) 

where 

q = γ −1 
(

1 − ( 1 − γ q0 ) exp 

[ 
−γ tτ−1 

p 

] )
(E2) 

and γ = 1 + κ−3 / 2 . 
To investigate the effects of each parameter on the energy partitioning equation, we can analytically calculate partial derivatives to

compare the linearized effect of changes in each parameter. Note that the effect of error in time-zero is captured by the partial derivative
with respect to t. For brevity we use the partial derivative notation ∂x y ≡ ∂ y/∂ x. The partial derivatives of γ are: 

∂κ0 γ = −3 κ−4 
0 ( 1 + β�) 3 ( 1 + α�) −3 

/ 2 (E3) 
∂α�

γ = −3 κ−3 
0 ( 1 + β�) 3 ( 1 + α�) −4 

/ 2 (E4) 
∂β�

γ = 3 κ−3 
0 ( 1 + β�) 2 ( 1 + α�) −3 

/ 2 . (E5) 

The partial derivatives with respect to q are: 

∂q0 q = exp 

[ 
−γ tτ−1 

p 

] 
(E6) 

∂t q = τ−1 
p ( 1 − q0 γ ) exp 

[ 
−γ tτ−1 

p 

] 
(E7) 

∂τp q = t ( 1 − q0 γ ) exp 

[ 
−γ tτ−1 

p 

] 
(E8) 

∂γ q = −γ −2 
1 + γ − q0 γ

2 tτ−1 
p + exp 

[ 
γ tτ−1 

p 

] 
exp 

[
γ tτ−1 

p 
] . (E9) 

These partial derivatives are used in conjunction with the product and chain rules to derive the following partial derivatives with
respect to �t: 

∂q �t = t ( α� − β�) (E10) 
∂α�

�t = t
(
q − 1 + ( α� − β�) ∂γ ( q) ∂α�

( γ ) 
)

(E11) 
∂β�

�t = t
(−q + ( α� + β�) ∂γ ( q) ∂β�

( γ ) 
)

(E12) 
∂τp �t = ∂q ( �t ) ∂τp ( q) (E13) 
∂rmt �t = ( α� − β�) ( q + t∂t q) − α� (E14) 
∂κ0 �t = ∂q ( �t ) ∂γ ( q) ∂κ0 ( γ ) (E15) 
∂q0 �t = ∂q ( �t ) ∂q0 ( q) . (E16) 

In this work, we assume t0 , κ0 and q0 to be fixed, and we invert for free parameters α�, β� and τp . In reality, there is systematic
error on the fixed parameters. We discuss the relative effects of these errors in Section 4.4 . 

E2 Quality Factor Perturbations 

Here, we estimate the effect of changes in attenuation on the estimated wave speed perturbation. At epoch i , let the quality factor be
Qi and the frequency-dependent wave speed be ci ( ω) where ω is the angular frequency. Consider a constant Q across a frequency band
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entred on frequency ω0 . Wave speed is dispersive in attenuative media in order to preserve causality (W.I. Futterman 1962 ), and is
escribed by the Kramers–Kronig relation: 

i ( ω) = ci ( ω0 ) 
[

1 + 1 
πQi 

ln 

(
ω 

ω0 

)]
. (E17) 

ssuming the only change in the medium is a change in attenuation, that is, ci ( ω0 ) = c j ( ω0 ) , the relative change in wave speed between
pochs i and j is 

�ci j ( ω) 
ci ( ω) 

=
[

�Qi j /Qi 

1 + �Qi j /Qi 

] [
ln ( ω/ω0 ) 

πQi + ln ( ω/ω0 ) 

]
, (E18) 

here �ci j ( ω) = c j ( ω) − ci ( ω) and �Qi j = Q j − Qi . 
Given conservative order of magnitude estimates for this experiment of ln ( ω/ω0 ) ∼ 10−1 , Qi ∼ 101 –102 , relative quality factor

erturbations of �Qi j /Qi ∼ 10−2 would produce maximum �ci j /ci ∼ 10−5 –10−4 , the sign of which depends on the change in quality
actor and the frequency. Given the observed relative wave speed perturbations in this work in the order of 10−4 –10−3 , estimates of
ave speed perturbation due to moderate attenuation perturbations are an order of magnitude less than observed. 

3 Model Parameter Covariance 

n analysis of the covariance between model parameters in the energy partitioning inversion model chain (Fig. 10 ) shows that there
s a weak negative correlation between �α/α and �β/β (Fig. A4 a), a weak negative correlation between �α/α and τp (Fig. A4 b) and
egligible correlation between �β/β and τp (Fig. A4 c). This is because the coda consists of a mixture between P and S waves so a
ecrease in the wave speed of one can be made up for an increase in the wave speed of the other for seismic data in coda windows close
o equipartitioning. 
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