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Abstract Understanding mesoscale eddies and their interaction with the basin scale mean flow remains an
important problem in physical oceanography. Several different approaches to parameterization of the effects of
mesoscale eddies have been examined in the literature. In quasi-geostrophic potential vorticity (PV) transfer
theory, mesoscale eddies are assumed on average to transfer PV downgradient and the main free parameter is the
PV diffusivity coefficient, which is assumed to depend on the mean flow. Here, we adopt a new, complementary
approach, which aims to develop strong constraints on the possible magnitude of the PV diffusivity due to
parameters independent of the flow such as the wind stress and bottom topography. Combining results from an
eddy resolving quasi-geostrophic model and a corresponding analytic model with parameterized eddies in a
barotropic channel configuration, it is demonstrated that the PV diffusivity strongly varies for different types of
bottom topography and for different wind stress with important consequences for the strength of the mean
circulation. For monoscale (sinusoidal) topography, an algebraic equation is developed linking the PV
diffusivity coefficient with the transport, wind stress, bottom topography, and geophysical and geometrical
parameters. We present the result of statistical analysis of solutions of this equation with prescribed zonal
transport obtained from a number of the eddy resolving model simulations and propose a new equation linking
the PV diffusivity coefficient with wind stress and a parameter related to topographic roughness. We anticipate
that similar relationships will hold for more realistic flow configurations and other types of mesoscale eddy
closures.

Plain Language Summary The ocean is filled with eddies of quite small size (order 100 km)
compared to the ocean basins. These so-called “mesoscale eddies” substantially influence the strength of the
global ocean circulation including major currents such as the Atlantic Circumpolar Current in the Southern
Ocean which in turn play a major role in maintaining Earth's climate. Here, we develop a mathematical approach
which allows us to model the statistical effect of the eddies on the mean circulation without having to model
every single eddy. Using this approach, we relate the impact of the mesoscale eddies on the circulation to the
presence of bottom topography and the strength of the wind stress blowing over the ocean surface. The
relationships we find can be used to better include the effects of mesoscale eddies in ocean and climate models.

1. Introduction

Numerical models of the oceanic circulation fall into two major classes, depending on size of the horizontal grid:
fine resolution (FR) models and coarse resolution (CR) models. The former class includes models with a small
enough horizontal grid to describe individual mesoscale eddies, and the latter class includes models with too
coarse a grid to describe such eddies. The CR models require an eddy parameterization, which instead of
modeling fields on the coarse grid approximates eddy effects in terms of mean properties of the model. Hence,
new coefficients appear in the basic equations, which are generally speaking free parameters. Physical laws often
impose limitations on these coefficients, but they cannot be specified as exact values/functions. As a result,
numerical simulations with CR models depend on these coefficients. It is not obvious how to choose appropriate
values of the coefficients and if there is a strong dependence of the circulation (i.e., values of the transport, energy,
and geographical location of the main jets and gyres) on these coefficients an inappropriate choice could lead to
unrealistic results. Developing a physically correct parameterization has both theoretical and practical value,
leading to better understanding of the eddy-eddy, eddy-mean flow and eddy-topography interactions, and
reducing computational expense. The latter reason is especially important in paleoceanography studies, where
models are an indispensable tool due to a paucity of data (Wunsch (2003); Munday et al. (2013)) and because it is
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too expensive for models simulating long periods of time to have a grid resolution fine enough to represent in-
dividual eddies.

Parameterizing the effect of mesoscale eddies using a diffusive parameterization of potential vorticity (PV) has a
good physical basis. This parameterization was introduced by Green (1970) and Welander (1973) and developed
in many studies, for example, Eden (2010), Eden and Greatbatch (2008), Ivchenko (1984), Ivchenko et al. (1997),
Ivchenko et al. (2013), Killworth (1997), Marshall (1981), Marshall and Adcroft (2010), Marshall et al. (2012),
Olbers et al. (2000), Ringler and Gent (2011), Treguier et al. (1997), Wardle and Marshall (2000), Ivchenko,
Danilov, and Schroeter (2014), Ivchenko, Danilov, Sinha, and Schroeder (2014). A diffusive parameterization,
that is, proportionality of eddy fluxes of any property to its mean gradient is applicable only for conserved
properties, which excludes using this scheme for momentum but allows its use for PV.

The zonal channel could be seen as a simplified analog to the Antarctic Circumpolar Current (ACC). This
simplification allows easy understanding of the dynamics of the zonal flow, which could be similar to the dy-
namics of the ACC. There is a well known strong dependence of the zonal transport of the ACC on the wind stress
(Johnson and Bryden (1989); McWilliams et al. (1978); Munk and Palmen (1951); Wolff et al. (1991)). The
response of the oceanic circulation to wind forcing is substantially different for models with high or low space
resolution (Munday et al. (2013)). In a number of models, the zonal transport is much less sensitive to increasing
wind stress using FR models than CR models (Constantinou and Hogg (2019); Hallberg and Gnanade-
sikan (2001); Munday et al. (2013); Tansley and Marshall (2001)). Because of the decisive role of mesoscale
eddies, this reduced sensitivity is termed “eddy saturation.” Constantinou and Young (2017) studied the effect of
random monoscale topography on forced f-plane turbulence using a one-layer quasi-geostrophic model. Special
attention was paid to the regime of saturation. They find that baroclinic instability is not necessary for eddy
saturation. One of the goals of the present paper is to revisit the problem of eddy saturation and investigate how it
is affected by the presence of different types of topography.

Mesoscale eddies play a crucial role in the ACC not only for eddy saturation but in setting the ACC transport.
Eddies participate in vertical transfer of the zonal momentum, which is imparted from the prevailing eastward
wind stress at the surface down to the bottom (Ivchenko et al. (1996); Johnson and Bryden (1989); Marshall
et al. (1993); Stevens and Ivchenko (1997)). Eddies also participate in reorganizing the zonal momentum, for
example, increasing/decreasing momentum in the cores of zonal jets (Ivchenko (1984); Ivchenko et al. (1997),
Ivchenko, Danilov, and Schroeter (2014); McWilliams et al. (1978); Treguier and McWilliams (1990); Wolff
et al. (1991)) and sharpening of zonal flows by PV diffusion (Dritschel and Mclntyre (2008); Wood and
Mclntyre (2010)).

In a number of studies with eddy parameterization, the coefficients are not physically motivated. Ivchenko
et al. (2018) (hereinafter IZS) demonstrated a link between total zonal transport and the eddy PV diffusion co-
efficient (k). They showed that there is a huge range of zonal transport, corresponding to the smallest (i.e.,
ko = 0) and largest values of k. Choosing an incorrect value of this coefficient leads to unrealistic ACC transport
and the whole dynamics of the zonal channel. In the literature, the PV diffusivity coefficient has been assumed to
depend on the mean flow (Green (1970); Held (1975); Killworth (1997); Marshall (1981)).

Here, we adopt a new, complementary approach, which aims to develop strong constraints on the possible
magnitude of the PV diffusivity due to parameters independent of the flow such as the wind stress and bottom
topography (and clearly this does not preclude additional flow-dependent variation). In view of the difficulty of
diagnosing k directly from eddy resolving models in the presence of bottom topography, we propose a novel way
of choosing the coefficient of eddy potential diffusivity by matching values of the transport from numerical
experiments with a FR finite difference model with those from a CR spectral-analytic model. The CR model
employs a mesoscale eddy parameterization based on PV diffusion with truncated meridional wavenumbers but
retains all the zonal wave numbers similar to Charney et al. (1981) and IZS. We develop a new equation, which
links the coefficient k, with other parameters, both external (windstress) and internal (geometrical and
geophysical). This is an algebraic cubic equation in ky. As a result of statistical analysis of the FR experiments, a
new equation for &, as a function of wind stress and topographic roughness is presented.

The remainder of this paper is organized as follows. In Section 2, the basic equations of quasi-geostrophic
barotropic zonal channel flow including eddy parameterization are introduced. The FR model and the CR
model are formulated. A novel analytical expression for the coefficient of PV diffusivity is introduced. Section 3
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presents the results of numerical experiments with the FR and the CR models. Section 4 compares the results of
experiments with the Fine and the CR models. Section 4 also demonstrates the links between coefficient of PV
diffusivity and the zonal transport. As a result of statistical analysis, a new equation for the coefficient of PV
diffusivity as a function of wind stress and topographic roughness is presented. Section 5 consists of discussion
and conclusions.

2. Basic Equations
2.1. Quasi-Geostrophic Equations for Barotropic Flow

The equation for barotropic quasi-geostrophic potential vorticity (QGPV) can be written as

P
£+K%@=T+@+@, )

where ¢ and ¥ are QGPV and streamfunction, respectively. Horizontal velocity v = (u,v) is related to the
streamfunction by u = —d"—y Yandv = % Y, where u and v are the velocity components in the zonal (x) and

meridional (y) directions. J(A, C) is the Jacobian operator: J(A,C) = —% % + % ‘;—f. T, Fg and Fy are the

external forcing (wind stress), bottom, and horizontal friction, respectively.

The QGPYV, ¢ in barotropic flow represents the sum of relative vorticity, planetary vorticity, and the topographic
term given by

) fo
q= VW +f+ B, @)

where Coriolis parameter f = f, + fy. f; and B denote its value at a reference latitude and its meridional
gradient, respectively. B is the deviation of bottom topography from a constant depth H.

2.2. The Fine Resolution (FR) Model

The FR model used herein is based on the quasi-geostrophic channel model described by Sinha and
Richards (1999) run in barotropic mode and is an eddy-resolving model. It solves the barotropic quasi-geostrophic
Equations 1 and 2 presented in Section 2.1 above in a zonally oriented reentrant (periodic) channel of length L,,
width L with rigid boundaries, that is, no normal flow boundary conditions to the north and south. The model is
forced by a zonal wind stress in the traditional manner:

1
T = —curl,z, 3)
Hp,

where 7 represents tangential wind stress, and p, is the water reference density,

7 = tosin(zy/L), 4)

7, =0. (5)
Bottom friction has a linear friction law with coefficient ¢
Fy = —e curl.v, (6)

both identical to the CR model (Section 3.1 below). Unlike the CR model, lateral friction must be included for
numerical stability and we specify a biharmonic lateral friction operator

Fy = AgVOY, @)

where Ag is the friction coefficient.
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Agissetto 1-10'°m*/s and all other parameters of the model are made identical to those chosen for the CR model
(Section 3 below). The FR model Equations 1-7 were discretized for numerical solution using standard second-
order centered differences in space on an Arakawa-C-type grid (Arakawa (1966)). Nonlinear terms were
formulated using an energy and enstrophy conserving Jacobian (Arakawa and Lamb (1977)). In time, a leapfrog
scheme was employed with an occasional forward time step to avoid development of a computational mode
(Richtmyer and Morton (1967)). The time step was 1.5 hr and the horizontal resolution was chosen to be 10 km. In
each of the experiments, the model was initialized from a state of rest. The bottom topography B(x, y) is prescribed
as depending sinusoidally on the y-coordinate with zero values on the walls (y = Oandy = L)

B(x,y) = h(x)sin (%) (®)

The zonal variation of the bottom topography is prescribed as a Fourier expansion

2?”) + Z d, sin (22’”‘), ©)

X X

h(x) = Z ¢, COs (

where ¢, and d,, are the amplitudes of the prescribed topography. # is the index of each mode used in the Fourier
expansion.

2.3. The Coarse Resolution (CR) Model

In the CR models, individual mesoscale eddies are excluded, and since their influence on the mean flow is
substantial, they (eddies) must be parameterized. The traditional diffusive parameterization of QGPV can be
written as

v'q' = —kVg, (10)

where k is the coefficient of eddy diffusivity of QGPV, and the overbar denotes an average. We use a combined
time and partial zonal average (see IZS). Note, that the partial zonal and time average is a more appropriate type of
average for the zonal channel domain with a variable topography than a time-only average, since bottom
topography being time independent cannot contribute to the eddy topographic form stress in the case of time
average. Note, that the zonal transport in case of partial zonal and time average is equal to the zonal transport in
case of time-only average in reentrant channel. The CR model used in this study is a spectral-analytic model with
parameterized eddies, according to (10) but otherwise having the same wind forcing, bottom topography, domain
geometry, and geophysical parameters as the FR model. The diffusive parameterization can be applied only for
conserved quantities, such as QGPV, but not for momentum, which is not conserved because of the pressure
gradient force (Killworth (1997); Marshall (1981); Welander (1973)).

The coefficient k to be determined from 10 consists of divergent and rotational (dynamically nonactive) com-
ponents. The decomposition of an eddy flux of PV into a divergent flux component and a rotational flux
component is not unique in a bounded or periodic zonal channel domain (Fox-Kemper et al. (2003)). Therefore,
we cannot specify k for the CR model simply by diagnosing it directly from the FR model. Instead, we use an
alternative approach set out below.

We specify QGPV input due to surface wind stress and bottom friction exactly the same as it is for the FR model
(3-5). Horizontal friction is disregarded.

The averaged Equation 1, using 10, becomes:

05 9§ 0.0g .o 1  _ ~
u6x+v0y o ax "oy oy Hpocurzr € curl,v (1D

We specify the coefficient & to be constant and equal to the mean coefficient k, in most of the channel away from
very thin boundary layers near the solid walls, where k exponentially reduces to zero. This distribution allows us
to satisfy boundary conditions of no flux of QGPV through the solid walls (see IZS and Appendix A).
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Charney et al., 1981 used zero boundary conditions for the mean zonal velocity U (i.e., U = 0ify = 0,L) for the
atmospheric zonal channel. For an oceanic zonal channel, where the main forcing is a wind stress Marshall (1981)
demonstrated that mean zonally averaged velocity on the boundaries vanishes, if wind stress vanishes and if this
velocity is zero initially. IZS used this boundary condition. However note, there is a jump in U if a zero boundary
condition is imposed. This causes a problem because in order to solve Equation 11 we must integrate U and
oU/0dy with respect to y, which is not possible if U is not smooth and differentiable (see Appendix B). To avoid
this complication, we suggest the following way to use continuous and differentiable U*, that is,

U* = U{l 4 LA _ o(/8) _ (y=L)/A } (12)

where A is the width of thin boundary layers, A < L, and U is a constant. U* is almost constant in the domain but
quickly drops to zero on the side walls. The difference between U* and U at any point of the domain will be small
by choosing A to be small enough except on the solid boundaries, where U* = 0. (see details on Appendix B).

We now assume that the solution for Equation 11 consists of a zonal flow with (unknown) velocity U* and
additional velocity linked with streamfunction ® multiplied by the first meridional Fourier mode:

Y(x,y) = —U(l + e_L/A)y — UAe™ + UAD™2 4 ®(x)sin (%) (13)

We follow Charney et al. (1981) who used a similar technique for an atmospheric flow in a zonal channel. We
represent the topographic term B in the form 8. The net zonal transport across the channel depends only on U*
(with high accuracy on U), because ®(x)sin (%) does not affect the net transport, although it does affect the zonal
velocity locally because of topography and diffusion of the QGPV. We specify the surface wind stress 7 = (7, 7,)
the same as in the FR model, that is, by Equations 4 and 5.

To obtain an analytical solution let us write ® as Fourier series:

D(x) = Zn: a, cos <2Zm> + Zn: b, sin (22ﬂx>, (14)

‘X

where a,, and b, are unknown constants. (Recall 7 is the index of each mode used in the Fourier expansion.) The
topographic term is written as in 9.

Using the technique developed by Charney et al. (1981) and applied by IZS (see Appendix B), after trans-
formation one can write down 2n+1 equations for 2n+1 variables, that is, Fourier coefficients a,,, b, and mean
zonal velocity U.

ko(2nn)?  kom? el? L, 2nzU fodo LU ko focn
_ Ko x - b =0 15

{ T T e e L Hae TTH (15
pL. 2nzU ko@nz)*  kor* el? foenlkU ko fod,

- U x_th - =0, 16

{Zmr L | 22 T P Hone H (16)

T 2f o7 372k
— d,a, — cub,) — €U — —=2U — kofp =0. 17
4H/7()T 3L)¢H§n: I’l( ndn — Cp n) € 4L2 Oﬁ ( )

If the topographic modes ¢, and d,, are zero, then Equations 15 and 16 are homogeneous linear equations with
respect to variables a,, and b, and the solution of this system is @, = b, = 0. Only the Fourier modes represented
in the bottom topography contribute.

For a prescribed zonal velocity U, Equations 15 and 16 can be reformulated to

an (koD + AL) + 5,AP = kAL + A, (18)

IVCHENKO AND SINHA

5 of 21

95U8017 SUOLUWIOD SAIIeaID) 3|aedl|dde ayy Ag peusenob afe sapile O ‘8sn Jo sajni o} Aeiqi UIUQO AS|IA UO (SUONIPUOD-pUe-SWLRILIY" A3 1M AReq 1ol |UO//SANY) SUONIPUOD PUe SWB | 8U) 89S *[5Z02/90/0€] Uo Aelq1Taulluo A8|IM ‘8o L Ag ZT6TZ000Y202/620T 0T/10p/wod Ao Akelq1jpuljuo sgndnBe;/sdny wouy pepeoumoq ‘v ‘SZ0Z ‘T62669T2



A~y ]
A\I Journal of Geophysical Research: Oceans 10.1029/20241C021912
a,A® + b, (—kOA(Z”) - Ag")) = —kod AL + ¢, AL, (19)
where
n) _ U2nn _ ﬁLx
Al = L. 2nrn’ (20)
o) 4n’n® 7t
AV ==+ @n
w_ ., €L
A3 =c+ L24712 ’ (22)
(n) _ UfOLx
Ay = H2nrx’ (23)
w _Jo
AP =2, (24)

These coefficients depend on the geometry of the channel (i.e., L,, L and H), geophysical parameters f;, #, €, and
zonal transport (velocity U) but are independent of kj, and wind stress 7. Since we are looking only for eastward
wind stress (zo > 0), the value of U must be positive.

The mean streamfunction is calculated using the CR model for all types of topography and for different am-
plitudes of the wind stress and for different values of k. For any prescribed topography and wind stress, the zonal
transport is a function of k.

The zonal momentum contribution by wind is balanced by topographic form stress, bottom friction, friction due to
PV diffusivity and by topographic form stress exerted by parameterized eddies (IZS). Therefore, the 5-th term on
the R.H.S. of 17 should be less than or equal to the 1-st term on the R.H.S. (i.e., the wind stress), which yields the
limitation of k:

ko <ky = . (25)

Note, that the actual maximum value of ky = k., Which corresponds to the zero value of transport is less than k,,,
indeed:

kmax < Kag- (26)

The values of the transport occupy a range between the highest possible value, which corresponds to the zero
value of the coefficient k, and zero-transport, which corresponds to the highest value of ky = kyax. kmax depends
not only on wind stress, geometrical and geophysical parameters but also on the amplitude and spatial variability
of topographic obstacles, that is, on zonal topographic Fourier number n. The spatial variability of topography
may cause a stronger effect of the drag of the mean flow by the topographic form stress, bottom friction, friction
due to PV diffusivity and by topographic form stress exerted by parameterized eddies. This reduces the transport,
diminishing k..

We require that only one value of k is correct and the others are not correct. To specify this correct value of &, we
diagnose the transport from the FR model simulation for the same channel and for the same external forcing.
Then, we find the steady-state zonal transport and choose the value of k, using the diffusivity-transport rela-
tionship from the CR model. The method is similar to the use of emergent constraints in climate model
projections.

It is straightforward to find the solution, a,, and b,,, of the system of 2n equations (Equations 18 and 19). In the case
of a zonal channel with monoscale topography, we can develop an analytical solution. If these solutions are
substituted into Equation 17 after some transformations, we can find an expression linking &, with 7y and U:
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M; kg + My ki + M, ko + My =0, 27
where
M; = 12HLAS” + 94’ HL 2 U/12, 28)
My = 24HL AL AL = 320p5 2L, AP + 12HL,eUAL” + 18HL 2 UAY AL/12, (29)

2 2
M, =8fymn(c2 + d2) (Ag">Agﬂ> - Ag">Ag">) + 12HLX/3(A(1”) +AP ) — 61995 7L, A AL

2
F24HLUAL AL + (A7) +A§")(n)>97r2UHLX/L2, (30)
2 2 2 2
My =8fomn(c? + &) AL AL — 3z0p7 aL, (A({') +A9 ) + 12HLXeU(A<1") +AP ) (31)

Equation 27 is a 3-rd order algebraic equation in & and includes U. This equation allows us to calculate &, based
on a prescribed value of transport, which is known from FR experiments, or to calculate transport using a pre-
scribed value of the coefficient k.

3. Numerical Experiments With the FR and CR Models

Numerical experiments were run using both the FR model and the CR model. Standard geometrical and
geophysical parameters relevant to the Southern Ocean were used in all the experiments: channel length
L, =4-10°m, width L = 10°m; reference depth 5-10°m; Coriolis parameter f, = —107*s7!,
p=14-100"m 157!, py = 10° kg/m3, e = 1077 s

We studied a number of cases with different bottom topography (i.e., amplitudes of topography c,, d, and Fourier
mode 7). In our study, we concentrate on the monoscale type of topography with an amplitude between 100 and
300 m and Fourier modes between 1 and 7. The wind stress in these experiments is in the realistic range, varying
between 0.1 N/m? and 0.3 N/m?.

We used 100, 200, and 400 years of integration of the FR model and found that the time-averaged transport was
not sensitive to the increasing time average. The experiments have demonstrated that equilibrium is achieved not
later than 20 model years. Therefore, we used integration between 20 and 100 years as the standard integration
time, and subsequent references to “transport” refer to the average transport over 80 model years.

Figure 1 (top and the 3-rd panels) displays time-mean streamfunctions calculated by the FR model for channels
with topography represented by ¢, = 300 m for 7, = 0.1 N/m?, and 7, = 0.3 N/m?. The topography is pre-
sented in the bottom panel.

The flow strongly correlates with the topography and transport increases with increasing wind stress.

Equation 17 has a clear physical interpretation: the external and the only source term-the wind stress (the 1-st
term) is balanced by four terms: by bottom form stress (the 2-nd term), by classic viscous bottom friction (the
3-rd term), by friction due to PV diffusivity (the 4-th term) and by the topographic form stress exerted by
parameterized eddies (IZS) (the 5-th term). In most cases, the main balance takes place due to topographic form
stress. This contribution reaches 93% of the wind forcing at c; = 300 m, 7, = 0.3 N/m?. The exceptions are the
channels with small amplitude, smooth topography, when bottom friction e¢U or/and fk, terms becomes
important. The contribution of a bottom friction can reach up to 70% (¢; = 100 m), and contribution of Sk, can
reach up to 38%—39% (¢, = 100 m, ¢3 = 100 m, ¢, = 200 m). The contribution by PV-diffusivity
(37°koU/(4L?)) is negligible (no more than 4% at ¢, =200 m, 7, = 0.3 N/m?), in most cases nor more
than 1% —2%.

The transport reduces if topographic Fourier mode n increases (when the amplitudes of the wind stress 7, and of
the bottom topography are unchanged) (Figure 2).
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Figure 1. The averaged streamfunction times reference depth (Sv.) from the Fine Resolution (FR) model (top and 3-rd panels) and the averaged streamfunction times
reference depth (Sv.) from the Coarse Resolution (CR) model (2-nd and 4-th panels). Topography represented by ¢, = 300m (5-th panel). The wind stress is
79 = 0.1 N/m? (1-st and 2-nd panels) and 7, = 0.3 N/m? (3-rd and 4-th panels).

This can be explained by increasing topographic form stress. Increasing wind stress results in an increase of the
transport (Figure 2). For example, the zonal transport for topography ¢; = 100 m reaches 544.5 Sv. and
1,654.9 Sv. for wind stress 7, = 0.1 N/m? and 7, = 0.3 N/m?, respectively. For topography ¢; = 100 m the
transport is reduced to 186.6 Sv. and 274.2 Sv. for wind stress 7, = 0.1 N/m? and 7, = 0.3 N/m?, respectively.
The transports for topography ¢; = 300 m are 338.5 and 668.5 Sv. for wind stress 7, = 0.1 and 0.3 N/m?,
respectively. For topography c; = 300 m the transports drop to 70.3 Sv. and 119.4 Sv, for wind stress 7, = 0.1
and 0.3 N/m?, respectively (Figure 2).

Because we have a large number of numerical experiments with different wind stress applied to the FR model it is
straightforward to see whether eddy saturation takes place. For high topographic Fourier number (n > 4) there is
definitely an eddy saturation regime (see Figure 2). For example, for ¢4 = 300 m transport increases from
141.2 Sv. to 156.1 Sv. for 7, = 0.2 N/m? and 7, = 0.3 N/m?, respectively. In contrast, in the case of topog-
raphy ¢; = 200 m there is no saturation: transport increases from 430.8 Sv. (10 =0.1N/ mz) to 657.2 Sv.
(ro =02N/ mz) and to 1,064.3 Sv. (‘L'O =03N/ mz). Similarly for ¢; = 100 m transport increases from
1,036.2 Sv. (when 7y = 0.2 N/m?). to 1,654.9 Sv.(zy = 0.3 N/m?) and for c; = 100 m transport increases
from 575.5 Sv. (zy = 0.2 N/m?) to 906.5 Sv. (o = 0.3 N/m?). We suggest that the lack of saturation in
channels with small amplitude, smooth topography is due to fact that in this case an important role in the mo-
mentum balance is played by bottom friction (term eU in 17). The increase in windstress should lead to an in-
crease in the mean zonal velocity U for balance, and accordingly, to the lack of saturation. There are a few
intermediate cases with topography with amplitude of 200 m and topographic Fourier numbers 2—4 where
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Figure 2. Zonal transport (Sv.) from FR model as a function of topographic Fourier modes for different wind stress.
Topographic amplitude is 100 m (top panel), 200 m (middle panel), 300 m (lower panel).

saturation seems to occur at the higher end of the windstress range (70 =02 - 03N/ mz) seen in the middle
panel of Figure 2.

4. Comparison of Results From CR and FR Models and Developing Equations for k&,

Both the FR and the CR models simulate eastward flows (for eastward wind stress) strongly influenced by bottom
topography (see Figure 1). The figure compares streamfunctions for channel flow with topography represented by
¢, = 300 m from the FR model (the top and the 3-d panel) and the CR model (the 2-nd and the 4-th panels) for
7o = 0.1 N/m?, 7, = 0.3 N/m?. The topography is presented in the bottom panel. Diffusivity coefficient
ky = 165.1 m?/s is used for the CR experiment with 7, = 0.1 N/m? and k, = 572.9 m?/s forz, = 0.3 N/m?.
These choices of k, give zonal transports in the CR model equal to the transports obtained from the FR exper-
iments, that is, 257.6 Sv. and 662.4 Sv. for 7, = 0.1 N/m? and 7, = 0.3 N/m?, respectively. The flow strongly
correlates with the topography and transport increases when wind stress increased. The structure (i.e., direction)

of the mean flow looks similar for different values of wind stress, increasing wind stress results in increasing
transport (Figure 2). Experiments with the FR model for a channel with the same topography and wind stress
looks generally similar in direction and in the amplitude of velocity to experiments with the CR model (see
Figure 1). The kinetic energy and the zonal transport in the FR model reach a steady-state value after a few years
of integration from the rest and have temporal variability linked with eddies. For some types of topography and for
not too high wind stress, the amplitude of the temporal variability is rather small. However, increasing wind stress
for similar topography leads to much higher variability of energy and transport.
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Figure 3. Zonal transport (Sv.) as a function of ky (as a solution of Equations 27 and 37) for three different topographic
lengthscales. 7, = 0.1 N/m? (upper panel) and 7, = 0.3 N/m? (lower panel). Transports, which match the transport in the
FR model and Equation 27, are marked by open circles.

We can see a linear decrease of the transport with increasing value of &, (see Figure 3). Increase of the number of
the Fourier modes n leads to decreasing transport if 7, is fixed (see Figure 2), because of increasing of the bottom
form stress.

4.1. Establishing a Relationship Between k, and Zonal Transport

For the range of the parameters expected, the cubic and quadratic terms of kg that is, |M 3k(3)| and |M2ké| are several
orders (at least two orders) of magnitude smaller than the terms of | M, k| and |M,| and can be neglected. For most

parameter values, the 3-rd, 4-th, and 5-th components of M, 30, that is, |679py lzzLXA(Z”)Ag")L |24HLerA§")A§”)|,
2 2
and |(A§") + Ag") ) 972 UHL,/ L*| are usually much smaller than the 1-st and the 2-nd components of 30 that is,

2 2
|8f,mn(c2 + d7) (A;”)AE(’) - A(I")Ag”)) + 12HLX[}<A(1"> + Ag") )| These components account for only a few
percent of the 1-st and 2-nd components of M. However, for the small and smooth topographic amplitudes (i.e.,
¢; = 100 m) and for strong wind (zop™" = 0.3 N/m?), these three terms reach 18%. For explanation of the

linear dependence between U (or transport) and k, this accuracy is good enough to drop them out. Note that for
our calculations of &, we use a cubic Equation 27 without neglecting of any terms.

If we substitute (20-24) in Equation 27, we get Equation D1 (see Appendix D). The terms proportional to cubic
and quadratic orders of U are also much smaller than the other terms and can be neglected (see Appendix D).
Equation 27 after simplification can be rewritten in the form:
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_ TP T3 — koT}

, (32)
—koT3
where
72 = 3HL3€ﬁ tiomer, ¢ SR IHLE o B+ (c2 +d2) % L
= T T
! [*n? 41404 0P
2 .13
2 2y JoeLly
+Hci+d . 33
(Cn n) anLZ ( )
3357 3xLe* 3zl
T2 — X -3 2L X x , 34
2= g T s e 34
4
=—(c;+d))L, fOL + 24HL (35)
4 31-1L3 6HPB*L?  3HLpe?
= (2 +d)L, ﬁ’ﬁ ﬁ + 12HL e + P Ly e (36)

L*n? 414 n4

The only negative term in 73 (see 34) is the 2nd term, that is, —37€2L,. The absolute value of this term is smaller

then the value of the 1st term, that is “ifn< 89, which confirms a positiveness of T3. The positiveness for the

’ 4r12n'
term T7 is satisfied for topography lower than 545.8 m. The higher values of amplitude of the topographic obstacle
cannot be applied because of the quasi-geostrophic limitations. In the range of parameters considered the second
term in the denominator of 32 is much smaller than first one: usually it is a few percent of the 1st term; however in
case of a strong windstress (z,p5' = 0.25 N/ m? and with small topographic amplitude of 100 m) it rose to 0.18.
With the goal to simplify the expression (32) and to justify a linear relationship between U (transport) and k,, we

can neglect the 2nd term in the denominator of this expression.

Equation 32 can be rewritten as

73 T2
U= T()po_l —Z_ k0—4 (37)
noon

There is a linear dependence of zonal velocity U (or zonal transport) on k, and this explains the linear relationship
between U and k in Figure 3, which was calculated from the basic equations. The maximum value of U cor-
responds to the zero value of &y and is a function of wind stress:

173
Umax - T()po_ 2 (38)
Ty
The maximum value of the k is
2
kmax = TOpal_%' (39)
L

It is interesting to compare k,,, from 39 with 25: in Figure 3 k., is indeed much smaller than &y, from 25. The
difference in transports between FR experiments and CR experiments with k, = O (no parameterization) is
substantial (see Figure 3). The difference could be between a few percent and more than 100%. For example,
for topography ¢, = 200 m and wind stress of 0.3 N/m?, the FR model gives transport of 649.9 Sv., and CR
model with k, = 0 gives 1,305.8 Sv. Figures 4 and 5 demonstrate the dependence of k, on wind stress 7, and zonal
Fourier mode in two different ways. For amplitude of topographic obstacle between 200 m and 300 m, Figure 4
plots k, as a function of Fourier mode for a number of different wind stress values, while Figure 5 plots k, as a
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Figure 5. Coefficient k, for topographic amplitude of 200 m as a function of
wind stress 7.

In most cases, k, decreases for the same topography and wind stress when
Fourier modes grow (see Figure 4). However, in the case of small amplitude
topography (¢, = 100 m) and small Fourier modes (n = 1-3), the value of &
increases, when n increases. With small amplitudes and smooth (small n)
topography, the main balance of windstress is viscous bottom friction (eU)
together with the topographic form stress exerted by parameterized eddies
(Bko): Ton/ (4Hpy) ~ €U + Pky. For example, at ¢, = 100 m, the contribu-
tion of bottom friction is 70%, and the contribution of pky is 23%
(ro/py = 0.1 N/m?). Approximately the same balance remains even when
the windstress increases to 0.2 N/m? (66% and 25%, respectively), and when
the windstress increases to 0.3 N/m? (70% and 19%, respectively). We know
that mean zonal velocity (transport) decreases with the growth of topographic
Fourier mode n. Consequently, with the growth of n at a given windstress, the
coefficient k, should increase for balance of windstress. Also, in the case of a
large topographic amplitude (¢, = 300 m) and larger Fourier wavenumber,
ko for n = 6 is more than k, for n = 5. ky more or less monotonically in-
creases when wind stress increases for ¢, = 200 m and ¢, = 300 m, if
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Figure 6. Coefficient kq as a function of D, which provides transport in the Coarse Resolution model equal to transport in the
Fine Resolution model.

n = 1,2 (Figure 4). However, there are some instances of nonmonotonic dependence of & on the wind stress for
¢, = 100 m; for ¢, = 100 m for n = 5,6; for ¢, =200 m, n = 1). Equation 27 applies for monoscale
topography. For multiscale topography, mathematical complications arise in deriving the equation, which links k
and 7. However, it is straightforward to find the dependence numerically.

4.2. Derivation of an Equation for k, as a Function of Topographic Roughness and Wind Stress

Our results demonstrated a strong dependence of k, on topography, both on the amplitude of topography and the
horizontal variability (topographic Fourier number). It would be interesting to introduce a topographic parameter
combining both the amplitude and the horizontal variability with the aim of linking the coefficient k, with such a
parameter. Recall that the important momentum sink of the external forcing (wind stress) in a zonal channel is the
topographic form stress, which strongly depends on the zonal gradient of the topographic height. To quantify this
dependence, an integral measure D of the roughness of the topography was introduced in IZS. The dimensionless

1 (L (b )
D= \/ 1L, .[o ‘/(; (0B /0x)“dx dy. (40)

This parameter D is the R.M.S. of the zonal gradient of B (recall that B is the deviation of bottom topography from

number D is:

a constant depth H). Substituting Equations 8 and 9 to 40 with an appropriate Fourier transformation, we obtain:

D= fo /; n2(c2 +d). (41)

The dependence of k, on D was calculated for wind stress 7, between 7, = 0.1 and 0.3 N/m? and is shown in
Figure 6.

For each value of 7, one can see the link between &, and D. The value of k, decreases when D increases. There is
some nonmonotonic dependence of k, on D, such as the increase of k in the interval of D = 0.7 - 1073~ 0.8 - 1073
for wind stress between 7, = 0.2 N/m? and 7, = 0.3 N/m?. This indicates the need for statistical analysis of the
results. We fit these curves using linear regression. Figure 7 displays the linear fit for 5 values of the wind stress
together with the 95% significance intervals. The absolute magnitudes of the correlation coefficients in Figure 7
are all >0.8 and significant with >99% confidence. These results confirm the possibility of representing &, as a
linearly decreasing function of D as a first approximation.

To study the relationship between k, and z,, we averaged k over all values of D for each 7, (see Figure 8). The
relationship ky-7 is linear on the interval of 7, between 0.1 N/m? and 0.3 N/m?.

We introduce a coefficient kg (zy) representing a linear interpolation of &, corresponding to the minimum value of
D (called D°) between 7, = 0.1 N/m? and 7, = 0.3 N/m?. D° = 7.85-107> corresponds to topography
¢; = 100 m. The equation linking k, with 7y and D can be written as follows:
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Figure 8. Dependence of mean k, on wind stress and linear fit with 95%
confidence interval. Each data point is the result of average over 18
members. The correlation coefficient is 0.99, significant with

confidence >99%.

experiments with the FR model were performed. For our Control experi-
ments, we have taken the o average. In these Control experiments, the wind
stress and topography parameters were chosen randomly and differed from
the parameters in the 90 experiments on which Figure 8 is based. The list of
parameters for these 14 additional experiments is given in Appendix C.
Figure 9 (upper panel) shows the comparison of diffusivity PV coefficients
calculated using Equation 27 (i.e., based on the FR experiments and our
theory) and Equation 42. The former coefficient we will call kOFR and the latter
call kgR . The parameters used for the calculation are shown in the lower panel
of Figure 9.

The results confirm the validity of the proposed formula 42. kgR and kgR are
significantly correlated with a correlation coefficient of 0.9 significant with
>99% confidence. The distribution of kgR is smoother than the distribution of
kgR . The values of kgR in almost all control experiments are slightly less than
that kgR . The difference between the coefficients could be reduced by
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Figure 9. Coefficients kgR and kgR calculated for 14 additional Control experiments with random windstress and topography
parameters (upper panel); scatter plot of the coefficients kOFR versus kgR (middle panel); parameters, used in Control
experiments to calculate kgR (lower panel). The correlation coefficient between kgR and kgR is 0.9, significant with >99%
confidence.

allowing the parameter a to be a function of wind stress. There is a linear dependence kg R on D, but the regression
coefficient generally depends on the wind stress (see Figure 7).

5. Discussion and Conclusions

All schemes of eddy parameterization contain coefficients, which are the “free parameters”, that is, parameters
that cannot easily be specified from observations, theory, or eddy experiments. Any results providing us more
information about the magnitude of these coefficients (e.g., ky in the diffusive PV parameterization), their space
and time variability, or their dependence on windstress and on bottom topography are valuable. There are a few
approaches that allow one to estimate or limit possible values of these coefficients. For example, integral con-
straints required the averaged coefficient k, to be positive (see IZS). Marshall (1981) demonstrated that in a two
layer quasi-geostrophic zonal channel with a flat bottom, the coefficient of diffusivity of PV must be greater in the
lower layer than in the upper layer. Contrary to the flat bottom case, the coefficient of diffusivity of PV in the
upper layer must be greater than in lower layer, if the bottom topography deviation is high enough (Ivchenko
et al. (2013)). Integral constraints required dependence of the coefficient of PV diffusivity on topography
(Cummins (2000)).

The standard range of wind stress amplitude 7, between 0.1 N/m? and 0.3 N/m? was applied to all types of
discussed topography. The contribution of wind stress in the zonal momentum equation is balanced by four terms
(Equation 17): topographic (bottom) form stress, viscous bottom friction, friction due to PV diffusivity, and by the
topographic form stress exerted by parameterized eddies fk, (IZS). In most cases, the main balance takes place
due to topographic form stress, which is in agreement with the pioneering result of Munk and Palmen (1951) for
the ACC and modeling results by Ivchenko et al. (1996) and Stevens and Ivchenko (1997). The exceptions are the
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channels with small amplitude, smooth topography, when bottom friction eU or/and pk, terms becomes
important. The contribution by PV-diffusivity (3z°koU/(4L?)) is negligible. The relative importance of the four
balancing mechanisms depends on topography and wind stress amplitude.

Although many studies have assumed that the PV diffusion coefficient is a function of the mean flow, our study
adopts a complementary approach and investigates whether factors which are independent of the mean flow such
as the wind stress or the bottom topography can be used to constrain the diffusion coefficient.

We propose a new method for estimating the coefficient of diffusivity of PV based on a simplified model (CR)
and using a number of the eddy resolving experiments (FR). The main results of this study are the derivation of
two Equations 27 and 42. The former equation represents an analytical algebraic cubic equation, linking &, with
the prescribed mean zonal velocity U (zonal transport) and wind stress 7, as well as geometric and geophysical
parameters. This equation is developed for monoscale topography. Note, that this equation can be simplified to
the linear Equation 37 by neglecting many relatively small terms. This equation demonstrates the range of values
of ky (for each topography, and wind stress): the smallest K, = O which provides the highest value of the
transport, and the maximum k,, (expression 39) which provides zero zonal transport. The zonal transport
strongly depends on the value of ky. Choosing an incorrect value of k, will lead to incorrect transport in a CR run.

Equation 42 is based on Equation 27, and on statistical analysis of ninety 100-model year eddy-resolving ex-
periments (5 values of the wind stress applied to 3 values of the topographic amplitudes and 6 values of the
Fourier modes). This analysis allows us to propose a linear relationship between k, and wind stress 7, and also a
linear relationship between &, and a measure of topographic roughness, D (the R.M.S. of the zonal gradient of B).

To check the proposed parameterization, that is, Equation 42, a series of 14 additional experiments was performed
using the FR model. In these experiments, wind stress and topography differed from the parameters of the original
90 experiments. The results showed a good match of parameterized kgR and kOFR, that is, calculated using 27. Note

that there are limitations for use of Equation 42, since the parameters of kg and o depend on the wind stress and
they need initial experiments to determine them. Equation 42 is an empirical relationship between the diffusion
and bottom roughness and wind stress.

Neglecting parameterization in the CR model, (k, = 0) yields substantial deviations from FR experiments: the
difference is between a few percent and more than 100% (if ¢, = 200 m, and wind stress is 0.3 N/m?). There are
no truncation errors in the horizontal expansion, since only Fourier modes represented in the bottom topography
contribute.

In this study, we revisited the problem of the eddy saturation. Many experiments with the FR model were
conducted for various types of bottom topography. For most types of bottom topography, there is an eddy
saturation regime. However, in channels with small amplitude and smooth topography, eddy saturation is not
observed (see Figure 2). We suggest this lack of saturation is due to fact that in this case an important role in
momentum balance is played by viscous bottom friction. The increase in windstress should lead to an increase in
the mean zonal velocity for balance, and accordingly, to the lack of saturation.

A new important problem will be addressed in a future study: a generalization of this study to baroclinic zonal
flows. The method proposed in this study can be generalized to the baroclinic two/three layer case. Mathematical
complications will probably not allow us to develop an analytical equation similar to 27. However, numerical
calculations will allow us to determine the vertical variability of coefficient of PV diffusivity as well as the
thickness diffusion coefficient in the Gent-McWilliams scheme (Gent and McWilliams (1990)) based on the
statistical analysis of the eddy-resolving models. Elucidating the dependence of these coefficients on wind stress
and bottom topography would be a significant step in oceanic modeling.

Appendix A: Special Form of the Coefficient k,
We assume no mass flux through the solid walls:

Vo =0. (A1)

We also assume no QGPV flux through the walls:
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Vg yor = _(k a_z)lyd),L =0. (A2)

Condition A2 can only be satisfied if & is zero on the solid walls, because of the presence of the planetary vorticity
gradient f in the expression for the meridional gradient of QGPV, that is, on the boundaries g—i{ cannot be zero;

therefore, kK must be zero. Hence, we specify the following form of the coefficient k:
k= ko{l + oL _ /) e(y—L)/A} (A3)

where A is the width of thin boundary layers, A < L, and k; is a constant.

k is almost constant in the domain but quickly drops to zero on the side walls. The difference between & and k at
any point of the domain will be small by choosing A to be small enough except on the solid boundaries,
where k = 0.

Appendix B: The Boundary Conditions for the Mean Zonal Velocity

The mean zonal velocity U*, required boundary conditions on the walls, that is, y = 0, L. Charney et al. (1981)
for an atmospheric zonal channel justified the mean zonal velocity U being constant over the channel but vanish at
its boundaries. For an oceanic zonal channel, where the main forcing is a wind stress Marshall (1981) demon-
strated that mean zonal velocity on their boundaries vanishes, if wind stress vanishes and if this velocity is zero
initially.

Charney et al. (1981) and IZS used this condition, and in their mathematic treatment, they integrated the
meridional gradient of U multiplied by the cosine of the meridional coordinate:

L
U
/ —cos(my/L) dy. (B1)
o 0y
However, U is not a continuous and differentiable variable over y because it jumps to zero at y = 0,L
and cos(zy/L) = +1.
If it is assumed (as the previous authors did) that %—ly/ = 0 in B1 there is an inconsistency, since
Lyy Ly L
/ a—cos(;ry/L) dy = [ a—{cos (my/L)UYdy + rr/Lf Usin(zy/L)dy. (B2)
0o 9y y

0 0

The first integral on the R.H.S. of B2 equals zero, since U is zero on the walls, but the second integral is not zero.
To solve this problem, we suggest to use the following form of U*:

U* = U{l + e(—L/A) _ e(—)'/A) _ e(y—L)/A}, (B3)
where A <L and U is a constant. U* is differentiable on this interval. U* is almost constant in the domain but

quickly drops to zero on the side walls. The difference between U and U* at any point of the domain will be small
by choosing A to be small enough, except on the solid boundaries, where U* = 0.

Appendix C: Coefficients ky (m?/s) Averaged over Windstress

. kg for topography C¢ = 100m: 411.7
. ko for topography C; = 100m: 317.5

1. ky for topography C; = 100m: 505.9
2. ky for topography C, = 100m: 636.4
3. kg for topography C; = 100m: 755.2
4. kg for topography Cs = 100m: 460.9
5
6
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7. ko for topography C; = 200m: 777.2
8. kq for topography C, = 200m: 704.7
9. ky for topography C; = 200m: 357.2
10. kg for topography Cs = 200m: 267.2
11. kg for topography C¢ = 200m: 160.9
12. kg for topography C; = 200m: 84.1
13. kg for topography C; = 300m: 722.7
14. ky for topography C, = 300m: 306.1
15. kg for topography C3 = 300m: 123.5
16. kq for topography Cs = 300m: 50.6
17. kg for topography Cy = 300m: 46.6
18. k for topography C; = 300m: 27.2
Appendix D: Developing a Linear Expression Linking k, and U
Equation 27 after neglecting of the cubic and the quadratic terms of k, and also after neglecting of the 3-rd—5-th
terms in (30) can be rewritten as
U’E| + U*SL,E; + UL E, + T2 ,E; =0, (D1)
where
E, =48Hen*n*/L,, (D2)
E, = —24HL ep, (D3)
E; = —1210p617r3n2/Lx, (D4)
E, =48kyHpn’7*/L,, (D5)
Es =3HL}ef/(n*n?), (D6)
E¢ =12HL,é, (D7)
E, =6HLe*/(L*n?), (D8)
Eg =3HL/(4L*n*), (D9)
Ey =670, 7L, (D10)
Eyo =4fy (2 + d2)eL/H, (D11)
Eyy = f2(3 + d?)el’/(HR*L?), (D12)
Eyy =dkofyn*(c2 + d%) L/(HL?), (D13)
E\3 = —24koHL.f*, (D14)
Eyy = =3tpy LI/ (4n° ), (D15)
Eis = 310palﬂLx€2, (D16)
Eis = —3topy ne’ L} /(2L n%), (D17)
E; = —370p51ﬂLx5€2/(16L4n4), (D18)
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Eg =4kofy (2 + d)BL/H, (D19)
Eyg =3koHL}*/(n* %), (D20)
Ey = 12koHL, pe*, (D21)
Ey = 6koHL pe*/(L*n?), (D22)
Eyy =3koHLfe*/(4L'n"). (D23)
The member |UE, | is much smaller compared with the modulus of all the other terms: usually 3 or 4 orders of
magnitude less than the biggest and not higher than 0.03. The term |U 22?:2 E;| is also smaller than the other terms.
Usually, this term is a few percent of the biggest terms. Its contribution is highest for the small amplitude
topography (¢, = 100 m) but no more than 0.24. For highest accuracy, one can use all the terms without
neglecting the smallest or even use the basic cubic equation relative to &, (i.e., 27). However for our purposes
(linear link between U and k) neglecting of terms proportional to U and U? is reasonable and Equation D1 can
be rewritten as Equation 37.
Appendix E: Additional (Control) Experiments With Random Windstress and
Topography
Exp.1: topography ¢; = 150 m,z, = 0.22 N/m>..
Exp.2: topography c¢s = 250 m,z, = 0.18 N/m?.
Exp.3: topography ¢, = 275 m,7, = 0.27 N/m?.
Exp.4: topography ¢; = 225 m,zy = 0.13 N/m>.
Exp.5: topography ¢ = 180 m,zy = 0.17 N/m?.
Exp.6: topography ¢, = 240 m,7y = 0.12 N/m?.
Exp.7: topography ¢; = 120 m,z, = 0.27 N/m?.
Exp.8: topography ¢, = 160 m,7, = 0.18 N/m?.
Exp.9: topography ¢; = 230 m,zy = 0.17 N/m?.
Exp.10: topography ¢; = 180 m,zy = 0.22 N/m?,
Exp.11: topography ¢, = 120 m,7, = 0.16 N/m?.
Exp.12: topography ¢, = 190 m,z, = 0.17 N/m?.
Exp.13: topography ¢ = 210 m,z, = 0.21 N/m?.
Exp.14: topography ¢; = 120 m,z, = 0.18 N/m>.
Data Availability Statement
The code and input files required to enable the reader to reproduce the results we present are available online
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