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SUMMARY

Electrical resistivity tomography (ERT) is a widely used and effective tool for hydrogeological investigations. Conventional
ERT inversion approaches are based on gradient-based algorithms, which typically provide deterministic optimal solu-
tions, which are subject to uncertainty. Such uncertainty could have significant impact on hydrogeological interpretation
using ERT. Model appraisal is a critical step after inversion, however, conventional appraisal methods are qualitative and
thus subjective. To address these limitations, this study introduces a probabilistic variational inference method, referred
to as Stein variational gradient descent (SVGD), to quantify both resistivity distributions and associated uncertainties in
ERT inversions. Synthetic examples are conducted to investigate the effects of configurations and noise, and to compare
the performance of SVGD with conventional inversion and model appraisal techniques. A field case study and its model
validation are also presented to demonstrate the practical advantages of uncertainty quantification in field. The results
indicate that SVGD can effectively reduce artifacts introduced by regularization and provide more comprehensive quanti-
tative insights into subsurface structures compared to conventional approaches. The study also reveals limitations in the
interpretation of basic statistics of uncertainty estimates, highlighting the need to examine the entire posterior distribu-
tions of parameter values. Additionally, this study demonstrates that the final uncertainty arises from a trade-off among
multiple factors, such as geometry of subsurface structures, measurement techniques and data noise levels. Finally, we
also discuss some comparisons with other probabilistic frameworks in hydrogeophysics, highlighting its potential to im-
prove uncertainty and probability quantification in ERT and possible future developments in hydrogeophysical coupled
inversion.

Keywords: Electrical resistivity tomography (ERT); Bayesian inference; Probability distributions; Hydrogeophysics; Hy-
drology.

1 INTRODUCTION

Geophysical methods are widely used to quantify hydrogeological structures, properties and states (S.S. Hubbard & Y. Rubin 2000;
M. Van Camp et al. 2006; A. Binley et al. 2015; T.C. Johnson et al. 2021; M.W. Lubczynski et al. 2024; A. Thomas et al. 2024). The
rapid growth of the field of hydrogeophysics over the past few decades has no doubt been driven by the limited value of traditional
investigative methods in characterizing heterogenous subsurface systems (A. Binley et al. 2015). In comparison to traditional borehole-
based investigations, geophysical techniques can also be advantageous due to cost and efficiency. However, geophysical methods do
not provide direct estimates of properties or states of interest and any quantification is the subject to several sources of uncertainty.

Electrical methods (direct current resistivity and induced polarization) are, arguably, the most popular methods in hydrogeophysics
given that they can be sensitive to various properties (e.g. porosity, permeability, etc.), states (e.g. water content, pore fluid salinity, etc.)
and more qualitative characteristics, for example, related to texture or fracture density (J. Irving & K. Singha 2010; A. Miltenberger et al.
2021; D.A. Ciraula et al. 2023; H. Chen et al. 2025). In particular, 2-D and 3-D electrical resistivity tomography (ERT) surveys are now
routinely used in hydrogeological investigations (e.g. A. Binley et al. 2002; A. Kemna et al. 2002; G. Cassiani et al. 2009; S. Uhlemann
et al. 2017; N. Claes et al. 2020; M.S. Pleasants et al. 2022; J.P. Boyd et al. 2024a). Many such studies take advantage of the time-lapse
capability of the method.

The ERT method typically consists of measuring a set of transfer resistances (or apparent resistivities) based on a large number of
four electrode configurations (e.g. A. Binley & L. Slater 2020). These data are then interpreted through an inversion approach in order
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Figure 1. Schematic showing the range of sources of uncertainty in hydrogeophysical applications of ERT.

to produce a model (or models) of subsurface resistivity distribution that is (or are) consistent with the measurements. In the majority
of cases, a final single model is derived that represents the best estimate of the subsurface geoelectrical structure. The most common
approaches to solving ERT inversion problems are generally gradient-based. Methods such as Gauss-Newton (T. Giinther et al. 2006;
A. Pidlisecky et al. 2007), conjugate gradient (B. Liu et al. 2012) and Broyden-Fletcher-Goldfarb-Shanno methods (A.L. Codd & L.
Gross 2018) convert ERT imaging into optimization problems, which provide deterministic optimal solutions in an iterative manner.

The use of inverse (or optimization) methods to tackle the ERT problem introduces a source of uncertainty—there may be multiple
models that match the data to a reasonable degree, which involves the non-uniqueness and equivalence of inverse problems. As fun-
damental issues of inverse problems, such uncertainty arises from the limited geophysical observations and is definitely unavoidable
(R.C. Aster et al. 2018). Other sources of uncertainty exist, for example, due to measurement errors (e.g. C.H.M. Tso et al. 2017; A. Li
et al. 2025), forward modelling (C.H.M. Tso et al. 2021) and the petrophysical relationships used to translate geophysical parameters
to properties or states of interest (e.g. C.H.M. Tso et al. 2019), as summarized in Fig. 1. In this paper, we focus on the estimation of
uncertainty in the inversion process. While the broader hydrological community widely accepts that models are subject to uncertainty
(e.g. K. Beven & A. Binley 2014), and the inherent non-uniqueness and equivalence of inverse problems are well-recognized in geo-
physics for decades (A. Tarantola 1987), practical estimation of uncertainty in field explorations is important but are still not routinely
addressed and quantified (N. Linde et al. 2017).

Despite the common lack of quantitative uncertainty estimation in ERT inversion (and other hydrogeophysical methods), model
appraisal methods are occasionally used. The depth of investigation approach of D.W. Oldenburg & Y.G. Li (1999) for 2-D problems,
and extension to 3-D by G.A. Oldenborger et al. (2007), are relatively simple approaches based on a comparison of two inversions
subject to different constraints from a reference model. These methods are reasonably practical but their use and interpretation can be
somewhat subjective.

Other methods for model appraisal include the model resolution matrix (W. Menke 2015) and, more qualitatively, sensitivity anal-
ysis (e.g. A. Kemna 2000). Both approaches construct an appraisal matrix based on the Jacobian (sensitivity) matrix. Low-diagonal
values of the resultant matrix indicate regions of low resolution or low sensitivity. However, such appraisal can be somewhat subjec-
tive due to the selection of a threshold value (Z.T. Khabaz et al. 2024). The model covariance matrix (D.L. Alumbaugh & G.A. Newman
2000; W. Menke 2015) is another method to access the propagation of data and model errors in the inversion. Nonetheless, in poorly
resolved regions, value may infer artificially low uncertainty because of the effect of spatial regularization, which can be misleading
(A. Binley & L. Slater 2020).

The key problem with the methods discussed so far is that, although they are computationally tractable, they are inherently sub-
jective and do not provide a quantitative estimate of parameter (resistivity) uncertainty. In contrast, a well-established probabilistic
inversion framework, known as Bayesian inversion, provides a means of quantifying uncertainty in geophysical (and other) problems.
Based on Bayes’ rules, posterior distributions can be estimated using Markov chain Monte Carlo (McMC) sampling and thereafter used
to quantify uncertainty in the unknown models (K. Mosegaard & A. Tarantola 1995; K. Gallagher et al. 2009). Considering the interest
of uncertainty quantification related to ERT, McMC methods have already been applied to approximate the posterior distribution of
subsurface resistivity (A.L. Ramirez et al. 2005). However, studies using McMC in ERT have also encountered common problems found
in other geophysical applications, including extremely expensive computational demands, slow convergence and limited scalability,
making it unrealistic in practice (X. Zhang & A. Curtis 2020; Z.T. Khabaz et al. 2024; X.B. Zhao & A. Curtis 2024a). To address these
limitations, recent work mainly focused on reducing model dimensionality and accelerating convergence, such as transdimensional
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inversion with Voronoi cells (E. Galetti & A. Curtis 2018), dimensionality reduction based on hydrological processes (E.K. Oware et al.
2019) and multimodal non-parametric resistivity modelling (M. Aleardi et al. 2021).

Data assimilation, such as Ensemble Kalman inversion (EKI), is another probabilistic approach used for uncertainty quantification.
Based on the assumption of a Gaussian posterior distribution, EKI is an approximate Bayesian method that provides a Jacobian-free
approach for approximating posterior distributions (C.H.M. Tso et al. 2021, 2024). This feature also makes EKI suitable for coupled
hydrogeophysical inversion (M. Camporese et al. 2015; X.Y. Kang et al. 2021), since it is usually challenging to obtain the Jacobian
matrix, especially in time-domain hydrogeological simulations such as those based on Richards’ equation (S. Weill et al. 2009) or solute
transport models (D. Pollock & O.A. Cirpka 2012). In C.H.M. Tso et al. (2021), the level-set parametrization is used to handle arbitrarily
shaped layers and inclusions, which is a type of model hyperparametrization to achieve a reasonable balance between computational
efficiency and uncertainty quantification. Although EKI can provide a reasonable approximation of the posterior distribution with
relatively small numbers of samples, the uncertainty estimates are usually biased due to the idealized Gaussian posterior hypothesis and
model hyperparametrization approach. Nevertheless, because of its highly flexibility and efficiency, EKI remains a valuable contender
for uncertainty quantification in ERT and hydrogeophysics in general.

The immense evolution of machine learning methods offers alternative strategies of uncertainty estimation. Such quantification
tends to be integrated with neural networks to enable rapid inference after a one-time training process (X.X. Lan et al. 2023; B. Liu
et al. 2023; F. Rincén et al. 2025). However, neural networks are still limited by the high cost of data set preparation and training. To
achieve comparable accuracy to McMC methods, they may require more samples and larger data sets (X. Zhang & A. Curtis 2020).
Furthermore, under complex near-surface observation conditions (e.g. irregular topography) or variations in field measurements (e.g.
different electrode spacings and configurations), the generalization capability of neural networks remains limited in field applications
(F. Rincon et al. 2025). At present, machine learning methods may be best suited to specific, more constrained problems, although we
recognize that this field or research is rapidly developing.

Variational inference (VI) is an alternative framework for Bayesian inference. Unlike the random sampling used in McMC meth-
ods, VI defines a family of probability distributions and converts Bayesian problems into an optimal approximation to the posterior
probability distribution function (pdf; X. Zhang et al. 2021). This progress is achieved by minimizing the Kullback-Leibler (KL) di-
vergence (S. Kullback & R.A. Leibler 1951), which allows the variational family to approximate the posterior pdf. In this case, VI
approaches are more efficient, have good convergence properties and are easily extended to high dimensionality (X.B. Zhao & A. Cur-
tis 2024a). Automatic differential variational inference (ADVI) is one of the most common VI approaches for efficiently approximating
the posterior pdf (A. Kucukelbir et al. 2017). It computes the gradient of the evidence lower bound (ELBO, equivalent to minimizing
the KL divergence) using automatic differentiation and achieves the VI by optimizing to maximize the ELBO. Similar to EXI, it con-
ducts Bayesian inference based on a Gaussian variational family, which is not suitable for multimodal posteriors (X. Zhang & A. Curtis
2020). Therefore, the uncertainty quantification in ADVI is typically biased. Stein variational gradient descent (SVGD) was proposed
to avoid Gaussian assumptions by using a set of sample distributions, referred as to ‘particles’, to approximate the posterior (Q. Liu &
D.L. Wang 2016). Because SVGD utilizes ‘particle’ densities to represent the target probability distribution, it is particularly effective
in capturing multimodal posteriors. In recent years, VI approaches have exhibited excellent performance with seismic methods (X.B.
Zhao & A. Curtis 2024a, b; X. Zhang & A. Curtis 2024b), offering new opportunities for uncertainty quantification in complex geophys-
ical problems with reduced computational demands. However, these methods have not yet been applied to quantify uncertainties in
ERT.

In this paper, we examine the effectiveness of the SVGD method for quantifying resistivity distributions and associated uncer-
tainties in hydrogeophysics. We begin by introducing the basic principles of both the conventional Gauss-Newton inversion and the
SVGD methods for ERT. Two synthetic examples are used to explore the effects of configurations and data noise. We then demon-
strate the method for a field example, using field data from a study watershed and a synthetic model validation to demonstrate the
practical advantages of the SVGD method and present its probabilistic interpretation. We then discuss our findings and highlight the
method’s advantages and limitations, and offer some perspective for future work using the SVGD method. Some additional insights
into a probabilistic framework are also discussed for a deeper understanding of the uncertainty quantification in hydrogeophysics.

2 METHODS

2.1 Electrical resistivity tomography

ERT inversion is essentially an optimization problem by partial differential equations. The corresponding forward equation can be
expressed as:

dsyg = F(m), €Y)

where m denotes the resistivity model. We use the logarithm of resistivity to represent subsurface space. F is the forward operator and
dg.q represents the forward modelled data. To perform ERT inversion, an object function is most commonly defined as

® (m) = ®¢ (m) + a®p (M), ()
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where

@4 (m) = [|[Wy (dwg — dops) |13, (3)
P (m) = [[Wym][3, C))
where ®4(m) is the data misfit, « is a regularization scalar and ®,,(m) is the model regularization. || - ||3 denotes the L,-norm of the

vector. doys is the vector of observed data, representing transfer resistance in this study. Wy, is the roughness matrix used to apply
smoothness regularization to the resistivity model.-Wy is a diagonal data weighting matrix used to balance the weight of observed data.
Following D.J. LaBrecque et al. (1996), Wy, in this study, is given by:

Wi = 1.0/ /a> + b2d3 ©

where dps ; is the i-th value of the observed data d,ps. a and b are the coefficients for the data weight. These two coefficients are obtained
by expanding the variance as the first two even terms of a Taylor series about d,ps ;, Which are typically estimated statistically based on
analysis of reciprocal errors in field measurements in practice (D.J. LaBrecque et al. 1996). Coefficient a corresponds to the constant
component of the data variance (e.g. the offset error), while coefficient b corresponds to proportionality errors (C.H.M. Tso et al. 2017).

The Gauss-Newton method is used in this study to obtain optimal solutions by minimizing eq. (2). The normal equation at the
k-th iteration is defined as (A. Binley & L. Slater 2020)

(AWIW I, 4+ o R) Amy = —JIWIW (dwax — dobs) — xRy, (6)

where R = W] W,,. J; is the Jacobian matrix, and oy is the regularization scale at the k-th iteration. The model update Amy, is obtained
by solving eq. (6). Subsequently, the iteration processes my,; = my; + Amy and continues the optimization until the target root-mean-
square (RMS) error is reached or the solution is considered to have converged.

While regularization stabilizes the inversion process and reduces artifacts caused by noise, it inevitably compromises model resolu-
tion to some extent. Therefore, model appraisal is essential. A model resolution matrix (MRM) Ry, is defined to evaluate the reliability
of the inverted model (D.L. Alumbaugh & G.A. Newman 2000), and is expressed as

my = Rmmtrue, (7)
where my,,. is the (unknown) true resistivity model. Combining eq. (6), the MRM is given by
Ry = (ITWIWJ, + ,R) " TTWIW,J,, (8)

where Jj is the Jacobian matrix calculated using the final inversion result and o denotes the final regularization scalar. The diagonal
elements of Ry, are used to represent the resolution. These values range between 0.0 and 1.0, where values close to 1.0 indicate high
resolution and, conversely, values near 0.0 indicate poor resolution. Off-diagonal elements in MRM describe the mutual interactions
and coupling characteristics among model parameters, reflecting the blending and trade-off relationships of parameter information.
This type of coupling fundamentally manifests the non-uniqueness of geophysical inversion. However, extracting and analysing this
information generally requires interpretation of the overall structure of the MRM rather than individual elements in practice. There-
fore, in this paper, we only focus on the diagonal elements of the MRM. Unless otherwise specified, MRM refers to diagonal elements
of the model resolution matrix. In addition, it is important to note that the MRM is applicable only to linear inverse problems in theory.
However, under the assumption of the linearization for the nonlinear problems, it can still be applied for model appraisal in ERT (A.
Binley & L. Slater 2020).

2.2 Variational inference

In the Bayesian framework, model parameters in inverse problems are converted to a probabilistic posterior pdf. Given the observed
data dops and model parameters m, the posterior pdf p(m|d,s) is updated according to Bayes’ rules

P (dons| M) p ()
dos = 1 ~
p(m]doss) FICS

where p(m) denotes the prior pdf, which represents prior knowledge of the model parameters m. p(d,s|m) is a likelihood that refers to
the probability of observed data d,s given m. p(d,ps), is the marginal likelihood, also known as the evidence, describing the probability
of d,ps integrated over the entire parameter space (M.N. Tran et al. 2021), defined as:

©

p (dobs) = fp ( dobs| m) p (m) dm. (10)

Variational inference estimates the pdf p(m|d,s) by replacing the random sampling process in McMC methods with an approxi-
mate optimization. It begins by defining a family of probability distributions g(m), written as Q = {g(m)}, which is used to approximate
the pdf. The optimal approximation g*(m) is thereafter selected from this family by minimizing a non-negative KL-divergence, which
is defined to represent relative entropy, between g(m) and the posterior pdf p(m|dos) (S. Kullback & R.A. Leibler 1951; A. Ganguly &
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S.W. Earp 2021). The optimal approximation is given by

q* (m) = ar(gr)niél KL [q (m)||p (m|deps)] . (11)
q(m)e

where the KL-divergence is defined as (J. Shlens 2014)

KL [q (m) ||p (m|doxs)] = 3 gi (m) log ;232
— 3 q; (m)logg; (m) — 3" q; (m) logp; (m|dus,) 12)
= lq(m) [logq (m)] — Eq(u:) [log p (m|dops )] .

where Eym) represents the expectation with respect to the distribution g(m). By substituting eq. (9) into eq. (12), the KL-divergence
becomes

KL [q (m) ||P (mldobs)] = Eq(m) [10g q (m)] - Eq(m) [10gP (m, dobs )] + IOg p (dobs) ) (13)

where the former two terms in eq. (13) represent the expectation of the logarithm probability distribution g(m) and logarithm
joint distribution p (m, d,ps) with respect to the distribution g(m), respectively, while the last term represent the logarithm marginal
likelihood p(dops)-

2.3 Stein variational gradient descent

When minimizing eq. (13) using VI, it is essential to select a variational family, such as a simple mean-field variational family (D.M.
Blei et al. 2017). However, the choice of variational family is critical, as it significantly affects the quality of the posterior (X. Zhang
& A. Curtis 2020). To avoid explicit assumptions on variational families, SVGD uses a set of sample distributions (also referred to as
‘particles’), defined as {m;}, to approximate the posterior pdf. In this framework, the target distribution is represented by the density
of ‘particles’, which allows for the approximation of complex multimodal posterior distributions. The approximation is achieved by
iteratively updating the ‘particles’ through a smooth transform T

T(mi)zmi-i-a(b (mi), (14)

where m; is the i-th sample distribution in the set {m;}. ® (m;) is a smooth vector function that indicates the perturbation direction.
The scalar ¢ is the magnitude of the perturbation. The detailed derivations of the SVGD approach can be found in Appendix A. The
final optimal direction ®*(m) can be expressed as
1 n
@ (mj) = - Z [k (m), m)) Vot log p (mij|dobs) + Vi (m), mf)] , 15)
j=1

where [ and n represent the iteration number and the number of ‘particles’, respectively. k(m’, m)is a positive definite kernel (the
detailed form will be introduced later). The i-th resistivity distribution m; is updated iteratively by mﬁ“ =m! + ¢'®}(m}) until the
target RMS is achieved or the iteration converges as conventional ERT inversion.

In eq. (15), the first term (weighted gradient term) primarily serves to drive ‘particles’ towards high-probability regions according
to the ERT sensitivity. Therefore, the calculation of the gradient V log p(m§ |dops) in eq. (15) is based on Bayes’ rules (eq. 9) and key

7

to combining ERT with SVGD. It has the following form
Vm,jlog p (mj.|dobs) = Vmglog p (d0b5|m5-) + Vmglog p (mlj) , (16)

where Vi log p(dgps |m§) is the gradient of the log-likelihood and V., log p(mé) is the gradient of the prior term, which can be treated
J J

as a type of implicit regularization of the prior information. In the standard SVGD method, both terms influence the calculation of the
SVGD gradient. However, in this paper, we select to use a uniform distribution for both the prior generation and resistivity samplings.
In this case, V1 log p(mﬂ.) = 0, meaning that the prior distribution will not affect the ‘particle’ update and provide no prior information
except the bouﬂdaries. Therefore, in this work, the SVGD update is effectively driven only by the log-likelihood term.

When assuming that the observational errors are Gaussian distributions, the likelihood p(ds/m) is proportional to
exp (—%Qd(m)) (as defined in eq. 3), which is written as (G. Demoment & J. Idier 2008):

1
P (doslm) o€ exp (—5% (m)). a”)
In this case, the log-likelihood has the following form

1
log p (dops/m) = _Eq)d (m) +C, (18)
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where C is a constant. When calculating the gradient of eq. (18) with respect to mg, the gradient of the log-likelihood is essentially
equivalent to the first derivative of eq. (3) with respect to m, which can be expressed as

Vimil0g p (dobs|m) = T} WiWy (dobs — dsvajr) » (19)

where Wy, doys and dg.qj; are defined as in conventional ERT inversion (see eq. 6). J;; is the Jacobian matrix of dsq;,; With respect to
mg.. Here, we also use the logarithm of resistivity to represent the subsurface properties. Therefore, mﬂ, denotes the logarithm of the
resistivity and J;; represents the Jacobian matrix of the transfer resistance with respect to the logarithm of resistivity.

The second term in eq. (15), known as the ‘repulsive term’, which is used to push ‘particles’ away from each other and thereby
avoiding collapsing into a single mode (X. Zhang et al. 2021). The kernel k(mi., m!) in these two terms provides the interaction intensity
between ‘particle’ pairs according to their mutual distance and eventually contributes to the balance between the ‘weighted gradient
term’ and ‘repulsive term’. In this paper, we use a gradient matrix-valued kernel k(mﬂ, m!) for eq. (15), defined as (X. Zhang & A. Curtis
2024a)

. |Im; — m][;,
k (mlj, mf) =D'exp |:—12hzl > (20)
where h is a bandwidth parameter and satisfies # = med?/log n, where med represents the median of distances between all pairs of
‘particles’ to balance the gradient of each particle against the influence from others (Q. Liu 2017). D is a positive definite diagonal
matrix, constructed similar to an optimization algorithm AdaGrad (J. Duchi et al. 2011; X. Zhang & A. Curtis 2024a) commonly used

in machine learning, defined by:

D'=—, (21)

where v} is an accumulated squared gradient, with the following form

vi =1 - B)E (g) + Bviy. (22)
1 n

Ei(gf) = - ZI: g (23)

where f is a learning rate, which defaults to 0.95. g; is an instantaneous gradient at iteration [, which equals J,TWEWd(dobS — dgwa ).

3 SYNTHETIC EXPERIMENTS AND RESULTS

3.1 Synthetic experiment on the effect of electrode configurations

A synthetic block model (Fig. 2a) was constructed to simulate a resistivity anomaly that may be associated with, for example, localized
groundwater contamination and to evaluate the performance of the SVGD method. The block anomaly measures 4 m x 6 m and has
a resistivity of 10 @m, while the background resistivity is 100 Q2m. To explore the effects of two different electrode configurations
[Dipole-Dipole (DD) and Wenner-Schlumberger (WS)] an electrode array with a total of 50 electrodes at 1 m spacing was used. The
configurations modeled consisted of the maximum number of voltage dipole spacings (a) possible, and the factor n (dipole separation,
see e.g. A. Binley & L. Slater 2020) was set to be 1, 2 and 3, resulting in 905 and 1085 measurements for the DD and WS arrays,
respectively. To simulate field conditions contaminated by noise, 1 per cent Gaussian noise was added to the synthetic data. This noise
level was also treated as the prior data weight parameter b (eq. 5) in the inversion.

In SVGD, the prior distribution of the base 10 logarithm resistivity was defined as a Uniform distribution between 0 and 3 (log;
resistivity in units of 2m). This range ensures that the prior not only contains the resistivity value of the true model, but also allows
‘particles’ to explore a broader parameter space beyond the core region. An analysis using different ‘particle’ numbers (400, 800 and
1200) is reported in Fig. S1 (Supplementary Information) and the computational time is shown inTable S1 (Supplementary Informa-
tion). To balance accuracy and computational efficiency, the number of ‘particles’ was set to be 800. This choice is also comparable
to the range of 400-800 ‘particles’ widely used in seismic VI (X. Zhang & A. Curtis 2020, 2021; X. Zhang et al. 2023). Increasing the
number of ‘particles’ does not necessarily improve inversion performance but obviously increases computational cost and the number
of iterations (J.Y. Zhang et al. 2020), which may be impractical for application of the method. The initial average RMS of all ‘par-
ticles’ are 60.56 (DD array) and 61.48 (WS array).The inference process was considered converged once the RMS error reached the
pre-defined target value of 1.0. Upon convergence, 800 sample resistivity distributions were obtained for synthetic data. These distri-
butions were then used to estimate the posterior distributions (sample mean) and associated uncertainties, such as standard deviation
(STD), based on statistical analysis. For comparison, a conventional inversion with model appraisal was also carried out using the code
R2 (A. Binley & L. Slater 2020), which produced both inverted resistivity images and their MRM. Since the Gaussian-Newton method
is a deterministic inversion approach, which requires an explicit initial model, a uniform background resistivity of 100 2m was used in
this experiment. In addition, it is worth noting that different methods for constructing kernel k(mé, mf ), such as radial basis function
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X (m)

Figure 2. The synthetic model and resistivity images obtained from R2 and SVGD. (a) The true block model; (b, ¢) inverted resistivity images from R2
using DD and WS arrays, respectively; (d, e) sample mean resistivity images from SVGD using DD and WS arrays, respectively. The three symbols in
panels (b)—(e) indicate locations of the selected points to show posterior resistivity probability distributions in Fig. 4.

(RBF) kernel (C.E. Rasmussen & C.K.I. Williams 2005) or variance matrix-valued kernel (X. Zhang & A. Curtis 2021), can produce
different results. An experiment was conducted using different kernels, as shown in Fig. S2and Table S2 (Supplementary Information).
Compared with RBF or variance kernel, the Jacobian matrix is intergrated into gradient kernel, therefore, it has a stronger capacity to
reflect the characteristics of sensitivity and converges more readily, therefore, it performs better in low-resolution regions. Therefore,
all the experiments are based on gradient kernel in this paper.

Figs 2(b)-(e) show the inverted resistivity images from R2 and the sample means from SVGD. Overall, the results from the DD
array are better than those from the WS array. This is attributed to the, expected, stronger anomaly sensitivity of the DD array to the
low-resistivity target body (e.g. T. Dahlin & B. Zhou 2004). R2 successfully recovers the block structure using both arrays, although
artifacts appear beneath the block due to the smoothness constraint imposed during inversion. Similarly, SVGD also captures the block
structure with the DD array, although the inverted sample mean resistivity is slightly higher than the true value. However, the result
of the SVGD using the WS array fails to reconstruct the true model perfectly—only the upper region of the anomaly target is resolved
in the sample mean.

A clear detection depth scale (i.e. depth of investigation) is revealed in the SVGD sample mean using the DD array, and extends
deeper when using the WS array. In contrast, such detection scales are not shown in the R2 inverted images—this is caused by the high
regularization. In Gauss-Newton based inversion, regularization is essential for stabilizing the ill-conditioned geophysical inverse
problems (A. Binley & L. Slater 2020). However, in regions with low-data sensitivity, the inversion is dominated by the regularization
term, resulting in artificially smooth resistivity distributions and masking the detection scale. In contrast, SVGD does not rely on
spatial regularization for updating ‘particles’. The ‘particles’ located beyond the detection scale are only minimally updated due to poor
sensitivity, resulting in mean values close to the prior mean. The SVGD method can, therefore, identify the detection scale well. Note
that sample means out of the detection scale are dependent on the prior distributions—different sample means will be recovered when
applying different prior distributions. In this case, a theoretical STD (e.g. about 0.866 for uniform prior between 0 and 3) may be useful
to quantify the regions out of the detection scale in SVGD. Additionally, the artifacts caused by smooth regularization are reduced in
the sample mean from SVGD, as shown in Figs 2(b) and (d). Nevertheless, high-resistivity artifacts appear in the upper portion of
the SVGD sample means, which is reduced by the spatial regularization in conventional inversion. Similar phenomenon has also been
observed in VI for traveltime data, which orientates from data overfitting using a fixed regular grid of elements (X. Zhang & A. Curtis
2020). In this case, these two methods present their respective advantages and disadvantages in terms of artifacts—the differences
between these two methods in low-sensitivity regions stem from their inherent assumptions and mathematical mechanisms: R2 tends
to maintain model smoothness through regularization, while SVGD reflects prior-dominated model uncertainty when lacking data
constraints. Understanding these differences helps to correctly interpret the inversion results.

Figs 3(a)-(d) illustrate the STD and MRM for model appraisal. Both approaches present some similarities, specifically, lower un-
certainty in the shallow subsurface and significantly higher uncertainty at greater depths. However, there are some differences in the
region of the low-resistivity anomaly. In the MRM results (Figs 3a and b), the block region exhibits slightly lower resolution values
than the surrounding background at the same depth, whereas the STD from SVGD is slightly higher in the block region. Comparing
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Figure 3. Model appraisal of resistivity images using the DD and WS arrays, respectively. (a, b) The MRM from R2; (¢, d) the STD from SVGD; (e, f)
the CV from SVGD.

the two different configurations, the DD array produces high MRM in the block region, indicating high resolution, whereas the WS
array shows relatively high-MRM values in the upper half of the block but lower values in the lower half, implying that the results in
the upper part of the block is more reliable than that in the lower part. Referring back to the sample mean of the WS array in Fig. 2(e),
this explains the reasons for the failure to resolve the anomaly in the lower half of the block. Due to limited resolution of the WS array
in the lower part, the data lack sufficient resolution to recover the structure at that part. The different imaging effects across different
regions can be more clearly demonstrated and illustrated through the model validation in Section 4.2. In contrast, the conventional
inversion using R2 reveals a larger anomaly (Fig. 2c), which is simply a result of smoothing (regularization) and clearly not because of
measurement sensitivity.

Using the STD alone to capture the specific uncertainty associated with the block may be limited. This is because the STD primarily
reflects absolute uncertainty that varies with depth from the configurations rather than the anomalies. Therefore, to better present the
relative uncertainty in the anomalies, the coefficient of variation (CV) may be more useful. The CV is defined as the ratio of the STD
to the sample mean, as follows

cv=2, (24)
"

where o and p denote the STD and the sample mean, respectively. As shown in Fig. 3, a relatively high CV is observed in the block
in the DD array, although a high-CV region is observed only in the upper half of the block for the WS array. Note that the high-CV
values shown in Fig. 3 are specific to the low-resistivity block model. Different subsurface resistivity structures may produce different
CV patterns due to variations in the sample mean. Nevertheless, the CV may be an effective way to represent the relative uncertainty.
Recall that we are posing this example as one not unlike the problem of anomaly detection due to groundwater contamination. Being
able to quantify the uncertainty in the geoelectrical model would potentially add immense value to the overall assessment of a site.

In Fig. 4, we present three posterior resistivity probability distributions at specific points: Near the surface, in the block and beneath
the block, as indicated in Fig. 3. These distributions reveal examples of non-Gaussian behavior—some exhibit complex multimodal
distributions. As shown in Figs 4(a) and (d), the resistivity distributions display local peaks around log,,(p) = 2, indicating a concen-
tration of inferred values close to the background (100 Q2m). For the location within the block (Figs 4b and e), the distributions show
a wide range of resistivity values, which is consistent with the high STD observed in Fig. 3. This feature reflects the non-uniqueness
of geophysical inversion: Multiple combinations of resistivity values and shapes can equally fit the same observed data; it reveals a
trade-off between the anomaly resistivity and associated shapes (E. Galetti et al. 2015; X. Zhang et al. 2018), which is not well resolved
by the diagonal elments in MRM. For the deepest points in Figs 4(c) and (f), the distributions appear close to the prior, caused by the
poor sensitivity at these depths.

A tailing effect is observed in some of the distributions shown in Fig. 4, that is, resistivity values cluster near the upper boundary
of the prior range. This may originate from the limitations of the uniform prior distribution. During the sampling process, a range is
pre-defined so that resistivity sampled outside the boundaries is shifted back to the range to remain consistent with the prior infor-
mation. However, this can be critical because ERT has reduced sensitivity to high-resistivity structures (A. Binley & L. Slater 2020).
Setting overly broad boundaries on resistivity (i.e. the prior range) may lead to an excessive concentration of ‘particles’ in unphysical
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Figure 4. Posterior resistivity probability distributions at the selected points in Fig. 2. (a—c) for the DD array; (d-f) for the WS array. The cyan and brown
lines represent the sample mean from SVGD and the inverted resistivity from R2, respectively. The grey horizontal lines represent the prior resistivity
distributions.

high-resistivity regions, which can potentially increase the number of required ‘particles’ and raise computational costs. Therefore,
a reasonable range needs to be given according to the geological conditions, which somewhat reflects the importance of the given
prior information (A. Curtis & A. Lomax 2001). Some other distributions, such as Gaussian distribution (X.B. Zhao & A. Curtis 2024a)
and Cauchy distribution (W. Alemie & M.D. Sacchi 2011), may produce different results by influencing the gradient of the prior term
Vm; log p(mé). For instance, if a Gaussian prior m} ~ N(u, ) is used, Vmg log p(mﬁ) = — % (m} — p), contributes directly to the
update. This implies that the gradient term exerts a ‘pull’, attracting each ‘particle’ towards the prior mean. This has the possibility of
reducing the ‘tail effect’ but specifying an appropriate prior mean introduces a new challenge, which warrants future investigation.

A further characteristic to note is that the lack of symmetry in some of the distributions highlights that the use of simple statistics
(mean, standard deviation) may be misleading. We explore this further in a later example.

3.2 Synthetic experiment on the effect of noise

In this section, we continue to use the block model to study the uncertainty due to measurement noise. We tested the synthetic data
using DD array with Gaussian noise levels of 0.2, 0.5, 1.0, 2.0, 3.0, 4.0, 5.0, 7.5, 10, 15 and 20 per cent. When a very small noise level
(less than 2 per cent) is used, the term V,,log p(dobs|m§) in eq. (19) becomes very large, which may cause the iterative process to be
destabilized by a very large ‘particle’ update step. Therefore, for noise levels less than 2 per cent, we fixed the prior data weight b to
0.02 and adjusted the target RMS values accordingly. For example, the target RMS value of a 0.2 per cent Gaussian noise experiment
was reduced to 0.1 with an assumed weight b of 0.02. For noise levels above 2 per cent, we used the corresponding noise levels for the
data weight calculation.

The computational times for different noise levels were summarized in Table 1. All computations were performed on a workstation
equipped with an Intel Core i9-13900HX processor using 20 threads in SVGD and 1 thread in R2. The computation time of R2 depends
on the number of iterations and the choice of step size during the inversion process, but most calculations together with MRM complete
within 10-12 min. For SVGD, each iteration requires roughly the same amount of time, not exceeding 4 min for the 905 measurement
and the inversion mesh of 6630 elements. For noise levels between 2 and 10 per cent, the algorithm can reach the target RMS within 100
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Table 1. The iteration numbers and computational time for different noise levels. “«’ denotes solution converged to the target RMS 1.1 rather than 1.0.

SVGD iteration SVGD computational SVGD computational R2 computational time
Noise levels number time (s) time/iteration (s) including MRM (s)
0.2 per cent 381 80 864 212 662
0.5 per cent 186 38451 207 713
1.0 per cent 137 28135 205 647
2.0 per cent 97 21791 225 640
3.0 per cent 91 20032 213 705
4.0 per cent 92 20238 220 718
5.0 per cent 90 19 689 219 862
7.5 per cent 93 20697 223 634
10 per cent 95 21026 221 1073
15 per cent 106 22558 213 656
20 per cent 128 28579 223 740%

’ 0.0 10.0 20.0 30.0 40.0 50.0 10.0 20.0 30.0 40.0 50.0).0 10.0 20.0 30.0 40.0 50.0
X (m) X (m) X (m)

Figure 5. The sample mean and STD from SVGD, and inverted resistivity from R2 for three noise levels: 0.2, 2 and 10 per cent, respectively. (a—c)
The sample mean resistivity from SVGD; (d-f) the inverted resistivity from R2; (g-i) the STD from SVGD. The circle and square indicate the two
representative points selected to analyse STD variations.

iterations, while it needs more iterations for noise out of this range. For noise levels below 2 per cent, SVGD requires more iterations
to reach the target RMS due to excessively large jumps and oscillate during ‘particle’ updates. For noise levels more than 10 per cent,
the resolution is quite limited and hard to support accurate ‘particle’ updates, which leads to a need for many more iterations to reach
the target RMS. Nevertheless, such low- or high-noise levels are typically used only in synthetic examples rather than in field data.
Therefore, this method appears practical for application in 2-D ERT imaging. 3-D ERT inversion using SVGD requires substantially
more computational time. Possible approaches to addressing this challenge are proposed in the Discussion section.

To illustrate the impact of noise levels, we selected three experiments (0.2, 2 and 10 per cent) and present related sample mean
and STD from SVGD, and inverted resistivity images from R2, as shown in Fig. 5. The comparison between the sample means and
inverted resistivity images at different noise levels indicates that the resolution of the low-resistivity block decreases with increasing
noise levels. Figs 5(a)—(c) show that the overall shape of the anomaly has not changed significantly based on the sample mean, although
the mean resistivity value tends to approach the background resistivity due to the reduced resolution. However, Figs 5(d)-(f) reveal that
the extent of artifacts beneath the block expands with increasing noise levels. This suggests that, under high-noise levels, the inversion
process becomes increasingly dependent on regularization and the results may reflect more about the assumed model structure rather
than the anomaly sensitivity of the data.

Two locations (Fig. 5) are selected to study the uncertainty variation of the anomaly and background. These two points are at the
same depths and symmetrical relative to the electrode array, thus minimizing the effect of geometry in the measurement configurations.
The STD variations of these two points across different noise levels are illustrated in Fig. 6. For the background location (green square
in Fig. 5), the STD increases continuously with increasing noise levels. This trend is consistent with expectations, as higher noise
levels naturally lead to greater uncertainty. However, for the location within the block (yellow circle in Fig. 5), the STD exhibits a non-
monotonic behaviour: It decreases as the noise level increases to about 4 per cent but then increases when the noise level is greater
than about 4 per cent. This suggests the presence of a potential factor influencing the STD in this location. Since the influence of the
configurations and depth was excluded when selecting observation points, this potential factor likely originates from the anomaly itself.
As discussed above, the anomaly effect is determined by both shape (geometry) and associated resistivity, both of which contribute
to the uncertainty at that location. However, the presence of noise can reduce the resolution of an anomaly, thereby suppressing its
effect. At low noise levels, the effect of the anomaly dominates, and a high STD primarily reflects the trade-off between shape and
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Figure 6. The STD variations at the circle and square points (in Fig. 5) across different noise levels.
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Figure 7. Geographical and geological description of the Chenqi watershed. (a) Geographical map and the location of ERT survey line; (b) outcrop in
the Chengi watershed; (c) A-A’ geological profile (modified from Q. Cheng et al. 2019).

resistivity rather than noise effects. As the noise level increases, the STD decreases due to the diminishing influence of the anomaly.
However, when noise becomes so high that the sensitivity of the data to the anomaly is weak, the STD follows a similar trend to that in
the background region. It is worth noting that although noise effects are dominant, anomaly effects still exist when inverting, therefore
uncertainty remains slightly higher than in the background until the noise level is so high that data from the anomaly region are
indistinguishable from those in the background (i.e. the two lines in Fig. 6 would converge).

Despite the experiment highlighting the balance between anomaly and noise effects, the STD does not vary significantly across
different noise levels considered in Fig. 6, with a maximum increase of 12.5 per cent at the green point and a maximum decrease of
7.6 per cent at the yellow point. It indicates that the effect of depth on the resolution of ERT may be more dominant than the balance
between anomaly and noise effects. It is worth noting that the sample STD is determined based on the ‘particle’ distribution. Therefore,
factors that influence the ‘particle’ distribution, such as the construction of the kernel k(mg, mﬁ) in eq. (20) and the prior distribution,
may potentially affect the observed noise effect, which warrants further investigation.

4 FIELD EXPERIMENT AND MODEL VALIDATION

4.1 Field experiment in the Chengi watershed

A field data set collected in a small Chenqi subcatchment (Fig. 7a) in the Houzhai watershed in Guizhou Province, China was used
to illustrate the practical benefits of the quantified resistivity probabilities and uncertainties through VI in field data. Chengqi has a
classical cockpit karst landform; the hydrological characteristics of the subcatchment have been studied extensively (e.g. X. Chen et
al. 2018). These studies have revealed complex dynamic behaviour due to contrasting subsurface hydrogeological units, highlighting
the potential value of hydrogeophysical investigations. Within Chengi four types of rocks are exposed: limestone, dolomite, lamellar
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Figure 8. Inverted resistivity results and model appraisal for the field data. (a-c) Sample mean, STD and CV of the field data from SVGD, respectively;
(d, e) inverted resistivity image and its MRM from R2. The black triangle in each image shows the location of the spring.

limestone and marlstone, exhibiting a nearly horizontal, layered sedimentary structure, as shown in Figs 7(b) and (c). Q. Cheng et al.
(2019) carried out an extensive geophysical investigation of Chengi using ERT based on a conventional inversion approach. In one
of the hillslopes covered by Q. Cheng et al. (2019), a near-surface wedge-shaped low-resistivity zone was argued to give evidence of
a marlstone layer, which, in turn, suggested a mechanism for driving significant spring flow observed on the hillslope. However, Q.
Cheng et al. (2019) did not provide evidence that the marlstone layer extended within the hillslope given the limited resolution of ERT
at depth. We reanalyse one of the data sets from the study of Q. Cheng et al. (2019), a survey line different from that reported in C.H.M.
Tso et al. (2021), to assess the uncertainty in resistivity contrast due to this marlstone layer. The dataset consists of 1963 measurements
in DD configuration using a 48 electrode array, with 5 m spacing. Measurements were made with a dipole spacing of 5, 10 and 15 m.

To investigate the apparent absence of the low-resistivity marlstone at depth, we reprocessed the field data using VI and compared
the results with the resistivity images inverted by R2. In this experiment, as before, we used 800 ‘particles’ with a prior uniform loga-
rithmic distribution ranging from 0 and 4 (units of log10 2m). The data weight coefficients (eq. 5) a and b were set to 0.001 €2 and 0.05,
respectively, which is roughly equivalent to a 5 per cent noise level.

A comparison of these two methods applied to the field data is shown in Fig. 8. Both results in Figs 8(a) and (d) reveal a pattern
of low resistivity near the surface and higher resistivity at greater depths. However, the near-surface low-resistivity layer using VI
(Fig. 8a) appears much shallower, with a sharper boundary between the low- and high-resistivity zones compared to the R2 inversion
(Fig. 8d). The difference is caused by the removal of the smoothness regularization, as demonstrated in the synthetic experiments
earlier. Regarding the wedge-shaped low-resistivity feature [interpreted by Q. Cheng et al. (2019) to be a consequence of a marlstone
layer], the two images exhibit completely different results. The sample mean resistivity from VI (Fig. 8a) does not indicate that the
marlstone extends to greater depths, but note that the STD image (Fig. 8b) indicates a high level of uncertainty. In contrast, the resistivity
image from R2 appears to show that low-resistivity marlstone extends downloads between X = 75 m and X = 100 m. Additionally, the
MRM (Fig. 8e) in this region is also relatively higher than the surrounding regions, further supporting the reliability of this feature
in the R2 results. However, it is important to recognize that the MRM only reflects uncertainty specific to the inverted image. Due
to the non-uniqueness of the geophysical inversion, the inverted optimal resistivity cannot fully represent the true model although it
may be the most probably solution from the optimization. Moreover, as shown in the synthetic experiment in Fig. 2, detecting low-
resistivity structures in a high-resistivity background can lead to artifacts beneath the anomalies. Therefore, further analysis is required
to evaluate the reliability of these interpretations in the next section.
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Figure 9. Synthetic model validation for the Chengi watershed. (a) The synthetic model of the limestone and marlstone; (b-d) the sample mean and
inverted resistivity image from SVGD, R2 and ADVI, respectively; (e, f) the STD and CV from SVGD, respectively; (g) the MRM from R2; (h) the STD
from ADVI. The black solid lines represent the true boundaries between limestone and marlstone.The two dotted lines represent the boundaries inferred
according to the STD and sample mean from SVGD, respectively. The symbols are the representative points selected to show the resistivity distributions
in Fig. 10.

4.2 Model validation for field data

In the absence of independent geological or hydrogeological information to constrain the subsurface structure, we adopted a model
validation approach to investigate the influence of marlstone, following the methodology of Q. Cheng et al. (2019). A synthetic model
was constructed based on idealized geological conditions, as illustrated in Fig. 9(a). In this model, a low-resistivity layer with a resistivity
of 50 @m and a thickness of 2.2 m represents the marlstone, while the surrounding high-resistivity background is set to be 3000 2m
to represent the limestone. The same measurement configurations as used in the field data set was adopted. A forward model was
generated and 5 per cent Gaussian noise was added to these data.

A comparison of inversions using SVGD, R2 and ADVI is presented in Fig. 9. The principles of ADVI approach are described in
X. Zhang & A. Curtis (2020). In this section, we still use 800 ‘particles’ for both the ADVI and SVGD methods. In SVGD, the piror
distribution was defined as a uniform distribution between 0 and 4; while in ADVI, the prior distribution was defined as a Gaussian
distribution with a mean of 2 and an STD of 0.5, ensuring over 99.99 per cent of the samples fall within the range between 0 and 4
(both distributions are defined in terms of the base 10 logarithm resistivity). Comparing sample means and inverted resistivity, R2 and
ADVI provide similar resistivity patterns, whereas SVGD yields different result. This phenomenon stems from the basic that applying
spatial regularization using the L2 norm (Tikhonov regularization) is equivalent to employing a Gaussian prior in Bayesian inference
(J.C. Chang et al. 2014). It is evident that the anomaly due to the synthetic marlstone is sharper in sample mean from SVGD (Fig. 9b)
compared to the more traditional regularized gradient-based inversion using R2 and probabilistic inversion using ADVI(Figs 9c and d).
Also note in Figs 9(c) and (d) that the centre axis of the anomaly clearly deviates from (true) horizontal orientation, giving the illusion
that the low-resistivity layer extends diagonally downwards. The MRM from R2 and the STD from ADVI indicate a high resolution in
the region of the marlstone layer but also a relatively low resolution beneath it; this pattern is consistent with the field data shown in

920z dunp {z uo Jasn ABojoipAH g ABojooT Joy anuad MN Aq £801598//€ L Bebb/g/SHz/e10ue/6/woo dno-oiwapeae//:sdiy wouy papeojumoq



14 J Yanetal.

(@)
0.42

0.36

s £
N W
s S

Probability
=)
3

o
@
S
=
[
S

&S
)
=
=
)
PN

&
)
@

Probability
=
»

Probability

.
p—
(]

0.06

0.00
0.0 1.0 2.0 3.0 4.0 0.0 1.0 2.0 3.0 4.0

log,p (2m) log, o (2m)

[CZADVIEESVGD —SVGD Mean —-R2 -+ Limestone — Marlstone — Prior|

Figure 10. Posterior probability distributions of the SVGD and ADVI at the selected points in Fig. 9. The cyan and purple lines represent the inverted
resistivity or the sample mean obtained from R2 or SVGD, respectively. The blue and red lines represent the true marlstone and limestone, respectively.
The grey horizontal line represents the prior distribution.

Fig. 8(e). This suggests that the apparent downward extension of the low-resistivity structure in the inverted field dataset (Fig. 8d) is an
artifact generated by the smooth regularization or the assumption of Gaussian prior. In contrast, the limestone region is shown with
a high-sample mean with a low STD, while the marlstone has a low-sample mean with a high STD in Figs 9(b) and (e), which aligns
well with the field data in Figs 8(a) and (b). This correspondence confirms that the uncertainties between the synthetic and field data
follow the same patterns, thereby motivating the following analysis about the resolution boundaries.

Two different boundaries are marked by broken lines in the SVGD results shown in Figs 9(b), (¢) and (f). The (lower) blue boundary
indicates a depth of inversion: Beyond this boundary the sample mean is apparently unaffected by the data. The (shallower) black
boundary indicates a transition from low to high STD. The area between these two boundaries is interpreted as a region where a
transition from high to low resolution occurs. Furthermore, as shown in Fig. 9(e), a layer of high-STD layer is clearly evident. In the
high-resolution region, the low-resistivity marlstone is recovered due to sufficient sensitivity of the measurements. Although the low-
resolution region can still provide some information about the background, as indicated in Fig. 9(b), it lacks the capability to reliably
recover the marlstone feature. Similarly, in the field experiment, the marlstone with high uncertainty is also near this boundary, as
shown in Fig. 8(b). This limitation is the primary reason why the downward extension of the low-resistivity marlstone is not observed
in the inverted field data.

We selected four representative points (see Fig. 9) to analyse the posterior resistivity distributions from the SVGD and ADVI ap-
proaches and compare with the values derived by R2. Two of these points are located in the marlstone, with one near the surface and
the other one near the boundary of the high- and low-resolution regions. The third point is located near marlstone but in the limestone,
while the last point is far away from the synthetic marlstone. The distributions are shown in Fig. 10. Similar to the resistivity patterns
in Fig. 9, the sample mean of the posterior resistivity distributions from ADVI match perfectly, although they are biased from the true
value. However, in Fig. 10(b), the posterior distribution from SVGD exhibits a bimodal pattern, with ‘particles’ clustering in two peaks
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Figure 11. The probability distributions of the model validation. (a) The marlstone probability distributions with a resistivity less than 100 m; (b)
the limestone probability distributions with a resistivity more than 100 Qm. The black solid lines represent the true boundaries between limestone and
marlstone. The black dashed lines represent the boundary between the high- and low-resolution regions.The translucent region below the black dotted
line represents the low-resolution region, where anomalies are difficult to capture.

that closely match the true resistivities of marlstone and limestone. Although the sample mean from SVGD or ADVI and inverted
resistivity from R2 are very close to each other, they clearly deviate from the true resistivity value, which can be misleading in inter-
pretation. This particular distribution highlights the significance of a multimodal posterior distribution in ERT inversion and explains
the main reason for the high STD in this region in SVGD. We will revisit this in the Discussion section. For the distributions shown
in Figs 10(a) and (c), although the ‘particles’ cluster in a high-resistivity region, there remains a probability (albeit low) of existence
resistivity representing the marlstone. For the posterior distribution in the location far away from the marlstone feature (Fig. 10d), the
‘particles’ mainly gather around the high-resistivity value, indicating low probability of marlstone presence.

As demonstrated above, relying on a single estimate (e.g. the sample mean or a representative inverted resistivity) can be misleading
and insufficient to capture the full characteristics of ERT results due to the non-uniqueness of the geophysical inversion. The posterior
distribution of resistivities can help improve interpretation, although visualizing this for all cells is impossible. One approach to address
this is to present the results in terms of a probability of exceeding a specific resistivity threshold, as used by, for example, C.H.M.
Tso et al. (2021). To illustrate this, we selected a resistivity threshold of 100 2m to represent the marlstone—limestone contrast, as
shown in Fig. 11. The results reveal that possible region of the marlstone is much larger than that in the true model, indicating the
limited resolution of ERT method itself. For the limestone background, regions far away from the marlstone layer show probabilities
approaching 100 per cent, whereas regions in or near the marlstone layer still exhibit probabilities over 40 per cent. It suggests that the
multimodal nature of the resistivity distributions is significant: In the known target area, there is a high probability of the background
rock type (limestone).

4.3 Probabilistic interpretation of the field data

In this section, we reinterpret inversion of the field results in terms of resistivity probabilities. Here, we still follow the categories in the
previous study to represent different structures (Q. Cheng et al. 2019): (i) soil layer or marlstone (resistivity < 100 Qm); (ii) extensively
weathered rock (100 2m < resistivity < 400 2m); (iii) compact limestone (resistivity > 400 Qm).

The overall probability distributions are shown in Fig. 12. Due to the complex field measurement environment, the depth of the
high-resolution region is much shallower than the synthetic field data study. Based on the probability distribution, the subsurface is
divided into six different structural regions. The representative resistivity posterior distributions for these regions are illustrated in
Fig. 13.

Region I is interpreted as compact limestone because of over 90 per cent probability of a resistivity greater than 1000 Qm. Region IIT
is located near the wedge-shaped low-resistivity layer previously identified as marlstone (Q. Cheng et al. 2019). However, the resistivity
distribution in Fig. 13(c) shows that the resistivity here is probably lower than originally interpreted. This further suggests that the
applying smooth regularization may be inappropriate when dealing with such significant resistivity contrasts (e.g. < 100 2m versus >
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Figure 12. Probability distributions for the Chenqi field data. (a) Probability distribution with a resistivity less than 100 2m; (b) probability distribution
with a resistivity more than 100 Qm but less than 400 Qm; (c) probability distribution with a resistivity more than 400 @m. The black dotted lines
represent the boundary between the high- and low-resolution regions. The translucent region below the black dashed line represent the low-resolution
region, where anomalies are difficult to capture.The black triangle in each image shows the location of the spring. The posterior distributions for the
six locations I-VI are shown in Fig. 13.

3000 Qm). The bottom of Region III is connected with the high- and low-resolution boundary, implying that low-resistivity marlstone
may extend further downwards along this interface but remains undetected due to the limited resolution of the ERT method.

Region II is located between Regions I and III, which was interpreted as extensive weathering in the previous study (Q. Cheng et
al. 2019). This interpretation is supported by the resistivity distributions as the ‘particles’ gather between 100 and 400 2m. However, as
shown in Fig. 13(b), the presence of a high-resistivity ‘tail’ suggests that the possibility of compact limestone in this region cannot be
fully excluded. Therefore, additional evidence from other geophysical methods or invasive sampling may be valuable for confirmation.

A spring is located along the ERT survey line, as indicated by the black triangle in each of the images in Fig. 12. It is positioned at
the surface above the boundary between Regions V and VI (see Figs 13e and f). Given that these distributions do not indicate a high
probability of low resistivity, it would appear that the spring is fed laterally (e.g. from hydraulic impedance at the upper surface of the
marlstone layer) rather than from a deeper source.

5 DISCUSSION

In this paper, we applied the SVGD method to quantify resistivity distributions and their associated uncertainties in ERT. Both synthetic
and field experiments indicate that SVGD can effectively approximate the posterior pdf, providing some significant advantages over
conventional methods and some new insights into uncertainty quantification in ERT, which we discuss in more detail in this section.

The synthetic experiments on configuration and noise effects demonstrate that uncertainty in ERT arises from multiple aspects,
each having a significant influence on the final inversion results. It appears that the overall uncertainty is comprehensively determined
by a combination of anomaly and measurement effects. In terms of anomaly effects, the trade-off between the shape of a feature and
the magnitude of the resistivity leads to a high STD in anomaly regions, as already discussed by E. Galetti et al. (2015) and X. Zhang
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Figure 13. The resistivity distributions of the field data for the Chenqi watershed field data at regions I-VI, respectively. The locations of the six regions
are shown in Fig. 12.

et al. (2018). The model validation in Fig. 9 also supports this. It provides an important insight: A high STD does not always indicate
high errors. Instead, it may reflect the multimodal nature of the posterior resistivity distributions. Different electrode configurations
process different sensitivity distributions (e.g. A. Binley & L. Slater 2020), thus clearly resulting in different resistivity patterns and
uncertainties. Regarding effects of measurement noise, there have been very few studies quantifying the associated uncertainties.
Our experiments have revealed that noise does not always cause an increase in uncertainty. In regions associated with an anomaly,
higher noise levels may reduce resolution, which in turn can reduce the uncertainty arising from anomaly effects. This suggests that
uncertainty quantification should not involve only the anomalies and the measurement configurations but also need to treat the noise
levels as a key contributor to uncertainty.

SVGD offers a clear advantage in effectively and quantitatively capturing the non-uniqueness of geophysical inversion. Conven-
tional optimization methods typically provide a single deterministic optimal solution, thereby ignoring the existence of the other possi-
ble solutions. In this case, model appraisal using qualitative tools like MRM only evaluates the uncertainty associated with the inverted
resistivity model itself. Instead, SVGD generates an ensemble of possible geophysical solutions, each consistent with the observed data
well. Therefore, these samples can be used to quantify uncertainty from the non-uniqueness of the geophysical inversion (S. Wu et al.
2025). In our experiments, we observed that the resistivity distributions are often non-Gaussian and exhibit multimodal probability
distributions, as shown in Figs 4 and 10. Such multimodal characteristics were also illustrated in Z.T. Khabaz et al. (2024). Due to this
feature, the sample mean alone is insufficient as a representation of ERT inversion results (E. Galetti & A. Curtis 2018) and can be mis-
leading or result in incorrect interpretation. There is, therefore, a need to focus on posterior resistivity distributions. A simple approach
is to divide the distribution into different intervals to represent different media to explore the probability, although the threshold may
seem to be somewhat subjective.

Another apparent advantage of the SVGD approach is its ability to avoid the use of spatial regularization. Such an advantage can
also be seen in seismic VI (H. Yang et al. 2025). Regularization is essential in conventional geophysical optimization and has been ex-
tensively developed to support various geological structures (C.G. Farquharson 2008; F. Nguyen et al. 2016; Y. Shi et al. 2020; K. Ishizu
et al. 2025) and hydrologic property distributions (T.-C.J. Yeh et al. 2002; N. Linde et al. 2006). Nonetheless, regularization appears to
be viewed by some unfavourably in hydrogeophysics (N. Linde et al. 2017). Fundamentally, regularization imposes assumptions on the
subsurface structure, which can be treated as a form of prior information (X.B. Zhao & A. Curtis 2024b). Such prior information often
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excludes the possibility of shape effects and only considers resistivity distributions. This helps to stabilize deterministic inversions, but
an inappropriate regularization approach may trigger artifacts due to the limited resolution (A.M. Carey et al. 2017). This constraint
presents a significant challenge in hydrogeophysical applications where inverted resistivity values are often transformed into hydro-
geological parameter (e.g. fluid saturation, porosity, etc.) based on petrophysical relationships to parametrize hydrogeological models
(J. Beaujean et al. 2014; A. Revil et al. 2020). However, as indicated in the results of our synthetic experiments, regularization causes
shifts in resistivity values given the prior structure. In this case, the shift will also be transmitted to errors in estimated hydrogeolog-
ical parametersm, which warrants attention in the interpretation. Moreover, our results show that the sample mean from SVGD also
exhibit artifacts due to overfitting the data using elements with fixed size, which was also observed in seismic VI (X. Zhang & A. Curtis
2020). The use of more flexible elements, such as Voronoi cells, may help to address this issue (E. Galetti & A. Curtis 2018; X. Zhang
& A. Curtis 2020). Alternatively, the level set parameterisation in C.H.M. Tso et al. (2021, 2024) is also another approach to tackle this
problem. Both inversion approaches are applicable across different probabilistic inversion frameworks (EKI, McMC, SVGD etc.). In
practice, given the high-computational efficiency of the conventional approach, it is recommended interpreting the sample mean from
SVGD with the inverted image to aid explanation.

Some methods for uncertainty quantification, such as EKI (C.H.M. Tso et al. 2021, 2024), certain deep learning inversion methods
(F. Rincon et al. 2025) and another VI method ADVI (A. Kucukelbir et al. 2017), rely on the assumption that posterior distributions
follow a Gaussian distribution, resulting that the computed uncertainties tend to be more biased (X. Zhang & A. Curtis 2020), especially
when the distribution is non-Gaussian. Nevertheless, given its high-computational efficiency of ADVI, some enhanced VI methods,
such as boosting variational inference (X.B. Zhao & A. Curtis 2024a), may be a more promising approach. Comparing SVGD with EKI,
both methods involve forward modelling, but the Jacobian-free feature of EKI approach may have an advantage in terms of computa-
tional requirements compared to SVGD, particularly for multiphysics problems (e.g. coupled hydrogeophysics inversion using a flow
simulator). For simpler problems, for example, ERT, SVGD shows great potential to be used in quantifying distributions and uncer-
tainties of the hydrogeological parameters directly. Although SVGD requires the Jacobian of the forward model, this gradient can be
easily converted to that with respect to hydrogeological parameters (e.g. fluid saturation or porosity) through defined petrophysical
relationships (e.g. F.M. Wagner et al. 2019). Note that this is without considering the inherent nonlinearity and uncertainties in petro-
physical relationships (N. Linde et al. 2017; C. Brunetti & N. Linde 2018). Combined with multimodal resistivity distributions in ERT,
the distributions of hydrogeological parameters can also be multimodal (an example is indicated in J.P. Boyd et al. (2024b)), which
may lead to posterior distributions that are highly complex and difficult to interpret, making hydrogeophysical inversion challenging.
This suggests that geophysical measurements should not be used in isolation. More evidence from other geophysical or other meth-
ods should be provided to reduce the uncertainty from ERT results. However, when lacking the external information (i.e. borehole
or hydrogeology data) to validate the subsurface structure, the probabilistic interpretation using the SVGD method is a more reliable
approach to avoid potential misleading. Furthermore, given the multimodal resistivity distributions, filters with multimodal imaging
capabilities (e.g. S.G. Penny & T. Miyoshi 2016), may offer certain advantages and worthy of further exploration.

Future work should focus on improving computational efficiency, which remains a common challenge in probabilistic inversion
framework. Although a direct comparison between SVGD and McMC methods was not conducted in this paper, we believe that SVGD
is computationally more practical than McMC methods. This is because compared to random samplings in McMC methods, SVGD
method uses few samples to update the posterior distributions based on optimization using the Jacobian matrix, which is definitely of
great efficiency, as proved in many studies in geophysics (X. Zhang & A. Curtis 2020; X.B. Zhao & A. Curtis 2024a). Fortunately, the
numerical simulations of ‘particles’ are mutually independent, which means that this process can be carried out completely parallel (X.
Zhang & A. Curtis 2021). Therefore, a large number of threads may help to improve the computational efficiency. Some deep learning
methods for rapid numerical simulations, such as non-intrusive reduced basis (N. Lindner et al. 2025; A. Quiaro et al. 2025), exhibit
great potential to accelerate the massive forward modelling tasks with limited loss of accuracy. This advantage may be fully exploited
in 3-D simulations as well as in time-lapse resistivity monitoring (in 2-D or even 3-D), particularly for long-term monitoring with fixed
configurations.

6 CONCLUSIONS

We have applied the SVGD approach to quantify resistivity distributions and uncertainties in ERT, and compared its performance with
conventional inversion methods based on both synthetic and field experiments. Compared to conventional inversion methods, SVGD
offers more quantitative information about subsurface structures, including detection scales, occurrence of high-resolution regions and
multimodal posterior resistivity probabilities. Moreover, it also avoids the biases introduced by regularization or the Gaussian prior.
Compared to McMC method, SVGD is attractive for uncertainty estimation due to its requirement for fewer samples, leading to greater
computational efficiency. Based on our findings, we recommend performing probabilistic interpretation and recognizing resistivity
distributions within ERT results to fully demonstrate the uncertainty distributions of ERT-derived models of the subsurface.

In addition, a thorough understanding of uncertainty sources is also critical, as uncertainty in ERT is simultaneously determined
by various factors such as anomalies and measurements. Therefore, uncertainty quantification should be considered combined with
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noise levels to evaluate the relative weighting between the anomaly and noise effects. Furthermore, given the multimodal resistiv-
ity distributions in ERT, hydrogeophysical inversion methods specifically based on unimodal assumptions (ensemble Kalman filter,
EnKF, for example), should also adequately consider the potential multimodal nature of the hydrological parameters, which should
be comprehensively investigated in the future.

Finally, we recognize that not all applications of geophysics to hydrological problems warrant uncertainty estimation. The need
will depend on the consequences of incorrect interpretation or translation to hydrological parameters.
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APPENDIX A: DERIVATIONS OF THE SVGD APPROACH
Following Q. Liu & D.L. Wang (2016), qr(m) is defined to represent the transformed probability distribution g(m), given by
gr(m) = g (T~" (m)) - |det (Ve T (m))| ", (A1)

where T~! denotes the inverse map of T, det denotes the determinant of the matrix, and V,,T(m) is the Jacobian matrix of T with
respect to m. When |¢| is sufficiently small, the Jacobian V,,T(m) is full rank and hence T is invertible.

Based on the basic principles of VI, the KL-divergence between gr(m) and p(m|d,s) is defined and minimized to make the trans-
formed distribution qr(m) approximate the posterior pdf p(m|d,s). To obtain the descent direction of the KL-divergence, its gradient
with respect to ¢, denoted as V.KL, is expressed as (Q. Liu & D.L. Wang 2016)

v‘rKL[qT (m) ||P(m| dobs)]|£=0 = _Eq(m) [trace (Ap( m\dobs)q) (m))] ) (AZ)

where trace denotes the trace of a matrix. Apma,,,) is the Stein operator and defined as:

obs)
Ap(mdgy) P (m) = Vplog p (m|dgys) @ (m)T + Vi ® (m). (A3)
In eq. (A-2), the problem of minimizing the KL-divergence is naturally converted to maximizing the expectation

Eqm[trace(Apmia,,) P (m))], which is also the steepest descent direction. The problem then constitutes a reproducing kernel Hilbert
space (RKHS) optimization problem for the Kernelized Stein Discrepancy S(q(m), p(m|dos)), written as (Q. Liu & D.L. Wang 2016)

S(q(m), p(m|das)) = argmax Eqqm[trace (Apumia, ¢ (m)) ], (A4)
peH [0 ,;q <1

where H¢ denotes RKHS. According to Q. Liu et al. (2016), the solution to this optimal problem is

@ (m) = Eqm) [Ap(midypk (m', m)]. (43)

where ®*(m) is the optimal direction from a set of initial distributions {m?}. k(m’, m)is a positive definite kernel. The optimal direction
®*(m) can be expressed as:

n

1
¢ (m) = - Z [k (mz m}) Vm,jlog p (mi.|dobs) + Vmﬂk (mi mf)] . (A6)
=1
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