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Abstract

As tipping points are extremely difficult to predict using an initial value modelling approach,
forewarning of bifurcation tipping points instead often depends on the analysis of observational
data, using approaches that aim to detect reducing system resilience. The most commonly used
early warning indicators (EWIs) rely on the phenomenon of critical slowing down, which is the
tendency for fluctuations of a state variable to get larger (increased variance) and longer lived
(increased temporal autocorrelation), as the bifurcation is approached. This is measurable in low
dimensional systems that remain close to a quasi-equilibrium state in the run-up to the bifurca-
tion. However, in systems that are subject to rapid changes in external forcing, such as the contem-
porary Earth system, this condition is unlikely to be met and EWIs become less reliable. In addi-
tion, temporal EWIs require long observational time series. For these reasons, it makes sense to
consider spatial EWIs that can make use of the spatial detail resolved by present-day observations,
especially from remote sensing. In this paper, we explore the conditions under which spatial and
temporal EWIs will each be reliable, using a simple spatially coupled model with a fold bifurcation.
In the weak coupling limit, we find spatial EWTIs give reliable warning of the bifurcation, even if the
external forcing is changing rapidly. However, in the limit of strong spatial coupling, spatial early
warning disappears. Under these conditions, we find temporal EWIs give reliable warning as long
as the external forcing is not changing quickly compared to the characteristic timescale of the sys-
tem. We conclude that spatial early warnings will be especially useful in systems that have relatively
weak spatial coupling, but which are also subject to rapidly changing external forcing (e.g. forests
under contemporary climate change).

1. Introduction

There is growing evidence that certain components of the Earth System, known as tipping elements [1],
are bistable and that rising global temperatures may push these systems from one state to another [2,

3]. For example, the shutdown of the Atlantic meridional overturning circulation (AMOC) [4-6], the
dieback of the Amazon Rainforest [7, 8] and the melting of ice sheets [9, 10] are all hypothesised tipping
points that may be triggered by anthropogenic climate change.

Such transitions may lead to serious impacts. For example, the melting of the ice sheets could lead to
multi-metre sea level rise [11]. A shutdown of the AMOC could cause decreases in temperature and pre-
cipitation across much of the northern hemisphere [12], with severe consequences for agriculture [13].
Furthermore, Amazon dieback could lead to cultural and biodiversity losses [14] as well as increased
atmospheric CO, [7] as the Amazon is a significant store of carbon [15].

Modelling tipping points with earth system models (ESMs) has proven challenging and there is a
large uncertainty in the magnitude of global temperature increase required to cause tipping [16]. Several
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Table 1. Estimates of €, which is the ratio of system to forcing timescale, for a
subset of tipping elements using the estimated timescales in [16]. The forcing
timescale was chosen to be 50 years. Assuming a current level of warming of
around 1 K, if temperatures increase by 1 K over the forcing timescale then
this choice of timescale corresponds to around 3 K of warming by the end of
the century. This is about the level of warming expected under current

policies [40].

Tipping element System timescale (years) ~ Estimated €
Greenland Ice Sheet 1000-15 000 20-300
West Antarctic Ice Sheet 500-13 000 10-260
Boreal Permafrost 10-300 0.2-6
AMOC 15-300 0.3-6
Amazon Rainforest 50-200 1-4
Southern Polar Gyre Convection ~ 5-50 0.1-1

factors contribute to this uncertainty. For example, modelling some tipping points can involve very long
simulations of inherently nonlinear systems across a range of parameter values [17]. This can prove
computationally infeasible, particularly in the case of a fully coupled ESM. Furthermore, the equations
governing biosphere dynamics are poorly defined. Therefore, different modelling approaches may dis-
agree on the threshold or if tipping is actually possible [18]. Even in cases where the system is governed
by Equations derivable from physical laws, such as the AMOC, ESMs still suffer biases in processes relev-
ant to tipping [19]. In complex systems, tipping may not occur at a single critical threshold but instead
proceed through a series of intermediate tipping points [20].

To help reduce this uncertainty, there have been attempts to determine empirically if a system is
approaching a tipping point. If the tipping can be characterised as a bifurcation (i.e. it is an example of
B-tipping [21]) then this is possible in principle. Methods designed to detect an approaching bifurcation
typically make use of an assumption that the tipping element can be modelled as a dynamical system,
subject to noise, that is near an equilibrium with slowly varying parameters. Mathematically, a bifurc-
ation occurs when an eigenvalue of the Jacobian of the system’s equation of motion, evaluated at equi-
librium, crosses the imaginary axis [22]. As the Jacobian controls the linearised dynamics of the system,
and the real part of its eigenvalues control the rate of relaxation to equilibrium, this change in the eigen-
values manifests as an increase in magnitude and duration of the fluctuations about the equilibrium of
the system.

This loss of resilience is known as critical slowing down. It can be quantified by determining changes
in the autocorrelation and variance, known as early warning indicators (EWIs), of a detrended time
series. Their changes can be measured to give early warning signals (EWSs) of tipping [23]. As the tip-
ping point is approached, the variance diverges and the autocorrelation tends to unity [24-26].

These techniques have been applied to Earth System tipping elements [27-32]. However, questions
remain about how best to interpret these results in light of measurement uncertainties [33, 34], the addi-
tion of non-stationary processes [35] and applicability to high dimensional systems [36].

A basic assumption this approach makes is that there is a timescale separation between the forcing
and the dynamics of the system [37]. In other words, the ratio of the timescale of the system response to
the timescale of the forcing, ¢, must be small [38]. If this assumption is met, then the system is always
near a quasi-equilibrium and the fluctuations about that equilibrium can be related to the stability of
the system. Furthermore, the slow forcing enables enough data about the fluctuations to be collected to
give reliable statistics. Conversely, if this assumption does not hold, then it is difficult to detect critical
slowing down [39].

This poses a particular challenge when trying to detect early warning signals from tipping elements
forced by contemporary climate change, as this timescale separation cannot be guaranteed. This is
because the decadal timescale of climate change is similar to, or faster than, the inherent timescales of
some tipping elements. This is illustrated in table 1, which provides crude estimates of ¢ for different
tipping elements.

Therefore it is important to adapt EWIs to work in rapidly forced systems. One method, examined
in this work, is to use spatial EWIs. Intuitively, we may expect spatial EWIs to be more skilful than tem-
poral early warning indicators in rapidly forced systems as they give an instantaneous snapshot of the
system, whereas temporal EWIs give an average of the system’s stability over a window.

There are a number of possible spatial EWIs. For example, Kéfi et al [41] found increased spectral
power at long wave lengths, rising variability and changes to patchiness were all spatial indicators of
an upcoming transition. Donangelo et al [42] compared spatial and temporal EWIs, finding that the
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spatial variance can give an earlier early warning than the temporal variance. Spatial indicators have
been investigated in ecological contexts [43—45] and have been applied to observational datasets [46—48].

One way to understand spatial EWIs is to consider how EWIs are created. An EWI can be derived by
finding a quantity, defined as an ensemble average of a function of the system state, which has a char-
acteristic behaviour as the tipping point is approached. Often these ensemble averages are estimated
as averages of a time series, giving temporal EWIs. They can also be estimated by taking averages of a
system over space. This space-for-time substitution can be justified if different points in space can be
treated as different ensemble members.

A problem with this substitution is that it ignores the inevitable correlations between different points
in space. If the system is un- or very weakly spatially coupled, these correlations will be unimportant
and we may expect good EWSs. However, as the strength of spatial coupling increases, different points in
space will be more strongly correlated and so we should expect spatial early warning signals to be worse.

In this paper we look at the effect of spatial coupling and forcing timescales on the skill of EWSs. We
will compare the classical temporal EWIs with their space-for-time substitution equivalents. We use these
particular spatial early warning indicators as they are simple and enable a natural comparison with their
corresponding temporal indicators.

2. Methods

2.1. Model system
2.1.1. Without spatial interactions
We begin by considering a system without any spatial dependence and study the prospect of obtain-
ing EWSs. To keep things as simple as possible, we take a one dimensional system with a saddle node
bifurcation which occurs when a control parameter, p, reaches a critical value. The saddle-node is the
prototypical example of B-tipping as it is the only generic bifurcation in one dimension for continuous
dynamical systems [49]. Different systems with a saddle-node bifurcation all experience similar dynamics
near a bifurcation [22] and therefore we choose as simple an equation of motion as possible, to which
we add weak additive white noise of magnitude o.

Mathematically, we take a system with state variable ® evolving over time, ¢, with dynamics con-
trolled by the stochastic differential equation

dd 1

5= J@n+ = M

Ve
where the deterministic dynamics, f, are defined by

f(@p) =@ — 10 2)
and 7 is white noise with mean and covariance

(n(1)
(n(6)n(t))

0 (3)
S(t—t'). (4)

Due to its simplicity, this and closely related systems are commonly used in investigations of EWSs [29,
35, 50].

The timescale ratio € controls the rate of adjustment in the system. A small € gives a system that
relaxes rapidly to equilibrium. For ;= 0, equation (1) has an equilibrium with ®* = /3. If y is
increased from zero, then ®* decreases. Eventually, the critical value of y. =2/3 is reached, (with cor-
responding equilibrium ®* = 1), at which point the system undergoes a saddle-node bifurcation.

It is often useful to write the dynamics of equation (1), f{®, i), as the derivative of a potential func-
tion, V(®, 1t). Writing equation (1) in this way gives

do 1dV. o

Fri Sy 20 ?
where

1 1
V(®) = —E(I)Z+E(I)4+M(I>. (6)
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This has the interpretation that the dynamics of the system minimise V and that the minima of V cor-
respond to different equilibria. As the tipping point approaches, the minimum the system is in will
become broader and shallower. Once the tipping point is reached, the minimum will no longer exist and
the system will transition to a new minimum.

2.1.2. With spatial interactions

To take into account the spatial nature of the problem we must allow for spatial dynamics. For simpli-
city, we restrict ourselves to a one dimensional periodic domain of length L = 2. We parameterise spa-
tial interactions by adding a diffusive coupling to equation (1); this acts to smooth out the value of ®
over the domain. Such a parameterisation has found numerous uses in climate and ecological models.
For example, it has been used in energy balance models for the global temperature [51, 52], ecosystem
pattern formation [53, 54] and accounting for spatial effects in models of tipping phenomena [55, 56].

We use the equation

0P 1 0*P L
81':€<f(¢.”u)+D8xz>+o-\/:<<x,t)7 (7)

where the strength of the spatial interactions are quantified by the diffusion coefficient, D. The field ¢ is
white noise, in both time and space, with zero mean and covariance

<<(x7t)C(x/7t/)> :6(t_t,)5(x_xl>' (8)

We scale the noise term by the square root of the domain size, L, to ensure that the spatial average of
the noise term is equal in magnitude to the noise term in equation (1) (see appendix A). Equation (1)
can thus be considered a mean field approximation of equation (7).

Equation (7) is a time-dependent Ginzburg-Landau equation which has been used in the study of
Ising ferromagnets [57]. Like equation (1), it can also be understood as the derivative of a potential.
However, as the state of the system is no longer given by a number but instead by a field, ®(x), the
potential function, V(®), must be replaced with a functional, V[®(x)], and the derivative by a functional
derivative. Writing equation (7) in this way gives

0P 19V L
(%__ecM)+a\/:C(x’t) )

where

V[® (x)] = /OLV(<I>(x,u)) +§ (%i)zdx. (10)

When written in this form, the close analogy between equations (9) and (5) becomes clear. Even in
the spatially extended case, the system still acts to minimise a potential, V. Again, different minima of V
correspond to different equilibria of the system. As the tipping point approaches, V becomes broader
and shallower, until the minimum disappears at the tipping point. After this the system as a whole
transitions to a new equilibrium.

This way of writing the equation also makes clear that any equilibrium of equation (7) must be spa-
tially uniform. This is because equation (10) depends on the square of the spatial gradient of ®, and is
this minimised when ® is uniform.

2.2. Early warning indicators (EWIs)

2.2.1. Temporal early warning

We begin by showing how the commonly used EWIs of variance and autocorrelation arise. We study the
dynamics of fluctuations about equilibrium. To that end, we linearise equation (1) about an equilibrium
given implicitly by f(®*, 1) = 0 and set ¢ = & — &*. This gives

6 A, o
- ¢+$Tl(t), (11)

€
where A = —0gf(P*, ).

With this sign convention A\ decreases towards zero as the system approaches the tipping point. As
fluctuations return to equilibrium on a timescale of €/, this timescale diverges as the tipping point is
reached; this is known as critical slowing down. Detecting this timescale divergence would therefore give
an early warning of tipping.
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Equation (11) is known as an Ornstein—Uhlenbeck process [58]. This equation has known variance
and lag-T autocorrelation, given by

2

Var¢g = Z—/\ (12)
Ar(¢p) =e /e, (13)

Both of these quantities depend on the system timescale and can thus give an early warning of tipping.
As the tipping point is approached, the variance diverges and the autocorrelation tends to unity.

These EWSs can also be understood using the framework of the potential function, V. The equilib-
rium of the system corresponds to a minimum of V about which there will be small fluctuations due
to noise. The magnitude of these fluctuations will be controlled by the curvature of the potential as
V"(®*) = . As the tipping point approaches, V'’ (®*) decreases and the minimum broadens. As a result
the fluctuations become larger and longer lived, leading to increases in variance and autocorrelation.

2.2.2. Spatial early warning

We now show that critical slowing down will still occur in the presence of spatial interactions. Again,
we linearise equation (7) about a spatially uniform equilibrium given implicitly by the conditions
f(®*(x), ) =0 and 9,P* = 0. We set ¢(x) = P(x) — *(x) and linearise to get

2
a(b:—A(zbjLDad”aqﬁ((oaf% (14)
€ OX €

where A = —0pf(D*, 11).
It is easiest to see the effects of critical slowing down by decomposing ¢(x) into a Fourier series. The
coefficients, Fy(#), of the Fourier series of a function F(x,t) relate to F through

o

1 ikx
F(X7t):ik; Fk(t)e ) (15)
and can be explicitly calculated using
L .
Fe() = / F(x, 1) e~ dx. (16)
0

With these definitions applied to ¢(x,t) and ((x,t), the dynamics for each mode, k, in equation (14)
decouple and become

dftk >‘(1+§2L2k2 ) r +o\[§k (17)
where
1 /D
§=11/3 (18)

Appendix B shows that £ can be understood as the correlation length of the system, normalised by the
domain size.
Equation (17) shows that each mode relaxes to equilibrium over a timescale

€ 1

=N rere) (19)

Therefore as the bifurcation is approached and A reduces towards zero, the timescale of each mode
increases. This is another example of critical slowing down. In particular the timescale of the spatial
mean fluctuation, which corresponds to k=0, diverges.

This timescale increase occurs if there is no spatial coupling (D =0) and if there is spatial coupling
(D#0). Any method that can detect this increase, such as measuring the variance and autocorrelation,
can therefore give an early warning. We may expect this to be most easy to detect when D is small, as
in this case the system behaves approximately like an ensemble of independent tipping systems, each of
which experiences a rise in variance and autocorrelation before the tipping point.

Again, this can be understood using the potential framework. As the tipping point is approached, V
will broaden. This means that the fluctuations, ¢(x), will be larger and longer lived. As ¢(x) is a field,
the fluctuations correspond to changes in space and thus we should expect increases in spatial variance
and autocorrelation.
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Table 2. Parameter values
assumed in this study.

Parameter Value range
€ 1073 to 10!
D 0to10°

o 0.03

L 2

2.2.3. Correlation length
Although we have introduced a parameter, D, to quantify the magnitude of spatial coupling, we per-
formed the analysis of section 2.2.2 in terms of the normalised correlation length, £. To help our results
generalise to other functional forms for spatial coupling we will continue to use & rather than D. This is
because D is specific to our model system but a correlation length will exist for a range of other coup-
lings. There are some additional advantages to working with & over D. For example, it is straightforward
to estimate ¢ directly from data, by measuring how rapidly correlations decay in space. Additionally, we
will see that our results about the skill of spatial EWSs are best understood in terms of £ rather than D.
It should be noted, that at the bifurcation the value of A is zero, which means that £ diverges. This
can be used as an early warning signal in its own right. However, we do not examine that phenomenon
directly in this study. Instead, we will calculate the correlation length for the initial state of the system
with ©=0.

2.3. Experimental configuration

We perform experiments by increasing p from zero linearly with time, with 4 = 1, and numerically
integrating the model. As the system has a timescale on the order of ¢!, this corresponds to a slow
parameter change when € < 1 and a rapid change when € > 1. We perform experiments with both
equation (1) (without spatial dynamics) and equation (7) (with spatial dynamics). We can also perform
control simulations in which the system does not tip by keeping p fixed at zero.

We initialise ¢ in equation (1) with a random variable drawn from a normal distribution of mean
/3 and variance equal to the exact variance of the linearised system. Similarly, we initialise equation (7)
with a random field with a spatially uniform mean of v/3 and covariance given by the exact covariance
of the linearised system equation (14). This ensures that on average the system is initialised in equilib-
rium and changes in variance and autocorrelation are due to stability changes rather than the system
spinning up.

We numerically integrate the system forward in time from =0 to t = 0.6, using parameter values
given in table 2. This means the system does not reach the tipping point (which occurs at t =2/3). As
the probability of N-tipping increases as the system approaches the tipping point, stopping the integra-
tion before the tipping point minimises the effect of N-tipping on our results. For the same reason, we
set o to be small.

We integrate equations (1) and (7) with an implicit Runge—Kutta method. We carry this out numer-
ically with the diffrax library [59]. The solver uses an internal time step of 0.0001 and we sample output
after Ar=0.001 units of time. We discretise equation (7) into N = 10 points in space and approximate
the second derivative with central finite differences.

2.3.1. Temporal EWIs

To produce temporal EWIs we analyse each time series in a sliding window over the data. We express
the window length as a window fraction which we define as the ratio of the window size to the total

duration of the series. Within each window we detrend by fitting and subtracting a cubic polynomial,
and we then compute the variance and the autocorrelation (at lag At) from the residuals.

2.3.2. Spatial EWIs
Spatial EWIs differ in that they are computed instantaneously from the data and therefore do not require
a sliding window. For similar reasons, no detrending is required.

For a field g(x, 1), we define the spatial mean at time ¢ as

L
i=1 / 0%, 1) dx. (20)
0

(=)
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This allows us to write the spatial variance of q as

Vig)=q*—7 (21)

and the spatial autocorrelation at lag T, which we take as At throughout the paper,

e 0q (ot T)
Ar(q) = ——2 (22)
") N aE Vea G £ T)
where
q9'=q9—7q. (23)

2.4. Quantifying skill

An increase in the EWIs of variance and autocorrelation is evidence that a system is approaching a tip-
ping point. As such trends may arise due to random variability, we measure the significance of the trend
using the surrogate phase method [60]. We generate 1000 phase randomised surrogates of the EWI and
compute the linear trend for each surrogate. In general we expect a nonlinear increase in the EWI before
the bifurcation, however we measure a linear trend as it is difficult to determine a priori what the non-
linear trend should be. We deem an observed linear trend as significant at level p if it exceeds a fraction
1 — p of the surrogate trends.

Classifying EWSs in this manner allows us to quantify their skill at predicting approaching tipping
points using ROC analysis [61]. For a given significance level p, we generate 5000 time series of the EWI
for the system with increasing v and compute how many significant trends are observed, giving the true
positive rate. We repeat this for the control simulation (x4 held constant) to give the false positive rate.

Plotting the true positive rate against the false positive rate gives the ROC curve. The overall skill
of the EWS is summarised by the area under that curve (AUC). By construction, the AUC is bounded
between 0 and 1. A maximally skilful early warning signal will have an AUC of 1, whereas an early
warning signal with no skill at all will have an AUC of 1/2. If the AUC is smaller than this, the EWS
is worse than random chance.

2.5. False positives

Some studies have demonstrated how EWSs can still give an indication of an approaching tipping point
even in cases where no such tipping point exists [62, 63]. To investigate this, we perform experiments in
which the system moves away from the bifurcation point, by setting t = —1 and performing the numer-
ical procedure outlined in section 2.3.

For each generated time series, we compute EWIs and evaluate their significance as described in
section 2.4. Since the system cannot tip, any significant increase represents a false positive. A trend is
taken to give an early warning of tipping if p < 0.05. Therefore, the false positive rate is the proportion
of trends satisfying this criterion.

3. Results

3.1. Temporal EWIs

We measure how the skill of temporal EWIs depend on the system timescale. As temporal EWIs require
a sliding window, we investigate how the skill is affected by the length of this window. We perform the
experiment given in section 2.3 using the model without spatial dynamics, equation (1), and quantify
their skill with the AUC, as described in section 2.4. This was carried out for a range of € values
between 10~ and 10 and window lengths with sizes between 1% and 99% of the time series length. We
plot the resulting AUC in figure 1.

Figure 1 shows that when the timescale of the system is slow compared to the forcing timescale
(large €), temporal EWIs show little skill. However, when the timescale of the system is much faster than
the forcing timescale, skilful early warnings can be obtained.

If the window size is chosen optimally, then the early warning indicators show skill for e values
smaller than around 10!, However, if the choice is made sub-optimally this can fall to below 1072, For
small values of €, temporal early warning signals are skilful for a range of window sizes, as long as they
are not too long or too short.
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Variance Autocorrelation 0
1.
90%
c 0.9
-f—j 70%
(@)
£ 0.8
> 50% AUC
B 0.7
-é 30% '
0.6
10%

1073 1072 107! 10° 10t 1073 1072 107! 10° 10!
€ 3

Figure 1. Early warning signal skill, quantified by the AUGC, for the temporal early warning indicators of variance and autocorrel-
ation. Both early warning signals are skilful for similar values of ¢, as long as € is smaller than around 10~ The skill is relatively
insensitive to the choice of sliding window length as long as it is not very short or very long.

Method
—— Spatial
—— Temporal
EWI
—— Variance
——=- Autocorrelation

AUC

1073 1072 1071t 100 10!
€
Figure 2. A comparison of the skill of spatial (blue) and temporal (orange) early warning signals as a function of € assuming no

spatial coupling. Spatial early warning signals are more skilful over the range of € considered, and remain skilful for larger e than
temporal early warning signals. In particular, there is still some skill as e approaches 1.

3.2. Spatial early warning

3.2.1. Uncoupled limit

First, we consider the limiting case of zero correlation length (which corresponds to D =0). In this
case, ensemble averages and spatial averages are equivalent, and so we expect to get good early warning
signals.

We calculate the skill of spatial EWSs for the system with spatial dynamics (equation (7)) for a range
of € values. We compare this to the skill of temporal EWSs applied to the spatial mean of the system, ®.
When calculating the temporal EWIs, we use the optimal window length for each €, which is the window
length with highest skill for a given € in figure 1.

The results of this experiment are plotted in figure 2. The figure shows that spatial EWSs are more
skilful than temporal early warning signals, when & =0, across all € values. Furthermore, spatial EWSs

8
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Figure 3. The skill of spatial and temporal early warning signals as a function of € and normalised correlation length. Spatial early
warning indicators are more skilful at larger values of € but temporal ones are more skilful as £ increases.

retain some skill for e~ 1, whereas temporal EWSs are only skilful for € smaller than 10~!. This rep-
resents an order of magnitude improvement of spatial EWSs over their temporal equivalent in the
uncoupled regime.

3.2.2. Role of spatial correlations

We now continue the experiment of section 3.2.1 for the case where £ # 0. That is, we calculate spatial
early warning indicators over the whole domain and also calculate temporal early warning indicators of
the system’s spatial mean. Again, temporal indicators require a choice of sliding window, which we set
for each € to be the window length that gives the most skilful early warning as identified in figure 1.
The results of varying £ (through varying D) and e are shown in figure 3. Figure 3 shows that temporal
EWIs, calculated with optimal window lengths, are skilful for any £ value as long as the corresponding ¢
value is small enough. The skill of the temporal early warning indicators do not vary with £. The critical
¢, above which temporal EWIs show no skill, is around 1071

Conversely, spatial EWIs show no skill when £ is too large. This loss of skill happens for normalised
correlation lengths above £ ~ 1. This can be readily understood as having a correlation length similar
to the domain size, meaning there are no effectively independent parts of the domain. However, spatial
EWIs are more skilful than temporal early warning indicators for systems with slow timescales (large ¢).
They show some skill even for €= 1, representing an order of magnitude improvement.

It is interesting to note that the autocorrelation appears to lose some skill at small ¢ compared to
the variance in the spatial case. This is a result of having a fixed time step. As € gets smaller, the system
changes less from one time step to the next, so it becomes more challenging to estimate the autocorrela-
tion. This could be alleviated by calculating the autocorrelation over a longer time step.

The most skilful method of early warning, either spatial or temporal, is plotted in figure 4. Where
neither method is skilful (i.e. neither method has an AUC above 0.5) the figure is left blank. It shows a
summary of the results, namely if € is larger and £ not too big then spatial early warning indicators are
most suitable. However if £ is large and e small then temporal EWIs are better. However in the domain
of very large €, neither method can give skilful early warning signals.
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Figure 4. This figures shows which of spatial and temporal early warning signals are more skilful as a function of € and £. Where
neither spatial or temporal early warning signals are skilful the plot is left blank.
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Figure 5. The false positive rate for the case where 4 varies in time but the system does not approach a bifurcation. Spatial early
warning signals outperform their temporal counterparts, particularly at large €.

3.2.3. False positives
As described in section 2.5, we compare how spatial and temporal EWIs differ in their probability of
producing spurious trends by calculating the false positive rate when jt = —1. The window lengths used
to calculate the temporal EWIs were chosen similarly to how they were chosen to calculate the AUC.
Namely, they were the window lengths which minimised the false positive rate in the uncoupled system.
We calculate the false positive rate for spatial and temporal variance and autocorrelation across a
range of € and ¢ values, which we plot in figure 5. We find that for the parameters considered, spatial
EWTIs generate fewer false positives than their temporal counterparts. This difference is particularly pro-
nounced at large e.
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4. Discussion

There is substantial evidence that the Earth system contains subsystems in which climate change could
cause tipping from one state to another, leading to profound impacts on society. As there is little con-
sensus amongst ESMs on the level of climate change required for tipping, it is important to develop
EWIs. Although progress has been made on temporal indicators [23], temporal EWIs struggle with three
issues in particular.

Firstly, Earth system tipping elements are being forced rapidly compared to their intrinsic timescales,
as shown in table 1. Secondly, remote sensing [64] provides data with a high spatial resolution, which
temporal indicators do not use. Thirdly, the time series of observables of a tipping element are relatively
short [65], especially when compared to their intrinsic timescales. We have developed an approach which
can begin to address these issues by using spatial information.

In this paper, we have compared the skill of temporal and spatial EWSs for tipping points. We used
a simple reaction-diffusion system with a saddle node bifurcation. We could control how rapidly the
system was forced compared to its own intrinsic timescale by adjusting the parameter e. We could also
change the how strong the spatial interactions were, which we quantified with a correlation length, &.

We found that spatial and temporal EWIs have their own strengths and weaknesses. We find that for
systems that are forced rapidly relative to their timescale (larger ¢), spatial early warning signals may be
skilful but temporal early warnings are not. However, when there are strong spatial correlations (correla-
tion lengths on the order of the domain size), spatial early warnings are not skilful. Conversely, when the
forcing is slow, temporal early warning signals can be skilful no matter the spatial correlation.

We found that the correlation length of the system was an important factor in controlling the skill of
spatial EWSs. For systems like forest ecosystems, which have a relatively short correlation length [66] we
may expect spatial EWIs to be skilful. However, for systems that are more spatially coherent like ocean
circulations [17], spatial EWSs may be less skilful than temporal ones. Furthermore, systems which are
rapidly forced and strongly spatially coherent are not amenable to skilful temporal or spatial early warn-
ings. A system specific approach may be required in this case.

These results are important for Earth system tipping elements with larger e values. These systems
have significant inertia and allow for a temporary overshoot of their tipping point [67, 68], which is a
reason why it is important to understand how close the tipping point is. As well as making use of the
spatial information provided by remote sensing data, spatial early warning indicators do not need to be
calculated from long time series. This is because they can give an instantaneous measure of the system’s
stability and do not require detrending over a sliding window.

A limitation of our study is that we only investigated a simple one dimensional scalar field subject to
additive white noise. Furthermore, we modelled spatial interactions with a diffusive spatial coupling. It is
possible that a more complicated coupling could affect our results. For example, we found that the skill
of temporal early warning signals are independent of &, which may be due to the fact that the diffusion
term vanishes in the spatial mean. Furthermore, we assumed the system and the forcing was homogen-
eous in space. This assumption will not hold, for example, in systems with a strong latitudinal gradient.

For systems that are heterogeneous in space, care will be needed when trying to detect spatial EWSs.
As the early warning signals studied here are caused by changes in the statistics of the system’s fluctu-
ations about equilibrium, a non-uniform spatial equilibrium may need to be subtracted from the data
to isolate the fluctuations in this case. Similarly, if the change in the forcing is not spatially uniform,
we may expect changes in the variability of the system for reasons that are unrelated to its stability.
Nevertheless, we conjecture that spatial EWSs can still be skilful in a range of systems as long as they
are analysed on scales large compared with the correlation length of the fluctuations and small compared
with the length scale of the forcing.

In summary, we have demonstrated a complementarity between spatial and temporal EWIs. We
found spatial early warnings to be more skilful when the forcing is rapid and the spatial coupling
weak, but temporal signals to be more skilful when the forcing is slow and the spatial coupling strong.
Understanding when which technique is most appropriate will enable a more effective use of early warn-
ing indicators.
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Appendix A. Spatio-temporal white noise
If ¢(x,t) is spatio-temporal white noise, then

0 (24)
(€t 1) =0 (x—x")d(t—1). (25)

Now we show v/L((x,t) is temporal white noise with the classic correlation structure. The mean is

<f§(xt <\[/Cxt > (26)

_k/o (€ (x, ) dx (27)
. (28)
and the covariance

<\fC(x 1) VLS (/1) <f/ C(x \f/oLC(x/»t/)dxl> (29)

:<i/0 /0 g(x,t)g(x/,t’)dxdx’> (30)

_ 1/L/L<g(x,t)g<x’,t')>dxdx’ (31)

/ / (x—x")d(t—t") dxdx’ (32)

=0(t—1t) (33)

Appendix B. Correlation length

We calculate the correlation length by linearising equation (7) to give

?;fi( 82¢ A¢)+U\/7fo (34)

and calculating the associated Green’s function, given by the solution to

= (g —A) 6 +6()5 (s, (35)
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This Green’s function controls the response to fluctuations, so its dependence on x will reveal the cor-
relation length. It is easiest to solve equation (35) by using Fourier methods. For simplicity, we take the
limit as L — oo so that the Fourier transform of G(x,t) is given by

~ 1
G(kw) = ye3 // G (x, 1) exp (i (kx 4+ wt)) dxdt (36)
7
and the inverse transform is
G(x,1) = // G (k,w) exp (—i (kx + wt)) dkdw. (37)
After applying this transform, equation (35) becomes
~ 1 ~
iwG=—= (Dk*+))G+1 (38)
€
or
~ 1 1
6= Ae L+ e 1R +iwA 1’ (39)
with €2 = D/X. G can be inverted to give
1 e 1x* e\ -
Gx,t)=-—=exp| ———5— ]e~ . 40
=g mer(iE) o

This justifies that £ is a correlation length as when x> £ we have G~ 0.
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