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A B S T R A C T

The Swarm mission provides along- and across-track differences of magnetic field measurements, making it 
possible to generate spatial gradients of the geomagnetic field and its secular variation (SV). Similar data are 
obtainable from the CHAMP mission by taking along-track differences. These can be combined into a spatial 
gradient tensor of SV. We compare core-surface flow inversions from vector and tensor datasets, with a particular 
focus on the equatorial geomagnetic jerks observed by the CHAMP and Swarm missions. Our models are obtained 
directly from the SV data, without relying on numerical simulations for prior information or enforcing any flow 
geometry. We develop three different flavours of model, all damped to minimise spatial complexity and accel
eration between epochs, and find all provide good fits to the data. With these, we scrutinise the extent of 
equatorial asymmetry required by core-surface flow to fit the data, and relate the flow to observations of changes 
in length-of-day.

We find that using spatial gradients for flow-inversions improves the spatial resolution compared to using 
vector measurements, resolving ~1.4 times as many flow coefficients for the Swarm models and ~1.2 for the 
CHAMP models.

During the 2017 and 2020 Pacific region geomagnetic jerks, our models show pulses in azimuthal flow ac
celeration, time-centred between the two jerks, and a new pulse occurring in mid-2022. This suggests that a new 
geomagnetic jerk in this region will occur at the end of 2024. We propose that the observed azimuthal accel
eration pulses may occur when previously hypothesised Alfvén wave-packets interact with flow at the surface of 
the core.

1. Introduction

The geomagnetic field is generated by the complex motion of elec
trically conducting liquid iron alloy in the outer core. Powered by the 
geodynamo, the magnetic field constantly changes through this motion, 
making the geomagnetic field a dynamic and chaotic system (Gubbins 
and Roberts, 1987). Given that the change of the geomagnetic field on 
monthly to centennial timescales, known as secular variation (SV), is 
dominated by advective fluid flow, it is possible to infer some infor
mation about flow structures in the core (e.g. Holme, 2015). Earlier core 
surface flow studies have either used time series of globally distributed 
ground observatory data (e.g. Beggan and Whaler, 2008; Whaler et al., 

2016) or observatory-based SV models (e.g. Finlay and Jackson, 2003) 
to invert for the flow; however, these are poorly geographically 
distributed. Satellite magnetic field data from low Earth orbit, on the 
other hand, offer near-global coverage. With the European Space 
Agency’s Swarm mission (Friis-Christensen et al., 2006), we are able to 
obtain the magnetic field vector from low Earth orbit, and also the 
spatial gradient from across- and along track differences, which are 
more sensitive to changes in the magnetic field and SV (Kotsiaros and 
Olsen, 2014). Geomagnetic virtual observatories (GVOs; Mandea and 
Olsen, 2006) can be created from satellite data to create a time series of 
the magnetic field, its spatial components, and its time derivative, at a 
given point at satellite altitude, similar to any ground observatory. 
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Whereas ground observatories have a spatial bias, the GVO method, 
further improved by Hammer et al. (2021, 2022), yields equally spaced 
virtual observatories across the globe.

Typically, global SV varies smoothly over decades. However, some
times relatively rapid changes occur on the timescale of several months 
to a year that interrupts the steady progression. These rapid changes in 
SV are known as geomagnetic jerks (e.g. Courtillot et al., 1978; Brown 
et al., 2013). They are often spatially and temporally localised, though 
may be observed at different times around the globe and in different 
components due to the non-uniform weakly conducting mantle (Backus, 
1983; Pinheiro and Jackson, 2008). The origin and dynamics of 
geomagnetic jerks are still debated. Analysis of observatory data has 
shown that jerks are primarily of internal origin (Malin and Hodder, 
1982). Some studies suggest that jerks are by-products of changes to the 
core surface flow associated with exchanges in angular-momentum be
tween the core and the mantle (e.g. Duan and Huang, 2020), whereas 
numerical simulations of the geodynamo have suggested that jerks may 
be caused by buoyancy release of magnetohydrodynamic wave-packets 
from the inner core, interacting with the observed field at the core 
surface (Aubert and Finlay, 2019; Aubert et al., 2022). Geomagnetic 
jerks are often identified as “V” shapes in geomagnetic SV records from 
ground observatory measurements (e.g. Courtillot et al., 1978; Mandea 
et al., 2010; Brown et al., 2013), but can also be identified in satellite 
data. The 21st century has seen a sequence of equatorially centred 
geomagnetic jerks. Jerks have been recognised in the Atlantic region in 
2003.5, 2007, and 2011 (e.g. Chulliat and Maus, 2014), in both the 
Pacific and Atlantic regions in 2014 (Torta et al., 2015), and in the 
Pacific in 2017 (e.g. Kloss and Finlay, 2019; Finlay et al., 2020) and 
2020 (e.g. Pavón-Carrasco et al., 2021). Nearly all of these jerks – the 
exceptions being the 2011 and 2014 jerks – were observed by the high 
data-quality satellites CHAMP (2001− 2010) and Swarm (2014–).

We investigate the flow associated with equatorial jerks, by inverting 
SV tensor data created from four-monthly mean GVO spatial gradients 
from the CHAMP and Swarm satellites for global flow models. After first 
presenting the Methods (Section 2) and Data (Section 3), we quantify, in 
Section 4.1, the spatial resolution improvement from using spatial 
gradient tensor measurements for flow modelling, over using traditional 
vector measurements. We then create three different types of flow, all 
regularised to minimise acceleration and spatial complexity, with 
different imposed assumptions to investigate how the flow evolves in 
each case. The first flow is otherwise spatiotemporally unconstrained. In 
the second flow, equatorial symmetry is encouraged (but not enforced), 
in an attempt to investigate to what extent departures from equatorial 
symmetry are required to fit the data. Our third flow has relaxed tem
poral damping on the flow coefficients that correspond to zonal varia
tions such as torsional oscillations (TOs) (e.g. Zatman and Bloxham, 
1997; Bloxham et al., 2002; Whaler et al., 2016; Teed et al., 2019). From 
these flow coefficients, it is possible to calculate the length-of-day 
contribution from the geostrophic parts of the core-surface flow (Jault 
et al., 1988; Jault and Finlay, 2015). We find the minimum amount of 
equatorial antisymmetry required to fit the data in Section 4.2, and 
examine the temporal evolution of all our flow models in Section 4.3. 
Then, we investigate the extent to which relaxing the temporal 
constraint on flow coefficients associated with TOs provides a flow that 
fits observations of changes in the length-of-day in Section 4.4. Finally, 
we use all three models to investigate the 2003, 2007, 2017 and 2020 
geomagnetic jerks, in Section 4.5. These results are discussed in Section 
5 and we conclude in Section 6.

2. Methods

The geomagnetic field, generated in the outer core, is linked to the 
flow at the surface of the core through the reduced induction equation, 
assuming negligible diffusion (e.g. Roberts and Scott, 1965): 

Ḃr +∇H⋅(uHBr) = 0, (1) 

where Br is the radial magnetic field, Ḃr =
∂Br
∂t is its time derivative, uH is 

the horizontal velocity, and ∇H = ∇ − r̂⋅∇ only contains horizontal 
derivatives. Assuming that the measured geomagnetic field on the core 
surface is of internal origin, we can consider B as the gradient of a po
tential field, V, outside of the source region: 

B = − ∇V(r, θ,ϕ), (2) 

where r, θ, and ϕ are spherical polar coordinates radius, colatitude, and 
longitude, respectively. Commonly this potential field is then repre
sented in spherical harmonics as: 

V(r, θ,ϕ, t) = a
∑NB

n=1

∑n

m=0

(a
r

)n+1(
gm

n (t) cos mϕ+ hm
n (t) sin mϕ

)
Pm

n (cos θ)

(3) 

where Pm
n ( cos θ) are Schmidt quasi-normalised associated Legendre 

functions of degree and order n and m, respectively, a = 6371 km is the 
reference radius of the Earth, and g and h are weights, known as Gauss 
coefficients, which are dependent on time, t. We truncate the magnetic 
field to degree NB = 14 due to contamination at the Earth’s surface from 
the static crustal field at higher degrees (e.g. Cain et al., 1989). Tradi
tionally, to describe the advective core-surface flow, we decompose the 
flow into its toroidal and poloidal parts (Roberts and Scott, 1965). This is 
only possible under the assumption that the flow is incompressible, such 
that ∇⋅u = 0 (see e.g. reviews by Gubbins and Roberts, 1987; Holme, 
2015). The flow at the core-mantle boundary (CMB), where ur = 0, thus 
takes the form: 

uH = ∇×(T r)+∇H(S r) (4) 

where T and S are the toroidal and poloidal scalar potentials, 
respectively. Similarly, these can be represented in terms of spherical 
harmonics: 

T (θ,ϕ, t) =
∑Nu

n=1

∑n

m=0

(
tm c
n (t) cos mϕ + tm s

n (t) sin mϕ
)
Pm

n (cos θ)

S (θ,ϕ, t) =
∑Nu

n=1

∑n

m=0

(
sm c
n (t) cos mϕ + sm s

n (t) sin mϕ
)
Pm

n (cos θ)

(5) 

Here, tm c,s
n and sm c,s

n are the spherical harmonic coefficients for 
toroidal and poloidal flow, respectively. By truncating the velocity fields 
at degree Nu, it is assumed that the energy of the flow is constrained 
within the length-scale related to Nu. This can be considered the 
“traditional” method of decomposing core-surface flow (e.g. Whaler, 
1986; Gubbins and Roberts, 1987; Jackson, 1997; Pais and Jault, 2008; 
Beggan and Whaler, 2009; Amit and Pais, 2013; Holme, 2015; Whaler 
et al., 2022), whereas different approaches for obtaining core-surface 
flow from data have been used. Some researchers expand their models 
to account for diffusion (e.g. Voorhies, 1993; Metman et al., 2019, 
2020). Others model both large-scale advective flow, diffusion, and the 
small-scale flow (i.e., flow with a spatial scale smaller than that related 
to Nu), including using data-assimilation with numerical simulations of 
the geodynamo (e.g. Eymin and Hulot, 2005; Gillet et al., 2015; Kloss 
and Finlay, 2019; Huder et al., 2019; Gillet et al., 2022; Ropp and Lesur, 
2023; Istas et al., 2023; Gillet et al., 2024; Suttie et al., 2025). We also 
note it is possible to model flow without expanding into a spherical 
harmonic basis. Livermore et al. (2017) neglected the existence of an 
inner core to derive an expression for core-flow as a stream function in 
cylindrical polar coordinates, and Schwaiger et al. (2023) decompose 
their flow into quasi-geostrophic stream functions to yield local 
azimuthal and meridional velocity components.

We relate SV at the CMB to the flow by substituting Eqs. (2) and (3), 
their time derivatives, and Eq. (4), into Eq. (1) (e.g. Roberts and Scott, 
1965; Whaler, 1986). After some manipulation, this results in the 
relation 
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ġ = Et+Gs, (6) 

where vectors ġ, t, and s respectively contain the SV, toroidal, and 
poloidal velocity coefficients, and matrices E and G depend on the main 
field coefficients and the Elsasser and Gaunt integrals, respectively 
(Gibson and Roberts, 1969; Whaler, 1986). Here, we assume that the 
magnetic field is known, and use the CHAOS-7.18 geomagnetic field 
model spherical harmonic coefficients up to degree 14 (Finlay et al., 
2020).

We can also relate the Gauss SV coefficients to SV data by taking the 
first time derivative of V: 

ḋ = Yġ (7) 

where ḋ is the data vector, containing the SV GVO data, and elements of 
Y contain spherical harmonics and their derivatives. The matrix Y will 
have different elements for models based on vector data (e.g. Whaler, 
1986) or spatial gradient SV tensor data (e.g. Kotsiaros and Olsen, 2014; 
Whaler et al., 2022). We link the SV data to the flow coefficients by 
substituting Eq. (7) into Eq. (6): 

ḋ = YEt+YGs ≡ Am (8) 

where A is the equations of condition matrix, mapping the model vector 
to the SV data, and m is the model vector, containing the toroidal and 
poloidal flow coefficients. Solving this equation, whilst acknowledging 
the ill-determined nature of the problem, lends itself to a regularised 
least-squares solution. We follow the approach of Whaler et al. (2016)
where data from multiple epochs are inverted simultaneously, regular
ising the solution both temporally and spatially. We choose our temporal 
regularisation in order to minimise flow acceleration. For the spatial 
regularisation, we choose the ‘strong norm’, originally proposed by 
Bloxham (1988), which minimises the second spatial derivatives of the 
flow, averaged across the CMB, thus penalising spatial complexity: 
∫

Ω

((
∇H

2uθ
)2

+
(
∇H

2uϕ
)2

)
dΩ, (9) 

where 
(
uθ, uϕ

)
are meridional and azimuthal flow components, respec

tively, and Ω is the CMB (e.g. Bloxham, 1988).
The regularised least-squares solution to Eq. (8) thus takes the form 

m̂ =
(
ATCe

− 1A + λvCm
− 1 + λtDTD

)− 1ATCe
− 1ḋ (10) 

where Ce is the data covariance matrix, which consists of 6 × 6 or 3 × 3 
data covariance matrices for each GVO location with the variance of 
each gradient or vector datum arranged along the diagonal, respec
tively, and zeroes elsewhere. Cm is the a priori model covariance matrix, 
in this case based on the strong norm, λv and λt are the spatial and 
temporal damping factors, respectively, and D links successive epochs to 
impose the temporal constraint (see Whaler et al., 2016).

From this methodology, we create three different types of flow 
model. The first is exactly as described above, regularised in space and 
time. We refer to them as our minimum acceleration models or mini
mum acceleration flows. For our second model, we wish to investigate 
the level of equatorial asymmetry required to fit the data. This will allow 
us to examine if any important features of the flow are lost when as
sumptions which enforce equatorial symmetry are employed, such as 
tangential geostrophy (Holme, 2015). We do this by spatially damping 
the equatorially symmetric and antisymmetric flow coefficients differ
ently, thus yielding two spatial damping parameters; λasymm

v and λsymm
v , 

which act on different elements in the matrix Cm. We experimented with 
λasymm

v and λsymm
v to obtain minimal equatorial antisymmetry, while 

keeping a comparable model root-mean-squared (rms) data misfit to our 
minimum acceleration models and retaining a similar amount of spatial 
complexity. By setting up the spatial damping such that the flow is 
predominantly equatorially symmetric, where equatorial asymmetry is 

heavily penalised but not forced to be zero, the best solution will reveal 
the areas of the core-surface flow where equatorial asymmetry is 
required. In these models, the temporal damping is the same on all flow 
parameters. We refer to these as symmetric-asymmetric flows, or SA 
flows.

Finally, we explored whether we could create a flow-model which 
would fit observations in length-of-day variations (ΔLOD) data as well as 
geomagnetic observations. Whaler et al. (2016) found that by removing 
the temporal damping on the flow-coefficients associated with torsional 
oscillations, their flows could better reproduce ΔLOD observations. 
Therefore, following their methodology, we relax the temporal damping 
on the odd degree, zonal toroidal coefficients, again yielding two 
damping parameters, λzt

t and λnzt
t , where λzt

t damps the odd-degree, zonal 
toroidal coefficients and λnzt

t damps all other flow coefficients. The 
choice of λzt

t and λnzt
t was made to obtain the best fit to ΔLOD observa

tions, while still yielding a comparable rms data misfit to our minimum 
acceleration models. Here, the spatial damping is applied to all flow 
coefficients with the same damping parameter as for the minimum ac
celeration model. We refer to these as our TO-like flows.

3. Data

We create 4-monthly spatial gradient tensor SV data and error esti
mates, at 300 geomagnetic virtual observatories (GVOs), following the 
method of Hammer et al. (2022), and obtain the 4-monthly vector SV 
GVO data from the Swarm DISC server (see Data Availability for access 
to vector data). The vector data were created according to Hammer et al. 
(2021). Error estimates for each GVO vector or tensor element are 
computed using the variance of residuals between the GVO datum and 
the CHAOS 7.18 model estimate of the vector or tensor element at the 
GVO location, as outlined by Hammer et al. (2021, 2022). Note the 
number of data changes in each GVO bin on a 4-monthly basis. We use 
GVO vector data time series from CHAMP for 2001.0–2010.0 and from 
Swarm for 2014.67–2023.33. The gradient datasets are slightly mis
aligned with the vector data: We have gradient data for the epochs 
2001.67–2010.33 and 2014.33–2024.00 for CHAMP and Swarm, 
respectively. We invert all the data simultaneously for a temporally 
varying flow, separately for the CHAMP and Swarm missions, and 
separately for vector and spatial gradient tensor data. Consequently, the 
temporal parametrisation of the flow coefficients is the same as that of 
the GVO data, that is, 4-month snapshots with the temporal damping 
minimising the differences in flow between subsequent epochs.

Fig. 1 shows the GVO locations, as well as the radial gradient of the 
radial SV, Ḃrr, at each GVO for CHAMP (Fig. 1a) and Swarm (Fig. 1b). In 
Fig. 1a, we see the distinct V-shaped signatures in the equatorial Atlantic 
region from 2001 to 2010, specifically between longitudes 60◦W and 
60◦E and latitudes ±30◦. Although there has not been a formal analysis 
of how jerks appear in spatial gradients of SV, we see that inflections in 
the spatial gradients are contemporaneous with inflections in the vector 
components (Fig. 2), which we recognise as jerk signatures (e.g. Cour
tillot et al., 1978; Brown et al., 2013; Holme, 2015; Hammer et al., 
2022). We therefore interpret these inflections in Ḃrr as the spatial gra
dients signature of the 2003.5 and 2007 jerks. At other longitudes in this 
period, particularly in the Pacific Ocean, there is very little change to the 
SV trend. The opposite can be seen in the data from the Swarm period in 
Fig. 1b. Two jerks are very clear in the equatorial Pacific, most notably 
between longitudes 150◦E and 130◦W, although some jerk signature is 
observed at latitudes as high as 45◦N around continental Asia. The Pa
cific jerks occur in 2017 and 2020 (Pavón-Carrasco et al., 2021; Hammer 
et al., 2022). It is clear from Fig. 1 that the Swarm data are less noisy 
than those of CHAMP.

4. Results

We use the conjugate gradient algorithm with Jacobi precondition
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ing to calculate the solution to Eq. (10), first with the spatial gradient 
data, and then the vector data, for core-surface flow. We truncate both 
flow and SV at spherical harmonic degree NB = Nu = 14, and find that 
this is sufficient to ensure convergence of the spherical harmonic ex
pansions of the flow potentials. The spatial damping for the models is 
based on the tradeoff between the spatial norm and rms misfit, nor
malised by the data uncertainties, and where possible, to yield compa
rable rms misfits to the data across the CHAMP- and Swarm-based 
models. This was not possible for the CHAMP vector data, without 
grossly overfitting them. The spatial and temporal damping parameters 
and rms misfits are given in the Supplementary Tables B.1– B.3 for each 
model. For the sake of comparing flow pairs, the temporal damping for 

the SA flow is the same as for the minimum acceleration flow, and the 
spatial damping for the TO-like flows is the same as for the minimum 
acceleration flows for the same reason. Generally, the models derived 
from gradient-tensor data yield a significantly lower normalised rms 
misfit than those derived from vector data. Furthermore, comparing the 
misfits from CHAMP and Swarm vector data, the Swarm-based models 
yield a lower misfit than the CHAMP-based models. Similarly, the 
Swarm gradient data required less damping than their CHAMP coun
terparts to yield an rms misfit of 1.

Fig. 1. Radial derivative of radial SV (red) from CHAMP (a) and Swarm (b) at each GVO (black dots). Data for each GVO are centred on the GVO location. x- and y- 
axes for each GVO are provided in the bottom right of each figure. Note that (a) is centred on the Atlantic, and (b) is centred on the Pacific. Both plots are in Plate 
Carrée projection. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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4.1. Model performance and resolution

Fig. 2 shows SV predictions of a set of models of core flows at an 
equatorial GVO in the West Pacific. We see that for both CHAMP and 
Swarm, the vector- and gradient tensor-based models fit the data closely, 
and are in good agreement with the CHAOS-7.18 model (Finlay et al., 
2020, shown for reference). For CHAMP, the scatter of the vector data, 
particularly in the Ḃϕ direction, is larger. This affects the model pre
diction by yielding sharp changes between the epochs where the data 
uncertainties are greatest. Several epochs between 2002 and 2005 lack 
data in this region (due to enhanced solar activity), resulting in the 
models not capturing the 2003 jerk particularly well. Compared with the 
CHAMP data, the Swarm data have much lower uncertainties. We see 
that the flow models resolve both the 2017 and 2020 jerks very well in 
nearly all components. We attribute the data-points that deviate from 

both our model estimates and the CHAOS-7.18 estimates to external 
field contamination. Where the data appear most scattered, the magni

tude is actually small, e.g. 
[
∇Ḃ

]

rθ 
and 

[
∇Ḃ

]

θϕ
. Thus our model fits are 

unbiased for both the vector and gradient tensor data (all models yield 
histograms of the residuals that are symmetric around a mean which is 
lower than the data variance), with only a slight underestimate in 
amplitude, due to the damping.

We formally investigated the spatial resolution of our models, using 
the minimum acceleration models as examples. We did this first by 
producing resolution matrices for our flows. The resolution matrix 
shows how well our inversion is able to resolve the flow coefficients. 
Following Bloxham et al. (1989), the resolution matrix for our inversion 
is given by 

Fig. 2. Data and model predictions from vector (a) and gradient tensor (b) measurements from a GVO in the equatorial West Pacific (6.0◦N, 164.4◦E). Red, blue, and 
orange correspond to SV predictions from the minimum acceleration, TO-like, and SA models, respectively, and purple line shows predictions of the CHAOS-7.18 
magnetic field (Finlay et al., 2020). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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R =
(
ATCe

− 1A + λvCm
− 1 + λtDTD

)− 1ATCe
− 1A, (11) 

which we extend here to include the temporal damping. R describes the 
relationship between the real and estimated model parameters, m and 
m̂, respectively, by m̂ = Rm. Therefore, the ideal resolution matrix is 
the identity matrix and will have a trace equal to the number of flow 
parameters, which in our case is 224 for both the toroidal and poloidal 
flow parts, yielding 448 parameters in total. Diagonal elements devi
ating from unity show that amplitudes of flow coefficients are not 
properly recovered, and non-zero off-diagonal elements indicate corre
lated flow coefficients. By including the temporal damping in Eq. (11), 
we found that the off-diagonal elements were less prominent than where 
the temporal damping is omitted from Eq. (11), as investigated by 
Whaler et al. (2016). We also obtain a smaller trace by including the 
temporal damping, but found that the higher-degree diagonal elements 
are larger than when the temporal damping is omitted, suggesting better 
resolution of smaller length scale features of the flow. We show a 
comparison between including and excluding the temporal damping in 
Fig. B.1.

The resolution matrices for snapshots of the flow (2005.33 for 

CHAMP and 2018.67 for Swarm) are given in Fig. 3 for the vector and 
spatial gradient minimum acceleration flows. We divide the quadrants 
in the matrices up into T coefficients (top left), S coefficients (bottom 
right), and T − S covariant coefficients (top right and bottom left). We 
also calculate the trace for the T and S parts of the matrix. Twice as 
many poloidal flow coefficients are resolved as toroidal coefficients in 
all resolution matrices in Fig. 3. Our models derived from Swarm spatial 
gradients data resolve of around 1.4 times the number of flow co
efficients as those derived from the vector data. The increase is less 
pronounced when comparing vector and spatial gradient flows from 
CHAMP, but still shows an improvement. This suggests that spatial 
gradient SV data from satellite measurements are beneficial for core- 
surface flow modelling.

Whereas resolution matrices show how well we resolve each flow- 
coefficient of our models, we can use averaging functions to evaluate 
the models’ spatial resolution. Averaging functions describe how well 
localised a model estimate is at a given point in space. We calculate the 
averaging functions for the toroidal and poloidal flow potentials, T and 
S , rather than the flows themselves. The averaging function, A, for a 
point on the CMB, (θ0,ϕ0), is given by: 

Fig. 3. Resolution matrices for minimum acceleration models using CHAMP (a, b) and Swarm (c, d) vector (a, c) and spatial gradients (b, d).
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A(θ0,ϕ0, θ,ϕ) = cT(θ0,ϕ0)Rv(θ,ϕ) (12) 

in which the vector c maps the location of (θ0,ϕ0) onto the vector v, 
which contains the spherical harmonic representation of our model. 
They have elements of the form 

Pm
n (cos θ0)

{
cos mϕ0
sin mϕ0

}

and
2n + 1

4π Pm
n (cos θ)

{
cos mϕ
sin mϕ

}

respectively. The scalar A can thus be considered a physical-space 
version of the resolution matrix (see Appendix A for more detail on 
the averaging function). The perfect averaging function for an infinite 
spherical harmonic series is a double Dirac delta function centred at 
(θ0,ϕ0), i.e. it is perfectly localised at (θ0,ϕ0) encompassing an area of 
1. However, for a truncated spherical harmonics series, the ideal 
averaging function will have a width inversely proportional to N, and 
side-lobes, which decrease as Nu increases (Whaler and Gubbins, 1981). 

For Nu = 14, Whaler et al. (2016) found that the ideal A corresponds to 
an estimate over an area of at least an angle 30∘ subtended at the 
Earth’s centre. An example of this is shown in Fig. 4a. We note here 
that the ideal averaging function will only be obtained for a model with 
an ideal resolution matrix, i.e., the identity matrix. For a regularised 
solution, achieving this will not be possible.

To get a global image of the spatial resolution, we plot in Fig. 5 the 
value of A, evaluated at the point at which it is centred, normalised by its 
maximum possible value of 56

π for our maximum spherical harmonic 
degree of Nu = 14, on a 1◦ × 1◦ grid across the core-surface. We see from 
Fig. 5a and c that the poloidal flow potential, S , appears well resolved 
at most locations, with normalised values reaching over 70% of the 
maximum possible value in regions under east Asia, the Indian Ocean, 
and the South Pacific for the gradient tensor-derived flow. However, we 
see a pronounced band of low values along the magnetic equator at the 
core surface, which extends into a region underneath the south Atlantic. 

Fig. 4. Averaging functions for flow obtained from the Swarm spatial gradient tensor SV data. (a) shows the ideal averaging function for a flow with spherical 
harmonic degree Nu = 14, and has contour intervals of 1. (b, c) show the actual averaging functions for the poloidal flow potential, (d, e) show the actual averaging 
functions for the toroidal flow potential. (b, d) have contour intervals of 1, and (c, e) have contour intervals of 0.25. Negative contours are dashed, and continents are 
shown for reference.
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These low-value regions for averaging functions for S appear to be 
where those for T (Fig. 5b and d) are best resolved, despite having very 
low resolution almost everywhere else. Fig. 5e and f show the difference 
in the peak averaging function for spatial gradients and vector data, 
using our preferred values of damping parameters that give a roughly 
comparable misfit. For S , the spatial resolution is greatly improved in 
all locations where we are able to resolve the flow (i.e. outside the 
aforementioned band of low values). For T , we see an increase in res
olution everywhere, particularly around the central Pacific. The few 
locations where the difference in peak averaging functions is negative 
are in locations where the resolution is already poor, possibly due to the 
non-unique nature of the problem at hand. We therefore interpret 
negative differences in peak average functions as locations where the 
gradients have constrained the parts of the flow we can resolve, thus 
sharpening the transition between resolved and unresolved regions. This 
confirms that using spatial gradients improves the flow resolution nearly 
everywhere.

In order to investigate the behaviour of the averaging functions, we 
evaluate them at the locations of maximum and minimum peak values 

from Fig. 5, as shown by the blue triangle and red star in Fig. 5c and d. At 
the maxima, shown in Fig. 4b and d, the averaging functions appear 
well-behaved and the peak is centred over the point at which it is 
evaluated. The averaging function for poloidal flow potential shows a 
larger peak and symmetric side lobes, compared to the toroidal flow 
potential, where the averaging function has a smaller maximum value, 
and weak azimuthal variation in the side lobes, but with a similar 
maximum height. For Fig. 4c and e, which show averaging functions at 
the minimum peak values in Fig. 5c and d, we see much lower values 
with no clear peak. Rather, Fig. 4c appears to have a small maximum 
offset from the central point. This suggests that the null-regions revealed 
by the peak averaging functions do not necessarily correspond to low 
amplitude averaging functions, but could also indicate averaging func
tions which are not centred at the point where they are evaluated. The 
toroidal potential averaging function at the minimum peak value 
(Fig. 4e) is almost flat, suggesting there is very little information about 
the toroidal flow in the area.

Fig. 5. Peak averaging functions at the point they are evaluated, normalised to the maximum possible value for N = 14 for flows using Swarm vector data (a, b), 
Swarm spatial gradient tensor (c, d), and their difference (e, f). (a, c, e) – Poloidal flow potential. (b, d, f) – Toroidal flow potential. Blue triangle and red star in (a, c, 
e) and (b, d, f) mark the maximum and minimum values in the peak averaging functions, respectively, and those averaging functions are shown in Fig. 4. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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4.2. Investigating core-surface flow patterns

Based on the evidence presented in the previous section showing the 
improved spatial resolution using the spatial gradient tensor over the 
vector data, we henceforth concentrate on flows obtained using gradient 
data. We first compare the minimum acceleration and SA flows, to assess 
how much and where equatorial asymmetry is required. Fig. 6a shows a 
snapshot of the minimum acceleration flow in 2018.67. The minimum 
acceleration flows have familiar features commonly seen from vector 
data inversions, such as persistent westward drift at mid- to high lati
tudes and in the Atlantic region (e.g. Holme, 2015); eastward flow in the 
Pacific region (Ropp and Lesur, 2023); the presence of an eccentric 
planetary gyre (Pais and Jault, 2008); a westward polar jet with its 
associated daisy-chain SV pattern (Livermore et al., 2017; Gillet et al., 
2019); and northwards cross-equatorial flow in the Western Pacific, 
close to the equator, with speeds up to 20 kmyr− 1 (Bloxham et al., 1989; 
Whaler et al., 2022; Ropp and Lesur, 2023). Therefore, we can use the 
minimum acceleration model as a baseline against which to compare the 
SA models. Any differences between those and the minimum accelera
tion models will be a direct consequence of limits to the amount of 
equatorially asymmetric flow permitted. Although not shown here, we 
note that snapshots of the minimum acceleration flows and TO-like 
flows exhibit similar flow patterns, as they have the same spatial 
damping.

The flow in Fig. 6a is superimposed on the poloidal potential, S . 
Positive S values are indicative of divergent flow, whereas S < 0 in
dicates convergent flow. We can therefore use these values as a proxy for 
up- and downwelling at the core-surface. Firstly, we note that there is an 
up-downwelling pair associated with the high-latitude Pacific jet. We 
also see a region of upwelling in the west equatorial Pacific, where the 
azimuthal flow direction changes from west to east, with a downwelling 
counterpart in the east equatorial Pacific. These regions of increased 
velocity potential were reversed and weaker in the CHAMP era (Sup
plementary Fig. B.3), during which the flow in the Pacific was much 
weaker, and was turning from westward to eastward (Ropp and Lesur, 
2023).

Fig. 6b shows the SA flow for a snapshot during the Swarm period. 
We constructed this flow to be predominantly equatorially symmetric, as 
that is expected for a flow generating an axial dipole-like magnetic field. 
With this flow, we were able to provide an adequate data fit, without 
introducing any bias in the fit to individual GVOs. The flow is dominated 

by more smaller-scale features, which also shows in its resolution ma
trix, where the energy is less concentrated in the low-degree flow co
efficients (Fig. B.2). The deviations from symmetry appear primarily in 
the high latitude jet and cross-equatorial flow beneath Indonesia, which 
are not mirrored across the equator. By comparing the minimum ac
celeration and SA flow, we can start to distinguish which features of the 
flow are persistent even after enforcing equatorial symmetry in the so
lution. For example, the toroidal flow in the Indian Ocean only appears 
in the Southern hemisphere in the minimum acceleration flows, but is 
mirrored to appear both in the Northern and Southern hemisphere in the 
SA flows. That this feature in the Southern hemisphere is required to 
obtain an acceptable fit to the data, as seen by the data predictions at a 
nearby GVO in Fig. 2, suggests that it is a robust feature of the core- 
surface flow.

4.3. Investigating temporal behaviour

Having looked at the structure of the flow, we investigate modelled 
flow behaviour over time. The rms velocity, and percentage spatial 
statistics of the flows (from vector data only) are given in Fig. 7 for both 
CHAMP and Swarm as a function of time. The flows have an rms velocity 
of around 11 km yr− 1, and are predominantly toroidal, equatorially 
symmetric, and geostrophic, with about 15% deviation from these de
scriptors. Comparing the flows between CHAMP and Swarm eras, the 
poloidal flow is stronger during the CHAMP era. These features have 
also been observed by Ropp and Lesur (2023) using different method
ologies and datasets, pointing to them being a feature of the core-flow, 
rather than model-specific differences. The increase in proportional 
poloidal flow could be a manifestation of the west-east Pacific up- 
downwelling pairs (noted in Section 4.2). The strongest difference be
tween our CHAMP and Swarm era flows is the proportional energy in the 
zonal toroidal flow components, which is almost twice as high in the 
CHAMP compared to the Swarm eras. We found that this difference 
arises from the deviation from westward flow under the equatorial Pa
cific during the Swarm era, thus reducing the proportional amount of 
zonal toroidal flow, usually considered to describe westward drift 
(Suttie et al., 2025).

4.4. Comparing flow models to ΔLOD predictions

It is possible to relate core-surface flow to ΔLOD, based on the 

Fig. 6. Flow snapshot in 2018.67 from Swarm spatial gradient data, superimposed on the poloidal velocity potential, S , which is associated with up- (S > 0) and 
downwelling (S < 0). a) Minimum acceleration and b) SA flow model. Difference in flow strength is caused by difference in damping between models to achieve a 
similar misfit. Plot is centred at 180∘ longitude in Mollweide projection. Continents are shown for reference only.

F.D. Madsen et al.                                                                                                                                                                                                                              Physics of the Earth and Planetary Interiors 366 (2025) 107336 

9 



relation originally given by Jault et al. (1988), and updated by Jault and 
Finlay (2015) to 

ΔLOD = 1.232
(
t0
1 +1.776t0

3 +0.080t0
5 +0.002t0

7

)
, (13) 

where t0
n are zonal toroidal velocity coefficients of the nth degree. Using 

this relation, we show the flow-predicted ΔLOD from the CHAMP and 
Swarm eras using the three types of flow models in Fig. 8 together with 
the observed values. Firstly, we see that predictions of the minimum 
acceleration and SA flows are very similar using both vector and spatial 
gradient data, and tend to under-predict the ΔLOD changes. During the 
CHAMP period, these models predict virtually no changes, compared to 
observated values which increase after 2004. For Swarm to date, the 
models accurately predict the fall and rise in ΔLOD, but show a sharper 
increase than the observed ΔLOD after 2020. For the TO-like models, we 
see much more variation in amplitude in predicted ΔLOD. For CHAMP, 

the predictions are very scattered, but consistent with the increase in 
ΔLOD in 2005. For the Swarm period, the TO-like models show a good 
fit to the data from 2018 and onwards, but while the observed ΔLOD 
remains fairly constant around 1.0 ms from 2014 to 2017, the Swarm 
model predictions show a steep increase from − 0.5 ms to 1.0 ms in this 
period. Comparing TO-like models based on spatial gradients and vector 
data, the predicted ΔLOD from spatial gradient-based models is much 
smoother than when using vector data only.

4.5. Azimuthal flow acceleration - a new jerk in 2024?

During the CHAMP era, three clear jerks in the equatorial Atlantic 
were observed - in 2003.5, 2007, and 2011 (e.g. Brown et al., 2013; 
Chulliat and Maus, 2014). Chulliat and Maus (2014) suggested that they 
were the result of a standing wave in secular acceleration with a period 
of around 6 years. In the Swarm era, two jerks have been observed in the 

Fig. 7. Temporal variation of the percentage spatial statistics of flows from CHAMP and Swarm vector data for the minimum acceleration model (solid line), SA 
model (dashed line), and TO-like model (dotted line). Note that top and bottom panel show different ranges of the same quantity. Note also that each colour 
represents a different part of the flow, unlike other figures where each colour represents a different flow model. Abbreviations: Min. Acc. – Minimum acceleration; Eq. 
Symm. – Equatorially symmetric; T. Geos – Tangentially geostrophic; Eq. Antisymm. – Equatorially antisymmetric; T. Ageos – Tangentially ageostrophic; Zonal tor. – 
Zonal toroidal.

Fig. 8. Flow-predicted ΔLOD from CHAMP (2001–2010) and Swarm (2014–2024) from the minimum acceleration flows (red), SA flows (orange), and TO-like flows, 
using spatial gradients (solid lines) and vector (dashed lines) data. Black curve shows atmospherically and tidally corrected ΔLOD observations with an annual 
running mean (Madsen and Holme, in review). The flow-predicted ΔLOD time series have an arbitrary offset in the y-axis for clarity. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)
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equatorial Pacific - one in 2017 (e.g. Finlay et al., 2020) and another in 
2020 (Campuzano et al., 2021). Whaler et al. (2022) noted that the 2017 
jerk is associated with a sudden change in azimuthal core-surface flow 
acceleration, aϕ. We follow their approach, and look at the core-surface 
flow acceleration associated with these jerks.

We obtain flow acceleration from finite first differences of our core- 
surface flows at each epoch, with a time-step of 4-months. Fig. 9 shows a 
snapshot of the azimuthal acceleration in 2018.67 – the temporal 
midpoint between the 2017 and 2020 Pacific jerks. We see that the 
values of aϕ are generally below 2 kmyr− 2 globally. The greatest de
viations from this are in the region beneath the west equatorial Pacific, 
where we see a strong peak in eastward aϕ of over 5 kmyr− 2, centred 
around 175◦W, and a smaller peak around 130◦W, both north of the 
equator. The temporal evolution of these localised peaks is shown in the 
time-latitude plots in Fig. 9b. The peaks are associated with a pulse-like 
feature, centred beneath the west Pacific. The pulses peak around 
2018.67, and cross zero azimuthal acceleration in 2017 and 2020, 

concurrent with the geomagnetic jerks observed in these regions. 
Interestingly, we see a second pulse with a negative peak in 2022.00 in 
the same region at both locations, now with westward acceleration, and 
a peak of around − 4 kmyr− 2. Continuing at the rate indicated, the ac
celeration amplitude would reach zero in the year 2024, which suggests 
a possible geomagnetic jerk in this region then. Given that geomagnetic 
jerks are defined as inflections in SV, and SV is obtained from annual 
differences in magnetic field measurements, the soonest it would be 
possible to confirm this would be in early 2025.

5. Discussion

In this study, we compare the results of flow-inversions using GVO 
SV vector and spatial gradient data. We show that using spatial gradient 
data yields a lower overall model rms misfit to the data. From analysing 
the resolution of the resulting flow models, we also find that models 
based on spatial gradient data resolve more flow coefficients, both 

Fig. 9. Azimuthal flow acceleration, aϕ, from the minimum acceleration flow model obtained from Swarm spatial gradient SV data. aϕ > 0 signifies eastward ac
celeration, and aϕ < 0 signifies westward acceleration. Values of ∣aϕ∣ < 1.8 km yr− 2 are in grey to highlight acceleration pulses. Note that the colour scale is clipped at 
±5 kmyr− 2. a) Global aϕ snapshot in 2018.67, centred at 180◦ longitude in Mollweide projection. Continents are shown for reference only. b) Time-latitude plots of 
aϕ, covering ±30◦ latitude at constant longitudes.
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toroidal and poloidal, and improve the spatial resolution of the flow (see 
Fig. 5e and f). We note that resulting resolution matrices for a given 
inversion are directly influenced by the choice of damping parameters, 
as follows from Eq. (11). Even for CHAMP, where the spatial gradient- 
based model was more heavily spatially damped than the vector-based 
model (Table B.3), we find an increased trace value for both poloidal 
and toroidal flow coefficients. Similarly, when looking at the difference 
in averaging functions in Fig. 5e and f, we see that using spatial gradient 
data improves the spatial resolution nearly everywhere across the core 
surface. The only exception in Fig. 5e is where the spatial gradients yield 
poorer resolution for poloidal flow beneath the east Antarctic. However, 
the decrease in resolution occurs around an ambiguous band where the 
poloidal flow potential is ill-determined from both the vector and spatial 
gradient data. This low in the peak poloidal averaging functions over
laps with a maximum in peak toroidal averaging functions, and appears 
to follow the magnetic equator at the CMB, with a spiral around the 
south Atlantic, verging towards Antarctica at 0◦ longitude. We suggest 
that the region where the difference in peak averaging functions be
tween vector and spatial gradient-based flows is negative is a result of 
the spatial gradients better capturing the boundary between the areas in 
which we can resolve the poloidal flow and those where we cannot. This 
likely highlights a localised ambiguous region rather than a region of 
poorer resolution. We suggest further investigation of averaging func
tions for core-surface flow modelling is required, particularly with sat
ellite era SV datasets which offer complete spatial coverage. The 
localised ambiguous region seen in the averaging functions was found 
by Whaler et al. (2016), but they were influenced by the unequal data- 
distribution associated with ground observatories; we find the same 
structure from using homogeneously distributed GVO data, validating 
their result.

Our minimum acceleration flows are predominantly toroidal, equa
torially symmetric, and tangentially geostrophic, as shown in Fig. 7, and 
contain features in flows seen in numerous other studies; the planetary 
gyre (e.g. Pais and Jault, 2008), high-latitude jet (Livermore et al., 
2017), and eastward equatorial flow in the Pacific (Ropp and Lesur, 
2023). It is reassuring that these features appear when relying only on 
geomagnetic data, without the use of geodynamo priors, suggesting that 
they are indeed present in the core. From the poloidal flow potential, 
superimposed on the total flow in Fig. 6, it appears that the eastward 
flow in the Pacific, and the acceleration of the high-latitude jet, are 
dominated by up- and downwelling pairs. This is contrary to the tradi
tional view of the global flow, that usually describes global westward 
flow and “the quiet Pacific” (e.g. Gubbins and Roberts, 1987; Holme, 
2015). This possibly reflects the lack of information over the Pacific in 
pre-satellite eras, due to the distribution of ground observatories. 
Further analysis of a continuous flow model covering a longer period 
(e.g. that of Ropp and Lesur, 2023, or Grüne et al. (in review for this 
issue)), could illuminate the dynamics of this change.

Given the ill-determined nature of core-flow modelling, obtaining a 
unique flow from the induction equation requires further assumptions. 
Some physical assumptions frequently imposed are that the flow is 
tangentially geostrophic (Le Mouël, 1984), columnar (Amit and Olson, 
2004), or quasi-geostrophic (Pais and Jault, 2008; Gillet et al., 2009). In 
the example of tangentially geostrophic flows and columnar flows, 
equatorial symmetry is implied, and is often enforced when using the 
quasi-geostrophic assumption (e.g. Gillet et al., 2009; Amit and Pais, 
2013). In Section 4.2, we discuss the features of the flow that appear 
when we penalise equatorial asymmetry, such as the cross equatorial 
flow under Indonesia. We found that at least 10% of the flow energy 
must be equatorially asymmetric in order to fit the Swarm data. Forcing 
equatorial symmetry could thus result in a misrepresentation of the core- 
surface flow. Assumptions which rely on equatorial symmetry (either 
implicitly or explicitly) capture the first-order features of the field that 
are known to be important in geodynamo mechanisms (e.g. Aubert and 
Gillet, 2021), but the higher quality of recent data means we must 
include equatorial asymmetry to model the data properly. We therefore 

recommend using nonuniqueness-reducing norms independent of flow 
geometry, such as the strong norm (Bloxham, 1988) used here, mini
mising the kinetic energy of the flow (Whaler, 1986; Beggan and Whaler, 
2008), or even minimising the amount of radial core SV generated by 
advection (e.g. Whaler, 1986).

In Section 4.4, we compared the predictions of ΔLOD from each of 
our models to observations. Our calculation – and indeed the one 
adopted most frequently with various degrees of success (e.g. Wardinski 
et al., 2008; Gillet et al., 2010; Whaler et al., 2016; Bärenzung et al., 
2018; Istas et al., 2023; Rosat and Gillet, 2023) – relies on the 
assumption that the only contributing core-surface flow components to 
ΔLOD changes are geostrophic (Jault et al., 1988; Jault and Finlay, 
2015). A recent synthetic study by Schwaiger et al. (2024) found that the 
quasi-geostrophic assumption was valid for 90% of the core-surface flow 
from the 71p geodynamo model (Aubert and Gillet, 2021), although 
they do note that this is not an accurate representation of the real Earth. 
By comparing the ΔLOD calculated from their inverted flow and the 
observed flow to the ΔLOD result from the dynamo simulation, they find 
an overall good fit, with periods of deviation between the result from the 
inverted and observed core-surface flow. This suggests either that the 
non-geostrophic flow components, or the small scale flow-components 
that are inaccessible from flow-inversions, are required to predict 
ΔLOD satisfactorily. This offers a possible explanation as to why the 
predicted ΔLOD from core-surface flow obtained by inversion only 
occassionally fits observations.

Recently, numerical dynamo simulations have offered an explana
tion for the underlying dynamics that govern geomagnetic jerks. Aubert 
et al. (2022) argue that the majority of the jerks in their simulations 
occur when there are local disruptions to the leading-order force bal
ance, causing quasi-geostrophic Alfvén waves to emerge where the force 
balance is disturbed. As these waves interact with the flow at the core- 
surface, geomagnetic jerks occur. If this is true, our study provides ev
idence of these waves arriving at the core-surface with the CHAMP- (Fig. 
B.4) and Swarm-era (Fig. 9) flows, without relying on spectral methods 
or data assimilation. Reminiscent of the study of Chulliat et al. (2010), 
our results show that the 2017 and 2020 geomagnetic jerks in the Pacific 
can both be explained by a pulse in azimuthal flow acceleration. (We 
also suggest a similar explanation for the 2003.5 and 2007 jerks from the 
flows obtained from CHAMP spatial gradient data, as shown in Fig. B.4.) 
Chulliat and Maus (2014) related the cascade of equatorial geomagnetic 
jerks in the Atlantic to a standing wave with a period of about 6 years, 
which they suggest is an equatorial magneto-Coriolis wave. The pulses 
we obtain in azimuthal acceleration appear to have the same periodicity 
of around 6–7 years, similar to the magneto-Coriolis modes found by 
Gerick and Livermore (2024).

Finally, we note that if this mechanism for equatorial geomagnetic 
jerks is correct, it offers a short-term prediction method for forecasting 
them. As shown by Chulliat and Maus (2014) for secular acceleration, 
and here for azimuthal flow acceleration, equatorial geomagnetic jerks 
appear to be associated with a change of sign of these acceleration 
pulses. Currently, it is impossible to predict the spatiotemporal onset of 
such a pulse as the proposed wave arrives at the core surface. However, 
its collapse is associated with a geomagnetic jerk around the location of 
the pulse when the acceleration changes sign. Given that these pulses 
tend to have a period of 6–7 years, once an equatorial geomagnetic jerk 
appears in a new region, we can expect to see a counterpart 3–3.5 years 
later. The implications of this could be useful for geomagnetic fore
casting, for example for the International Geomagnetic Reference Field 
(e.g. Fournier et al., 2021).

6. Conclusion

We invert four-monthly mean GVO spatial gradient SV tensor and 
vector data from the CHAMP and Swarm satellites to produce global 
flow models. We found that using spatial gradients significantly 
improved the spatial resolution of the flows. We created three flows, all 
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regularised to minimise acceleration and spatial complexity; minimum 
acceleration, SA, and TO-like flows. We found the minimum amount of 
equatorial antisymmetry required to fit the data is about 10% for Swarm 
data. By relaxing the temporal damping on the odd zonal toroidal co
efficients, we find flows that are better able to fit observations in ΔLOD. 
All three models resolve the 2017 and 2020 geomagnetic jerks, which 
are associated with pulses in low latitude azimuthal acceleration with a 
period of 6–7 years. These are consistent with the arrival of Alfvén waves 
from the deeper outer core, as proposed by Aubert et al. (2022). 
Following this assumption, we forecast a jerk in the western Pacific 
Ocean in late 2024.
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Appendix A. Averaging functions for scalar potentials

Here, we provide more information regarding the averaging functions for scalar flow potentials. We follow the derivation of Whaler and Gubbins 
(1981) for averaging functions for the vertical magnetic field component at the CMB, but here applied to the toroidal scalar T (that for S follows 
similarly). Numbers in parentheses refer to the equivalent equation in Whaler and Gubbins (1981).

Using the orthogonality of Schmidt quasi-normalised spherical harmonics, from Eq. (5) we have (4.2) 

tm c
n =

2n + 1
4π

∮

Ω
T (θ,ϕ) Pm

n (cos θ) cos mϕ dΩ (A.1) 

where Ω is the CMB, and similarly for tm s
n .

We then write our estimate of T at a point on the CMB, (θ0,ϕ0), T , as (4.3) 

T (θ0,ϕ0) =
∑Nu

n=1

∑n

m=0

(
αm

n (θ0,ϕ0) tm c
n (θ,ϕ)+ βm

n (θ0,ϕ0) tm s
n (θ,ϕ)

)
=

∮

Ω
A(θ,ϕ, θ0,ϕ0) T (θ,ϕ) dΩ (A.2) 

where 

A(θ,ϕ, θ0,ϕ0) =
∑Nu

n=1

∑n

m=0

(2n + 1)
4π Pm

n (cos θ)
(
αm

n (θ0,ϕ0) cos mϕ+ βm
n (θ0,ϕ0) sin mϕ

)
, (A.3) 

and αm
n and βm

n are the spherical harmonic weighting coefficients of the averaging functions.
We can then write the weighting coefficients as (4.6) 

αm
n (θ0,ϕ0) = Pm

n (cos θ0) cos mϕ0 (A.4) 

and similarly for βm
n (θ0,ϕ0). Hence 

A(θ,ϕ, θ0,ϕ0) =
∑Nu

n=1

∑n

m=0

2n + 1
4π Pm

n (cos θ)Pm
n (cos θ0)(cos mϕ0 cos mϕ+ sin mϕ0 sin mϕ) (A.5) 

Utilising the addition theorem for spherical harmonics (we refer the reader to Eqs. (3.4)–(3.6) of Winch et al., 2005, presented for Schmidt quasi- 
normalised spherical harmonics), this expression reduces to (4.7) 

A(ψ) =
∑Nu

n=1

2n + 1
4π Pn(cos ψ), (A.6) 

where ψ is the angle subtended between (θ0,ϕ0) and (θ,ϕ), thus showing that as Nu→∞, the averaging function converges to a double Dirac delta 
function centred at (θ0,ϕ0).

We can rewrite Eq. (A.5) as 

A(θ,ϕ, θ0,ϕ0) = cT(θ0,ϕ0)v(θ,ϕ) (A.7) 
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where c consists of the ordered αm
n (θ0,ϕ0) and βm

n (θ0,ϕ0) and v has elements 2n+1
4π Pm

n ( cos θ)
{

cos mϕ
sin mϕ

}

for each degree and order, n and m, respectively. 

Whaler and Gubbins (1981) Eq. (4.10) gives an example of how the αm
n for the vertical magnetic field component at the CMB are modified by reg

ularisation. From this, the (more general) averaging function, as presented by Bloxham et al. (1989) and in Eq. (12), can be written as 

A(θ0,ϕ0, θ,ϕ) = cT(θ0,ϕ0)Rv(θ,ϕ) (A.8) 

where R is the resolution matrix. If our potential is resolved perfectly, and hence R = I, where I is the identity matrix, then we recover the averaging 
function given by Eq. (A.5). However, as R deviates from the identity matrix, R skews the averaging function, thus showing how we can treat A as a 
physical-space version of R.

Appendix B. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.pepi.2025.107336.

Data availability

CHAMP vector GVOs are available on the DTU’s website; 
https://www.space.dtu.dk/english/research-divisions/ 

geomagnetism-and-geospace/projects/geomagnetic- 

virtual-observatories. Swarm vector GVOs are available from 
the Swarm Data, Innovation, and Science Cluster (DISC); 
https://swarm-diss.eo.esa.int/. All CHAOS-7 models are 
available from; https://www.spacecenter.dk/files/magnetic- 
models/CHAOS-7/. Tidally cleaned ΔLOD data are available from the 
Earth Observation Centre; https://hpiers.obspm. 

fr/eop-pc/index.php.
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