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Abstract

As tipping points are extremely difficult to predictsusing an'initial value modelling approach,
forewarning of bifurcation tipping points instead often depends on the analysis of
observational data, using approaches that aimto detect reducing system resilience. The
most commonly used Early Warning Indicators (EWIs),rely on the phenomenon of critical
slowing down, which is the tendency for fluctuations of a state variable to get larger
(increased variance) and longer lived (increasedstemporal autocorrelation), as the bifurcation
is approached. This is measurable in low dimensional systems that remain close to a
quasi-equilibrium state in the run-up to'the bifurcation. However, in systems that are
subject to rapid changes in extetnal forcing, such as the contemporary Earth system, this
condition is unlikely to be met and\EWIs become less reliable. In addition, temporal EWIs
require long observational time series. Forthese reasons, it makes sense to consider spatial
EWIs that can make use of'the.spatial detail resolved by present-day observations, especially
from remote sensing. In this paper, we explore the conditions under which spatial and
temporal EWIs will each be reliable, using a simple spatially coupled model with a fold
bifurcation. In the weak coupling limit, we find spatial EWIs give reliable warning of the
bifurcation, even if the external forcing is changing rapidly. However, in the limit of strong
spatial coupling, spatial earlyswarning disappears. Under these conditions, we find temporal
EWIs give reliable warning as long as the external forcing is not changing quickly compared
to the characteristiestimescale of the system. We conclude that spatial early warnings will
be especially useful in‘systems that have relatively weak spatial coupling, but which are also
subject to rapidly changing external forcing (e.g. forests under contemporary climate
change).

1 Introduction

There jis growing evidence that certain components of the Earth System, known as tipping elements
[1], are bistable and that rising global temperatures may push these systems from one state to
another [2; 3]. For example, the shutdown of the Atlantic Meridional Overturning Circulation
(AMO@) [4,5, 6], the dieback of the Amazon Rainforest 7, 8] and the melting of ice sheets [9, 10]
are all hypothesised tipping points that may be triggered by anthropogenic climate change.

Such transitions may lead to serious impacts. For example, the melting of the ice sheets could
lead to multi-metre sea level rise [11]. A shutdown of the AMOC could cause decreases in
temperature and precipitation across much of the northern hemisphere [12], with severe consequences
for‘agriculture [13]. Furthermore, Amazon dieback could lead to cultural and biodiversity losses [14]
as well as increased atmospheric CO2 [7] as the Amazon is a significant store of carbon [15].

Modelling tipping points with Earth System Models (ESMs) has proven challenging and there is
a large uncertainty in the magnitude of global temperature increase required to cause tipping [16].
Several factors contribute to this uncertainty. For example, modelling some tipping points can involve
very long simulations of inherently nonlinear systems across a range of parameter values [17]. This
can prove computationally infeasible, particularly in the case of a fully coupled ESM. Furthermore,
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Tipping Element System Timescale (years) FEstimated e
Greenland Ice Sheet 1000-15 000 20-300
West Antarctic Ice Sheet 500-13 000 10-260
Boreal Permafrost 10-300 0.2-6
AMOC 15-300 0.3<6
Amazon Rainforest 50-200 1-4
Southern Polar Gyre Convection 5-50 0.1-1

Table 1. Estimates of €, which is the ratio of system to forcing timescale, for a subset of tipping elements using the
estimated timescales in [16]. The forcing timescale was chosen to be 50 years. Assumning a current lével of warming of
around 1K, if temperatures increase by 1K over the forcing timescale then this choice of timescale corresponds to
around 3 K of warming by the end of the century. This is about the level of warming/expectediunder current policies
[40].

the equations governing biosphere dynamics are poorly defined. Therefore, different modelling
approaches may disagree on the threshold or if tipping is actually pessible [18]. Even in cases where
the system is governed by equations derivable from physical laws, such asithe AMOC, ESMs still
suffer biases in processes relevant to tipping [19]. In complex systeims, tipping may not occur at a
single critical threshold but instead proceed through a series of intermediate tipping points [20].

To help reduce this uncertainty, there have been attempts to,determine empirically if a system is
approaching a tipping point. If the tipping can be characterised as abifurcation (i.e. it is an example
of B-tipping [21]) then this is possible in principle. Methods designed to detect an approaching
bifurcation typically make use of an assumption that the tipping element can be modelled as a
dynamical system, subject to noise, that is near an equilibrium with slowly varying parameters.
Mathematically, a bifurcation occurs when an eigenvalue of the Jacobian of the system’s equation of
motion, evaluated at equilibrium, crosses thefimaginary. axis [22]. As the Jacobian controls the
linearised dynamics of the system, and the real part of ifs eigenvalues control the rate of relaxation
to equilibrium, this change in the eigenvalues manifests as an increase in magnitude and duration of
the fluctuations about the equilibritimef the systeni.

This loss of resilience is known as eritical slowing down. It can be quantified by determining
changes in the autocorrelation and variance, known as early warning indicators (EWI), of a
detrended time series. Their changes can'be measured to give early warning signals (EWS) of tipping
[23]. As the tipping point is approachedjithe variance diverges and the autocorrelation tends to unity
24, 25, 26].

These techniques héve been appliedito Earth System tipping elements [27, 28, 29, 30, 31, 32].
However, questions remain about how best to interpret these results in light of measurement
uncertainties [33, 34], thie addition of non-stationary processes [35] and applicability to high
dimensional systems [36].

A basic assumption tkis approach makes is that there is a timescale separation between the
forcing and the dynamigs of the system [37]. In other words, the ratio of the timescale of the system
response to the timeseale of the forcing, ¢, must be small [38]. If this assumption is met, then the
system is alwags near a quasi-equilibrium and the fluctuations about that equilibrium can be related
to the stabilityrof the system. Furthermore, the slow forcing enables enough data about the
fluctuations-to be cellected to give reliable statistics. Conversely, if this assumption does not hold,
then it ig difficultyto detect critical slowing down [39].

This poses a particular challenge when trying to detect early warning signals from tipping
elements forced by contemporary climate change, as this timescale separation cannot be guaranteed.
This is because the decadal timescale of climate change is similar to, or faster than, the inherent
timescales of some tipping elements. This is illustrated in table 1, which provides crude estimates of
e-for different tipping elements.

Therefore it is important to adapt early warning indicators to work in rapidly forced systems.
One method, examined in this work, is to use spatial early warning indicators. Intuitively, we may
expect spatial early warning indicators to be more skilful than temporal early warning indicators in
rapidly forced systems as they give an instantaneous snapshot of the system, whereas temporal early
warning indicators give an average of the system’s stability over a window.

There are a number of possible spatial early warning indicators. For example, [41] found
increased spectral power at long wave lengths, rising variability and changes to patchiness were all
spatial indicators of an upcoming transition. [42] compared spatial and temporal early warning
indicators, finding that the spatial variance can give an earlier early warning than the temporal
variance. Spatial indicators have been investigated in ecological contexts [43, 44, 45] and have been
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applied to observational datasets [46, 47, 48].

One way to understand spatial early warning indicators is to consider how early warning
indicators are created. An early warning indicator can be derived by finding a quantity, defined as an
ensemble average of a function of the system state, which has a characteristic behaviour as the
tipping point is approached. Often these ensemble averages are estimated as averages.ofta time series,
giving temporal early warning indicators. They can also be estimated by taking averages,of a system
over space. This space-for-time substitution can be justified if different points in space,can be. treated
as different ensemble members.

A problem with this substitution is that it ignores the inevitable correlations between different
points in space. If the system is un- or very weakly spatially coupled, these correlations will be
unimportant and we may expect good early warning signals. However, as the strength of spatial
coupling increases, different points in space will be more strongly correlatéd and se we should expect
spatial early warning signals to be worse.

In this paper we look at the effect of spatial coupling and forcing timescales on the skill of early
warning signals. We will compare the classical temporal early warning indicators with their
space-for-time substitution equivalents. We use these particular spatial early warning indicators as
they are simple and enable a natural comparison with their corresponding temporal indicators.

~
2 Methods
2.1 Model System
2.1.1 Without Spatial Interactions We begin by considering a system without any spatial
dependence and study the prospect of obtaining early warning signals. To keep things as simple as
possible, we take a one dimensional system with a saddle node bifurcation which occurs when a
control parameter, u, reaches a critical value. The saddle-node is the prototypical example of
B-tipping as it is the only generic bifurcation in one dimension for continuous dynamical systems [49].
Different systems with a saddle-node bifurcatiomnall éxperience similar dynamics near a bifurcation
[22] and therefore we choose as simple an equation of.metion as possible, to which we add weak
additive white noise of magnitude o.

Mathematically, we take a systemywith state variable ® evolving over time, ¢, with dynamics
controlled by the stochastic differential equation

de, 1

s @)+ () (1)

/e

where the deterministic dynamics, f; are defined by

1
[(@®,p) = B — 0% — (2)
and n is white noise with mean and covariance

y (n(t)) =0 3)
() = o(t — t'). (4)

Due to its simplicity, this and closely related systems are commonly used in investigations of early
warning signals [505.295,35].

The timescale,ratio € controls the rate of adjustment in the system. A small € gives a system that
relaxegirapidly to equilibrium. For p = 0, equation (1) has an equilibrium with ®* = V3. If pis
increased from zero, then ®* decreases. Eventually, the critical value of u. = 2/3 is reached, (with
corresponding equilibrium ®* = 1), at which point the system undergoes a saddle-node bifurcation.

It i$ often useful to write the dynamics of equation (1), f(®, ), as the derivative of a potential
function, V(®, 1). Writing equation (1) in this way gives

@ 14V o

- can T %n(t) (5)

where

1 1
V(®) = —§<I>2 + E@‘* + pd. (6)

This has the interpretation that the dynamics of the system minimise V and that the minima of V'
correspond to different equilibria. As the tipping point approaches, the minimum the system is in
will become broader and shallower. Once the tipping point is reached, the minimum will no longer
exist and the system will transition to a new minimum.
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2.1.2  With Spatial Interactions To take into account the spatial nature of the problem we must
allow for spatial dynamics. For simplicity, we restrict ourselves to a one dimensional periodic domain
of length L = 27r. We parameterise spatial interactions by adding a diffusive coupling to equation (1);
this acts to smooth out the value of ® over the domain. Such a parameterisation has found numerous
uses in climate and ecological models. For example, it has been used in energy balance models for
the global temperature [51, 52], ecosystem pattern formation [53, 54] and accounting for spatial
effects in models of tipping phenomena [55, 56].

We use the equation
oe 1 FoRk: \/f

where the strength of the spatial interactions are quantified by the diffusion coefficient, D. The field
¢ is white noise, in both time and space, with zero mean and covariance

(Cla, )", ) = o(t — t)o(x — &) (8)

We scale the noise term by the square root of the domain sizef L, to ensure that the spatial average
of the noise term is equal in magnitude to the noise term in equationeI(B (see appendix A).
Equation (1) can thus be considered a mean field approximation of equation (7).

Equation (7) is a time-dependent Ginzburg-Landau equation, whieh has been used in the study of
Ising ferromagnets [57]. Like equation (1), it can also be understood as the derivative of a potential.
However, as the state of the system is no longer given by anumber but instead by a field, ®(z), the
potential function, V(®), must be replaced with adunctional ) V[® ()], and the derivative by a
functional derivative. Writing equation (7) in this way gives

oo 16V L
5 " Tesaire ;C(x,t) (9)
where . )
V[®(2)] :/0 V(@ (z, 1)) + g (g‘i’) dz . (10)

When written in this formjthe close ‘analogy between equation (9) and equation (5) becomes
clear. Even in the spatially extended case; the system still acts to minimise a potential, V. Again,
different minima of V correspond tordifferent equilibria of the system. As the tipping point
approaches, V becomes broader and shallower, until the minimum disappears at the tipping point.
After this the system as a whole transitions to a new equilibrium.

This way of writinghe equation also makes clear that any equilibrium of equation (7) must be
spatially uniform. This is because equation (10) depends on the square of the spatial gradient of @,
and is this minimised Wh&n ® is/uniform.

2.2  FEarly Warning Andicators

2.2.1 Temporal Farly Warning We begin by showing how the commonly used early warning
indicators of variance and autocorrelation arise. We study the dynamics of fluctuations about
equilibrium: Toe that.end, we linearise equation (1) about an equilibrium given implicitly by
f(@*, )= 0 and set p = & — &*. This gives

L= =20+ (), (1)

where A = 204 f(D*, ).

With this sign convention A decreases towards zero as the system approaches the tipping point.
As fluctuations return to equilibrium on a timescale of €/, this timescale diverges as the tipping
point ds reached; this is known as critical slowing down. Detecting this timescale divergence would
therefore give an early warning of tipping.

Equation (11) is known as an Ornstein-Uhlenbeck process [58]. This equation has known variance
and lag-T autocorrelation, given by

2

Var ¢ = g—)\ (12)
Ap(¢) = e Ve, (13)
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Both of these quantities depend on the system timescale and can thus give an early warning of
tipping. As the tipping point is approached, the variance diverges and the autocorrelation tends to
unity.

These early warning signals can also be understood using the framework of the potential function,
V. The equilibrium of the system corresponds to a minimum of V' about which there avill be small
fluctuations due to noise. The magnitude of these fluctuations will be controlled by theicurvature of
the potential as V/(®*) = . As the tipping point approaches, V' (®*) decreases and,the minimum
broadens. As a result the fluctuations become larger and longer lived, leading to increases'in variance
and autocorrelation.

2.2.2 Spatial Early Warning We now show that critical slowing down will'still occuriin the
presence of spatial interactions. Again, we linearise equation (7) about d spatially, uniform
equilibrium given implicitly by the conditions f(®*(x),u) =0 and 9, P* = 0. We set

¢(x) = ®(z) — ®*(z) and linearise to get

96 X . D% \/I
a—*z¢+?@+0 ?<<$,t), = (14)

where A = —0g f(D*, p).
Tt is easiest to see the effects of critical slowing down By 'decomposing ¢(x) into a Fourier series.
The coefficients, F(t), of the Fourier series of a function F(x,¢)zelate to F' through

oo

1 ik
Plo) = 7 0o (15)
and can be explicitly calculated using
L S
Fi.(t) :/ F(x,t)e % dx. (16)
0

With these definitions applied to ¢(z,¢) and.((z,t), the dynamics for each mode, k, in equation (14)
decouple and become

d A L
% = —€(1+€2L2k2)¢k+0\/z<k(t) (17)
where
1 /D
e=7\V 1 (18)

Appendix B shows that & can be understood as the correlation length of the system, normalised by
the domain size.
Equation (17) showshqat each mode relaxes to equilibrium over a timescale

€ 1

- e (19)

Tk
Thereforefas the bifurcation is approached and A reduces towards zero, the timescale of each mode
increases. This is another example of critical slowing down. In particular the timescale of the spatial
mean fluctuation, which corresponds to k = 0, diverges.

This timescale increase occurs if there is no spatial coupling (D = 0) and if there is spatial
coupling (D& 0)» Any method that can detect this increase, such as measuring the variance and
autocorrelation, can therefore give an early warning. We may expect this to be most easy to detect
when Duis‘small, as in this case the system behaves approximately like an ensemble of independent
tipping systems, each of which experiences a rise in variance and autocorrelation before the tipping
point.

Again, this can be understood using the potential framework. As the tipping point is approached,
Y\ will broaden. This means that the fluctuations, ¢(z), will be larger and longer lived. As ¢(x) is a
field, the fluctuations correspond to changes in space and thus we should expect increases in spatial
variance and autocorrelation.
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Parameter Value Range

€ 1073 to 10!
D 0 to 103
o 0.03

L 27

Table 2. Parameter values assumed in this study.

2.2.3 Correlation Length Although we have introduced a parameter, Dy to quantify the magnitude
of spatial coupling, we performed the analysis of section 2.2.2 in terms of thexnormalised. correlation
length, £. To help our results generalise to other functional forms for spatial coupling we will
continue to use £ rather than D. This is because D is specific to our model system but a correlation
length will exist for a range of other couplings. There are some additional advantages to working
with £ over D. For example, it is straightforward to estimate £ dire¢tly from data, by measuring how
rapidly correlations decay in space. Additionally, we will see that our results about the skill of
spatial early warning signals are best understood in terms of {sathersthan D.

It should be noted, that at the bifurcation the value of A is zerogwhich means that & diverges.
This can be used as an early warning signal in its own right. ‘Hewever, we do not examine that
phenomenon directly in this study. Instead, we will calculatesthe corrélation length for the initial
state of the system with p = 0.

2.3 Ezperimental Configuration

We perform experiments by increasing p from zero linearly,with time, with 4 = 1, and numerically
integrating the model. As the system has a timescale on the order of e~!, this corresponds to a slow
parameter change when ¢ < 1 and a rapid chamge when € > 1. We perform experiments with both
equation (1) (without spatial dynamics) and equation (@) (with spatial dynamics). We can also
perform control simulations in which the system does not tip by keeping u fixed at zero.

We initialise ® in equation (1) with a random variable drawn from a normal distribution of mean
v/3 and variance equal to the exact variance of the linearised system. Similarly, we initialise
equation (7) with a random field with a spatially uniform mean of v/3 and covariance given by the
exact covariance of the linearised system equation (14). This ensures that on average the system is
initialised in equilibrium and changesyin. variance and autocorrelation are due to stability changes
rather than the system spinning up.

We numerically integrate the system forward in time from ¢ = 0 to ¢ = 0.6, using parameter
values given in table 2. This means the system does not reach the tipping point (which occurs at
t =2/3). As the probability of N-tipping increases as the system approaches the tipping point,
stopping the integration before thétipping point minimises the effect of N-tipping on our results. For
the same reason, we set ¢ to be small.

We integrate eqitations (b)7and (7) with an implicit Runge-Kutta method. We carry this out
numerically with the diffrax’library [59]. The solver uses an internal time step of 0.0001 and we
sample output, aftersAt = 0:001 units of time. We discretise equation (7) into N = 10 points in space
and approximate the seeond derivative with central finite differences.

2.3.1 TemporabFarly Warning Indicators produce temporal early warning indicators we analyse
each time series i a sliding window over the data. We express the window length as a window
fraction which we define as the ratio of the window size to the total duration of the series. Within
each window we detrend by fitting and subtracting a cubic polynomial, and we then compute the
variance and the autocorrelation (at lag At) from the residuals.

2.3.2 . Spatial Early Warning Indicators Spatial early warning indicators differ in that they are
computed instantaneously from the data and therefore do not require a sliding window. For similar
reasons, no detrending is required.

For a field ¢(z,t), we define the spatial mean at time ¢ as

1 L
7= —/ q(z,t)de. (20)
L Jo
This allows us to write the spatial variance of ¢ as

VS(Q) = ?_62 (21)
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and the spatial autocorrelation at lag T', which we take as At throughout the paper,

q(z, )¢ (x,t+T)
VValg(z, 0)Val(g(a, t +T))

Asrlq) = (22)

where
¢ =q-7 (23)

2.4  Quantifying Skill

An increase in the early warning indicators of variance and autocorrelation is evidenee that a system
is approaching a tipping point. As such trends may arise due to random variability, we measure the
significance of the trend using the surrogate phase method [60]. We generate 1000,phase randomised
surrogates of the early warning indicator and compute the linear trend for each surrogate. In general
we expect a nonlinear increase in the early warning indicator before the bifurcation, however we
measure a linear trend as it is difficult to determine a priori what the nonlinear trend should be. We
deem an observed linear trend as significant at level p if it exceeds a fraction |1 — p of the surrogate
trends.

Classifying early warning signals in this manner allows us'to quantify their skill at predicting
approaching tipping points using ROC analysis [61]. For a_givenfsignificance level p, we generate
5000 time series of the early warning indicator for the system,with inereasing p and compute how
many significant trends are observed, giving the true positive rate. We repeat this for the control
simulation (u held constant) to give the false positive‘rate.

Plotting the true positive rate against the false positive rate/gives the ROC curve. The overall
skill of the early warning signal is summarised by the areatunder that curve (AUC). By construction,
the AUC is bounded between 0 and 1. A maximally skilful early warning signal will have an AUC of
1, whereas an early warning signal with no skillsat,all will have an AUC of 1/2. If the AUC is smaller
than this, the early warning signal is worse ghan randomychance.

2.5 False Positives

Some studies have demonstrated how early warning signals can still give an indication of an
approaching tipping point even in cases\where no such tipping point exists [62, 63]. To investigate
this, we perform experiments in which the system moves away from the bifurcation point, by setting
= —1 and performing the numericalprocedure outlined in section 2.3.

For each generated time series,»we compute early warning indicators and evaluate their
significance as described in section 2.4 Since the system cannot tip, any significant increase
represents a false positive. A trend is taken to give an early warning of tipping if p < 0.05. Therefore,
the false positive rate isshe proportion of trends satisfying this criterion.

3 Results

3.1 Temporal Early Wbm‘ng Indicators

We measure how the gkill of temporal early warning indicators depend on the system timescale. As
temporal earlyawarning indicators require a sliding window, we investigate how the skill is affected by
the length of this windew. We perform the experiment given in section 2.3 using the model without
spatial dynamics, equagion (1), and quantify their skill with the AUC, as described in in section 2.4.
This wag carriediout for a range of € values between 1073 and 10 and window lengths with sizes
between 1% and 99% of the time series length. We plot the resulting AUC in figure 1.

Figure 1. shows that when the timescale of the system is slow compared to the forcing timescale
(large €), temporal early warning indicators show little skill. However, when the timescale of the
system(is much faster than the forcing timescale, skilful early warnings can be obtained.

If 'the window size is chosen optimally, then the early warning indicators show skill for € values
smaller than around 10~!. However, if the choice is made sub-optimally this can fall to below 1072
For small values of €, temporal early warning signals are skilful for a range of window sizes, as long
as they are not too long or too short.

3.2 Spatial Early Warning
3.2.1 Uncoupled Limit First, we consider the limiting case of zero correlation length (which
corresponds to D = 0). In this case, ensemble averages and spatial averages are equivalent, and so we
expect to get good early warning signals.

We calculate the skill of spatial early warning signals for the system with spatial dynamics
(equation (7)) for a range of e values. We compare this to the skill of temporal early warning signals
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Variance Autocorrelation 0
L.
90%
c 0.9
S 70%
(%}
g 0.8
= 50% AUC
3 0.7
S 30% '
0.6
10%

103 1072 107! 10° 10* 1073 1072 107! 100 10t
€ €

Figure 1. Early warning signal skill, quantified by the AUC, for the temporal early warning indicators of variance and
autocorrelation. Both early warning signals are skilful for similar values of €, as long as € is'smaller than around 10~ 1.
The skill is relatively insensitive to the choice of sliding window length as long as it is not, very short or very long.

applied to the spatial mean of the system, ®. When calculatifig theteémporal early warning
indicators, we use the optimal window length for each ¢, which,is'the window length with highest
skill for a given € in figure 1.

The results of this experiment are plotted in figure 2. The figure shows that spatial early warning
signals are more skilful than temporal early warning signals, when & = 0, across all € values.
Furthermore, spatial early warning signals retain some skillifor € ~ 1, whereas temporal early
warning signals are only skilful for ¢ smaller than 40~ Fhis represents an order of magnitude
improvement of spatial early warning signals over, their temporal equivalent in the uncoupled regime.

3.2.2  Role of Spatial Correlations We now continue the experiment of section 3.2.1 for the case
where £ # 0. That is, we calculate spatial early/warning indicators over the whole domain and also
calculate temporal early warning indieators of the system’s spatial mean. Again, temporal indicators
require a choice of sliding window, whichywe set for each € to be the window length that gives the
most skilful early warning as identified in figure 1. The results of varying £ (through varying D) and
€ are shown in figure 3. Figure 3 showsthat temporal early warning indicators, calculated with
optimal window lengths, arefskilful for.any ¢ value as long as the corresponding e value is small
enough. The skill of the temporaliearly warning indicators do not vary with £. The critical €, above
which temporal early warning indicators show no skill, is around 107!.

Conversely, spatial early warning indicators show no skill when ¢ is too large. This loss of skill
happens for normalised cerrelation lengths above € ~ 1. This can be readily understood as having a
correlation length similar to the demain size, meaning there are no effectively independent parts of
the domain. However, spatial early warning indicators are more skilful than temporal early warning
indicators for systeims with slow timescales (large €). They show some skill even for € & 1,
representing an order of magnitude improvement.

It is interesting to note that the autocorrelation appears to lose some skill at small € compared to
the variance in the spatial case. This is a result of having a fixed time step. As e gets smaller, the
system changes less from one time step to the next, so it becomes more challenging to estimate the
autocorrelations This‘could be alleviated by calculating the autocorrelation over a longer time step.

The most skilful method of early warning, either spatial or temporal, is plotted in figure 4. Where
neither method is skilful (i.e. neither method has an AUC above 0.5) the figure is left blank. It shows
a summary of the results, namely if € is larger and £ not too big then spatial early warning indicators
are most suitablessHowever if £ is large and € small then temporal early warning indicators are better.
However in the domain of very large €, neither method can give skilful early warning signals.

3.2.8¢ False Positives As described in section 2.5, we compare how spatial and temporal early
warning indicators differ in their probability of producing spurious trends by calculating the false
positive rate when 1 = —1. The window lengths used to calculate the temporal early warning
indicators were chosen similarly to how they were chosen to calculate the AUC. Namely, they were
the window lengths which minimised the false positive rate in the uncoupled system.

We calculate the false positive rate for spatial and temporal variance and autocorrelation across a
range of € and £ values, which we plot in figure 5. We find that for the parameters considered, spatial
early warning indicators generate fewer false positives than their temporal counterparts. This
difference is particularly pronounced at large e.
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Figure 2. A comparison of the skill of spatial (blue) and temporél (orange) early warning signals as a function of €
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4 Discussion

There is substantial evidence that the Earth system contains subsystems in which climate change
could cause tipping from one state to another, leading to profound impacts on society. As there is
little consensus amongst ESMs on the level of climate change required for tipping, it is important to
develop early warning indicators. Although progress has been made on temporal indicators [23],
temporal early warning indicators struggle with three issues in particular.

Firstly, Earth system tipping elements are being forced rapidly compared to their intrinsic
timescales, as shown in table 1. Secondly, remote sensing [64] provides data with a high spatial
resolution, which temporal indicators do not use. Thirdly, the time series of observables of a tipping
element are relatively short [65], especially when compared to their intrinsic timeseales. We have
developed an approach which can begin to address these issues by using spatial information.

In this paper, we have compared the skill of temporal and spatial early warning signalsifor
tipping points. We used a simple reaction-diffusion system with a saddle.node bifurcation. We could
control how rapidly the system was forced compared to its own intrinsic timescale by adjusting the
parameter e. We could also change the how strong the spatial interactions were,»which we quantified
with a correlation length, &.

We found that spatial and temporal early warning indicators'hiavestheir/own strengths and
weaknesses. We find that for systems that are forced rapidly gelative to their timescale (larger €),
spatial early warning signals may be skilful but temporal earlyswarnings are not. However, when
there are strong spatial correlations (correlation lengths on the order.of the domain size), spatial
early warnings are not skilful. Conversely, when the forcing is slow, temporal early warning signals
can be skilful no matter the spatial correlation.

We found that the correlation length of the system,was an important factor in controlling the
skill of spatial early warning signals. For systems like forest, ecosystems, which have a relatively short
correlation length [66] we may expect spatial eagly warning indicators to be skilful. However, for
systems that are more spatially coherent like ecean ¢irculations [17], spatial early warning signals
may be less skilful than temporal ones. Furthermorey sygtems which are rapidly forced and strongly
spatially coherent are not amenable to skilful temporal or spatial early warnings. A system specific
approach may be required in this case.

These results are important for Earth.system tipping elements with larger € values. These
systems have significant inertia and allow for,a temporary overshoot of their tipping point [67, 68],
which is a reason why it is important to understand how close the tipping point is. As well as
making use of the spatial information,provided by remote sensing data, spatial early warning
indicators do not need to be caleulated from long time series. This is because they can give an
instantaneous measure of the system’sistability and do not require detrending over a sliding window.

A limitation of our study is that we only investigated a simple one dimensional scalar field
subject to additive white.mneoise. Furthermore, we modelled spatial interactions with a diffusive spatial
coupling. It is possible/that a more complicated coupling could affect our results. For example, we
found that the skill of temporal early warning signals are independent of £, which may be due to the
fact that the diffusion temmvanishes in the spatial mean. Furthermore, we assumed the system and
the forcing was homogeneous in space. This assumption will not hold, for example, in systems with a
strong latitudinal gradient.

For systems that aresheterogeneous in space, care will be needed when trying to detect spatial
early warning signals. As the early warning signals studied here are caused by changes in the
statistics/of thesystem’s fluctuations about equilibrium, a non-uniform spatial equilibrium may need
to be subtracted from the data to isolate the fluctuations in this case. Similarly, if the change in the
forcing is mot spatially uniform, we may expect changes in the variability of the system for reasons
that are unrelated to its stability. Nevertheless, we conjecture that spatial early warning signals can
still begkilful in & range of systems as long as they are analysed on scales large compared with the
correlation length of the fluctuations and small compared with the length scale of the forcing.

In 'summary, we have demonstrated a complementarity between spatial and temporal early
warning indicators. We found spatial early warnings to be more skilful when the forcing is rapid and
the spatial coupling weak, but temporal signals to be more skilful when the forcing is slow and the
spatial coupling strong. Understanding when which technique is most appropriate will enable a more
effective use of early warning indicators.
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A Spatio-temporal White Noise
If {(z,t) is spatio-temporal white noise, then

{C(z,1))
(C(x,t)¢ (2", 1))

Now we show /L (x,t) is temporal white noise with the classic correlation structure. The.mean is

<W <f/< > (26)

—= < (z,1)) de (27)

0 (24)
5z —2)o(t —t)). (25)

=0 (28)

and the covariance

<\/EC(x,t) \FLC(x’,t’)> =

B Correlation Length

We calculate the correlation length by\linearising equation (7) to give
dp 1 0%¢
—=—(D-— — )\ t) 34
(D55~ 20) + oy Zcta) (34)
and calculating the associated Green’s\function, given by the solution to
oG 1 0?
— =—-(D— -\ t)+6(t)d(x).
5=+ (D =) 6ot + 80000 (35)

This Green’s function cgcrols the response to fluctuations, so its dependence on x will reveal the
correlation length/ Tt is edsiest'to solve equation (35) by using Fourier methods. For simplicity, we
take the limit as L — 00 softhat the Fourier transform of G(z,t) is given by

~ 1
Gk,w) = m// G(z,t) exp (i (kx + wt)) da dt (36)
and the inverse transform is
Gla, 1) :{/’ Gk, w) exp (—i (kz + wt)) dk dw . (37)
After applying thisstransform, equation (35) becomes
~ 1 ~
iwG = —E(DkQ + MG +1 (38)
or ) )
g (39)

T Ne Lt e k282 a1
with €2 = D/A. G can be inverted to give

Glat) = ~—° o L2 & = (40)
e Van P\ Tien

This justifies that £ is a correlation length as when = > £ we have G = 0.

12



Page 13 of 18

oNOYTULT D WN =

IOP Publishing

AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1
Journal vv (yyyy) aaaaaa Author et al

Acknowledgments

PDLR and PC acknowledge support from the European Union’s Horizon Europe research and
innovation programme under grant agreement No. 101137601 (ClimTip): Funded by the European
Union. PDLR, PC and CH acknowledge support from the UK Advanced Research and Invention
Agency (ARIA) via the project “AdvanTip”. JC, CH and PC acknowledge support,from the
PREDICT project which has received funding from the European Space Agency (ESA) under ESA
Contract No. 4000146344/24/I-LR.

Author contributions
JC: Formal Analysis, Methodology, Investigation, Visualisation, Writing, CH: Methodology, Writing
PDLR: Methodology, Writing, PC: Conceptualisation, Supervision, Writing

Data availability
Code used to produce the data and figures in this study is availableat
https://github.com/josephjclarke/spatial_temporal_early/warningaskill

References =
[1] Timothy M. Lenton et al. “Tipping Elements in the Earth’s«Climate System”. In: Proceedings
of the National Academy of Sciences 105.6 (Feb. 2008), pp- 178641793. 1sSN: 0027-8424. DOT:
10.1073/pnas.0705414105. URL: https://pnas.org/doi/full/10.1073/pnas.0705414105.

[2] Sybren Drijfthout et al. “Catalogue of Abrupt Shifts in Intergovernmental Panel on Climate
Change Climate Models”. In: Proceedings of the. National Academy of Sciences 112.43 (Oct.
2015), E5777-E5786. 1SsN: 0027-8424. por: 10.1073/pnas.1511451112. URL:
https://pnas.org/doi/full/10.1073/pnas.1511451112.

[3] Joran R. Angevaare and Sybren S. Drijthout. Catalogue of Strong Nonlinear Surprises in
Ocean, Sea-Ice, and Atmospheric Varjables/in, CMEP6. 19th May 2025. DOT:
10.5194/egusphere-2025-2039. URL:
https://egusphere.copernicus.org/preprints/2025/egusphere-2025-2039/ (visited on
11/09/2025). Pre-published.

[4] Henry Stommel. “Thermohaline Conveetion with Two Stable Regimes of Flow”. In: Tellus 13.2
(May 1961), pp. 224-230m1ssN: 00402826. DOI: 10.1111/3.2153-3490.1961.tb00079.%. URL:
http://tellusa.net/index.php/tellusa/article/view/9491.

[5] Stefan Rahmstorf. “Bifurcations,of the Atlantic Thermohaline Circulation in Response to
Changes in the Hydrological Cycle”. In: Nature 378.6553 (Nov. 1995), pp. 145-149. 1SSN:
0028-0836. DOI: 10.1038/378145a0. URL: http:
//www.nature.com/articles/378145a0%20https://www.nature.com/articles/378145a0.

[6] Sybren Drijthout ethal. “Shutdown of Northern Atlantic Overturning after 2100 Following Deep
Mixing Collapse in " CMIP6 Projections”. In: Environmental Research Letters 20.9 (1st Sept.
2025), p. 0940624 1SSN:\1748-9326. DOI: 10.1088/1748-9326/adfa3b. URL:
https://iopséience.iop.org/article/10.1088/1748-9326/adfa3b (visited on
11/09/2025).

[7] Peter-M. Coxietal. “Acceleration of Global Warming Due to Carbon-Cycle Feedbacks in a
Coupled Climate Model”. In: Nature 408.6809 (Nov. 2000), pp. 184-187. 1sSN: 0028-0836. DOI:
10.1038/35041539. URL: http://www.nature.com/articles/35041539.

[8]¢"MarinayHirota et al. “Global Resilience of Tropical Forest and Savanna to Critical Transitions”.
Iné Sciencer334.6053 (Oct. 2011), pp. 232-235. 1sSN: 0036-8075. DOT:
10.1126/science.1210657. PMID: 21998390. URL:
https://www.science.org/doi/10.1126/science.1210657.

[9] Julius Garbe et al. “The Hysteresis of the Antarctic Ice Sheet”. In: Nature 585.7826 (Sept.
2020), pp. 538-544. 18sN: 0028-0836. DOI: 10.1038/541586-020-2727-5. URL:
https://www.nature.com/articles/s41586-020-2727-5.

[10] Nils Bochow et al. “Overshooting the Critical Threshold for the Greenland Ice Sheet”. In:
Nature 622.7983 (Oct. 2023), pp. 528-536. ISSN: 1476-4687. DOI:
10.1038/s41586-023-06503-9. URL:
https://wuw.nature.com/articles/s41586-023-06503-9 (visited on 06/11/2025).

13


https://github.com/josephjclarke/spatial_temporal_early_warning_skill
https://doi.org/10.1073/pnas.0705414105
https://pnas.org/doi/full/10.1073/pnas.0705414105
https://doi.org/10.1073/pnas.1511451112
https://pnas.org/doi/full/10.1073/pnas.1511451112
https://doi.org/10.5194/egusphere-2025-2039
https://egusphere.copernicus.org/preprints/2025/egusphere-2025-2039/
https://doi.org/10.1111/j.2153-3490.1961.tb00079.x
http://tellusa.net/index.php/tellusa/article/view/9491
https://doi.org/10.1038/378145a0
http://www.nature.com/articles/378145a0%20https://www.nature.com/articles/378145a0
http://www.nature.com/articles/378145a0%20https://www.nature.com/articles/378145a0
https://doi.org/10.1088/1748-9326/adfa3b
https://iopscience.iop.org/article/10.1088/1748-9326/adfa3b
https://doi.org/10.1038/35041539
http://www.nature.com/articles/35041539
https://doi.org/10.1126/science.1210657
http://www.ncbi.nlm.nih.gov/pubmed/21998390
https://www.science.org/doi/10.1126/science.1210657
https://doi.org/10.1038/s41586-020-2727-5
https://www.nature.com/articles/s41586-020-2727-5
https://doi.org/10.1038/s41586-023-06503-9
https://www.nature.com/articles/s41586-023-06503-9

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1 Pa?e l1 40f 18
a

IOP Publishing  Journal vv (yyyy) aaaaaa Author e

[11]

[13]

[16]

[17]

[18]

[19]

[21]

[22]

Jonathan M. Gregory, Philippe Huybrechts and Sarah C. B. Raper. “Threatened Loss of the
Greenland Ice-Sheet”. In: Nature 428.6983 (Apr. 2004), pp. 616—-616. 1SSN: 1476-4687. DOL:
10.1038/428616a. URL: https://www.nature.com/articles/428616a (visited on
11/02/2025).

L. C. Jackson et al. “Global and European Climate Impacts of a Slowdown of the' AMOC in a
High Resolution GCM”. In: Climate Dynamics 45.11-12 (Dec. 2015), pp. 3299-3316. 1SSN:
0930-7575. DOI: 10.1007/s00382-015-2540-2. URL:
http://dx.doi.org/10.1007/s00382-015-2540-2.

Paul D. L. Ritchie et al. “Shifts in National Land Use and Food Productioniin Great Britain
after a Climate Tipping Point”. In: Nature Food 1.1 (Jan. 2020), pp./76-83. 1SSN:"2662-1355.
DOI: 10.1038/s43016-019-0011-3. URL:
https://www.nature.com/articles/s43016-019-0011-3.

Bernardo M. Flores et al. “Critical Transitions in the Amazon Eorest'System”. In: Nature
626.7999 (Feb. 2024), pp. 555-564. 1sSN: 1476-4687. DOIL: 10. 1038/s41586=023-06970-0. URL:
https://www.nature.com/articles/s41586-023-06970-0 (visited on 12/02/2025).

Luciana V. Gatti et al. “Amazonia as a Carbon Source Einked tosDeforestation and Climate
Change”. In: Nature 595.7867 (July 2021), pp. 388-393. ISSN¢ 0028-0836. DOI:
10.1038/s41586-021-03629-6. PMID: 34262208. URL:
http://dx.doi.org/10.1038/s41586-021-03629-67%20ht tpss:
//www.nature.com/articles/s41586-021-03629-6.

David I. Armstrong McKay et al. “Exceeding 1.5°C Global Warming Could Trigger Multiple
Climate Tipping Points”. In: Science 377.6611 (Sept. 2022). 1sSN: 0036-8075. DOL:
10.1126/science.abn7950. URL:
https://www.science.org/doi/10.1126/science.abn7950.

Richard A. Wood et al. “Observable, Low-Order Dynamical Controls on Thresholds of the
Atlantic Meridional Overturning Circulation”. In: Climate Dynamics 53.11 (1st Dec. 2019),
pp- 6815-6834. 1SSN: 1432-0894:, DOI: 10.1007/800382-019-04956-1. URL:
https://doi.org/10.1007/s00382-019-04956-1 (visited on 06/11/2025).

Isobel Parry, Paul Ritchie and Peter Cox. “Evidence of Amazon Rainforest Dieback in CMIP6
Models”. In: EG Usphere,2022 (2022), pp. 1-11. DOI: 10.5194/egusphere-2022-82. URL:
https://egusphere.copernicussorg/preprints/2022/egusphere-2022-82/.

René M. van Westen and Henk, A. Dijkstra. “Persistent Climate Model Biases in the Atlantic
Ocean’s Freshwater, Transport”. Tn: Ocean Science 20.2 (12th Apr. 2024), pp. 549-567. I1SSN:
1812-0784. poI: 10.5194/0s-20-549-2024. URL:
https://os.copgrnicusorg/articles/20/549/2024/ (visited on 06/11/2025).

Johannes Lohmann et al. TMultistability and Intermediate Tipping of the Atlantic Ocean
Circulation” #In: Seience Advances 10.12 (22nd Mar. 2024), eadid253. DOTI:
10.1126/s¢iadviadid2b3. URL: https://wuw.science.org/doi/10.1126/sciadv.adi4253
(visited on 06/11/2025).

Peter Ashwin et al. “Tipping Points in Open Systems: Bifurcation, Noise-Induced and
Rate-Dependent Examples in the Climate System”. In: Philosophical Transactions of the Royal
Society A:xMathematical, Physical and Engineering Sciences 370.1962 (Mar. 2012),

pp- 1166-1184. 1ssN: 1364-503X. DOI: 10.1098/rsta.2011.0306. URL:
https://royalsocietypublishing.org/doi/10.1098/rsta.2011.0306.

John Guckenheimer and Philip Holmes. Nonlinear Oscillations, Dynamical Systems, and
Bifurcations of Vector Fields. Vol. 42. Applied Mathematical Sciences. New York, NY: Springer
New York, 1983. 1sBN: 978-1-4612-7020-1. pOI: 10.1007/978-1-4612-1140-2. URL:
https://books.google.co.uk/books?id=XYIpBAAAQBAJY20http:
//link.springer.com/10.1007/978-1-4612-1140-2.

Vasilis Dakos et al. “Tipping Point Detection and Early Warnings in Climate, Ecological, and
Human Systems”. In: Farth System Dynamics 15.4 (19th Aug. 2024), pp. 1117-1135. 1SSN:
2190-4987. DOI: 10.5194/esd-15-1117-2024. URL:
https://esd.copernicus.org/articles/15/1117/2024/ (visited on 12/02/2025).

Marten Scheffer et al. “Anticipating Critical Transitions”. In: Science 338.6105 (Oct. 2012),
pp- 344-348. 1SSN: 10959203. DOI: 10.1126/science. 1225244, URL:
https://www.science.org/doi/10.1126/science.1225244.

14


https://doi.org/10.1038/428616a
https://www.nature.com/articles/428616a
https://doi.org/10.1007/s00382-015-2540-2
http://dx.doi.org/10.1007/s00382-015-2540-2
https://doi.org/10.1038/s43016-019-0011-3
https://www.nature.com/articles/s43016-019-0011-3
https://doi.org/10.1038/s41586-023-06970-0
https://www.nature.com/articles/s41586-023-06970-0
https://doi.org/10.1038/s41586-021-03629-6
http://www.ncbi.nlm.nih.gov/pubmed/34262208
http://dx.doi.org/10.1038/s41586-021-03629-6%20https://www.nature.com/articles/s41586-021-03629-6
http://dx.doi.org/10.1038/s41586-021-03629-6%20https://www.nature.com/articles/s41586-021-03629-6
https://doi.org/10.1126/science.abn7950
https://www.science.org/doi/10.1126/science.abn7950
https://doi.org/10.1007/s00382-019-04956-1
https://doi.org/10.1007/s00382-019-04956-1
https://doi.org/10.5194/egusphere-2022-82
https://egusphere.copernicus.org/preprints/2022/egusphere-2022-82/
https://doi.org/10.5194/os-20-549-2024
https://os.copernicus.org/articles/20/549/2024/
https://doi.org/10.1126/sciadv.adi4253
https://www.science.org/doi/10.1126/sciadv.adi4253
https://doi.org/10.1098/rsta.2011.0306
https://royalsocietypublishing.org/doi/10.1098/rsta.2011.0306
https://doi.org/10.1007/978-1-4612-1140-2
https://books.google.co.uk/books?id=XYIpBAAAQBAJ%20http://link.springer.com/10.1007/978-1-4612-1140-2
https://books.google.co.uk/books?id=XYIpBAAAQBAJ%20http://link.springer.com/10.1007/978-1-4612-1140-2
https://doi.org/10.5194/esd-15-1117-2024
https://esd.copernicus.org/articles/15/1117/2024/
https://doi.org/10.1126/science.1225244
https://www.science.org/doi/10.1126/science.1225244

Page 15 of 18
IOP Publishing

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1

Journal vv (yyyy) aaaaaa Author et al

[30]

[31]

[32]

[33]

[34]

[35]

[37]

Marten Scheffer et al. “Early-Warning Signals for Critical Transitions”. In: Nature 461.7260
(Sept. 2009), pp. 53-59. 1sSN: 0028-0836. DOI: 10.1038/nature08227. URL:
https://www.nature.com/articles/nature08227.

Vasilis Dakos et al. “Slowing down as an Early Warning Signal for Abrupt Climate Change”.
In: Proceedings of the National Academy of Sciences of the United States of Amierica 105.38
(2008), pp. 14308-14312. 1sSN: 00278424. DOI: 10.1073/pnas.0802430105.

H. Held and T. Kleinen. “Detection of Climate System Bifurcations by Degenerate
Fingerprinting”. In: Geophysical Research Letters 31.23 (Dec. 2004), pp. 1-4. 1SSN:100948276.
DOI: 10.1029/2004GL020972. URL: http://doi.wiley.com/10.1029/2004GL020972.

Peter Ditlevsen and Susanne Ditlevsen. “Warning of a Forthcoming Collapse of the Atlantic
Meridional Overturning Circulation”. In: Nature CommunicationsA4.1 (July 2023), p. 4254.
ISSN: 2041-1723. DOI: 10.1038/541467-023-39810-w. URL:
https://www.nature.com/articles/s41467-023-39810-w.

Niklas Boers. “Observation-Based Early-Warning Signals for'a Collapse of the Atlantic
Meridional Overturning Circulation”. In: Nature Climate Change 11.8 (Aug. 2021),
pp. 680—-688. 1SSN: 1758-678X. DOI: 10.1038/s41558—021—01097\—4. URL:
https://doi.org/10.1038/s41558-021-01097-47,20ht tps«
//www.nature.com/articles/s41558-021-01097-4.

Niklas Boers and Martin Rypdal. “Critical Slowing downSuggests That the Western
Greenland Ice Sheet Is Close to a Tipping Point’s In: PNAS118.21 (2021), pp. 1-7. DOL:
10.1073/pnas.2024192118.

Chris A. Boulton, Timothy M. Lenton and Niklas Beers. “Pronounced Loss of Amazon
Rainforest Resilience since the Early 20008%.\.In: Nature Climate Change 12.3 (Mar. 2022),
pp. 271-278. 1SSN: 1758-678X. DOI: 10.1038/s41558-022-01287-8. URL:
https://www.nature.com/articles/s415568=022-01287-8.

Timothy M. Lenton. “Early Warning'of Climate Tipping Points”. In: Nature Climate Change
1.4 (2011), pp. 201-209. 15SN1758678X. ' D0O1:/10.1038/nclimate1143. URL:
http://dx.doi.org/10.1038/nclimate1143.

Maya Ben-Yami et al. “Uncertainties in Critical Slowing down Indicators of Observation-Based
Fingerprints of the Atlantie.Overturning Circulation”. In: Nature Communications 14.1
(15th Dec. 2023), p. 8344.1sSN: 2041-1723. DOI: 10.1038/s41467-023-44046-9. URL:
https://wuw.nature.com/articles/s41467-023-44046-9 (visited on 21/02/2025).

Taylor Smith et al. “Reliability of Resilience Estimation Based on Multi-Instrument Time
Series”. In: Earth System Dynamics 14.1 (14th Feb. 2023), pp. 173-183. 1SSN: 2190-4987. DOL:
10.5194/esd-14-173-2023: URL: https://esd.copernicus.org/articles/14/173/2023/
(visited on 06/11/2025).

Joseph J. Clarke et\al. “Seeking More Robust Early Warning Signals for Climate Tipping
Points: The Ratio of Spectra Method (ROSA)”. In: Environmental Research Letters (Feb.
2023). 1SSN: 1748-9326. DOI: 10.1088/1748-9326/acbc8d. URL:
https://iopscience.iop.org/article/10.1088/1748-9326/acbc8d.

Andreas,\Morr; Niklas Boers and Peter Ashwin. “Internal Noise Interference to Warnings of
Tipping Points in Generic Multidimensional Dynamical Systems”. In: STAM Journal on
Applied Dynamical Systems 23.4 (31st Dec. 2024), pp. 2793-2806. DOI: 10.1137/24M1669104.
URL: https://epubs.siam.org/doi/full/10.1137/24M1669104 (visited on 21/02/2025).

J4M. T. Thempson and Jan Sieber. “Climate Tipping as a Noisy Bifurcation: A Predictive
Technique”. Tn: IMA Journal of Applied Mathematics (Institute of Mathematics and Its
Applications) 76.1 (Feb. 2011), pp. 27-46. 1sSN: 0272-4960. DOI: 10.1093/imamat/hxq060. URL:
https://academic.oup.com/imamat/article-lookup/doi/10.1093/imamat/hxq060.

Christian Kuehn. “A Mathematical Framework for Critical Transitions: Bifurcations, Fast—Slow
Systems and Stochastic Dynamics”. In: Physica D: Nonlinear Phenomena 240.12 (June 2011),
pp. 1020-1035. 18SN: 01672789. DOI: 10.1016/j .physd.2011.02.012. URL:
https://linkinghub.elsevier.com/retrieve/pii/S0167278911000443.

Bregje van der Bolt, Egbert H. van Nes and Marten Scheffer. “No Warning for Slow
Transitions”. In: Journal of The Royal Society Interface 18.176 (Mar. 2021), rsif.2020.0935.
ISSN: 1742-5662. DOI: 10.1098/rsif .2020.0935.

15


https://doi.org/10.1038/nature08227
https://www.nature.com/articles/nature08227
https://doi.org/10.1073/pnas.0802430105
https://doi.org/10.1029/2004GL020972
http://doi.wiley.com/10.1029/2004GL020972
https://doi.org/10.1038/s41467-023-39810-w
https://www.nature.com/articles/s41467-023-39810-w
https://doi.org/10.1038/s41558-021-01097-4
https://doi.org/10.1038/s41558-021-01097-4%20https://www.nature.com/articles/s41558-021-01097-4
https://doi.org/10.1038/s41558-021-01097-4%20https://www.nature.com/articles/s41558-021-01097-4
https://doi.org/10.1073/pnas.2024192118
https://doi.org/10.1038/s41558-022-01287-8
https://www.nature.com/articles/s41558-022-01287-8
https://doi.org/10.1038/nclimate1143
http://dx.doi.org/10.1038/nclimate1143
https://doi.org/10.1038/s41467-023-44046-9
https://www.nature.com/articles/s41467-023-44046-9
https://doi.org/10.5194/esd-14-173-2023
https://esd.copernicus.org/articles/14/173/2023/
https://doi.org/10.1088/1748-9326/acbc8d
https://iopscience.iop.org/article/10.1088/1748-9326/acbc8d
https://doi.org/10.1137/24M1669104
https://epubs.siam.org/doi/full/10.1137/24M1669104
https://doi.org/10.1093/imamat/hxq060
https://academic.oup.com/imamat/article-lookup/doi/10.1093/imamat/hxq060
https://doi.org/10.1016/j.physd.2011.02.012
https://linkinghub.elsevier.com/retrieve/pii/S0167278911000443
https://doi.org/10.1098/rsif.2020.0935

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1 Page l1 6of 18
a

IOP Publishing  Journal vv (yyyy) aaaaaa Author e

[40]

[42]

[48]

Joeri Rogelj et al. “Credibility Gap in Net-Zero Climate Targets Leaves World at High Risk”.
In: Science 380.6649 (June 2023), pp. 1014-1016. 1sSN: 0036-8075. DOL:
10.1126/science.adg6248. URL:
https://www.science.org/doi/10.1126/science.adg6248.

Sonia Kéfi et al. “Early Warning Signals of Ecological Transitions: Methods for/Spatial
Patterns”. In: PLoS ONE 9.3 (Mar. 2014). Ed. by Ricard V. Solé, €92097. 1sSN:/1932-6203. DOI:
10.1371/journal.pone.0092097. URL:
www.plosone.org}20https://dx.plos.org/10.1371/journal.pone.0092097.

Raul Donangelo et al. “Early Warnings for Catastrophic Shifts in.Ecosystems: Comparison
between Spatial and Temporal Indicators”. In: International Journal of Bifurcation and Chaos
20.02 (Feb. 2010), pp. 315-321. 1sSN: 0218-1274. DOIL: 10.1142/30218127410025764: URL:
https://www.worldscientific.com/doi/abs/10.1142/S0218127410025764.

S. R. Carpenter and W. A. Brock. “Early Warnings of Regime Shifts'in Spatial Dynamics
Using the Discrete Fourier Transform”. In: Ecosphere 1.5 (Nov. 2010), artl0. 1SsN: 2150-8925.
DOI: 10.1890/ES10-00016.1. URL: http://doi.wiley.com/10.1890/ES10-00016.1.

Vasilis Dakos et al. “Slowing Down in Spatially Patterned Ecosystems at the Brink of
Collapse”. In: The American Naturalist 177.6 (June 2011), E1563<E166. 1ssN: 0003-0147. DOTI:
10.1086/659945. PMID: 21597246. URL:

https://www. journals.uchicago.edu/doi/10.1086/659945:

Vishwesha Guttal and C. Jayaprakash. “Spatial/Variance andrSpatial Skewness: Leading
Indicators of Regime Shifts in Spatial Ecological Systems”/In: Theoretical Ecology 2.1 (Mar.
2009), pp. 3—12. 1ssN: 1874-1738. poIL: 10.1007/s12080=008-0033-1. URL:
http://link.springer.com/10.1007/s12080-008-0033-1.

Giulio Tirabassi and Cristina Masoller. “Entropy-Based Early Detection of Critical Transitions
in Spatial Vegetation Fields”. In: Progeedings of the National Academy of Sciences 120.1 (Jan.
2023). 1sSN: 0027-8424. DOI: 10.1073/pnas.2215667120. URL:
https://pnas.org/doi/10.1073/pnas.2215667120.

Sonia Kéfi et al. “Spatial Vegetation, Patterns and Imminent Desertification in Mediterranean
Arid Ecosystems”. In: Nature 449:7159 (Sept. 2007), pp. 213-217. 1SsN: 0028-0836. DOI:
10.1038/nature06111.,PMID: 17851524, URL:
https://www.nature.com/articles/nature06111.

Stephanie Eby et al. “Alternative Stable States and Spatial Indicators of Critical Slowing down
along a Spatial Gradient in a Savanna Ecosystem”. In: Global Ecology and Biogeography 26.6
(June 2017), pp. 638=649. 1SSN: 1466822X. DOI: 10.1111/geb.12570. URL:
https://onlinelibrary.wiley.com/doi/10.1111/geb.12570.

J. M. T. Thompson, H. B. Stewart and Y. Ueda. “Safe, Explosive, and Dangerous Bifurcations
in DissipativeDynamiicalSystems”. In: Physical Review E 49.2 (Feb. 1994), pp. 1019-1027.
ISSN: 1063-651X./DOI:¢10.1103/PhysRevE.49.1019. URL:
https://link{aps.org/doi/10.1103/PhysRevE.49.1019.

Peter D. Ditlevsen and Sigfus J. Johnsen. “Tipping Points: Early Warning and Wishful
Thinking” In: Geophysical Research Letters 37.19 (Oct. 2010). 1sSSN: 00948276. DOTI:
1041029/2010GL044486. URL: http://doi.wiley.com/10.1029/2010GL044486.

Michael Ghil. “Climate Stability for a Sellers-Type Model”. In: Journal of the Atmospheric
Seiences 33.1 (Jan. 1976), pp. 3-20. 1sSN: 0022-4928. DOT:

10,1175/2520-0469 (1976)033<0003: CSFAST>2.0.C0;2. URL:
http://journals.ametsoc.org/doi/10.1175/1520-0469 (1976)033%,7B%5C%/%7D3C0003:
CSFAST,7B%,5C%%7D3E2.0.C0; 2.

Gerald R. North, Robert F. Cahalan and James A. Coakley. “Energy Balance Climate
Models”. In: Reviews of Geophysics 19.1 (1981), pp. 91-121. 1SsN: 19449208. DO1:
10.1029/RG0191001p00091.

Karna Gowda, Hermann Riecke and Mary Silber. “Transitions between Patterned States in
Vegetation Models for Semiarid Ecosystems”. In: Physical Review E 89.2 (Feb. 2014),

p. 022701. 18SN: 1539-3755. DOI: 10.1103/PhysRevE.89.022701. URL:
https://link.aps.org/doi/10.1103/PhysRevE.89.022701.

16


https://doi.org/10.1126/science.adg6248
https://www.science.org/doi/10.1126/science.adg6248
https://doi.org/10.1371/journal.pone.0092097
www.plosone.org%20https://dx.plos.org/10.1371/journal.pone.0092097
https://doi.org/10.1142/S0218127410025764
https://www.worldscientific.com/doi/abs/10.1142/S0218127410025764
https://doi.org/10.1890/ES10-00016.1
http://doi.wiley.com/10.1890/ES10-00016.1
https://doi.org/10.1086/659945
http://www.ncbi.nlm.nih.gov/pubmed/21597246
https://www.journals.uchicago.edu/doi/10.1086/659945
https://doi.org/10.1007/s12080-008-0033-1
http://link.springer.com/10.1007/s12080-008-0033-1
https://doi.org/10.1073/pnas.2215667120
https://pnas.org/doi/10.1073/pnas.2215667120
https://doi.org/10.1038/nature06111
http://www.ncbi.nlm.nih.gov/pubmed/17851524
https://www.nature.com/articles/nature06111
https://doi.org/10.1111/geb.12570
https://onlinelibrary.wiley.com/doi/10.1111/geb.12570
https://doi.org/10.1103/PhysRevE.49.1019
https://link.aps.org/doi/10.1103/PhysRevE.49.1019
https://doi.org/10.1029/2010GL044486
http://doi.wiley.com/10.1029/2010GL044486
https://doi.org/10.1175/1520-0469(1976)033<0003:CSFAST>2.0.CO;2
http://journals.ametsoc.org/doi/10.1175/1520-0469(1976)033%7B%5C%%7D3C0003:CSFAST%7B%5C%%7D3E2.0.CO;2
http://journals.ametsoc.org/doi/10.1175/1520-0469(1976)033%7B%5C%%7D3C0003:CSFAST%7B%5C%%7D3E2.0.CO;2
https://doi.org/10.1029/RG019i001p00091
https://doi.org/10.1103/PhysRevE.89.022701
https://link.aps.org/doi/10.1103/PhysRevE.89.022701

Page 17 of 18 AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1

IOP Publishing  Journal vv (yyyy) aaaaaa Author et al
1
2 [54] Robbin Bastiaansen et al. “Multistability of Model and Real Dryland Ecosystems through
3 Spatial Self-Organization”. In: Proceedings of the National Academy of Sciences 115.44 (Oct.
4 2018), pp. 11256-11261. 1sSN: 0027-8424. DOI: 10.1073/pnas.1804771115. PMID: 30322906.
5 URL: https://pnas.org/doi/full/10.1073/pnas.1804771115.
? [65] Joseph Clarke et al. “The Compost Bomb Instability in the Continuum Limit/In: The
European Physical Journal Special Topics (Apr. 2021). 1SSN: 1951-6355. DOT:
8 10.1140/epjs/s11734-021-00013-3. URL: https://doi.org/10.1140/epjs/s11734-021-
?O 00013-3%20https://link.springer.com/10.1140/epjs/s11734-021-00013-3.
1 [56] Max Rietkerk et al. “Evasion of Tipping in Complex Systems through Spatial Pattern
12 Formation”. In: Science 374.6564 (Oct. 2021). 1SSN: 0036-8075. DOI:
13 10.1126/science.abj0359. URL:
14 https://www.science.org/doi/10.1126/science.abj0359.
15 [57] Nigel Goldenfeld. Lectures on Phase Transitions and the Renormalization Group. 1st ed. Boca
16 Raton: CRC Press, Mar. 2018. 420 pp. I1SBN: 978-0-429-49349-2. DOI: 10.1201/9780429493492.
17 URL: https://www.taylorfrancis.com/books/9780429962042.
12 [58] Kurt Jacobs. Stochastic Processes for Physicists - Understandin{Noisy Systems. Cambridge:
Cambridge University Press, Feb. 2010. 1SBN: 978-0-521-76542-8."DOTI:
20 10.1017/CB09780511815980. URL:
21 http://ebooks.cambridge.org/ref/id/CB097805118156980%20https:
;g //www.cambridge.org/core/product/identifier/9780511815980/type/book.
24 [59] Patrick Kidger. On Neural Differential Equations. 4th Feb/2022. por:
25 10.48550/arXiv.2202.02435. arXiv: 2202.02435[cs]. URL:
26 http://arxiv.org/abs/2202.02435 (visited on 07/11/2025). Pre-published.
27 [60] Christopher Boettner and Niklas Boers,~‘Critical Slowing down in Dynamical Systems Driven
28 by Nonstationary Correlated Noise”. In: Physical Beview Research 4.1 (Mar. 2022), p. 013230.
29 ISSN: 2643-1564. DOI: 10.1103/PhysRevResearch.4.013230. URL:
30 https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.4.013230%
31 20https://link.aps.org/doi/10:1103/PhysRevResearch.4.013230.
32 [61] Peter Ashwin et al. “Early Warning Skill, Extrapolation and Tipping for Accelerating
33 Cascades”. In: Proceedings. of the Royal Society A: Mathematical, Physical and Engineering
34 Sciences 481.2321 (Sept. 2025), pn20250405. 1sSN: 1364-5021, 1471-2946. DOT:
35 10.1098/rspa. 2025.0405. URL:
36 https://royalsocietypublishing.org/doi/10.1098/rspa.2025.0405 (visited on
;7; 27/11/2025).
39 [62] Till J. W. Wagner and Tan Eisenman. “False Alarms: How Early Warning Signals Falsely
40 Predict Abrupt Sea Ice Loss”. In: Geophysical Research Letters 42.23 (2015), pp. 10, 333-10,
41 341. 18SN: 1944=800:,DOI1:/10.1002/2015GL0O66297. URL:
42 https://onlinelibrary.wiley.com/doi/abs/10.1002/2015GL066297 (visited on
43 19/02/2026).
44 [63] Max Rietkerk etrale™Ambiguity of Early Warning Signals for Climate Tipping Points”. In:
45 Nature Climate Change 15.5 (May 2025), pp. 479-488. 1sSN: 1758-678X, 1758-6798. DOI:
46 10 41038/s41558-025-02328-8. URL:
47 https://wuw.nature.com/articles/s41558-025-02328-8 (visited on 19/02/2026).
48 [64] Timothy Ms Lenton et al. “Remotely Sensing Potential Climate Change Tipping Points across
49 Scales™. In: Nature Communications 15.1 (6th Jan. 2024), p. 343. 1SsN: 2041-1723. DOIL:
>0 10.1038/541467-023-44609-w. URL:
51 https'://www.nature.com/articles/s41467-023-44609-w (visited on 30/10/2024).
gg [65] D. A. Smeed et al. “The North Atlantic Ocean Is in a State of Reduced Overturning”. In:
54 Geophysical Research Letters 45.3 (2018), pp. 1527-1533. 1sSN: 1944-8007. DOT:
55 10.1002/2017GL076350. URL:
56 https://onlinelibrary.wiley.com/doi/abs/10.1002/2017GL076350 (visited on
57 18/12/2025).
58 [66] Fernando D.B. Espirito-Santo et al. “Size and Frequency of Natural Forest Disturbances and
59 the Amazon Forest Carbon Balance”. In: Nature Commaunications 5.1 (18th Mar. 2014),
60 p- 3434. 1SSN: 2041-1723. DOI: 10.1038/ncomms4434. URL:

https://wuw.nature.com/articles/ncomms4434 (visited on 18/12/2025).

17


https://doi.org/10.1073/pnas.1804771115
http://www.ncbi.nlm.nih.gov/pubmed/30322906
https://pnas.org/doi/full/10.1073/pnas.1804771115
https://doi.org/10.1140/epjs/s11734-021-00013-3
https://doi.org/10.1140/epjs/s11734-021-00013-3%20https://link.springer.com/10.1140/epjs/s11734-021-00013-3
https://doi.org/10.1140/epjs/s11734-021-00013-3%20https://link.springer.com/10.1140/epjs/s11734-021-00013-3
https://doi.org/10.1126/science.abj0359
https://www.science.org/doi/10.1126/science.abj0359
https://doi.org/10.1201/9780429493492
https://www.taylorfrancis.com/books/9780429962042
https://doi.org/10.1017/CBO9780511815980
http://ebooks.cambridge.org/ref/id/CBO9780511815980%20https://www.cambridge.org/core/product/identifier/9780511815980/type/book
http://ebooks.cambridge.org/ref/id/CBO9780511815980%20https://www.cambridge.org/core/product/identifier/9780511815980/type/book
https://doi.org/10.48550/arXiv.2202.02435
https://arxiv.org/abs/2202.02435
http://arxiv.org/abs/2202.02435
https://doi.org/10.1103/PhysRevResearch.4.013230
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.4.013230%20https://link.aps.org/doi/10.1103/PhysRevResearch.4.013230
https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.4.013230%20https://link.aps.org/doi/10.1103/PhysRevResearch.4.013230
https://doi.org/10.1098/rspa.2025.0405
https://royalsocietypublishing.org/doi/10.1098/rspa.2025.0405
https://doi.org/10.1002/2015GL066297
https://onlinelibrary.wiley.com/doi/abs/10.1002/2015GL066297
https://doi.org/10.1038/s41558-025-02328-8
https://www.nature.com/articles/s41558-025-02328-8
https://doi.org/10.1038/s41467-023-44609-w
https://www.nature.com/articles/s41467-023-44609-w
https://doi.org/10.1002/2017GL076350
https://onlinelibrary.wiley.com/doi/abs/10.1002/2017GL076350
https://doi.org/10.1038/ncomms4434
https://www.nature.com/articles/ncomms4434

oNOYTULT D WN =

aOuvuuuuuuuuundADdDDDIEDNDMNDIAEDNDMNDAEWWWWWWWWWWNNNDNNNDNNNDN=S S @92 Qa0
VWO NOOCULLhAWN-_rOCVONOOCTULDWN—_,rOCVOONOOCULDDWN=—_,rOUOVUONOOCULPMNWN—_ODOVUONOUVPSD WN =0

IOP Publishing

Journal vv (yyyy) aaaaaa Author e

AUTHOR SUBMITTED MANUSCRIPT - JPCOMPX-100818.R1 Pa?el1 80f 18
a

[67]

Paul D L Ritchie et al. “Overshooting Tipping Point Thresholds in a Changing Climate”. In:
Nature 592.7855 (Apr. 2021), pp. 517-523. 1SsN: 0028-0836. DOI:
10.1038/s41586-021-03263-2. URL: https://doi.org/10.1038/s41586-021-03263-
2%20https://www.nature.com/articles/s41586-021-03263-2.

Paul D. L. Ritchie, Chris Huntingford and Peter M. Cox. “ESD Ideas: Clima ping Is Not
Instantaneous — the Duration of an Overshoot Matters”. In: Farth System D ;
(15th Sept. 2025), pp. 1523-1526. 1SSN: 2190-4979. DOT: 10.5194/esd-16-15
https://esd.copernicus.org/articles/16/1523/2025/ (visited on 17/,



https://doi.org/10.1038/s41586-021-03263-2
https://doi.org/10.1038/s41586-021-03263-2%20https://www.nature.com/articles/s41586-021-03263-2
https://doi.org/10.1038/s41586-021-03263-2%20https://www.nature.com/articles/s41586-021-03263-2
https://doi.org/10.5194/esd-16-1523-2025
https://esd.copernicus.org/articles/16/1523/2025/

