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ABSTRACT: Symmetric instability (SI) is known to be effective in extracting kinetic energy from currents in frontal re-
gions. This energy cascade involving SI has previously been observed at fronts at the sea surface, with wind forcing as the
chief catalyst for destabilization. In this article, using in situ observations collected during the Elucidating the Role of
Clouds–Circulation Coupling in Climate-Ocean–Atmosphere (EUREC4A-OA) cruise, we argue that North Brazil Current
(NBC) rings could have been subject to symmetric instabilities using classical mathematical criteria even if they lie below
the pycnocline. In particular, we demonstrate that the boundaries of mesoscale eddies could be the loci of unforced
centrifugal–symmetric instabilities (CSIs) depending on the slope of isopycnal surfaces or, equivalently, the relative magni-
tudes of vertical and lateral stratifications. Assuming a gradient wind balance, this ratio implicitly accounts for curvature. We
additionally analyze their primary sources of kinetic energy, accounting for the curvature. This analysis suggests that horizontal
shear is likely the main driver of the disturbance’s development. Finally, we estimate the characteristic time scale for the devel-
opment of CSI and find that unforced symmetric modes may emerge within less than 1.5 days. Together, our results suggest
that mesoscale eddies in the NBC may be intrinsically subject to symmetric instabilities owing to the centrifugal force, with po-
tential implications for the life cycle of mesoscale eddies and transport of active/passive tracers by these oceanic phenomena.

KEYWORDS: Eddies; Instability; Small scale processes; In situ oceanic observations

1. Introduction

Oceanic submesoscale dynamics, characterized by horizon-
tal scales of 0.1–10 km and temporal scales of hours to days,
have attracted considerable attention in recent years. While
this dynamical regime generates instabilities not present
within the classical geostrophic or quasigeostrophic regime,
several studies have nonetheless demonstrated its potential
impact on global ocean dynamics (McWilliams 2016; Lévy
et al. 2018; Buckingham et al. 2019; Naveira Garabato et al.
2019; Dong et al. 2021). Submesoscale currents and their asso-
ciated instabilities are indeed believed to be one of the major
pathways for energy loss of the large-scale ocean circulation,
ultimately being dissipated at even finer spatial and temporal
scales (Müller et al. 2005).

Among the types of instabilities that emerge in the ocean at
these scales, centrifugal–symmetric instabilities (CSIs) are
particularly effective at generating such a forward cascade
(Thomas and Taylor 2010; D’Asaro et al. 2011; Gula et al.
2016b). In this article, we classify CSIs as the family of instabil-
ities which occur when the Ertel potential vorticity multiplied by
the Coriolis parameter is negative. To determine the type of CSI
occurring (which includes inertial instability, mixed inertial/sym-
metric instability, purely symmetric instability, and gravitational/

convective instability), we examine the instability’s primary en-
ergy source. This is often called the energetic definition of CSI
(Thomas et al. 2013). CSI is a form of inertial instability found
within baroclinic fronts in which energy is chiefly extracted from
the vertical shear in the front. Within such a front, the flow can
be unstable to small disturbances in a direction inclined to the
horizontal while remaining stable both inertially (i.e., absolute
vorticity is positive) and gravitationally (i.e., stratification is posi-
tive). In its purest form, this instability induces an overturning
cell with parcel motion principally along isopycnals but that
may additionally contribute to the mixing of water masses
(Buckingham et al. 2019; Naveira Garabato et al. 2019; Chor
et al. 2022). This is why the instability is sometimes referred
to as slantwise convection.

Historically, the study of CSI has been motivated by a de-
sire to better understand the dynamics of atmospheric vorti-
ces (Rayleigh 1917; Solberg 1936; Fjortoft 1950; Ooyama
1966; Cho et al. 1993; Bowman and Shepherd 1995), and we
refer the reader to Eliassen and Kleinschmidt (1957), van
Mieghem (1951), Kloosterziel et al. (2007), and Kloosterziel
(2010) for further details on the history of this phenomenon.
In the ocean, CSI is believed to be active both near the sur-
face (Taylor and Ferrari 2010; Thomas and Taylor 2010;
D’Asaro et al. 2011; Thomas et al. 2013; Brannigan 2016;
Gula et al. 2016a; Savelyev et al. 2018), in the bottom bound-
ary layer, and topographic wakes (Allen and Newberger 1998;
Gula et al. 2016b; Dewar et al. 2015; Wenegrat et al. 2018;
Wenegrat and Thomas 2020; Molemaker et al. 2015; Naveira
Garabato et al. 2019)}that is, in regions where stratification
in density is reduced. Nonconservative processes such as
friction and diabatic processes mostly occur at these ocean
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boundaries and are essential for driving the instability; for
instance, potential vorticity (PV) is found to be modified
near the ocean surface (Marshall et al. 1999, 2012), reducing
stratification and triggering CSI development.

Relevant to the present study, frontal regions associated
with oceanic mesoscale eddies have been identified as sym-
metrically unstable especially close to the ocean surface due
to Ekman effects of wind (Brannigan et al. 2017). Wind forc-
ing is indeed one of the major drivers of CSI in frontal regions
(Thomas et al. 2013, 2016; Gula et al. 2016a; Buckingham et al.
2019; Yu et al. 2019). One therefore expects CSI to perturb
the life cycle of mesoscale eddies by transferring their eddy ki-
netic energy to smaller scales as they do in other frontal re-
gions. This phenomenon, in combination with gravitational
instability, can also lead to the intense mixing of water masses
and nutrients at the edge of eddies, impacting the transport of
tracers by these structures (Brannigan 2016; Brannigan et al.
2017; Chor et al. 2022).

Boundaries of mesoscale eddies and the frontal region are
places where we observe strongly slanted isopycnals and
an associated geostrophic circulation (de Marez et al. 2020;
Barabinot et al. 2024). One can therefore postulate that an
eddy might be intrinsically symmetrically unstable without the
influence of the wind. For example, CSI could potentially occur
at the edge of mesoscale eddies where the slope of isopycnals is
important, such as is the case for eddies perturbed by an in-
tense background shear (Legras and Dritschel 1993; Mariotti
et al. 1994). Recently, idealized three-dimensional numerical
models showed that anticyclonic barotropic eddies can be
spun off as the western boundary current crosses the equator.
Symmetric instability then sets their PV to zero without taking
into account the influence of the wind (Goldsworth et al. 2021).
In this case, symmetric instability is triggered when Southern
Hemisphere waters (with negative potential vorticity) are ad-
vected across the equator into the Northern Hemisphere.
Symmetric instability thus becomes significantly strong. How-
ever, to the best of our knowledge, unforced symmetric insta-
bilities have not yet been highlighted in eddies using in situ
data, although some subsurface evidences of symmetric insta-
bility have already been found in the northwestern equatorial
Pacific (Zhou et al. 2022).

In this article, using in situ data collected during the Eluci-
dating the Role of Clouds–Circulation Coupling in Climate:
Ocean–Atmosphere (EUREC4A-OA) experiment, we will
show that North Brazil Current (NBC) rings can be subject to
CSI using classical mathematical criteria derived from linear
theory even if these eddies lie below the pycnocline. Their pri-
mary source of kinetic energy will be also analyzed using the
approach of Thomas et al. (2013) and Chor et al. (2022). After
revisiting the criteria for symmetric instability and applying
these to in situ data, an analytical expression will be intro-
duced to model the structure of sampled eddies and support
the appearance of CSI in the observations. This will indicate
that the signals of instability seen in the observations are not
artifacts related to the design of the observational campaign.
The article is organized as follows. In section 2, mathematical
criteria for CSI are introduced. In section 3, the data and
methods are described. In section 4, results obtained on in

situ data are analyzed. In section 5, we present the analytical
model and compare it to data. In section 6, we estimate the
growth rate and corresponding time scales of CSI.

2. Theoretical aspects on CSI

a. Geostrophic flows

CSIs are defined as those that emerge, here in a geostrophic
flow, when the Ertel PV q, multiplied by the Coriolis parame-
ter f, is negative (Hoskins 1974; Haine and Marshall 1998):

fq , 0: (1)

Hereafter, we refer to this criterion as Hoskins’ criterion.
Here, q5 (2V1 = 3 v) ? =b’ (fk1 = 3 vg) ? =b with k be-
ing the local unit vector in the vertical, vg being the horizontal
geostrophic velocity, and b 5 2gr/r0 (where g is the gravity, r
is the density, and r0 is a reference density) being the buoy-
ancy. The quantity fq is the discriminant of the Hoskins–
Ooyama equation [third unlabeled equation, Hoskins (1974)]
which describes the evolution of across-stream perturbations
to an inviscid, stably stratified parallel shear flow in geo-
strophic balance. The sign of the discriminant determines the
nature of the equation (i.e., whether it is elliptic or hyper-
bolic). For positively stratified geostrophic flow away from
the equator, the discriminant can be rewritten in a convenient
nondimensional form:

q* 5 1 1 Rod 2 Ri21
d , 0, (2)

where Rod 5 zg/f and Rid 5 N2/|­zvg|2 5 f 2N2/|­rb|2 are the dy-
namical Rossby and Richardson numbers, respectively. In
these expressions, ­rb refers to the radial gradient of buoy-
ancy,­zvg refers to the vertical shear, and zg refers to the verti-
cal geostrophic relative vorticity (i.e., the vertical component
of the vorticity vector). From this second equation, we ob-
serve that order-one Richardson numbers and order-one
Rossby numbers represent favorable conditions for overturn-
ing instabilities, which occur when fq, 0.

Equation (1) can be satisfied for several instabilities, including
gravitational (N2 , 0), inertial (zg/f, 21), and symmetric insta-
bilities (fq, 0 but whenN2 . 0 and zg/f.21). To discriminate
between these instabilities, Thomas et al. (2013) introduced the
following angles (hereafter Thomas’ instability angles):

f 5 arctan(2Ri21
d ), (3a)

and the critical angle:

fc 5 arctan[2(1 1 Rod)]: (3b)

These angles summarize the contributions of barotropic and
baroclinic shear to the onset of the instability (Thomas et al.
2013; Hamlington et al. 2014), mapping dynamically relevant
values in (Rod, Rid) space to visually informative values in
(f, fc) space. Expressed in units of degrees, f . fc refers to
the stable state,2458, f , fc refers to the case where mixed
inertial/symmetric instability can develop, 2908 , f , 2458
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refers to the case where purely symmetric instability can develop,
21358, f , 2908 refers to the case where the flow is symmetri-
cally and gravitationally unstable, and21808, f , 21358 refers
to the case where the flow is gravitationally unstable. Note, these
criteria are valid for anticyclonic flow (Rod , 0). For the case of
cyclonic flow (Rod . 0), the only difference is that inertial insta-
bility is mathematically not possible (Carton 2001). In the follow-
ing, Thomas’ instability angles will be used as an additional check
on the type of instability occurring. Thomas’ angles will predict
instability if and only if fq, 0. This is not an additional criterion.

b. Cyclogeostrophic flows

Equation (1) and subsequent relations do not take into ac-
count centrifugal forces experienced by fluid parcels, for ex-
ample, within a cyclogeostrophic flow, and therefore are not
necessarily valid in the study of eddies. To better approximate
the dynamics in such cases, Buckingham et al. (2021a,b) pro-
posed the use of a baroclinic form of the generalized Rayleigh
criterion, Lq, 0, or

L*fq 5 (1 1 Cu)fq , 0, (4)

where L 5 ryu 1 (1/2)fr2 is the vertical component of absolute
angular momentum, L* 5 11 Cu is a nondimensional form of
this quantity, r is a radius or radius of curvature whose origin is
the vortex center, and yu denotes the azimuthal or alongfront
velocity of a curved front. Note that the right term in Eq. (4) has
the same units as in Eq. (1) but introduces a local, signed, nondi-
mensional number, Cu 5 2yu/(rf ), quantifying the curvature of
the flow; it tends to be positive for cyclonic flow and negative
for anticyclonic flow. This number follows naturally from the ex-
pression describing gradient wind balance, f(1 1 Cu)­zv 5 ­rb,
where Cu is seen as a deviation in the thermal wind balance.
Alternatively, Cu can be interpreted as a Rossby number based
on the curvature vorticity 2yu/r (F. Goldsworth 2023, personal
communication). Last, as mentioned, Cu is a locally valid, non-
dimensional form of L. Interestingly, while L is conserved on
the sphere at small horizontal scales (unpublished proof), owing
to the WKB approximation made during its derivation, the
criterion [cf. Eq. (4)] remains applicable across latitudes so
long as a locally valid f is used. Examining L*fq and compar-
ing with fq are therefore a helpful analysis.

The corresponding nondimensional form of Eq. (4) is ob-
tained by assuming positive stratification away from the equa-
tor and nonzero r:

L*q* 5 (1 1 Cu)(1 1 Rod) 2 (1 1 Cu)2Ri21
d , 0: (5)

This quantity L*q* is useful for estimating growth rates of the
instability (Buckingham et al. 2021a). This is done in section 6.
In this expression, Rod and Rid are computed, assuming a gradi-
ent wind balance as detailed in Buckingham et al. (2021a).

While Eq. (4) provides a criterion that is valid not only just
for parallel shear flow but also for flows with curvature, it
should be noted that the sign of fq often yields a qualitatively
correct solution and is helpful for detecting the kinds of insta-
bilities that might occur. In the work that follows, we there-
fore apply the two criteria: Eq. (1) for Hoskins’ geostrophic
criterion with Eq. (3) for Thomas’ angles and Eq. (4) for the

cyclogeostrophic criterion of Buckingham et al. (2021a,b).
Additionally, we use Eq. (5) to estimate time scales for the
growth of CSI (section 6).

ENERGETICS

Assuming linear theory, we can characterize the primary
energy sources for the disturbance at the onset of CSI
(Thomas et al. 2013; Chor et al. 2022). For the purposes of
this paper, we focus on the rates of horizontal shear produc-
tion (HSP, associated with the inertial/centrifugal modes) and
vertical shear production (VSP, associated with symmetric
modes). Recall, the energy source for CSI differs depending
on the relative magnitudes of barotropic and baroclinic com-
ponents of the discriminant (i.e., fq or L*fq). Hence, while fc

and f can be used to discern the primary energy source of
CSIs within a geostrophic flow, these expressions must be al-
tered to reflect the curvature of the flow or, equivalently, im-
pact of the centrifugal force. Hence, in appendix A, we revisit
the turbulent kinetic energy (TKE) budget and account for
this deviation from geostrophy. Briefly, assuming a back-
ground flow under gradient wind balance with parcel motion
predominantly along isopycnals, we find that under linear the-
ory the ratio of horizontal to vertical shear production is

RSP 5 HSP/VSP 52
Rod Rid
(1 1 Cu) 1 2

Cu
Rod

( )
: (6)

Here, the ratio is cast in a form comparable to that presented
by Chor et al. (2022). When the curvature is zero, we retrieve
RSP 5 2RodRid, which is equivalent to the geostrophic ex-
pressions used by Chor et al. (2022) and Kimura (2024)–i.e.,
their Eqs. (4) and (29), respectively.

3. Data and methods

a. EUREC4A-OA in situ data

The EUREC4A-OA campaign took place between 20 January
and 20 February 2020 (Stevens et al. 2021; Speich and The
Embarked Science Team 2021). We focus here on two anticy-
clonic eddies sampled along the continental slope of Guyane
by the French Research Vessel (R/V) L’Atalante. One of the
anticyclonic eddies is a surface-intensified eddy and has been
identified as an NBC ring (Subirade et al. 2023). Its velocity
structure extends to a depth of 150 m. The other is a subsur-
face-intensified anticyclone (with more of an intrathermo-
cline structure). Its core is located between 200- and 600-m
depth and lies just below the surface NBC ring. [Note: This
vertical superposition of anticyclonic eddies in the NBC is
not new but has previously been studied (e.g., Napolitano
et al. 2024).] The subsurface eddy has been sampled by two
vertical sections. Hydrographic observations were made using
research vessel–based conductivity–temperature–depth (CTD),
underway CTD (uCTD), and lowered acoustic Doppler current
profiler (L-ADCP) measurements. A moving vessel profiler
(MVP) was also used to observe the surface-intensified eddy
but resulted in only a few vertical profiles on the eastern side
of the eddy (Speich and The Embarked Science Team 2021;
L’Hégaret et al. 2023). A total of 25 and 24 CTD/uCTD
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profiles sampled the NBC ring and the subsurface eddy, re-
spectively. A total of 17 CTD/uCTD profiles sampled the sub-
surface eddy for the second section. The eddy velocity field
was also measured by two ship-mounted ADCPs (S-ADCPs)
with sampling frequencies of 38 and 75 kHz. Temperature and
salinity were measured by the CTD with an accuracy of
60.0028C and 60.005 psu, respectively. The temperature and
salinity accuracies of the uCTD are 60.018C and 60.02 psu,
respectively, while horizontal velocities from the S-ADCP
have accuracies of approximately 63 cm s21. See L’Hégaret
et al. (2023) for more information on the in situ data collected
during the EUREC4A-OA fieldwork.

The in situ measurements were made along sections defined
in Fig. 1, where the distance between stations is not uniform.
We define the resolution of each section as the average of all
distances between its successive soundings.

Given the shorter time scales associated to CSI features, we
provide the time periods, and the observations used in the in-
dividual sections were taken over [see the cruise report from
Speich and The Embarked Science Team (2021)]. Table 1
gathers information about resolutions and time periods.

For the purpose of this study, it is important that the in situ
section of the eddies crosses the eddy centers to reduce errors
made by not considering the real eddy center. In Fig. 1, using
the S-ADCP data and the eddy center detection method of
Nencioli et al. (2008), we show that this was the case for the
data examined here. Briefly, the Nencioli et al. (2008) routine

builds a two-dimensional grid around the section at a given
depth level. Then, it estimates the eddy center by minimizing
the mean radial velocity.

b. Data processing and computations

Raw data were calibrated, quality controlled, and subse-
quently interpolated to an evenly spaced grid (L’Hégaret et al.
2023). To limit spurious effects, we performed linear interpola-
tions only in x (here radial) and z (vertical) directions. The data
were then smoothed with a numerical fourth-order, low-pass fil-
ter (scipy.signal.filtfilt in Python) to avoid overshoots when com-
puting gradients. The choice of thresholds (or cutoff length
associated with the cutoff wavenumber) is subjective and de-
pends on the scales studied. As we were considering mesoscale
eddies, we choose thresholds Lx 5 20 km and Lz 5 20 m for the
horizontal and vertical length scales. The cutoff length associ-
ated with (Lx, Lz) of filters is chosen to be longer than the spa-
tial sampling of the calibrated data. Nevertheless, this mapping
could lead to artifacts when computing gradients, and we per-
form a sensitivity study in appendix B. Results show that even
when choosing higher values for (Lx, Lz), fields remain un-
changed at the mesoscale, especially for instability criteria.

Filtering is also necessary to damp the influence of
inertia–gravity waves (IGWs). With Lx 5 20 km, IGWs with
wavenumbers higher than 2p/Lx 5 3.1 3 1024 m21 are re-
duced. According to the sensitivity study, a value of Lx 5 50 km
does not change fields. Therefore, IGWs with wavenumbers
higher than 1.3 3 1024 m21 do not impact our results. On
the f plane, the IGW dispersion relation is given by
V2 5 f 2 1N2k2H/k

2
⊥, where V is the wave frequency, N2 is

the stratification, and (kH, k⊥) is the horizontal and vertical
wavenumbers. Noting the horizontal and vertical length
scales as Lx and H, we can find scales for the wave’s time
period. According to the dispersion relation with Lx . 50 km
and H 5 500 m (approximately the vortex height), IGWs
with smaller wavenumbers than 1.33 1024 m21 have a period
larger than 43 h. This is approximately the time needed to
conduct cross sections of the eddies so our data may contain
residual signals from these waves. However, as we will see, in-
stability criteria are satisfied in thin regions of width smaller
than 50 km. We can thus remain confident in our results.

To apply formulas (1), (3), and (4) to two-dimensional in
situ vertical sections, we first decomposed the measured ve-
locities into a transverse component y⊥ and a longitudinal
component y || with respect to the ship transect so that y⊥ rep-
resents the orthoradial velocity in a cylindrical coordinate sys-
tem for a perfect section passing through the center of a
circular vortex. The appearing eddy center on a ship section is
thus the location where y⊥ is zero at each depth.

FIG. 1. Velocity vector field at z 5 2250 m for the subsurface
AE sampled by sections 1 (gray) and 3 (blue) and z 5 250 m for
the surface AE of EUREC4A-OA (green). The regional bathyme-
try from the ETOPO2 dataset (Smith and Sandwell 1997) is shown
in the background as colored shading, as is the estimated center
(the yellow square) of the eddy computed from the observed veloc-
ities using the Nencioli et al. (2008) method. The center is defined
as the point where the mean radial velocity is minimum.

TABLE 1. Basic information on sections sampling eddies.

uCTD/CTD resolution ADCP resolution Time periods

Sections Horizontal (km) Vertical (m) Horizontal (km) Vertical (m) Start End Total

1 8.4 1 ,0.3 8 1100 UTC 11 Feb 0134 UTC 13 Feb 1 day 14 h 40 min
2 9.2 1 ,0.3 8 0030 UTC 26 Jan 0200 UTC 29 Jan 2 day 13 h 30 min
3 11.3 1 ,0.3 8 0800 UTC 8 Feb 1200 UTC 10 Feb 2 day 4 h
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Therefore, the derivatives of a scalar quantity a were ap-
proximated by a second-order scheme as follows:

­ra(r, z) ’
a(r 1 Dr, z) 2 a(r 2 Dr, z)

2Dr
, (7)

­za(r, z) ’
a(r, z 1 Dz) 2 a(x, z 2 Dz)

2Dz
: (8)

We then compute the geostrophic velocity yg using the thermal
wind balance (Laxenaire et al. 2019; de Marez et al. 2020). Thus,
we write

yg(r, z) 5 y⊥(r, zmax) 2
�z

zmax

­b
­r

(r, z′)dz′, (9)

where zmax is the deepest geopotential level of the sections,
r0 5 1000 kg m23, and y⊥(r, zmax) is the measured orthogonal
velocity to the ship track at zmax. As the velocity field rarely
vanishes at the deepest geopotential level of the sections, this
boundary condition ensures a more faithful velocity profile
Johns et al. (1989).

To derive the geostrophic relative vorticity, we estimated
zg 5 ­ryg 1 yg/r at each depth. It appears that the term yg/r
diverges in the eddy core since yg does not go to zero as fast
as r, at the center. This divergence leads to uncertainties in
applying the previous criteria. Accounting for the resolution
and the ADCP uncertainty, the uncertainty on this term is
(yg 6 Dyg)/(r6 Dr). Using a Taylor expansion, the relative er-
ror on yg/r is simply (Dyg/yg) 1 (Dr/r) 1 (Dyg/yg) 3 (Dr/r).
This quantity can be computed on each vertical section, and
results are less reliable when this quantity is lower than 20%.
The largest uncertainty is due to the term involving the hori-
zontal resolution (Dr/r); the threshold of 20% is reasonable as
the eddy radii do not exceed 100 km with a horizontal resolu-
tion on the order of 10 km.

For a two-dimensional vertical section sampling an eddy,
the geostrophic Ertel PV is thus approximated as

q 52
1
f
­b
­r

( )2
1

­yg
­r

1
yg
r
1 f

( )
­b
­z

: (10)

In appendix C, we discuss this axisymmetry approximation.
Note: No particular eddy dynamics are assumed. For example,
we do not assume that the flow is in cyclogeostrophic balance;
we simply neglect orthoradial variations, as well as the vertical
velocity, arguing that these terms are small relative to other
terms in the expression. In appendix D, we discuss the influ-
ence of data resolution on CSI criteria and results.

4. Results on in situ observations

To detect regions subject to CSI, we applied the two criteria
[from one side the geostrophic criterion of Hoskins (1974)
with Thomas’ angles and from the other side the cyclogeo-
strophic criterion of Buckingham et al. (2021a,b)] to the three
sections sampling NBC rings. Results are presented in Fig. 2.

In the first section (which sampled the subsurface structure
in its center), both anticyclonic eddies are visible: the surface
one above 2100 m and the subsurface below the pycnocline.

Regions where Hoskins’ (fq , 0) and Buckingham’s (L*fq, 0)
criteria are visible in blue are outside the hatched regions
especially around x 5 100 km for the surface ring and
around x 5 160 km for the subsurface eddy in Figs. 2a,d and g.
According to Thomas’ angles, the boundary is more subject to
inertial/symmetric instability than to purely symmetric instability.
As might be expected, the criterion of Buckingham et al.
(2021a,b) does not provide the same result as the Hoskins’ cri-
terion. Some layering is noticeable around 2200 m at the top
of the subsurface eddy by the yellow spot. This layering has
been identified as staircase layering by Barabinot et al. (2024).

In the second section which sampled the surface structure in
its center, both anticyclonic eddies are also visible: the surface
one above 2150 m and the subsurface below the pycnocline.
On the boundary of eddies, blue regions representing regions
where criteria for CSI are met can be found. Blue regions are
also found close to the surface around 230 m in the structure
of the surface NBC ring, maybe due to the wind forcing.

In the third section, the geostrophic and cyclogeostrophic
criteria only reveal layered regions at the top of the subsur-
face anticyclonic eddy. This section has sampled the subsur-
face anticyclonic eddy quite far from its center, and the
appearing vertical shear is thus lower than in section 1. For
the three sections, regions where Buckingham’s criterion is
matched are characterized by 11 Cu, 0.2 (not shown).

Overall, based on the three criteria, CSI can develop in re-
gions where the horizontal buoyancy gradient is maximal,
that is, the inflection points of isopycnals. Figure 3 presents
their primary source of kinetic energy when curvature is taken
into account or not. In the case Cu 5 0, eddy cores, defined
as regions inside the maximum velocity contour, are charac-
terized by regions where the horizontal shear production is
larger than the vertical shear production. Regions subject to
CSI in eddy cores are thus more driven by the horizontal
shear. This is the case for both surface and subsurface eddies
where regions characterized by Buckingham’s criterion are
mostly included in regions where the horizontal shear produc-
tion exceeds the vertical shear production (RSP . 1).

On the contrary, boundaries are characterized by a ratio
lower than unity showing that the vertical shear drives more
CSI development. In the case of the subsurface anticyclonic
eddy, it is thus interesting to note that CSIs are more driven
by the horizontal shear for lateral boundaries but by the verti-
cal shear for top and bottom boundaries (especially looking at
regions close to isopycnals 26.5 and 27 kg m23). For the sur-
face structure, we also recover the same tendency with red
spots (L*fq, 0) not only included in regions where the hori-
zontal shear production exceeds the vertical shear production
(RSP . 2) on the lateral boundaries (at x 5 70 and 250 km,
z 5 250 m) but also included in regions where the vertical
shear production exceeds the horizontal shear production
(RSP , 1) on the bottom boundary especially close to isopyc-
nal 24.5 kg m23.

When considering the local curvature of the flow Cu Þ 0,
the entire subsurface structure (Fig. 3d) appears white (i.e.,
RSP . 2), revealing that CSI is more driven by the horizontal
shear. In the second section (Fig. 3b), regions where the verti-
cal shear production exceeds the horizontal shear production
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(RSP , 1) are mostly located at the interface between the two
anticyclonic eddies. Accounting for the local curvature of the
flow does not change the primary sources of CSI for the sur-
face structure. However, via the subsurface case, we show
that curvature has significant implications for CSI develop-
ment notably on the primary source of kinetic energy.

5. Analytical prediction for CSI in mesoscale eddies

To apply CSI criteria to two-dimensional vertical sections,
we interpolated and smoothed the data to avoid overshoots

when computing gradients. This methodology can lead us to
identify instability where there is none. To show that the sig-
nals of instability seen in the observations are not artifacts re-
lated to the design of the observational campaign, our
objective is now to model analytically the mesoscale structure
of eddies to apply CSI mathematical criteria. As the eddy of
section 1 is not connected to the ocean surface, this model will
demonstrate that such an eddy is subject to CSI just because
of its mesoscale density and velocity gradients. We explore
the use of an analytical model to reproduce the eddy structure
observed in sections 1 and 2.

FIG. 2. Necessary conditions for CSI applied on vertical sections. The (a)–(c) q, (d)–(f) L*fq, and (g)–(i) f. (a),(d),(g) Section 1,
(b),(e),(h) section 2, and (c),(f),(i) section 3. For (a)–(f), negative values are met in blue regions. For (g)–(i), blue patches indicate regions
where2458 , f , fc. The hatches represents regions where criteria cannot be trusted. Cyan dots indicate the location of the uCTD/CTD
profiles. Dark lines represents isopycnal surfaces, and in (a)–(f), the white line indicates the eddy center.
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We assume that the sampled eddies are axisymmetric, al-
though this is not exactly the case in Fig. 2 as we note several
asymmetrical structures in these sections. We also approximate
the eddy core or center as perfectly vertical and neglect outcrop-
ping of isopycnals. In a cylindrical frame of reference, noting s

as the total potential density and s as the average potential den-
sity representing an ocean at rest, an eddy is associated with a
density anomaly s′ such that s′(r, z)5 s(r, z)2 s(z). In this
approach, we do not construct an analytical model of the stratifi-
cation profile. Instead, we use a climatological average building
with Argo floats (Laxenaire et al. 2019; Barabinot et al. 2024).
After determining the eddy center using the routine of Nencioli
et al. (2008), a square with side 0.58 is constructed around the es-
timated center so that it lies at the intersection of the diagonals.
Then, using the Coriolis database (https://www.coriolis.eu.org/),
all temperature, salinity, and potential density profiles sampled
by Argo profiling floats over 20 years in this area are assembled,
and their values are averaged over the geopotential levels.

According to Bretherton (1966), the anomaly of density is
linked to the stratification and to isopycnals deviation h with
the relation

s′(r, z) 52h(r, z) ds
dz

: (11)

According to studies based on experiments, vortices in strati-
fied media with a constant stratification reflect a Gaussian
shape in the vertical (Aubert et al. 2012; Flór 1994; Beckers
et al. 2001; Bonnier et al. 2000; Negretti and Billant 2013;
Mahdinia et al. 2017). In the horizontal plane, Carton and
McWilliams (1989) proposed an exponential alpha profile.
Therefore, Barabinot et al. (2025) proposed to model h(r, z) 5
hz(z)x(r) as follows:

x(r) 5 exp 2
r
R

( )a[ ]
, (12)

FIG. 3. Sources of kinetic energy for the disturbances in each section. Shaded colors denote RSP 5 HSP/VSP as follows: 0 , RSP , 1
(dark gray), 1, RSP , 2 (light gray), and unstable regions L*fq, 0 (light red). (top) Results without curvature (Cu5 0) and (bottom) results
when considering the curvature (CuÞ 0).
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hz(z) 5 h0

z 2 z1
H

( )
exp 2

z 2 z1
H

( )2[ ]
1 h1, (13)

where h0 is the amplitude of isopycnal deviation, R is the
eddy radius, z1 is the location of the median plane (where the
anomaly cancels), H1 is the characteristic vertical height of
the eddy, and h1 is a potential offset that we find in data. We
thus fit this formula to sections 1 and 2 to model the eddy
structure, respectively, of the subsurface and surface anticy-
clonic eddies. A nonlinear least square algorithm is used to
find optimized parameters. For the subsurface eddy of section
one, we found h0 5 276 m, R 5 88 km, z1 5 2343 m, H1 5

385 m, h1 5 272 m, and a 5 2. For the surface NBC ring, we
found h0 5 146 m, R5 94 km, z1 5 255 m,H1 5 139 m, h1 5

2 m, and a 5 2. Note that the formula for x has already been
tested on NBC rings and is a reasonably good approximation
of the velocity structure but tends to underestimate the maxi-
mum velocity and smooth the velocity profile (Castelão and
Johns 2011). Therefore, velocity gradients might be reduced.

The NBC ring can have a Gaussian shape, which is a self-
similar solution of the diffusion equation. The well-known
Lamb–Oseen vortex for incompressible and unsteady flow is
an example of such a solution (Oseen 1912). Here, both anti-
cyclonic eddies can be modeled using a 5 2.

The nonconstant stratification influences the vertical shape
of the density anomaly and breaks the eddy’s vertical symme-
try with respect to its median plane (which is defined by the
location where isopycnals are horizontal) as we observe it in
Figs. 2 and 3. Once the anomaly has been modeled, we com-
pute the geostrophic velocity yg as in Eq. (9):

yg(r, z) 5 y⊥(r, zmax) 2
g
r0f

�z

zmax

­s′

­r
(r, z′)dz′: (14)

To compare the measured velocity with our model, we then
chose to introduce an ageostrophic component to this velocity
field using the cyclogeostrophic balance. However, the exact
solution detailed in Douglass and Richman (2015) and Ioannou
et al. (2017) appears to be problematic close to the eddy center
as described in Penven et al. (2014) and Arnason et al. (1962).
As a result, we compute an approximated cyclogeostrophic
solution following Penven et al. (2014) such that

y c(r, z) 5 yg(r, z) 2
y2g(r, z)

fr
: (15)

To evaluate the validity of our analytical model, the relative
error defined by |ymod(r, z) 2 ydata(r, z)|/max(|ydata|) is calcu-
lated. Results are shown in Fig. 4. Overall, we note that iso-
pycnal surfaces are in good agreement between the data and
the model even if we cannot model the interaction between
both eddies, in particular above 2150-m depth in Fig. 4a and
below2100 m in Fig. 4b. Locations where the relative error is
higher than 20% correspond to the region of maximum veloc-
ity. It is important to note that velocities are smaller in the
model than in the observations. Error could be caused by vio-
lation of the assumption of cyclogeostrophy in the eddy. It
could also arise from the assumption of the functional form of
the density structure or our assumed boundary conditions.

Results on CSI criteria can be found in Fig. 5 for, respectively,
the subsurface and surface anticyclonic eddy of sections 1 and 2.
Eddies reconstructions are not symmetric because the boundary
condition of Eq. (9) is not symmetric.

Similarly to the observations, a clear negative region of fq
and L*fq can be found in the periphery of the subsurface
structure and in the core of the surface NBC rings showing
that theoretically both structures are subject to CSI according
to Hoskins’ and Buckingham’s criteria. Thomas’ angles also

FIG. 4. Relative error between the model and the data for the velocity in (a) section 1 and (b) section 2. The color
bar represents the relative error values as a percentage. For each panel, we depict observed isopycnals (white con-
tours) and modeled isopycnals (blue contours).
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show a region of CSI (blue region) with L*fq, 0 and f , fc,
therefore showing that inertial/symmetric instability is likely.
This region is less marked for the surface anticyclonic struc-
ture. Logically, blue regions close to the surface that can be
observed in data do not appear in the model which does not
include any outcropping nor wind influence. Overall, note
that both the amplitude of criteria and regions subject to CSI
are well predicted by the model.

In Fig. 6 is represented the ratio between the horizontal
to vertical shear production of kinetic energy following
Eq. (6) and using the analytical model. Both cases Cu5 0 and
Cu Þ 0 are plotted. For the subsurface anticyclonic eddy, in
both cases, the horizontal shear appears as the primary source
of kinetic energy for the lateral eddy boundaries. However,
the vertical shear is predominant at the top or at the bottom
boundaries which is consistent with the azimuthal flow de-
creasing at the eddy top or bottom. On the contrary, for the
surface anticyclonic eddy, the horizontal shear is the main
driver of CSI development. It is worth noting that other phe-
nomena such as wind forcing could impact the development

of CSI (Thomas et al. 2013; Brannigan et al. 2017). In our
study, the analysis is performed without explicitly considering
the effects of frictional and buoyancy fluxes on CSI; however,
because we are using a climatological average based on obser-
vations, the impact of surface forcing may be implicitly con-
tained within the observed near-surface N2, preconditioning
the upper ocean to instances of CSI (Buckingham et al. 2016).
It is highly unlikely such forcing would impact N2 below the
pycnocline.

6. Characteristic time scale for the growth of CSI

In this last section, using both data and the analytical
model, the aim is to assess the order of magnitude for the lin-
ear growth rate of CSI. We focus on the subsurface anticy-
clonic eddy as, in that case, CSI cannot be influenced by any
wind forcing. According to Eq. (A28) of Buckingham et al.
(2021a) [see also Eq. (7) of Brannigan et al. (2017)], for
modes aligned with isopycnals (i.e., k/m 5 M2/N2 with k
and m being the radial and vertical wavenumbers of the

FIG. 5. Geostrophic (Hoskins 1974) and cyclogeostrophic criteria (Buckingham et al. 2021a,b), as well as instability angles (Thomas et al.
2013) for the analytical models of (top) section 1 and (bottom) section 2. Illustrated criteria include (a),(d) q , 0, (b),(e) L*fq, 0, and
(c),(f) Thomas’ instability angle f, with each column highlighting these different criteria. Again, solid black lines correspond to isopycnal
surfaces.

B A RAB I NO T E T AL . 181JANUARY 2026

Brought to you by NATIONAL OCEANOGRAPHY CENTRE | Unauthenticated | Downloaded 02/19/26 02:44 PM UTC



disturbance, respectively, and M2 5 ­rb), we can express the
linear growth rate v of disturbances in a baroclinic vortex as

v2 52
f 2L*q*

1 1 t2
: (16)

In this expression, the nondimensional quantity L*q* has pre-
viously been defined [Eq. (5)]. The t 5 k/m is the aspect ratio
of the disturbance, and note that for t ,, 1 (i.e., large hori-
zontal scale and small vertical scale), Eq. (16) reduces to
v2 ’2f 2L*q*. In the geostrophic case (L* 5 1), a thermal
wind balance can be assumed, and we recover published

growth rates for symmetric instability within a geostrophic
front: v2 52f 2q* 52f (f 1 z)1M4/N2 (Ooyama 1966; Thomas
et al. 2013). In the work that follows, we denote the characteristic
time scale of the disturbance as Tc 5 v21. This can be easily
computed for a two-dimensional vertical section.

Figure 7 depicts the characteristic time scale of develop-
ment of the instability (in days) for both the data and the ana-
lytical model with and without curvature. Overall, the
characteristic time scale is larger when including the local cur-
vature of the flow. Mathematically, this can be explained us-
ing the fact that, for an anticyclonic eddy in the Northern

FIG. 6. The RSP from the analytical model of section 1: (a) with Cu Þ 0 and (b) with Cu 5 0 and section 2: (c)
with CuÞ 0 and (d) with Cu5 0. Regions where L*fq, 0 are in red spots. Dark lines show modeled isopycnals.
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Hemisphere and neglecting the baroclinic aspect of the flow,
we have 1 1 Cu , 1, giving a v smaller than would otherwise
be the case. This is particularly evident in time scales estimated
from the analytical representations of the data (Figs. 7c and d).
For those panels depicting values estimated from the data, i.e.,
Figs. 7a and b, this is less obvious; regions subject to CSI are
also highly dependent on the local curvature and are thus not
the same across panels. Nevertheless, we observe a qualitative
trend of longer time scales (warmer colors) when considering
curvature [(Fig. 7a) than when neglecting curvature (Fig. 7b).
According to the model accounting for curvature, the fastest
growing mode of CSI has a time scale shorter than 1.5 days.

This is consistent with a previous finding on the subject, ob-
tained using a different method (Goldsworth 2022).

A comparison with the rotating period of fluid particles at
the radius of maximum velocity can be made. Assuming an
axisymmetric, subsurface anticyclonic eddy with a 75-km ra-
dius and an azimuthal velocity on the order of 1 m s21, a fluid
particle completes a full revolution of the eddy perimeter in
approximately 5 days and a half, which is 3.3 times higher
than the characteristic time of CSI development. This com-
parison is made to show that the changes in the structure of
the vortex due to the symmetrical instability will be percepti-
ble in a very short time and not in a time characteristic of the

FIG. 7. Characteristic time of CSI development in days using (a),(b) the observations and (c),(d) the analytical model
and when (a),(c) considering and (b),(d) neglecting the curvature. Dark lines are isopycnal surfaces.
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vortex (its period of rotation) or in a very long time (where
other phenomena could mask them). Here, turbulence is not
taken into account, and we know that it can increase the insta-
bility time scale by a factor of 4 (Goldsworth 2022).

We can also confront this fastest growing mode with the
inertial period defined as 2p/f ’ 2.8 days in this region,
which is 1.9 times higher than the characteristic time of CSI
development.

Concerning the sampling time periods of sections}which
goes from 1 day 14 h 40 min for section 1 to 2 days 13 h 30 min
for section 2}we observe that it is of the same order than the
fastest growing mode of CSI but not much smaller. As it is the
case for most studies based on observations, we only consider
an average state of eddies with different profiles collected at
different times.

7. Conclusions

In this article, two conditions for CSI are applied on two an-
ticyclonic eddies sampled by ships during EUREC4A-OA ex-
periment. One appears as a surface NBC ring, whereas the
other possesses a deeper, intrathermocline structure. This is
probably one of the first observational-based works to address
the hypothesis that symmetric instability is active in North
Brazil Current rings. Our results suggest that mesoscale ed-
dies could be subject to the centrifugal–symmetric instability
(CSI) even if they lie below the pycnocline. That is, their dy-
namics can be unstable due to their lateral or vertical shear
and the curvature of the flow. Regions subject to CSI are lo-
cated close to the inflection point of isopycnals, implying an
extremum in the radial gradient of buoyancy which is also
close to regions where the vertical shear is greatest.

Finally, we gave arguments toward possible CSI occurring in
mesoscale eddies which do not lie at the surface. CSI seems to
occur close to the radius of maximum velocity relatively
quickly as the characteristic time of development for inviscid
linear symmetric modes is smaller than 1.5 days, which is con-
sistent with previous numerical studies in the region. In reality,
turbulent viscosity may erode the smallest and fastest growing
instability modes leading to remaining modes with longer time
scales. Future studies should focus on the impact of such insta-
bilities on the mixing of water masses. Indeed, this mixing may
change the heat and salt content of such structures, as well as
their life cycle, transferring kinetic energy to smaller scales.

Via this study, we showed that the curvature of the flow can
have a significant influence on the energy budget of CSI de-
velopment as well as on their growth rate which is reduced
when accounting for the curvature effect. An important con-
clusion of this study is that future studies should take into ac-
count the curvature parameter Cu for CSI analyses in eddies,
rather than considering only the geostrophic flow.
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APPENDIX A

Turbulent Kinetic Energy Sources for a Baroclinic Front
in Gradient Wind Balance

Our mathematical model is based on the equations of mo-
tion for an incompressible, inviscid, nondiffusive, Boussinesq
fluid on the f plane (Buckingham et al. 2021a). We assume
an axisymmetric vortex flow in cyclogeostrophic and hydro-
static balance (i.e., gradient wind balance) whose velocity
field is perturbed by CSI. In terms of cylindrical coordinates
{r, u, z} (which represent radial, azimuthal, and vertical di-
rections, respectively), we denote steady and perturbed flows,
respectively, as {0, V(r, z), 0} and {u′, y ′, w′}. We addition-
ally introduce the background buoyancy B, perturbed buoy-
ancy b′, and reduced pressure perturbation p′ 5 p/r0, which
is not necessarily in hydrostatic balance. Written in terms of
the radial stratification, the base state is therefore M2 5 ­rB 5

(f 1 2V/r)­zV. By confining the solution to large r (e.g., r ; r0
that mr0 .. 1), we can assume a normal-mode solution of
form f′ ; ei(kr1mz2vt) (Buckingham et al. 2021a). As previ-
ously mentioned in section 6, v is the growth rate and k and
m denote the radial and vertical wavenumbers of the distur-
bance, respectively.

The governing equation for the evolution of perturbation
kinetic energy can be written as

­hK′i
­t

52r
­V

­r
hu′y ′i 2 hy ′w′i­V

­z
1 hw′b′i 2 ­

­r
hu′p′i

2
­

­z
hw′p′i, (A1)

where K′ 5 (u′2 1 y ′2 1 w′2)/2 is referred to as the turbulent
kinetic energy (TKE); we have ignored azimuthal variations
in the flow, and for brevity, we denote the background angular
velocity by V 5 V/r (Smyth and McWilliams 1998; Brannigan
2016). The angled brackets h?i5

�2p
0 r du

�2p/m
0 dz represent the

volume average over one vertical wavelength (m Þ 0). We
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also define the background relative vorticity as z 5 ­rV 1 V/r.
On the right-hand side of Eq. (A1), the first term is the hori-
zontal shear production (HSP) term, the second is the vertical
shear production (VSP) term, and the third is the buoyancy
flux (BF). The fourth and fifth terms denote the radial and
vertical divergences of the radial and vertical energy fluxes,
respectively.

To evaluate the relative amplitude of the three production
terms, we search for convenient expressions for RSP ¢ HSP/
VSP, the ratio between shear production terms, and RBS ¢ BF/
VSP, the ratio between the buoyancy flux and the vertical shear
production terms. Introducing the barotropic Rayleigh discrimi-
nant x2 5 (f 1 2V)(z 1 f) and aspect ratio t 5 k/m and defin-
ing an angle b such that tan(b) 5 2t, we can write

RSP 5
[x2 2 (f 1 2V)2]

tan(b)M2 , (A2)

RBS 52
M2 2 N2tan(b)
x2 2 M2tan(b)

(f 1 2V)2
M2

[ ]
: (A3)

Modes aligned with isopycnals (k/m 5 M2/N2) maximize the
growth rate v of CSI (Thomas et al. 2013; Bachman and Taylor
2014; Brannigan et al. 2017; Buckingham et al. 2021a; Kimura
2024). Ratios thus simplify as

RSP 5
N2

M4 [x2 2 ( f 1 2V)2], (A4)

RBS 5 0: (A5)

That RBS vanishes is logical since there is minimal buoyancy flux
for instabilities in which parcel motion is along isopycnals}
i.e., pure SI. As before, we introduce the dynamical Rossby
number Rod 5 z/f, the dynamical Richardson number Rid 5

(f 1 2V)2N2/M4, and curvature number Cu 5 2V/( fr) 5 2V/f.
For a curved front in gradient wind balance subject to CSI,
the ratio between shear production terms for modes maximiz-
ing v is then

RSP 52
Rod Rid
(1 1 Cu) 1 2

Cu
Rod

( )
: (A6)

To better understand this expression, we consider three cases.
In the limit of zero curvature (Cu 5 0), we recover the result
valid for geostrophic flow (Thomas et al. 2013; Chor et al.
2022). When the curvature is nonzero and equal to the dy-
namical Rossby number (Cu 5 Rod), the horizontal shear
production vanishes. To see this, note that radially integrating
the expression Cu 5 Rod, one find that this occurs when the
azimuthal velocity is of the form V 5 (A 2 f)r, with A being
nonzero constant. This is equivalent to a linearly varying ve-
locity profile V or solid-body rotation, for which, by definition,
­rV is zero, and so the horizontal shear production term is
zero. As a final case, consider the case Cu 5 21. This implies
that the nondimensional absolute angular momentum is zero:
L* 5 11 Cu5 0. This, in turn, implies L 5 0. For a fluid
parcel experiencing a curvature number of Cu 5 21 in
the Northern Hemisphere, the relative angular momentum
(rV 5 2fr2/2) will be equal but opposite in sign to the plane-
tary angular momentum (fr2/2), such that fluid parcels are no
longer bound but translate radially outward. In this case, the
vertical shear production tends to zero and RSP " ‘. This par-
ticular case corresponds to an extremely intense anticyclonic
vortex flow. For example, for a Gaussian velocity profile V(r),
this requires Rod 5 22 at the radius of maximum velocity.

APPENDIX B

Sensitivity Study

The raw potential density and velocity fields were smoothed
with a numerical fourth-order, low-pass filter (scipy.signal.filt in
Python) to avoid overshoots when computing gradients. As we
were considering mesoscale eddies, we choose thresholds Lx 5

20 km and Lz 5 20 m for the horizontal and vertical length
scales. The cutoff length scales (Lx, Lz) of filters are chosen to
be longer than the spatial sampling of the calibrated data. Nev-
ertheless, this mapping could lead to artifacts when computing
gradients, and we perform a sensitivity study in Fig. B1. As we
can see, whatever the smoothing period values, regions where
the cyclogeostrophic criterion is matched are still found at the
edge of eddies.
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APPENDIX C

Discussion on the Axisymmetric Hypothesis

In this part, we discuss the validity of the axisymmetric ap-
proximation. As the subsurface anticyclonic eddy is not de-
tected at the sea surface, we focus on the surface NBC rings
of section 2. The aim is to build an analytical model for the
streamfunction and analyze the impact of the asymmetry on
the Ertel PV and absolute angular momentum or curvature.

To assess its horizontal extent, we use the TOEddies al-
gorithm which has proved to be efficient in detecting me-
soscale eddies with satellite data (Laxenaire et al. 2018,

2024; Ioannou et al. 2024). During the field experiments,
this detection was applied to ad hoc near-real-time (NRT)
absolute dynamic topography (ADT) maps. We used daily
all-satellite sea surface height fields provided by the Copernicus
Marine Service (https://marine.copernicus.eu/fr). This multi-
satellite product integrates data from all available satellites
at any given time and projects it onto a fixed grid with a
resolution of 1/48, covering the global ocean. The products
used include the CNES-CLS18 mean dynamic topography
(MDT) (Mulet et al. 2021), which serves as the standard
for Data Unification and Altimeter Combination System–

Delayed Time 2018 (DUACS-DT2018) (Taburet et al. 2019).

FIG. B1. The cyclogeostrophic criterion L*fq, 0 (Buckingham et al. 2021a,b) for several smoothing periods. (a)–(c) Lx 5 30 km and
Lz 5 30 m. (d)–(f) Lx 5 40 km and Lz 5 40 m. (g)–(i) Lx 5 50 km and Lz 5 50 m. Dark lines are isopycnal surfaces.
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Figure C1 shows the maximum velocity contour of the NBC
rings detected by TOEddies in blue.

Considering this maximum velocity contour as an ellipsis,
we propose an analytical expression to model the stream-
function of the NBC ring. For all calculations, we consider the
f-plane approximation. According to Carton and McWilliams
(1989) (see also Castelão and Johns 2011), the streamfunction
of the surface NBC ring can be modeled as

c(r, u, z) 5 c0(z)exp
1
a

1 2
r

Rm(u)
[ ]a{ }( )

, (C1)

with c0 being the amplitude which depends on z, a being the
steepness, and Rm being the radius which depends on u. The r
is the radial coordinate from the eddy center, u is the angle
from the zonal direction, and z is the depth coordinate. Note
that this formula is not, strictly speaking, that of Carton and
McWilliams (1989) as we introduce the dependence in z for
c0 and in u for Rm.

For an elliptic eddy, we have

Rm(u) 5
R0��������������������������

1 2 e2 cos2(u 2 u0)
√ , (C2)

with R0 being the semi minor axis, e being the eccentricity,
and u0 being the inclination of the semimajor axis with respect
to the horizontal. We also define the semimajor axis R1 so
that we can compute e5

�����������
R2

1 2 R2
0

√
/R0. For the NBC rings,

we have R1 5 117 km, R0 5 78 km, u0 ’ 11p/18, and e 5 0.75.

In Fig. C1, the model is plotted in dark dashed lines, and we
see that it fits the maximum velocity contour very well. Note
that section 2 has been performed at u 5 0.

In the following, we will assume e2cos2(u 2 u0) to be small
such that we can write Rm(u) ’ R0[1 1 e2 cos2(u 2 u0)/2].
By noting c(r, z)5 c0(z)exp{[12 (r/R0)a]/a}, the stream-
function of the circular flow of radius R0, the ellipticity adds
a perturbation such that

c(r, u, z) 5 c(r, z) 1 1 «(u) r
R0

( )a[ ]
, (C3)

at order «(u), where «(u) 5 e2 cos2(u 2 u0)/2. Then, using
yu 5 2­rc and y r 5­uc/r, we can compute the velocity com-
ponent and obtain

yu(r, u, z) 5
c(r, z)
R0

r
R0

( )a21
1 1

r
R0

( )a
2 a

[ ]
«(u)

{ }
, (C4)

y r(r, u, z) 5
c(r, z)

r
r
R0

( )a
«′(u), (C5)

with «′(u) being the derivative of «(u).

a. Curvature parameter Cu

In the axisymmetric case, we note Cu 5 2yu /(fr) with
yu 5 c(r, z)/R0(r/R0)a21. Thus, we have

Cu 5 Cu 1 1
r
R0

( )a
2 a

[ ]
«(u)

{ }
: (C6)

For section 2 (u 5 0), considering the eddy edge (r’ R0) with
a 5 2, we obtain Cu’ 0:97Cu. The axisymmetric hypothesis
is justified for the curvature parameter.

b. Horizontal component of Ertel PV, qh

Under thermal wind balance, the horizontal component
of Ertel PV qh can be written such that

qh 52f [(­zy r)2 1 (­zyu)2]: (C7)

Compared to the axisymmetric case, we have an extra term in
the expression of qh. With some algebra, we can prove that

(­zyu)2
(­zy r)2

5

1 1
r
R0

( )a
2 a

[ ]
«(u)

{ }2

[«′(u)]2 : (C8)

For section 2 (u 5 0), considering the eddy edge (r’ R0) with
a 5 2, we obtain (­zyu)

2 ’ 29(­zy r)
2. Therefore, the axisym-

metry is justified for the horizontal component of Ertel PV in
the case of section 2. We even underestimate a little this quan-
tity when considering the eddy axisymmetric.

c. Vertical component of Ertel PV, qz

The vertical component of Ertel PV is expressed as

qz 5 (­ryu 1 yu/r 2­uy r/r 1 f )­zb: (C9)

FIG. C1. Maximum velocity contour of the surface NBC ring de-
tected using the TOEddies algorithm on 27 Jan (blue contour).
Section 2 is plotted in gray, and the in situ velocity vectors are plot-
ted in dark arrows. The elliptical model is plotted in dark dashed
line. The dark dot is the eddy center, and the topography is that of
Smith and Sandwell (1997).
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We define z 5­ryu 1 yu/r 2­uy r/r. Noting z being the axisym-
metric relative vorticity, it can be proved that

z 5 z 1 1
r
R0

( )a
2 a

[ ]
«(u)

{ }
2

c(r, z)
r2

r
R0

( )a
«′′(u), (C10)

with «′′(u) being the second derivative of «(u). For section 2
(u 5 0), considering the eddy edge (r ’ R0) with a 5 2, the
first time scales as 0:97c0/R

2
0 while the second scales as

0:4c0/R
2
0. They are of the same order of magnitude and share

the same sign. In the case of section 2, we therefore underesti-
mate the relative vorticity when considering the axisymmetry
approximation. Consequently, the dynamical Rossby number
is smaller in absolute value in the axisymmetric approxima-
tion, and the flow is thus less likely to be unstable.

APPENDIX D

Discussion on the Resolution

The resolution has an impact on results as it drives uncer-
tainties on the curvature parameter. In this part, we determine
which error in r would be needed to stabilize the regions that
have been identified as unstable (using the cyclogeostrophic
criterion). We thus consider a region where (1 1 Cu)q , 0.
We introduce scales V for yu, B for b, H for z, and R0 for r.
We define q 5 q/(BV/R0H), the Ertel PV without dimension,
and note with an overline every quantity without dimension.
As gradients have been computed using a centered scheme of
order two, only errors on yu/r (errors of order one) will be
taken into account in the analysis. Introducing the error Dr in
r, the uncertainty on Cu is DCu5 CuDr/r and the uncertainty
on q is given by Dq 5 (y uN

2
/r)3 (Dr/r). Therefore, we search

for the value of Dr that makes (11 Cu1DCu)(q 1Dq)
positive when (11 Cu)q is negative. By definition, every
quantity denoted by an overline is of order one. Therefore,
after some algebra to isolate the ratio Dr/r, the quantity
(11 Cu1DCu)(q 1Dq) is positive with (11 Cu)q negative
when

Dr
r

.
1 1 Cu
1 1 2Cu

: (D1)

In this article, regions where the cyclogeostrophic criterion
(Buckingham et al. 2021a,b) is satisfied correspond to regions
where 1 1 Cu , 0.2. Therefore, Dr/r must be higher than 0.2.
For eddies with a radius larger than 80 km, we have Dr. 16 km.
The resolution of our data is below this limit, but we remain
at the same order of magnitude. That is why our results are
not irrefutable. The analytical model proposed in part 5 is
also motivated by this result.
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