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ABSTRACT

Soil bulk density (BD) is a macroscopic indicator frequently used to infer the soils’ pore system, a fundamental
attribute of terrestrial environments that significantly affects processes such as infiltration, water retention and
plant root development. Additionally, BD is essential for assessing the storage of various materials in soils and
sediments, including carbon and nutrients. High bulk density, often a consequence of soil compaction, represents
a form of soil degradation that diminishes the soil’s functional capacity. Therefore, effective management of soil
BD is crucial for improving agricultural yields, safeguarding ecosystem services, preventing degradation, and
preserving the overall integrity of the Earth’s system. This review synthesizes recent research on the packing
behavior of granular materials to clarify the emergent property of soil BD. The findings yield an empirical model
that links packing fraction to the shape and size ratio of particles. The results demonstrate that the model
accurately captures the frequently observed exponential decrease in soil BD with increasing soil organic matter
(SOM) content. While it is widely recognized that particle density influences BD, the analysis indicates that grain
shape exerts a considerable effect, followed by the particle size ratio in granular media. The insights from this
study aim to transform the perception of BD from a static notion to one that acknowledges how changes in the
morphology of soil constituents, driven by factors such as root growth and decomposition, can result in variations
in BD. As a result, BD may become increasingly sensitive to feedback from climate and land use changes as the
geometry of SOM evolves.
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1. Introduction

The soils’ pore system, often characterized by soil bulk density (BD),
plays a crucial role in the movement of mass and energy within soils, and
is largely influenced by the arrangement of soil grains (Dippenaar, 2014;
Flint and Flint, 2002; Grossman and Reinsch, 2002; Nimmo, 2004).
Furthermore, Hirmas et al. (2018) have identified significant
continental-scale variations in macroporosity over decadal periods,
which may have unknown implications for hydrological processes.
Additionally, bulk density is vital for assessing carbon and moisture
reserves in soils (Kravchenko et al., 2019; Lee et al., 2009; Xu et al.,
2016). Increasingly, soils face threats from a cycle of compaction,
heightened runoff, and erosion resulting from management practices.
While the effects of escalating erosion are evident (Borrelli et al., 2017),
the fundamental mechanisms driving changes in soil bulk density at the
grain level remain inadequately understood.

Bulk density is fundamentally an emergent physical property. A
comprehensive understanding of this property necessitates investigation
that elucidates the bulk property through the emergent behavior of its
grain- or micro-scale components (Tranter et al., 2007). From a
macroscopic viewpoint, extensive datasets concerning soils and sedi-
ments consistently indicate a exponential reduction in bulk density as
soil organic matter (SOM) increases (Atwood et al., 2020; Avnimelech
et al., 2001; Hossain et al., 2015; Keller and Hakansson, 2010; Koop
et al., 2023; Ramcharan et al., 2017; Reynolds et al., 2013; Ruehlmann
and Korschens, 2009). Nevertheless, the mechanisms that govern this
phenomenon are not thoroughly understood from a grain scale
perspective. By employing such an approach to investigate the proper-
ties of grain assemblies based on the shape and size distribution of their
particles, significant physical insights into the emergence of soil struc-
ture can be obtained, which may not be apparent from macroscopic
assessments. Such insights could enhance our comprehension of soil
grain packing and their susceptibility to compaction, as well as the in-
fluence of plants and other organisms in mitigating this compaction.

It is suggested that the commonly observed decrease in soil bulk
density, which correlates with an increase in soil organic matter (SOM),
is affected by the particle densities of the components within the
mixture, along with their particle shape and size distribution. Therefore,
our objectives are to, i) synthesize the recent literature on the packing of
granular media; ii) apply insights from the granular media literature to
soil physics to enhance the description and comprehension of soil bulk
density. To achieve these aims, this work is organized as follows, 1.
Introduction, 2. Macroscopic packing and bulk density; 3. Packing of
monosized hard spheres; 4. Packing of monosized grains of different
shapes; 5. Particle size distribution and binary mixtures; 6. Inter-particle
forces; 7. Modeling the packing of granular media; 8. Modeling the bulk
density of soils before 9. General Discussion. This discussion will address
the implications for soil management and restoration based on the in-
sights obtained. The outlined objectives will not only deepen our un-
derstanding of the emergent packing behavior but will also aid in
developing a structural model that underpins various other physical

properties, including electrical, thermal, and hydrological characteris-
tics (Kojima et al., 2018).

2. Macroscopic packing and bulk density

The arrangement of spheres has been a subject of study for centuries
due to the significance of object packing in science and industry (Aste
and Weaire, 2008; Conway and Sloane, 2013; Cumberland and Craw-
ford, 1987; Hales et al., 2017; Kepler, 1966; Torquato, 2013; Torquato
and Stillinger, 2010; Weitz, 2004; Zong, 2008). Expanding the focus
from spherical to non-spherical particles is crucial for accurately
describing and comprehending the behavior of natural materials. This is
particularly relevant for soils and sediments (Robinson et al., 2022),
which frequently consist of platy or fibrous particles. Establishing a link
between the macroscopic measurement of bulk density and the micro-
scale properties of the soil can provide significant physical insights. Bulk
density serves as a vital state parameter in the field of earth sciences
(Blake and Hartge, 1986; Grossman and Reinsch, 2002). The packing of
granular particles in nature leads to the macroscopic — bulk relationship
between porosity (¢, m> m™>), bulk density (pb, kg m™3), particle density

Table 1

Packing fractions of hard spheres in lattice structures or organized configura-
tions, modified from (Cumberland and Crawford, 1987). Other ordered config-
urations are presented in the reference for z = 11 n = 0.7183; then, 9, 0.6134; 7,
0.5612; 5, 0.4031; 3, 0.2234; 2, 0.0545.

Packing group Common name Analytical Packing Number of
expression fraction n contacts
@’m® @
Rhombohedral Face-centered ©/(3v/2) 0.7405 12
cubic FCC
(pyramidal)
Rhombohedral Hexagonal close- /(3 \/ 2) 0.7405 12
packed HCP (clear
passage)
Rhombohedral Rhombohedral /(3 \/ 2) 0.7405 12
(blocked passage,
twinned)
Tetragonal Tetragonal - 0.6981 10
Sphenoidal Sphenoidal (clear
passage)
Tetragonal Tetragonal - 0.6981 10
Sphenoidal Sphenoidal
(Blocked passage)
Orthorhombic Orthorhombic, (7[\/ 3)/8 0.6801 8
(blocked passage)
Orthorhombic Orthorhombic, /(3 \/ 3) 0.6046 8
(clear passage)
Orthorhombic Orthorhombic, /(3 \/ 3) 0.6046 8
cubic tetrahedral
(BCC)
Simple cubic Simple cubic (SC) /6 0.5236 6
lattice
Tetrahedral Diamond cubic (n \/ 3)/16 0.3401 4
lattice




D.A. Robinson et al.

(ps, kg rn’s), and packing fraction (n, m? rn’g), Eq. (1):

wzl—(@):u—n) ¥
Ps
It is both scientifically and practically intriguing to comprehend the
mechanisms by which particles aggregate to create a macroscopic
structure. Consequently, the investigation into the emergence of bulk
density or porosity can adopt a stereoscopic perspective, encompassing
both microscopic and macroscopic dimensions (Scarlett et al., 1998).

3. Packing of monosized hard spheres

The microscopic perspective commences with an analysis of the
packing behavior of monosized hard (non-overlapping) spheres. This
issue holds significant relevance in the fields of crystallography, chem-
istry, physics, and materials science, making it a thoroughly researched
topic (Conway and Sloane, 2013). The packing fraction (n) of spheres
within lattice structures is well-known and described quantitatively in
Table 1.

A more complex issue lies in comprehending and articulating the
packing behavior of disordered systems composed of monosized
spheres. In their study, Song et al. (2008) provided a mathematical
framework to determine the packing fraction of monosized hard spheres
in both random loose packing (RLP) and random close packing (RCP)
scenarios. Their model established a relationship between the packing
fraction and the coordination number, denoted by the symbol (C), which
represents the average number of contacts in random packings. They
formulated an equation of state for the packing fraction () = 1-¢) that is
contingent upon the number of contacts, or (C):

~_ (©
(C) +2v3

According to Eq. (2), in the context of the maximally random jam-
med (MRJ) state characterized by an average coordination number of
(C) = 6, the researchers determined that the packing fraction 1 is 0.634
(m® m~3) for frictionless particles (with a coefficient of friction y = 0).
Conversely, for the maximally jammed loose state, where (C) = 4, the
packing fraction 1) was found to be 0.536 (m® m~) as the coefficient of
friction approaches infinity (4 — oo). This study lays the groundwork for
subsequent theoretical investigations that extend beyond spherical
particles to include those of various geometrical shapes.

n (2)

3.1. Contact, kissing, and coordination numbers

The contact number, defined as the ratio of the total number of
contacts within a packing to the total number of particles, serves as a
valuable metric for characterizing the spatial arrangement of random
packing (Bernal and Mason, 1960; Bezdek and Khan, 2018). Strong re-
lationships have been found between packing fraction (1) and contact
number in disordered packing (Migal et al., 2020). Furthermore, the
contact number plays a crucial role in understanding the physical
properties of materials. It encompasses aspects such as strength, the
transfer of forces through force chains, and the overall stability of a
packing structure. This may explain the enduring fascination this issue
has held for scientists over the centuries.

In 1611, Johannes Kepler posited that no packing of congruent balls in
Euclidean three-space has a density greater than that of the face-centered
cubic packing. This assertion, known as the Kepler conjecture (Kepler,
1966), remained unproven until a recent proof by exhaustion (Hales
et al.,, 2017). Subsequently, in 1694, a notable exchange took place
between Isaac Newton and David Gregory. It was concerning, how many
spheres can be placed around a given sphere, such that they are all the same
size and touch the central one. This quantity is referred to as the ‘kissing
number’ determined by the optimal arrangement of spheres to maximize
contact with the central sphere. In mathematical terms the kissing
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number k(n) also known as the Newton number represents the highest
number of non-overlapping spheres that can simultaneously touch
another sphere of the same size; for three dimensions (d = 3) this
number is 12 (Table 1) (Conway and Sloane, 2013). Newton advocated
for the number 12 while Gregory proposed 13; although 12 is the correct
answer, it may seem counterintuitive, as it is possible to tightly pack 13
spheres around a central sphere, albeit not all will make contact
(Anstreicher, 2004; Aste and Weaire, 2008). In lattice packings, each
sphere touches the same number of neighboring spheres, a condition
that does not hold true for disordered packings.

In disordered packings, the term used to describe the number of
contact points is referred to as the contact number (2) or the average
contact number (C), also known as the coordination number (CN), or
ligancy within the field of material science. Additional relevant concepts
include the local coordination number, which considers nearby spheres
that do not make contact with a central sphere; this may encompass
spheres located in a second coordination shell (Migal et al., 2020). Other
significant coordination numbers include the caging number which is
approximately 4.71 and the parking number which is around 8.7. The
caging number represents, ‘the average minimum number of randomly
placed particles required to block all movement of a center particle’
(Wouterse, 2008); whereas the parking number for spheres denotes, ‘the
average of the maximum number of particles that can be placed randomly on
a central particle without interpenetration of the surrounding particles with
each other’ (Wouterse, 2008). Consequently, the parking number serves

Contact number vs packing
Measurements, models and approx. bounds

12.5
Data
A) Experiment
10.04 A) Tomography
@® B)Ordered
= *
8 C) Song
=
c 7.54
—
(6]
©
-
c
o
O 50
2.5+

0.0 0.2 0.4 0.6 0.8
Packing fraction
Literature data

Fig. 1. Illustrates the relationship between contact numbers and packing
fraction for both measured monosized disordered sphere packings (represented
by non-circles) and modeled ordered and disordered sphere packings (depicted
as circles). The values for ordered packing (indicated by red circles) are sourced
from the works of (Cumberland and Crawford, 1987; Manegold and von
Engelhardt, 1933) with the number of contacts equal 2 at the low end and 12 at
the upper end. The large open grey circles denote model predictions for MRJ
spheres, as discussed by (Song et al., 2008). Notably, these predictions diverge
from the expected range of 0.54 to 0.64 when extended into the dilute range of
0.36, as indicated by the grey line. The black and grey lines serve as approxi-
mate upper (black line for ordered packing) and lower (grey line for disordered
packing) bounds, which have been fitted using the proposed empirical function
(Eq. (3)). The measurement data, represented by triangles, originates from
experimental packings obtained through tomography, as reported by (Delaney
et al., 2010). Additionally, the yellow crossed squares represent measurements
derived from packing experiments and contact counting found in the literature,
specifically from (Aste et al., 2005).
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as a less stringent limit compared to the kissing number.

The correlation between the quantity of contacts and packing density
warrants investigation. This can be achieved by analyzing precise values
for lattice configurations alongside empirical data derived from either
real-world or computational experiments involving spheres in a maxi-
mally jammed random state. The information presented in Fig. 1 and
Table 1 offers significant insights into lattice structures and the most
efficient packing arrangements (Cumberland and Crawford, 1987;
Manegold and von Engelhardt, 1933). The analysis of these lattices re-
veals that the association between the number of contacts and packing
fraction is not singular; for instance, body-centered cubic (BCC) and
hexagonal close packing exhibit identical contact numbers yet differ in
their packing fractions. Furthermore, it is noteworthy that various
structures can coexist at the same packing fraction; for example, face-
centered cubic (FCC) and hexagonal close packing (HCP) share the
same packing fraction () and contact number, (z = 12), but they are
arranged differently.

Disordered arrangements of spheres, referred to as maximally
random jammed configurations (Torquato et al., 2000), exist at the ex-
tremes of packing fractions known as random close-packed (RCP) and
random loose-packed (RLP). The experimental determination of contact
numbers poses significant challenges, as spheres may be nearly in con-
tact without actually touching, leading to potential overestimation of
contacts. Additionally, many mathematical models operate under the
assumption that spheres are frictionless, a condition not typically met in
practical experiments. Considering these complexities, the findings
regarding maximally jammed spheres, derived from a synthesis of
experimental data compiled by Aste et al. (2005) are illustrated in Fig. 1,
which incorporates measurements from earlier studies (Bernal and
Mason, 1960; Mason, 1968; Scott, 1962) represented by open crossed
squares. Recent advancements in measurement methodologies and
computational simulations have further enhanced the accuracy of these
measurements. Delaney et al. (2010) employed a hybrid approach uti-
lizing X-ray computed tomography (XCT) alongside discrete element
method (DEM) simulations to analyze the properties of sphere packings.
This investigation included the average contact number, denoted as (C)
for spheres in a maximally random jammed state (Fig. 1, open triangles).
Furthermore, the integration of empirical experiments with DEM sim-
ulations allowed for adjustments related to friction, providing insights
into its influence on packing characteristics. The refined experiments
conducted on gravitationally packed spheres yielded results that were
lower than those from previous studies, indicating prior overcounting of
contacts, while revealing that the impact of friction on the examined
packings was minimal.

The significance of the physical relationship between n and z or (C) in
determining material properties, particularly mechanical stability, has
led to substantial efforts in modeling this relationship. Migal et al.
(2020) presented a compilation of equations aimed at empirically rep-
resenting the connection between n and z or (C) for both ordered and
disordered sphere packings. The findings from the models utilized in
their study reveal a lack of consistent predictive accuracy for both or-
dered and MRJ packings. This underscores the complexity of the issue,
particularly with the inclusion of disordered packings.

Song et al. (2008) introduced Eq. (2) to describe disordered sphere
packing, establishing a relationship between the average coordination
number (C) and the packing fraction, n. The density of approximately
0.64, commonly known as the random close packing (RCP) limit, is
influenced to some degree by the specific method employed to achieve
the packing configuration (Torquato et al., 2000). This observation
carries significant implications for the interpretation of computer sim-
ulations that utilize various techniques to generate packing arrange-
ments. The outcomes of Eq. (2) are illustrated in Fig. 1 as open circles,
with values extrapolated beyond the disordered range to z =2 and 12, to
analyze the behavior at these extreme limits. The findings demonstrate a
strong correlation with the data within the loose and close-packed
boundaries (0.54-0.64), although the correspondence diminishes
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outside these ranges, as anticipated.

The findings derived from both experimental and model analyses
(see Fig. 1) indicate that lattice structures typically establish an upper
limit. Disordered packings, specifically Random Loose Packing and
Random Close Packing, exhibit greater density compared to their
tetrahedral and simple cubic lattice counterparts, given an equivalent
number of contacts. The existence of two distinct packing fractions for z
= 8 implies that a singular relationship does not exist. This observation
indicates a range of potential combinations of z and n which are influ-
enced by various forces and steric considerations. While some re-
searchers have suggested empirical equations, such as those proposed by
Pabst and Gregorova (2007), testing these equations across all lattice
types revealed that the equation (z = n/(1- ) was unreliable at lower
packing fractions and did not account for a lower bound. Consequently,
further exploration of equations was undertaken to identify an appro-
priate empirical representation for the bounds. A function finder tool
(findcurves.com) was employed, yielding numerous candidates; how-
ever, the majority of these functions exhibited multiple coefficients that
demonstrated erratic behavior concerning both the upper and lower
bounds.

We suggest an equation structured in the following manner to
effectively represent the behavior of the spheres and establish approxi-
mate limits. The mean contact number ({C)g) can be described by this
well-behaved empirical formula, requiring a single unknown fitting
parameter (p).

(Chy = (Ch + (1 f) <c>k< (€1 — () ) ®

(C) +fu ﬁ(<C>l - <C>k)

In this context, the variable, (C)y represents the number of contacts
corresponding to the maximum packing density (0.74), which is quan-
tified as 12, also known as the kissing number. Conversely, (C);, denotes
the number of contacts, 2, associated with the minimum packing density
of 0.055 (Gardner, 1966). The normalized packing fraction, denoted as
fn ranges from O to 1. To align with the actual bounds of the packing
fraction, which span from 0.055 to 0.74, the x-axis was modified
accordingly.

n = f2(0.74 — 0.055) + 0.055 4)

The findings for this model are illustrated in Fig. 1, where the solid
black line, representing p = 0.75, serves as an approximate upper limit,
while the grey dashed line, corresponding to p = 1.07, indicates an
approximate lower limit. The grey line aligns with the results presented
by Song et al. (2008) and the empirical data concerning disordered
packings. The equation for (C)p delineates a region within which the
combinations of (C)p and 1 are expected to be situated.

Aste et al. (2005) emphasize that the contact number is a poorly
defined experimental parameter. Variability in the geometry of manu-
factured spheres and the positioning of their centers results in imprecise
counts of contact numbers in experimental packings. In their study,
Table 1 in Aste et al. (2005) illustrates the variation in contact number
(ny) as the radial distance (r) increases from (r) = 1.02 to 1.1 times the
particle diameter (2). The data indicate low contact numbers at r (1), but
within the measurement precision, (r = 1.02) yields a value of n; of
approximately 6, contingent on 1. This value escalates significantly with
distance, n, reaching about 8 at (r = 1.1), which is an increase of roughly
2. Although the contact number is experimentally ill-defined, it remains
a crucial parameter for practical applications and theoretical in-
vestigations, particularly concerning mechanical behavior. Further-
more, it has been demonstrated that the average contact number (C), for
a specific n, is influenced by the method of packing and the level of
order, whether isotropic or anisotropic. Literature values for physically
packed random close packing include 6.4 (Bernal and Mason, 1960), for
shaken ball bearings with the number approximately 1000; 6.24 (Pinson
et al., 1998) for ball bearings; 3.7, 6.9 or 7.7 depending on assumptions
about contact and voxel size (Aste et al., 2004), derived from XCT
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imaging of poured, tapped, compressed spheres with the number around
20,000; further improvement gave a value of about 5 (using the
improved hybrid method) (Delaney et al., 2010) through tomographic
imaging of acrylic beads and discrete element method (DEM) simula-
tions; and approximately 5.6 (Sibellas et al., 2024) for 1 mm glass beads
via X-ray microtomography. Values derived from computer simulations
of the random close packing include 6.0 as reported by (Bennett, 1972),
using a sequential addition algorithm; 5.99 as noted by Matheson
(1974), utilizing the “drop and roll” addition technique; 6.0 as reported
by Liu et al. (1999) employing a DEM-based dynamic model with cen-
tripetal packing; approximately 6 by To and Stachurski (2004), using a
spherical growth model, described as a concurrent method by Wouterse
(2008); approximately 6 observed by Isola (2008), using drop and roll
simulation, addition; and 6.14 as established by Silbert et al. (2002), via
molecular dynamics, a concurrent method (Wouterse, 2008). It is
important to highlight that the estimated limits for RCP align with the
equation of state value, (C) = 6, as suggested by Song et al. (2008), as
well as the parking number (Cp) = 8.7 put forth by Mansfield et al.
(1996).

3.2. Order and the radial distribution function

Spheres arranged in lattice formations exhibit long-range, periodic
order. The unit cells may be isotropic, as seen in simple cubic (SC), body-
centered cubic (BCC), or face-centered cubic (FCC) structures, or they
may display some degree of anisotropy, as in hexagonal close-packed
(HCP) arrangements, despite the isotropic nature of the spheres them-
selves. The clusters that emerge in disordered materials are of significant
interest, as they contribute to the characteristics of the resulting packing
structure. Although the terms ‘random loose packing’ (RLP) and
‘random close packing’ (RCP) are often applied to disordered sphere
arrangements, these structures exhibit discernible short-range order.
This observation led Torquato et al. (2000) to advocate for the

Pair correlation function

Spheres
5-
Friction
44 = u=0
u=50
3-
k)
2_
1.
0- --------
0.5
d=1 \

Fig. 2. Illustrates the pair correlation function for spheres arranged without
friction (p = 0) and with a significant degree of friction (p = 50), as adapted
from Yuan et al. (2021). The green spheres denote the initial layer of packing
surrounding a central blue sphere. The red spheres indicate the configuration at
a distance of d = \/ 3, while the yellow spheres represent the arrangement at d
= 2. The brown line depicts a step function characteristic of an uncorrelated
system. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)
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designation of maximally random jammed (MRJ) state when discussing
such disordered systems. Both experimental findings and computational
simulations have revealed radial distribution functions (RDF) for
disordered spheres. One of the earliest RDFs demonstrating this order,
which was modeled using a computer algorithm, was introduced by
Matheson (1974), based on an experimental packing produced by Fin-
ney (1970). The RDF indicated a first peak at a diameter & = 1 for
adjacent spheres, followed by two additional peaks, o = \/ 3and o = 2.
These findings are illustrated in Fig. 2, adapted from (Isola, 2008),
which depicts how the spherical shells surrounding the central shell
correspond to the peaks observed in the RDF. Additionally, the observed
peaks can be linked to distinct geometrical configurations. Specifically,
for o = \/ 3 this corresponds to a sphere positioned within a well created
by two obstructing spheres. In the case of @ = 2, the scenario involves an
outer sphere being directly obstructed by an inner sphere that encircles
the central sphere (see Fig. 2). Beyond & = 2 the radial distribution
function (RDF) stabilizes, suggesting the absence of long-range order in
the macroscopic arrangement. Aste et al. (2005) noted that the magni-
tude of the peaks increased with a rise in packing fraction; notably, the
peak at o = \/ 3 exhibited a more pronounced increase compared to the
peak at @ = 2 thereby affirming a growth in short-range order as packing
fraction increased. The term ‘steric factors’ broadly encompasses this
enhancement in order, attributed to heightened correlations among
particles. The brown line depicted in Fig. 2 represents a step function,
indicative of a packing arrangement devoid of order or correlation
among particles and their interactions. Consequently, the RDF illus-
trated in Fig. 2 reflects a trend demonstrating a decline in order from
random close packing (RCP, p = 0) thru random loose packing (RLP, p =
50) to an ideal packing scenario characterized by a lack of order or
correlation, as represented by the step function (Gonzalez Garcia, 2015).

4. Packing of monosized grains of different shapes
4.1. Spheroids and spherocylinders

The exploration of shapes beyond spheres can naturally progress to
the study of non-spherical particles such as spheroids and spherocy-
linders. Spheroids can be derived from a sphere by either elongating or
compressing the z-axis, resulting in prolate spheroids, which resemble
needles, or oblate spheroids, which take on a disk-like form. In contrast,
the formation of a spherocylinder begins with a sphere that is bisected,
followed by the gradual extension of a cylinder with an equivalent
radius between the two hemispheres. This process initially yields a pill-
shaped object, which transforms into elongated rods as the length of the
cylinder increases significantly. These geometric forms are not only
mathematically manageable but also serve as effective analogs for
various environmental materials; for instance, oblate spheroids repre-
sent platy particles such as clays, while prolate spheroids and spher-
ocylinders model fibrous materials, including roots, fungi, and peat
fibers.

For a particle assembly to achieve stability, it is essential that the
forces acting upon it are in equilibrium. In the context of cohesionless
spheres, this necessitates a balance of contact forces. Conversely, non-
spherical particles also experience torques, which also require
balancing. Consequently, altering the shape of the particles introduces at
least two significant new characteristics: the presence of torques and a
variation in the number of degrees of freedom (df), alongside particle
anisotropy, which can result in more complex packing arrangements
compared to spherical particles alone. Spheres possess only three de-
grees of freedom, allowing movement along the x, y, and z axes. In
contrast, spheroids (a # b = ¢) can rotate, providing them with five
degrees of freedom, while general ellipsoids (a # b # ¢) exhibit six de-
grees of freedom. The phenomenon of jamming for spherical particles is
solely dependent on translational jamming, whereas for aspherical
particles, both translational and rotational jamming play a role. Bennett
(1972) proposed that the RCP contact number should be 6, grounded in
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Fig. 3. A) The packing fraction and the average contact number (C) for models of oblate (left), prolate (right), and general ellipsoids are presented as a function of
the aspect ratio. The digitized data for dense packings is sourced from Donev et al. (2004) (D); Wouterse et al. (2007) (W) while loose packing is from Yuan et al.
(2021) (Y). B) The relationship between contact number and aspect ratio is illustrated for data from (Donev et al., 2004) and from (Yuan et al., 2021), distinguishing
between loose packings (black solid circles) and dense packings (blue solid circles). (For interpretation of the references to colour in this figure legend, the reader is

referred to the web version of this article.)

the principles of mechanical stability, leading to the conclusion that the
average contact number can be expressed as (C) = 2df, a condition
referred to as isostatic. The central thesis posits that a frictionless
random packing must possess a sufficient number of constraints to
adequately define the system. Donev (2006) demonstrated that packings
composed of hard spheres are strictly isostatic, conforming to this
principle. In contrast, aspherical particles exhibit hypostatic behavior,
meaning their values fall short of the isostatic threshold, leading to a
breakdown of the theory, as no discernible transition occurs from
spherical to spheroidal shapes. Consequently, the average coordination
number, (C), is established at 6 for an MRJ state of spheres. However,
the isostatic values for spheroids ((C) = 10) and highly anisotropic
general ellipsoids ((C) = 12) do not apply, as the hypostatic values are
approximately 9.7 and 11.4, respectively, i.e. they fail to attain the
isostatic benchmarks. Furthermore, as the aspect ratio of non-spherical
particles increases, their shape characteristics become more pro-
nounced. This indicates that the arrangements of these particles can
exhibit not only periodic and short-range (glassy) orders but also
orientational order (nematic). The level of anisotropy observed in these
arrangements may significantly exceed that found in spherical particle
packings, which has critical implications for the packing fraction. Such
structural effects are commonly encountered in physical packings but
can be overcome with computer simulation.

The previously established RCP limit for spherical particles was
approximately 0.64. However, research conducted by Donev et al.
(2004) revealed, through both experimental methods and simulation
algorithms, that ellipsoidal particles could achieve higher packing
densities, with RCP values ranging from approximately 0.68 to 0.71 (see
Fig. 3a). This enhancement in packing density is attributed to the
increased degrees of freedom associated with ellipsoids. The authors

posited that ‘to eliminate all local and collective degrees of freedom and
ensure jamming, and forming more contacts, requires a denser packing of the
particles.” Their findings indicated that the optimal packing density was
observed when the aspect ratio of the particles was around 1.5 for
prolate shapes and approximately 0.67 for oblate shapes, resembling the
form of an M&M candy. Their investigation illustrated how the packing
fraction varied from that of spherical particles (~0.64) as the aspect
ratio changed for both oblate and prolate particles. It is noteworthy that
Donev’s analysis was limited to specific aspect ratios. In contrast,
Wouterse et al. (2007) endeavored to model the behavior of spheroids
across a broader spectrum of aspect ratios (refer to Fig. 3a). Further-
more, Gan and Yu (2020) observed, based on the findings of Zhou et al.
(2011), regarding poured packing, that oblate particles exhibited a
lower packing fraction compared to prolate particles. However, both
types of particles demonstrated an increase in packing density upon
vibration, with prolate particles maintaining a packing fraction
approximately 0.01 higher than that of oblate particles at their peak,
corroborating the results of previous studies (Donev et al., 2004; Gan
et al., 2016; Xu et al., 2022). This further emphasizes the significance of
the method employed in generating a particle pack.

Donev’s computational simulation revealed a significant increase in
the number of contacts, rising from approximately 6 to around 10,
resulting from a minor alteration in the aspect ratio of a particle tran-
sitioning from a spherical shape (Fig. 3b). Specifically, the aspect ratio
was adjusted from 1 to 1.5 for prolate spheroids, while it decreased from
1 to 0.67 for oblate spheroids. Donev determined that a densely packed
arrangement of spheroids exhibited an average contact number (C) of
approximately 9.7, which is just below the threshold of 2df, where df
equals 5, based on the degrees of freedom associated with isostatic
packing (Fig. 3b). This increase in contact numbers is essential for
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The volumes (v), surface areas (s), radii of mean curvature (R), and exclusion fraction (V,,/v) of a sphere and several non-spherical shapes. The radius of mean
curvature and exclusion fraction correspond to randomly oriented convex particles. Adapted from Torquato and Jiao (2013).
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constraining the movement of anisotropic particles. Furthermore,
aspherical ellipsoids demonstrated the capacity to achieve even higher
packing densities of around 0.74, closely resembling the maximum
density achievable by monosized spheres in face-centered cubic (FCC) or
hexagonal close-packed (HCP) arrangements, with an average contact
number of 11.4, again falling short of, but remaining consistent with,
(C) = 2df, where df equals 6 for general ellipsoids. In a study conducted
by Yuan et al. (2021) both dense and loose spheroid packings were
examined; the dense packing exhibited contact numbers slightly
exceeding 10, indicating a potential hyperstatic condition and me-
chanical over-determination. Neudecker et al. (2013) in their investi-
gation of frictional tetrahedra, also found that the respective particle
arrangements were hyperstatic, attributing this phenomenon to the
packing methodology employed. Conversely, the loose packings
analyzed by Yuan et al. (2021) revealed a contact number of approxi-
mately 4, categorizing them as hypostatic, even with an increase in
aspect ratio (Fig. 3b). The plotted data in Fig. 3b exhibited a positive
curvature, suggesting that contact numbers might approach 5 at an
aspect ratio of around 100. This observation aligns with Donev’s
assertion (Donev, 2006) that a specific number of contacts is generally
necessary to ensure the stability of aspherical particle arrangements.
Donev et al. (2004) suggested that the quantity of contacts may remain
near the level necessary to attain maximum density. Furthermore, they
indicated that the subsequent reduction in density, as aspect ratios in-
crease, is attributable to progressively stronger excluded volume effects
(see Table 2, Fig. 6).

Imaginary test sphere

4 3 A N T & 5
Vexciuaea = §7r(2r) w 2r Vsphere = §7rr

=4.188

Excluded volume becomes difficult to
calculate as the packing becomes
more dense

Fig. 4. Demonstration of the excluded volume effect, shown by an imaginary
sphere (yellow) contacting a unit sphere (blue) at the top. The excluded volume
33.51 (grey) is greater than that of a unit sphere (blue) 4.188. The ratio of the
excluded volume to the volume of the unit sphere Ve,/v is 8. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

4.2. Particle exclusion volumes

Excluded volume (V) refers to a physical concept that delineates
the volume that remains inaccessible to the centers of other particles
because of the presence of a primary particle. This concept is exempli-
fied for a spherical particle, as depicted in Fig. 4.

The excluded volume of a spherical particle of radius (r) and volume
(v) = (4/3)xr? is inaccessible to other test particles of radius r; or volume

v1 according to:
1 I\3
(V3 + v?)

When r = ry, Vex = 8v. The concept of exclusion volume has a sig-
nificant historical background in the formulation of equations of state
for fluids (Rusanov, 2010). This idea is integral to the van der Waals
equation of state (Van der Waals, 1873) which serves as an extension of
the ideal gas law, and is also present in Planck’s equation of state
(Planck, 1908). As illustrated in Fig. 4, the excluded volume (Vi)
associated with a single sphere of unit radius is calculated to be 33.51.
When this value is normalized by the volume of the sphere (v), it yields
what is known as the exclusion factor (f) (Rusanov, 2010).

Ve = i;r(r +n)’ = (5)

3

VE)(
f==

v

©

As highlighted by Melnyk et al. (2022) the complexity of accurately
determining the excluded volume escalates due to the necessity of ac-
counting for the overlapping excluded volumes of multiple spheres,
rendering the problem analytically intractable as the packing density
increases.

This issue was explored in a series of publications concerning
multicomponent packing (Rusanov, 2003a; Rusanov, 2003b; Rusanov,
2004; Rusanov, 2010). The authors demonstrated, utilizing excluded
volume theory, how various approximations of the function f led to
distinct and well-established equations of state for classical hard-sphere
fluids. The volume parameters presented are average values for multi-
component systems as indicated in Eq. (6). The zero-order approxima-
tion for spheres yields a constant value of 8, which corresponds to the
Planck equation of state for a monatomic gas. In contrast, the first-order
approximation posits a linearly decreasing function with respect to the
packing fraction (1), leading to the van der Waals eq. A second-order
approximation produces a curve:

f o klrl

f<2) —

= 7
1+kon @

where f, is the exclusion volume for the limiting value of a single sphere
(8) and k;j and k; are positive constants. The third-order approximation
results in:
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Fig. 5. The exclusion fraction for spherical particles according to Rusanov
(2010) for different approximations based on excluded volume theory. The
open circles stand for dense packings (lattices) where the exclusion fraction is
assumed to be 1/, the crossed circles are 1/n for RCP and RLP. The assumption
of 1/n for dense packing appears reasonable above n = 0.5 while diverging
below 0.5. In the upper lefthand corner the exclusion fraction for prolate par-
ticles based on the equations in Table 2 is presented for low aspect ratios. The
solid grey line is 8, equivalent to the zero-order approximation; the dashed grey
line is first order; the dashed black line second and the solid black line third
order (see Egs. (7) and (8)).
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Rusanov (2010) established the constants as follows: k; = 3 k2, ky =
8-3 k, and ks = k® to determine the compressibility factor. In this
context, k represents an unknown constant, which yields a simplified
version of the Percus-Yevick approximation (Percus and Yevick, 1958;
Reiss et al., 1959) when k is = 1. Consequently, in Eq. (8) ifk = 1 then k;
becomes 3, ky, 5, and ks, 1. Additionally, the empirical constants k; = 2
and ky = 5 are appropriate for the second-order approximation. The
outcomes of the various approximations are illustrated in Fig. 5.

Rusanov (2010) introduced a derivation concerning clustered par-
ticles, where the volume of the cluster per particle, when divided by the
volume of a sphere (denoted as v in the context of cluster volume or unit
cell for lattices), is represented as f. In the scenario of a lattice structure
such as face-centered cubic (FCC), this relationship corresponds to the
ratio of the unit cell volume to the volume occupied by spheres within
that unit cell. The calculation yields Ve = 16\/ 2r% divided by vt =16/
3nr® resulting in 6/(1t\/2) = f. Consequently, by definition, f = 1/7,
resulting in FCC being approximately 1.35 and simple cubic (SC) being
approximately 1.91. As illustrated in Fig. 5 the excluded volume derived
from 1/n (Rusanov, 2010) shows a divergence from theoretical pre-
dictions at packing densities below approximately 0.5.

Melnyk et al. (2022) have recently revisited the topic concerning
spheres, providing new insights into the complexities involved. They
demonstrated that while calculating the excluded volume for a single
sphere is straightforward, the task becomes increasingly challenging as
additional spheres are introduced. The analytical evaluation of excluded
volume becomes impractical due to the geometric complexities that
arise. The authors identified that this difficulty stems from the posi-
tioning and overlapping of excluded volumes as the number of spheres
increases. In densely packed arrangements, this leads to a heightened
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Fig. 6. The volume (v) over the excluded volume (V) as a function of aspect
ratio for oblate, prolate and spherocylindrical particles, calculated using the
analytical solutions in Table 2 from (Torquato and Jiao, 2013). The curves are
for randomly oriented isotropic packings, but the reciprocal of the exclusion
factor increases if the particles become aligned as shown by the arrow. Aligned
anisotropic particles in a dense simple cubic packing (dashed line) all have the
same constant ratio (v/Vex = 0.125).

level of correlation that must be accounted for in calculations, in
contrast to dilute systems where such correlations are negligible; these
correlations are integrated into the steric factor term.

A significant challenge lies in determining the excluded volume for
shapes that are not spherical. In a notable advancement, Torquato and
Jiao (2013) introduced a formula designed to compute the exclusion
volume of a multi-dimensional hyper-particle with an arbitrary shape.
This formula incorporates the d-dimensional volume, denoted as v,
surface area, s, and radius of mean curvature R (or, equivalently, mean
width). Subsequent developments for higher dimensions were presented
by (Torquato and Jiao, 2022). For the case of d = 3 several important
analytical formulas were established, enabling the calculation of
exclusion volumes for various non-spherical geometries, such as oblate
spheroids, prolate spheroids, and spherocylinders. The exclusion vol-
umes (Vex/v) relevant to d = 3 geometries utilized in this study are
summarized in Table 2, which has been adapted from Table II in
(Torquato and Jiao, 2013) providing solutions for a range of convex
particle types.

The inverse exclusion volumes (v/Vey) for the aforementioned shapes
are illustrated in Fig. 6. This reciprocal representation is employed to
bound the outcomes. As the aspect ratio deviates from the spherical
values averaged across all orientations, Ve experiences a significant and
more rapid increase compared to v, leading to extraordinarily high
values.

The circle depicted in Fig. 6 illustrates the value for a sphere,
calculated as v/Ve for a unit radius sphere, which equals 4.188/33.51
resulting in 0.125; conversely V.x/v equals 8. The exclusion volumes for
both prolate and oblate spheroids exhibit symmetry as per the corre-
sponding equations presented in Table 2 and are also represented in
Fig. 6. The dashed straight line traversing the sphere signifies a system of
particles, whether oblate or prolate, that are aligned in a simple cubic
packing. In such instances, the relationship Vex/Valigned is expressed as
29, When the dimension is set to d = 3 this relationship yields Veyx/
Valigned = 8. As noted by Torquato (2012) this relationship remains
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Fig. 7. a. Packing fraction of binary mixtures of spheres with data from (L,M & R, respectively) (Lemaitre et al., 1988; Mota et al., 2001; Robinson and Friedman,
2001) for a mixture of glass spheres with given size ratio. The solid black line represents the 2-parameter model of Kwan et al. (2013). The red dashed line the ideal
packing model. 7b. RCP (n = 0.64) and RLP (n = 0.54) in different configurations of ideal packing forming the 4 different modes with the red dashed line representing
the RCP upper bound and the black dashed line the RLP lower bound. Data for ideal packing is presented from (Farr and Groot, 2009; Lemaitre et al., 1988; Yerazunis
et al., 1965). The text at the side shows the different packing effects described by Kwan et al. (2013). (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)
consistent regardless of the shape of particles.
5. Particle size distribution and binary mixtures

Particle size distribution significantly influences the packing fraction
of materials. The investigation of binary and multi-size mixtures is
crucial and has been the focus of numerous studies (Brouwers, 2013;
Dias et al., 2004; Furnas, 1931; Kwan et al., 2013; Lemaitre et al., 1988;
Meng et al., 2014; Pinson et al., 1998; Sibellas et al., 2024; Sohn and
Moreland, 1968; Visscher and Bolsterli, 1972; Yerazunis et al., 1965; Yu
and Standish, 1988). Research indicates that the packing density of bi-
nary hard spheres is affected by particle size ratio, with smaller particles
effectively occupying the voids between larger particles, leading to an
increase in packing density (Mota et al., 2001). The optimal packing
occurs when the voids created by larger particles are filled by smaller
ones, this occurs when the volume of small spheres relative to the total
volume is about one third and is known as ideal or theoretical packing
(Furnas, 1931; Koltermann and Gorelick, 1995; Kwan et al., 2013).

Various models have been proposed to explain this phenomenon
(Brouwers, 2013; Hopkins et al., 2011; Hopkins et al., 2012; Kwan et al.,
2013; Mota et al., 2001; Visscher and Bolsterli, 1972). Furnas (1931) is
recognized as the pioneer in addressing this issue, proposing a system
characterized by ‘ideal’ behavior. The ‘ideal’ binary packing model is
often used as a lower bound to the porosity of gmin = @small X @large OF an
upper bound for its equivalent, the packing fraction of nmax = (Nsman +
Niarge)-(Msmall X Miarge), Which for RCP is (0.64 + 0.64) — (0.64 x 0.64) =
0.87. However, empirical measurements revealed that actual materials
generally fell short, even at high size ratios >15 (Dias et al., 2004). This
led to the identification of several distinct phenomena associated with
mixing that inhibited ideal behavior in real packings. One such phe-
nomenon is the wall effect, which occurs when smaller particles
encounter larger ones. The presence of larger particles disrupts the
packing arrangement, potentially creating voids (see Fig. 7a). Another
phenomenon, known as the loosening effect, arises when small particles
interfere with the packing of larger particles, resulting in increased
spacing between them (see Fig. 7a). Kwan et al. (2013) posited the ne-
cessity of considering a third phenomenon, termed the wedging effect,
where a small particle is positioned between two larger particles,
effectively prying them apart (see Fig. 7a). Collectively, these effects

lead to a packing density that, at its peak, is usually lower than 0.78 for a
size ratio of about 10:1, which is lower than the ideal packing limit of
approximately 0.87, as well as the densest packing value of 0.825 pro-
posed by (Hopkins et al., 2011; Hopkins et al., 2012), and to much lower
peak densities for smaller size ratios (Fig. 7a).

Furthermore, four distinct types of ideal packing configurations are
introduced, wherein either the large or small particles, or both, can be
arranged in either a close-packed (RCP) or a loose-packed (RLP) manner
(see Fig. 7b). The general form of the ideal packing model n(f;) for a
binary mixture is N = ymax + [fo/(1-f)1 Numax (n - packing fraction of the
mixture, Nymax — Maximum possible packing fraction of the large parti-
cles) for the volumetric fraction of small particles in the range of f; = 0 to
fomax (fsmax - fs that yields the peak n, Nmax, left wings, Fig. 7b), and for f;
= fsmax to 1 (right wings, Fig. 7b) itisn =1/[1 + (1/Msmax — 1)fs] (Nsmax—
maximum possible packing fraction of the small particles). The range of
peak packing densities (hmax) corresponding to the 4 ideal packing
modes is 0.789 to 0.870, achieved at a wider range of volumetric frac-
tion of small particles (fsmax) of 0.233 to 0.353 (Fig. 7b). The notable
differences in nmax and especially finmax values, if compared to those
obtained in experimental and computational simulations, may suggest
which type of packing—large or small particles—is more disrupted
within the mixture. Consequently, this analysis can provide insights into
which of the identified disturbance mechanisms (Fig. 7, Dias et al., 2004;
Kwan et al., 2013) is more prevalent: the “loosening and wedging ef-
fects” impacting the packing of larger particles or the “wall effect”
influencing the packing of smaller particles.

The data from Yerazunis et al. (1965) for mixtures of size ratios of 12,
67.7 and 180 show clearly the convergence of the mixture packing
density with the ideal large-close-or-loose-small-close packing mode for
fs > fomax at “infinite” size ratio (Fig. 7b). Notably, in the case of binary
mixtures with a size ratio around 10, such as the dataset from Lemaitre
et al. (1988) for a size ratio of 11 (Fig. 7b) and that of Farr and Groot
(2009) for a size ratio of 10 (Fig. 7b), the two end members of either
large or small particles (away from fsmax) are being packed closer to an
RCP mode; but close to their peak mixture density of Nmax at fsmax, their
ideal packing mixture is more likely comprised of two RLP packing
domains of the large and small particles (Fig. 7b). The packing config-
uration varies continuously from approximately close-close to approxi-
mately loose-loose upon mixing.
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Fig. 8. The scaled packing fraction for monosized particles (n(p), 0-1) as a
function of the coefficient of static friction (4), shown on a log scale with the
data of Silbert (2010) (black circles) and the empirical model from Yuan et al.
(2021) as the dark red line. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

6. Inter-particle forces
6.1. Cohesionless particle packings > ~100 ym

Granular packings are characterized by their cohesionless and free-
flowing nature, which establishes a lower size threshold of approxi-
mately 100 pm for such materials. Below this threshold, cohesive forces
become increasingly significant in influencing the packing structure. In
contrast, for particles larger than 100 pm, gravitational forces prevail,
with the coefficient of friction (1) and the coefficient of restitution (e)
exerting opposing influences on the configuration of a poured packing
(Wang et al., 2021). The coefficient of friction is defined as the ratio of
the frictional force between two surfaces to the normal force acting upon
them, whereas the coefficient of restitution, which quantifies energy
loss, is defined as the ratio of the relative velocity of separation post-
collision to the relative velocity of approach prior to collision. In their
study on poured packings that form granular beds, Wang et al. (2021)
observed that as the coefficient of friction increased from 0.1 to 0.9, the
density of the packing decreased from approximately 0.535 to 0.485,
and the average coordination number ({(C)) diminished from 5.46 to
4.63. Conversely, an increase in the coefficient of restitution from 0.1 to
0.9 resulted in a density rise from about 0.515 to 0.545, alongside an
increase in (C) from 5.18 to 5.36.

The presence of friction in granular materials influences the packing
fraction, transitioning between the RCP and RLP states (Silbert, 2010;
Yuan et al., 2021). Silbert (2010) illustrated this relationship, which is
further depicted in Fig. 8. Subsequently, Yuan et al. (2021) confirmed
that this relationship is applicable to various particle shapes, revealing
that when the data is normalized, it aligns onto a single curve. The
empirical equation that characterizes this relationship is as follows:

1
n(u) = 9)

S (/)
where n(u) is the normalized packing fraction for the friction coefficient,
u is the coefficient of static friction, y* is 0.1636 and the exponent « is
1.07 (Fig. 8). The coefficient of static friction for environmental
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materials likely sits between 0.1 and 1; for example, quartz-dominated
sandstone was found to lie between ~0.1-0.2 (Senetakis et al., 2013).
This shows packing of sand is likely to be mid-range between RCP and
RLP (Fig. 8). Friction values will increase towards ~1 depending on the
material and its surface properties.

6.2. Cohesive particle packings < ~100 um

As particles decrease in size, cohesive forces increasingly influence
the arrangement and structure of the particles (Gan et al., 2016). A series
of studies conducted by Yang et al. focused on the packing behavior of
particles smaller than 100 pm (An et al., 2008; Yang et al., 2007; Yang
et al., 2000; Yang et al., 2003). Notably, the initial study in this series
integrated the van der Waals (vdW) force into the analysis of cohe-
sionless granular materials larger than 100 pm to simulate packing
behavior. The researchers distinguished between surface forces, such as
rolling and sliding friction, and body forces, determined by the Hamaker
constant and particle density. Their findings indicated that the packing
fraction diminished as the coefficients of sliding and rolling friction and
the Hamaker constant decreased. Conversely, an increase in particle
density was associated with a higher packing fraction for larger parti-
cles. Essentially, the interplay of friction and the vdW force, represented
by the Hamaker constant, enhances the ‘stickiness’ of the particles. As
particle size diminishes, the influence of gravity wanes, and this ‘stick-
iness’ contributes to a looser particle arrangement. Furthermore, Yang
et al. (2000) demonstrated that porosity increased with a rising force
ratio y = vdW/gravity (mg), with vdW forces beginning to significantly
affect porosity at y values exceeding approximately 102 Other cohesive
forces that may be relevant, particularly in the context of packing of
hydrophilic soil particles, include capillary bridging forces in the pres-
ence of water, which function similarly to the attractive vdW forces;
however, vdW forces generally become negligible until particle sizes
reach approximately 1 pm (clay sized) or less, as noted by(Li, 2005).

Yang et al. (2000); (Yang et al., 2003) presented an empirical func-
tion linking the macroscopic packing fraction (1) to the microscopic
structure described by (C).

CN for small particles compared with large
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Fig. 9. The model of Yang et al. (2000) Eq. (10) redline, compared with the
black lines highlighting the approximate bounds Eq. (3) and the data for dense
ordered packings (Cumberland and Crawford, 1987) and the model output of
(Song et al., 2008) Eq. (2).
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1+m(n)*

(C) = (Co) 1+ n(n)°

10$)

Co is the minimum number of contacts, considered to be 2, forming
chains and consistent with Gardner (1966); m = 87.38 and n = 25.81 are
constants. The function is drawn in Fig. 9 (red line) and falls within the
approximate bounds proposed earlier in Eq. (3). It contrasts to the
change in (C) path followed for particles greater than 100 pm and
captured by Song’s equation of state Eq. (2) shown by the red solid
spheres.

Electrostatic forces play a significant role in soils, particularly in
relation to clay particles. Clays may exhibit a neutral charge or possess a
net charge, which is more commonly observed. These clays can develop
a range of structural hierarchies, from individual platelets to tactoids
and aggregates, influenced by the ionic strength and composition of the
soil solution (Dor et al., 2020). Notably, high porosity in clays is evident
irrespective of whether the particles are charge neutral or carry a net
charge. The interplay of cohesive, adhesive, and repulsive electrostatic
forces is contingent upon the specific characteristics of the clay
(Rotenberg et al., 2011). For example, talc, which is charge neutral, still
achieves a high porosity (~0.75) primarily through cohesive forces,
followed by adhesion as it undergoes hydration (Gonzdlez-Teruel et al.,
2020; Rotenberg et al., 2011). In the context of environmental materials
like soils, the surface charge is balanced by counterions, some of which
are adsorbed onto the surface. Consequently, in the packing of fine
materials, cohesive forces tend to prevail over gravitational forces.

7. Modeling the packing of granular media

Numerous simulation techniques addressing the primary packing
observables (1 and (C)) are documented in the literature, as summarized
by (Donev, 2006; Isola, 2008; Wouterse, 2008). One such technique is
Random Sequential Addition (RSA), which involves the random place-
ment of particles into a pre-existing arrangement of fixed particles,
ensuring no overlaps (Widom, 1966). Wouterse (2008) noted that, ‘a
major disadvantage of this method is that as the number of spheres increases
it becomes increasingly hard to add additional spheres. Furthermore, the
volume fraction is too low for spheres to be jammed.” Consequently, if the
condition of particle contact is not enforced, the simulation will yield a
packing fraction considerably lower than the RCP threshold (Gonzalez
Garcia, 2015; Sherwood, 1997). Additionally, Wouterse (2008) iden-
tifies concurrent methods, which involve the initial presence of all
particles, including techniques such as Molecular Dynamics, Overlap
Elimination, Energy Minimization, and Contact-Network Based
methods. Furthermore, Williams and Philipse (2003) introduced an
alternative approach known as the Mechanical Contraction Method
(MCM).

7.1. Modeling of the packing fraction of uncorrelated monosized particles

The development of empirical models that accurately reflect the
fundamental physical properties of particle packing is essential for
investigating environmental materials. The characteristics outlined
previously highlight the significance of various factors, including con-
tact number, excluded volume, correlation, steric effects, particle size
distribution, and particle anisotropy, which are crucial components in
formulating an effective empirical model. Additionally, interaction ef-
fects will be addressed subsequently.

Philipse (1996) conducted a study on the arrangement of spherocy-
linders and introduced a model for random contacts. This model
established a relationship between the average contact number, (C), the
particle number density, and the excluded volume, drawing upon the
methodology proposed by Onsager (1949) for Vex. The findings can be
expressed as an ideal packing equation applicable to uncorrelated con-
tacts (Jia et al., 2019; Philipse, 1996; Wouterse et al., 2009; Wouterse
et al., 2007):
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Fig. 10. Packing fraction of spherocylinders modeled using the random contact
model (Philipse, 1996) (lines) and compared with the simulations of Wouterse
et al. (2007) for dense packing and Yuan et al. (2021) for loose packing. Based
on the modeling the radial distribution function illustrated in Fig. 2 reaches a
step function between AR = 5-15 (Gonzalez Garcia, 2015) shown by the grey
box. The grey dotted line is consisted with the radial distribution function
corresponding to an aspect ratio of 10 in (Gonzalez Garcia, 2015). Both
(Philipse, 1996) and (Gonzalez Garcia, 2015) considered an aspect ratio of L/D
~ 15 is that transition between correlated and uncorrelated contacts.

n= ()5

. 1)

The variable v represents the volume of the particle under consid-
eration; the excluded volume is denoted as Vex, which can be calculated
for various particle geometries as outlined in Table 2. Philipse (1996)
noted that this model is applicable solely to dilute particle concentra-
tions, allowing for the neglect of correlation factors. In his study, Phi-
lipse (1996) reported an average value of 10.8 + 0.4 for the parameter
(C), while (Williams and Philipse, 2003) documented a value of 10.2,
and Wouterse et al. (2009) provided an experimental value of 9.8, which
aligns with the modeling results presented by Donev (2006) in Fig. 3b.
Eq. (11) also using the expression for the exclusion volume-dependence
on the aspect ratio of prolate particles (Fig. 6) is illustrated for both loose
((C) = 4) and dense ({C) = 9.8) configurations, and these results are
compared with the models proposed by Wouterse et al. (2007), and
Yuan et al. (2021) in Fig. (10). The dense packing scenario demonstrates
a reasonable correlation for aspect ratios exceeding approximately 10,
as indicated by the dotted line in Fig. 10 consistent with the radial
distribution function in Fig. 2.14 in Gonzalez Garcia (2015). This
observation is consistent with the RDF exhibiting a step-like behavior,
with the transition zone emphasized by the grey box, as modeled by
Gonzalez Garcia (2015). Philipse (1996) (Fig. 4 in their article) indi-
cated the transition between increasing numbers of multi-contact cor-
relation (correlated) and uncorrelated lying around Length/Diameter
(L/D) of 15. In contrast, for loose packing, the random contact model
(red line in Fig. 10) consistently yields results below the output of Yuan
et al. (2021) (red circles). Nevertheless, it appears to be trending to-
wards convergence at aspect ratios around 100 or slightly lower. The
correlation of contacts in packed, e.g. prolate particles, depends on their
aspect ratio. When the aspect ratio is low (particle shape close to
spheres), the particles tend to pack in a more ordered manner fitting
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Table 3

The determined constants C; and C, using Eq. (13) for the ordered packings, the
RCP and RLP and the constants determined by fitting RLP to a value of (C) =5
and RCP to a value of (C) = 10 with only C; being adjusted but not multiplied by
(C).

Packing Contact Contact term (Cy) Steric (C)
fraction (1)) number (C) term
0.055 2 1.079 x (C) 2.16 6.870 x 13.7
©
0.2234 3 1.355 x (C) 4.065 6.078 x 18.23
(@
0.3401 4 1.418 x (C) 5.672 5.899 x 23.60
(©
0.4031 5 1.392 x (C) 6.960 5.974 x 29.87
©
0.5236 6 1.431 x (C) 8.586 5.861 x 35.17
(@
0.5612 7 1.389 x (C) 9.723 5.982 x 41.87
(@
0.6045 8 1.362 x (C) 10.90 6.059 x 48.47
(@
0.6134 9 1.318 x (C) 11.86 6.184 x 55.66
(@
0.6981 10 1.328 x (C) 13.28 6.156 x 61.56
(@
0.7183 11 1.301 x (C) 14.31 6.232 x 68.55
(@
0.7405 12 1.247 x (C) 14.96 6.027 x 72.32
©
0.536 RLP (4) 1.706 x (C- 6.82 5.072 x 20.3
sphere) (C)
0.634 RCP (6) 1.539 x (C- 9.23 5.551 x 33.3
sphere) (C)
0.536 RLP-fitted to 1.392 x (5) 6.96 21.1
data
0.634 RCP-fitted to 1.328 x (10)  13.3 65.4
data
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Fig. 11. The response curves for (C) = 12 (top brown line) to (C) = 2 (bottom
yellow line) in descending order with an interval of 1. The dark grey line is RCP
and the light grey line is RLP. The thick solid black line is (RCP-fitted) and the
thick dashed black line is (RLP-fitted). The markers are for the models of the
respective authors. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
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together more efficiently and forming structured arrangements. As a
result, the contacts between particles are correlated, meaning the posi-
tion and orientation of one particle influences the neighboring particles.
On the contrary, high aspect ratio prolates tend to pack in a more
disordered manner, and the contacts between particles are uncorrelated,
meaning the position and orientation of one particle does not signifi-
cantly influence the neighboring particles.

7.2. Modeling of the packing fraction of correlated monosized particles

Yuan et al. (2021) proposed an empirical equation for non-spherical
particles with loose packing to take account of particle steric factors
(correlation).

2
v v
=G (v:) G <v:)

where C; is an empirical parameter that should be related to the average
contact number across particle shapes (C) as per (Philipse, 1996) and Cy
is an empirical constant related to correcting higher-order steric in-
teractions (correlation) between particles; the constants are assumed to
be independent of aspect ratio (on which the contact number is only
weakly dependent, Fig. 3). One might assume that both C; and C; are
related to the contact number and hence Eq. (12) becomes:

1=l () -t (Vl)

Adjusting the packing fractions to align with those observed in the
most efficiently packed monosized spheres, as well as the RCP and RLP
configurations (refer to Table 3), and calculating (v/Vey) corresponding
to the specific aspect ratios of prolate particles (see Table 2), enables the
determination of the constants C; and Cy. The resulting response curves
are illustrated in Fig. 11, accompanied by simulated packing represen-
tations (denoted by crossed circles) (Donev et al., 2004; Wouterse et al.,
2007; Yuan et al., 2021).

The colored lines represent the responses for packings ranging from
the densest (0.74) to the least dense (0.055) as detailed in Table 3. The
constants, C;/(C) and Cy/(C), exhibited consistency, with a mean value
for ordered packings, although (Yuan et al., 2021) were not addressing
ordered packing, with (C) falling within the range of 3 to 12, where C;
~ 1.35 x (C) and Cy ~ 6.05 x (C) (refer to Table 3); It is important to
note that the model is sensitive to these parameters. A similar method-
ology was employed to determine the responses by first, fixing the
contact numbers to those of spheres, which is not appropriate for non-
spheres, so for RLP ((C-spheres) = 4) and RCP ({C-spheres) = 6), the
responses are represented by dark grey (RCP) and light grey (RLP) solid
lines, respectively. The RCP model tends to underestimate the packing
response, at low aspect ratios while the RLP model also underestimates
the response, albeit it aligns more closely with the simulation results
presented by (Yuan et al., 2021). This likely occurs because the contact
values for spheres are under representative for non-spheres and (C)
represents some form of average number for all shapes, not just spheres.

The analysis of the response curves RCP (C; = 1.539 x (6)) and RLP
(C; =1.706 x (4)) reveals a consistency with RCP-fitted (C; = 1.328 x
(10)) and RLP-fitted (C; = 1.392 x (5)) (which required the average
contact numbers of 4 and 6 to be adjusted to 5 and 10 for the model to be
compatible with the data, which makes sense given the majority of non-
spherical particles) as the aspect ratio exceeds 10, indicating a lack of
correlation. To achieve an empirical fit, C; was assigned these values
corresponding to the respective packing, while C; was modified with the
packing fraction aligned to RCP and RLP (as shown in Table 3 for RLP-
fitted and RCP-fitted). This adjustment produced the response curves
illustrated in Fig. 11, with the RCP-fitted model represented by a solid
black line and the RLP-fitted by a dashed black line. One could contend,
as suggested by Yuan et al. (2021) that C; ought to represent an average
value of (C), which aligns reasonably with the contact values derived

12)

13)
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Fig. 12. A) Empirical measurements for spheroids (solid circles) (oblate clay-like particles and prolate fiber-like particles) and model simulations (triangles) with
selected model simulations highlighted from (Donev et al., 2004); (Wouterse et al., 2007) and (Yuan et al., 2021). The three lines represent Eq. (12) with values for
constants C; = 7.868 and C, = 27.157, thin pale grey line corresponding to (Yuan et al., 2021); (RLP-fitted, C; = 6.82 and C, = 20.3) the dark grey line; and (RCP-
fitted, C; = 13.3 and C, = 65.4) the solid black line, Eq. (13) and Table 3 (constants from fitting model by minimizing SSE with data). The blue line is Eq. (14) with a
modified steric contribution to model the dense packing. B) The red line is the average contact model for the dense packing of Philipse (1996) applied by Williams
and Philipse (2003) with (C) =10.2 for dilute spherocylinders Eq. (11). The solid lines are RLP-fitted, dark grey; and RCP-fitted, black. The dashed lines are the
contributions of the respective contact term, and the dotted lines are the steric term. The blue line is the contributions of the modified steric term to account for dense
packing. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

from simulation (refer to Fig. 3b); however, employing a multiplier
yields a superior fit. Therefore, it is prudent to regard this model as an
empirical approximation that effectively encapsulates certain physical
responses associated with contact and steric effects.

Results for oblate and prolate particles are illustrated in Fig. 12a,
which includes a compilation of empirical data represented by dark grey
circles and computer simulations indicated by pale grey triangles.
Notable model outcomes are marked in light brown (Donev et al., 2004);
orange, (Wouterse et al., 2007), and red (Yuan et al., 2021). Further-
more, Eq. (12) is depicted with constants C; = 7.868 and Cy = 27.157 as
a pale grey line (Yuan et al., 2021). The RLP-fitted results are shown as a
dark grey line, while the RCP-fitted results are represented by a black
line, constants were determined by fitting the model to the data for
aspect ratio’s greater than about 10. The RCP-fitted line continues to
exhibit certain characteristics of the response; however, it lacks the
distinctive bump observed at low aspect ratios (0.5-2), as previously
noted by Donev et al. (2004) and others for particles that deviate from a
spherical shape (aspect ratio < 1 or > 1). The equation (black line)
serves as a valuable representation of the empirical data, effectively
capturing nearly all responses except for the most pronounced ones
within the aspect ratio range of 0.5-2. To accurately represent the dense
packing response for aspect ratios between 0.5 and 2.0, an additional
empirical function (Jacquelin, 2024) is introduced in Eq. (14), depicted
as the blue line in Fig. 12a, which modifies the steric contribution. The
constant L, set to 0.07, determines the height of this function, resulting
in a maximum porosity of 0.71 when combined with Eq. (12), aligning
with the findings of Donev et al. (2004).

16 (5) ~{ (%)
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C; =13.3.

Cy = 65.4.

L = 7.0E-02.

b = 3.582E+28.
k = 5.778E+01.
¢ = 6.335E-04.
h = 3.939E+00.

AR is the aspect ratio, related to (v/Vex) by the equation for spheroids
in Table 2.

Fig. 12 b disaggregates the model into its constituent elements. The
solid lines represent the RLP-fitted (depicted in grey) and RCP-fitted
(illustrated in black) models. The long dashed lines correspond to the
contribution from the contact term, which is the first term in Eq. (13) for
both RLP (grey) and RCP (black). In contrast, the dotted lines indicate
the steric contribution, represented by the second term in Eq. (13) for
RLP (grey) and RCP (black). The blue line illustrates the model including
the modified steric contribution with the addition of the third term in
Eq. (14). This modification is introduced to highlight that, to accurately
reflect the response of dense packing for aspect ratios less than 2, the
second steric term in Eq. (12) must be dampened, as indicated in Eq.
(14). The solid red line represents the average contact model proposed
by Philipse (1996) (Eq. (11)), as applied by Williams and Philipse (2003)
with an average contact value (C) of 10.2 for dilute spherocylinders. As
anticipated, this model does not align with the data until an aspect ratio
of approximately 10 is attained; beyond this threshold, it accurately
describes the data, underscoring the significance of excluded volume
effects in characterizing the packing of increasingly anisotropic parti-
cles, even when the excluded volume is assessed for non-interacting
particles. This empirical model (Eq. (14)) serves as a valuable tool for
investigating the general behavior of environmental materials.
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7.3. Modeling of the packing fraction of binary and multi-size particle
mixtures

The initial focus on modeling monosized hard spheres naturally leads
to an examination of how the introduction of shape influences particle
interactions. Subsequently, it is essential to investigate the effects of
varying particle size ratios on packing arrangements. This inquiry can be
framed within the context of binary, ternary, or multi-size particle
mixtures, which are prevalent in natural materials, particularly in soils.
As outlined in the previous section, variations in particle size ratios will
impact excluded volume, contact numbers, and steric factors as taken
into account in Eq. (13). Utilizing existing literature, one can assess the
probable effects of binary and multi-size mixtures on packing configu-
rations through the application of Eq. (13). To effectively employ this
equation, it is necessary to determine how these mixtures are expected
to modify excluded volume, contact numbers, and steric interactions.

The excluded volume for binary mixtures of hard spheres was pro-
posed by de Lange Kristiansen et al. (2005):

1(Ve) PHA-fP+HA-HA+r)’
8 (V,) f+a=nr

The term (V) represents the statistically averaged excluded volume
for the binary mixture; where V), denotes the volume of a sphere; f in-
dicates the number fraction of small spheres, and y signifies the size
ratio, (large/small). The findings indicate that the average excluded
volume deviates from the value of 8, exhibiting a decline as the pro-
portion of small spheres in the mixture with large spheres increases. A
larger size ratio results in the formation of a trough, with minimum
values of 4 and 3 being attained. This observation aligns with the
physical understanding that the excluded volume diminishes as smaller
spheres occupy the spaces between larger ones.

Contact numbers are not easily accessible and vary based on the
classification of particles, whether they are large or small, and their
respective combinations. These variations lead to what are known as
partial coordination numbers. The overall mean contact number,
denoted as (C), can be derived from these partial means. In a study
conducted by Pinson et al. (1998) it was demonstrated that the overall
mean ((C) ~ 6) aligns closely with the monosized mean for random close
packing (RCP), which is also (C) = 6, despite significant variations in the
partial means; this finding was corroborated by Sibellas et al. (2024).
Additionally, computer simulations utilizing mechanical contraction (de
Lange Kristiansen et al., 2005) revealed that the mean contact number
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Fig. 13. The change in contacts (C) as large spheres are mixed in small for a
range of size ratios (R = r/rs) data from Meng et al. (2014). X-large, is = N V/
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subscripts L and S stand for large and small spheres respectively.

Earth-Science Reviews 268 (2025) 105173

Model testing for binary mixtures
Model for binary mixtures between RCP and ideal binary pack

1.004
Ideal binary packing Data
Spheres
@® Meng
0.754 Measurements
=
el
=
o
£
©0.50 1
£
=
5]
©
o
0.254
0.00+

10° 10* 10’ 10" 102 102° 10°
Aspect ratio
Literature data

Fig. 14. The alteration of the packing fraction for binary mixtures of particles
with different aspect ratios. The black lines represent the dense (RCP) and loose
(RLP) packings of monosized prolate particles based on Eq. (13). The grey solid
circles are packing data from measurements and simulations found in the
literature for monosized particles of different aspect ratio. The salmon-colored
solid circles are the packing fractions of binary mixtures of spheres for the size
ratios of 2, 3.3, 6.4 and 10.2 in Table 4. The pale grey line is the maximum
packing fraction according to the ideal binary packing model. The coral-colored
lines represent size ratios of our estimate of the maximum packing response for
a size ratio of 2,3,6, and 10, with 2 at the bottom and 10 at the top. The solid
black circles represent computer simulations for packings of spherocylinders of
aspect ratio 2.85 and size ratio 2 (lower) and 3 (upper) performed by Meng
et al. (2012).

(C) exhibited an initial decline to approximately 4 within a small size
fraction range of 0 to 0.2, followed by a rapid recovery to the original (C)
value around a fraction of about 0.3. This phenomenon was similarly
noted in modeling efforts by Meng et al. (2014). The extent of the dip in
contact numbers is influenced by the size ratio, with a size ratio of
approximately 10 resulting in a minimum (C) of about 2.0 before a swift
recovery occurs (see Fig. 13). Such low contact number values pose a
conceptual challenge, particularly when considering the data presented
in Table 1, which indicates that contact numbers around 2 are associated
with extremely low packing fractions and the formation of filaments,
rather than with dense packing configurations. Furthermore, the steric
factor remains to be determined, necessitating further investigation.

It is valuable to assess the potential impact of particle size on Eq.

Table 4

Packing metrics for binary mixtures of spheres based on the data (Table 2) of
Kwan et al. (2013). f is the multiplier to obtain an estimate of the maximum
packing fraction for a binary mixture with the same aspect ratio but different
size ratios given in the first column. The first row represents RCP and the final
row is for ideal binary packing with an infinitely large difference in size ratio.

Size Fraction increase in packing Maximum Packing f
ratio density (PD) fraction
Nmax

1 RCP 1.00 0.64 0.000
2 1.06 0.68 0.165
3.3 1.13 0.72 0.347
6.4 1.20 0.77 0.556
10.2 1.22 0.78 0.608
oo Ideal 1.36 0.87 1.000
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(13), particularly in the context of densely packed arrangements of both
spherical and non-spherical particles. An empirical methodology is
suggested to establish potential limits on the anticipated effects. The
lower limit is defined by the random close packing (RCP) of monosized
particles, illustrated by the solid black line in Fig. 14. To determine an
upper limit, we revert to the ideal binary packing model, where the
maximum packing fraction is given by Nmax = (Nsmal + Niarge)-(Nsmall X
Niarge)- As noted by (Kyrylyuk and Philipse, 2011), in scenarios involving
infinite or significantly large size ratios, the packing of various sizes
operates independently, without geometrical interference affecting the
packing of other size fractions. In this arrangement, larger particles
become jammed while smaller particles occupy the spaces between
them, effectively filling the voids. Consequently, for a specified relative
volume fraction of larger particles, the packing fraction of these larger
particles remains unchanged with the introduction of smaller particles,
due to the decoupling of length scales. Thus, the packing fraction of the
large and small particles is determined from Nyax = (Msmatl + Niarge)-
(Nsmall X Niarge) and independent of the shape of the smaller particles.
Therefore, the maximum packing fraction derived from the ideal binary
packing model serves as a reasonable theoretical upper limit for binary
mixtures of any geometric configuration. Hence, knowing the packing
fraction for the different respective geometries based on Eq. (13) an
upper bound, termed the ‘ideal binary packing’ can be calculated (grey
solid line in Fig. 14.); with the coefficients required for the monosized
RCP model given in Table 3 (RCP-fitted, C1 = 13.3 and C2 = 65.4).

Estimates of what happens in between these bounds, RCP (lower)
and Ideal (upper), can be obtained by assuming a simple calculation,
where nrep+((Mideai-Nrep) X fraction (f)). Where the fraction (f) lies be-
tween 0 and 1and is calculated for any size ratio based on the measured
packing fraction for binary spheres. nrcp+((Nideal-Nrcp)%Xf) = binary
mixture packing fraction, and a solver can be used to determine the
respective values for different size ratios (Table 4). The size ratio’s in
Table 4 are plotted in Fig. 14 by lines that are an increasingly deeper
shade of coral as the size ratio increases towards that of the ideal binary
packing upper bound.

To the best of our knowledge, there is currently no experimental data

Bulk Density as a function of SOM
Countryside Survey data, GB

Earth-Science Reviews 268 (2025) 105173

available to evaluate which curves more accurately represent the correct
behavior for non-spheres. Nevertheless, Meng et al. (2012) have recently
conducted computer simulations of binary packings composed of
spherocylinders. In their study, they highlight that binary packings can
include shapes that share the same volume, aspect ratio, or diameter.
The focus of their research is on packings with identical aspect ratios, for
which they reported a packing fraction of n ~ 0.74, utilizing an aspect
ratio of 2.85 and a size ratio of 2 and 3 (represented by solid black
circles). The simulation results align with the coral-colored lines esti-
mated for size ratios of 2 and 3. Consequently, it seems feasible to apply
these curves to binary mixtures of non-spherical particles with different
aspect ratios, allowing for an estimation of the potential influence of
particle size alongside shape considerations.

8. Modeling the bulk density of soils

The bulk density of soils can be modeled using a 2-component mixing
approach (Adams, 1973; Robinson et al, 2022; Ruehlmann and
Korschens, 2009):

1 SOM 1-SOM
_——+4

= (16)
Pb Prom Prm

Soil organic matter (SOM) represents the mass fraction of organic
material within the soil, while 1-SOM denotes the fraction consisting of
mineral matter. The bulk density of pure organic matter is denoted as
pbom Whereas ppy refers to the bulk density of mineral matter.
Furthermore, Robinson et al. (2022) modified Eq. (16) to include a
grain-scale representation of the bulk density of these components by
integrating Song’s equation of state (Song et al., 2008). By utilizing Eq.
(1), the bulk density can be expressed as the product of the packing
fraction and the corresponding particle density, represented as pp = nps.
Substituting Eq. (12) into this expression yields a revised version of Eq.
(16), which establishes a relationship between macroscopic bulk density
and the microscopic properties of the particle arrangement.

2.0
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Fig. 15. The bulk density of soils from stratified random monitoring across GB (n = 4202) colored by their organic matter group. The red line represents the bulk
density predicted based on the packing of monosized spheres (Eq. (17)) (aspect ratio 1) for the particle density of mineral (2.7 g cm ) and organic components (1.4
g cm™3) (Ruehlmann, 2020; Ruehlmann and Kérschens, 2020). The aspect ratio of the organic part is increased from 10 to 50 (C; = 10, C, = 45.4, in Eq. (12),
between dense and loose for all lines), and v/ Ve calculated for prolate particles (Table 2). A value of ~40 has been observed in fibrous peat (Kettridge and Binley,
2011). Bulk density of the mineral fraction 1.66 g cm~>. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version

of this article.)
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Table 5
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Calculations to determine the packing fraction, porosity and bulk density of particles with different aspect ratios (the first line for a sphere, the next 5 lines for prolate
particles and the final one for oblate particles). The exclusion fraction is calculated from the prolate equation in Table 2. When the axes a and c are kept constant and
only b changes the volume of the prolates increases, but the volume of the oblates decreases, as the AR increases.

Aspect ratio Prolate spheroid Prolate spheroid b/a e? = 1-(a/b)? Exclusion fraction V,,/v Volume Packing fraction Porosity Bulk density
Semiaxis a Semiaxis b a=c¢,b>a
AR=1.0 1 1.0 1.0 0.0 8.00 4.18 0.54 0.46 0.76
AR =10 1 10 10 0.9900 26.38 9.06 0.31 0.69 0.44
AR = 20 1 20 20 0.9975 49.61 10.88 0.18 0.82 0.26
AR =30 1 30 30 0.9988 73.04 12.94 0.13 0.87 0.18
AR =40 1 40 40 0.9993 96.53 17.31 0.10 0.90 0.14
AR =50 1 50 50 0.9996 120.05 21.79 0.08 0.92 0.11
AR = 0.055 1 0.055 0.055 0.9969 45.36 0.2303 0.20 0.80 0.54
1 a7 scenario pertains to a mixture of spheres with defined mineral and
Py = SoM + 1-som organic particle densities. The model (Eq. (17)) begins to align with the

) ()

Eq. (17) represents a macroscopic arrangement of a phase-separated
particle system (Opdam et al., 2022). For instance, this can be illustrated
by a layer composed of mineral particles juxtaposed with a layer of soil
organic matter (SOM) particles, each serving as a pure end member. The
model’s predictions are evaluated against the national monitoring data
from the UK’s Countryside Survey (Reynolds et al., 2013) as depicted in
Fig. 15. The particle density values utilized are sourced from Robinson
et al. (2022) and informed by the research of Ruehlmann and Korschens
(2009), with psomy=1.4g em 3, and psm=27¢ cm 3. The bulk density
of mineral particles is calculated as p,y, = py, X fyy = 2.7 (g cm™>) x
0.61 (cm3 cm’3) =166g cm’g, as shown in Fig. 15; where 0.61 (cm3
em™3) is typical of sand, packing slightly less densely than spheres
(0.64). The value for bulk density of the organic matter was predicted
using the (Vey/v) for the prolate aspect ratios (10,20,30,40 & 50)
(Table 5), where, ppom = [(10/(Vex/V)) — (45.4/(Vex/v)2)] x 1.4, (OM PD
1.4 g em™3). Fig. 15 underscores the significance of incorporating the
geometrical properties of the particles, where the constants don’t
change, and the excluded volume is the only thing changing with shape.
The red line in Fig. 15 illustrates the predicted bulk density response (Eq.
(17)) as organic matter increases, assuming an aspect ratio of 1. This

Bulk Density as a function of SOM
Countryside Survey data, GB

data only when the aspect ratio is increased. There is limited informa-
tion regarding the aspect ratio of fibers in peat; however, Kettridge and
Binley (2011) investigated the fiber characteristics of peat from North-
ern England and reported aspect ratios of approximately 40. Modifying
the aspect ratio of the organic component in the model to values of 40
and 50 yields highly plausible response curves.

The identical model (Eq. (17)) can be utilized to derive alternative
predictions (Fig. 16). Oblate particles, representing clay minerals
(aspect ratio = 0.055), are combined with prolate particles, which
correspond to organic matter (aspect ratio = 40). The aspect ratio for
clay minerals aligns with typical values observed in the literature for low
aspect ratio minerals such a mica or kaolinite of 0.033-0.1 (Pabst et al.,
2000). This results in a reduction of the mineral component of the
response curve, indicating that the oblate particles are positioned in the
lower left quadrant of the graph.

Ruehlmann (2020) demonstrated that the model presented in Eq.
(16) can be readily adapted to incorporate various components (mineral
and organic) for particle density, which holds for bulk density also. Such
components may possess distinct geometrical configurations either
through shape or size distribution. An estimation of the impact of par-
ticle size distribution can be made using the same approach as in Fig. 14
for the ideal binary packing fraction. In the case of monosized spheres
RCP is about 0.64 and a binary mixture of spheres with a size ratio of 10

2.04

Bulk Density (cm®)
o

0.54

0.04

Soil type
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* HUMUS_MINERAL
e ORGANO_MINERAL
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0 25

UKCEH2007-2022

Fig. 16. Countryside survey data with empirical model predictions for mineral and organic mixtures of spheres (AR = 1, dark red line); mineral spheres and prolates
(AR = 40, black line); clay (AR = 0.055) mixed with organic matter (AR = 40) dark grey line and particle size distribution effect estimated as a potential limit for end
members with binary packing for mineral spheres and organic prolates (AR = 40, pale blue line) assuming a binary particle size ratio of about 10. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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have a maximum packing density of about 0.78 (Fig. 14), i.e. a 22 %
higher packing fraction (Fig. 16). In the case of monosized prolate
particles with an aspect ratio of 40 the packing fraction is 0.1 and the
porosity 0.9, so that with a particle density of 1.4 g em™° the bulk
density is about 0.14 g cm™> (Table 5). Knowing these values and the
fractional increase for a binary mixture of spheres or prolates with a size
ratio of about 10 the respective maximum packing fractions can be
calculated. For a binary mixture of prolate particles with AR = 40 the
ideal packing fraction is Nmax = (Nsmall + Niarge)-(Msmall X Niarge) = (0.1 +
0.1)-(0.1 x 0.1) = 0.19 for an infinite size ratio difference. For a size
ratio of 10 the maximum packing fraction is = nrcp-+((Nideal-NrCP)
*fraction) = 0.1 + (0.19-0.1) x 0.608 = 0.155, where the fraction is
from column 4 in Table 4. Hence, the ratio 0.155/0.1 = 1.55, so about
55 % higher for the binary mixture of prolates. So that the bulk density
of the end members increases from 1.66 for mineral particles to 1.66 x
1.22 = 2.03 g em > and the bulk density of the prolate end member
increases from 0.138 x 1.55 = 0.21 g cm™5; this is shown as the pale
blue line in Fig. 16. What the line indicates is that compared to shape
effects, particle size effects are relatively small. The above evaluation is
an upper bound to the effect of (a large) 10:1 size ratio mixture, since it
is for the maximum increase obtained in a particular volumetric frac-
tional composition of approximately 1/3 small and 2/3 large particles.
The point being that simply increasing the size distribution has a limited
effect on densification and is not the only factor that might result in
denser materials. Factors such as preferential grain orientation in the
case of organic materials and compaction may become much more sig-
nificant. Factors such as particle orientation, tendency towards an
aligned nematic phase, or compaction should be considered for data
falling above this line in addition to shape effects. In addition, charac-
teristics such as aggregation which is clearly related to total porosity in
minerals soils (Thomas et al., 2024) and the fact that organic matter is
not rigid and can absorb water are also not considered. Also (smectite)
clay tactoids can swell and reduce the bulk density, as well as interfacial
forces. In contrast capillary forces may increase the bulk density.
Furthermore, Fig. 16 illustrates the model representation of a mixture of
clay and organic matter (depicted by the slate grey line) alongside data
from GB (n = 4202). The models presented in this work indicate that the
emergent bulk density is a combination of grain scale characteristics.

9. General discussion

The mixing model approach for soils discussed in this study appears
to have been initially introduced by (Adams, 1973) and has since been
adapted in various forms by numerous researchers, including (Hallett
et al., 1998; Robinson et al., 2022; Ruehlmann, 2020; Ruehlmann and
Korschens, 2009; Ruehlmann and Korschens, 2020; Tranter et al., 2007).
This research aims to enhance both the conceptual and physical
comprehension of how macroscale responses are linked to microscale
characteristics. The methodologies outlined primarily concentrate on
the influence of the solid phase components of soil—specifically their
size, shape, and particle density—on the porosity and bulk density of
natural soils. However, this work does not address additional factors
that may influence soil bulk density, such as seasonal cycles of soil
shrinkage and swelling, nor does it consider the processes of compaction
and loosening, whether anthropogenic or natural. Historically, much of
the environmental soil literature has concentrated on developing models
for bulk density and porosity through the application of statistical
functions to various data sets (Botula et al., 2015; Heuscher et al., 2005;
Hollis et al., 2012; Kaur et al., 2002; Manrique and Jones, 1991; Martin
et al.,, 2017; Nemes et al., 2010; Panagos et al., 2024; Ramcharan et al.,
2017; Rodriguez-Lado et al., 2015; Thomas et al., 2024; Tranter et al.,
2007). A significant challenge associated with fitting statistical func-
tions is that the results are contingent upon the data utilized. Many
extensive data sets are incomplete regarding the full environmental
range of soil bulk density. The UKCEH Countryside Survey data
(Reynolds et al., 2013), employed in this study, serves as a valuable
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resource for testing due to its stratified random design, which provides
comprehensive coverage of changes in soil organic matter (SOM) across
a latitudinal gradient where SOM ranges from approximately 0 % to 100
%. Additionally, the new LUCAS data set (Panagos et al., 2024) for
Europe is beneficial, although it is limited in its representation of highly
organic-rich soils.

Bulk density, often regarded as a static parameter, has been shown to
exhibit variability on anthropogenic time scales throughout the United
States (Hirmas et al., 2018). Additionally, research indicates that this
property is subject to seasonal fluctuations (Hu et al., 2012; Wuest,
2015). The findings of Hirmas et al. (2018) highlighted several critical
issues, particularly concerning the influence of continental-scale
changes, driven by unidentified mechanisms, on the hydrological
cycle. Recent investigations have sought to elucidate the mechanisms
governing bulk density and porosity, with land cover and complexed
clay identified as significant factors at national and broader scales (Koop
et al., 2023; Panagos et al., 2024; Thomas et al., 2024). Both studies
underscore the pivotal role of organic matter, as indicated by land cover
variations. Furthermore, Thomas et al. (2024) explored whether inte-
grating soil organic matter (SOM) with habitat data enhanced predictive
accuracy. While habitat contributed minimally but significantly to the
predictions, the majority of the predictive strength was attributed to
SOM. This suggests that SOM likely reflects the impacts of geometric
changes induced by plant roots, litter, and fungi, among other factors.

The significant correlation between bulk density and soil organic
matter (SOM) indicates that land management practices influencing
SOM will also affect bulk density. This relationship is particularly pro-
nounced in temperate and northern latitude soils, where SOM plays a
crucial role in determining bulk density. Research has demonstrated that
SOM levels fluctuate in response to changes in land use (Guo and Gif-
ford, 2002) suggesting that bulk density is likely to exhibit similar var-
iations. Over the past four decades, numerous national surveys have
documented a decrease in SOM within cropland soils (Bellamy et al.,
2005). Based on the findings presented in this study, any decline in
organic matter is anticipated to result in increased soil bulk density. The
reduction of SOM will have repercussions on both the structural integ-
rity of soil aggregates (Sullivan et al., 2022) and the overall geometry of
soil particles, as soils tend to transition towards materials characterized
by a lower aspect ratio.

Restoring soil structure poses a significant practical challenge. This
synthesis provides valuable insights into this issue. The incorporation of
mineral and soil organic matter (SOM) components alters the evaluation
of bulk density due to the inherent differences in particle densities.
However, achieving further improvements necessitates that these com-
ponents possess distinct geometrical characteristics. Elements such as
roots, fungal hyphae, and organic litter can modify the geometry of the
soil mixture. Their presence can further reduce bulk density, attribut-
able to their greater aspect ratios compared to granular mineral mate-
rials alone. In contrast, root exudates may not influence soil geometry
directly but can exert a dual opposing effect. They may facilitate
dispersion, leading to reduced aggregation, or enhance the ‘stickiness’
that promotes aggregate formation (Sullivan et al., 2022). Therefore,
strategies that involve the addition of SOM, the incorporation of roots,
or the use of cover crops, along with mixing facilitated by organisms
such as earthworms, can significantly contribute to soil restoration,
provided the soil is not excessively compacted. The sequence of resto-
ration activities is also crucial. Initially, some form of mechanical
intervention may be necessary to loosen the soil, followed by the
incorporation of organic matter and planting to ensure that roots sup-
port the developing structure. The role of soil biota, particularly earth-
worms, should not be overlooked, as they are essential for both mixing
and maintaining soil structure (Blanchart et al., 1999; Hallam et al.,
2021; Shipitalo and Le Bayon, 2004; Yvan et al., 2012). Implementing
cover cropping will help maintain root systems and prevent the soil from
reverting to a more compacted condition.

Numerous studies have examined the influence of bulk density on
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root development. However, literature specifically addressing the
reciprocal effects of roots on bulk density is relatively scarce; most
research tends to concentrate on broader aspects of soil structure
(Angers and Caron, 1998) or hydraulic properties (Lu et al., 2020).
Recent investigations have sought to integrate biological influences on
soil structure into innovative dynamic water retention models (Meurer
et al., 2020). The current study contributes a conceptual advancement
that complements these initiatives. A notable finding is that fine roots
often obstruct pore spaces, utilizing existing voids rather than gener-
ating new ones, while larger woody roots are more likely to fracture the
soil and foster new structural formations (Lu et al., 2020; Meurer et al.,
2020). This indicates that woody species may be more effective in
enhancing soil structure compared to herbaceous plants, potentially
leading to more enduring alterations in bulk density. Furthermore, the
diversity of root systems may also play a role in influencing bulk density.
It can be inferred that biodiverse plant communities, characterized by a
variety of root shapes and sizes, could reduce bulk density by creating
greater disturbances in soil packing. Empirical support for this notion is
found in studies of saltmarsh ecosystems, which demonstrate that
increased plant diversity, and consequently root diversity, correlates
with reduced erosion (Ford et al., 2016). Therefore, while the present
work sheds light on the impact of particle morphology on packing, there
remains a significant scope for further investigation, particularly con-
cerning the interactions between biological factors and abiotic particles
that culminate in soil bulk density as an emergent characteristic.

10. Conclusions

Soil bulk density is influenced by the particle density of soil con-
stituents and their geometric characteristics, including shape and size
ratio. The shape of particles, particularly platy clay minerals which can
be represented as oblate spheroids, and fibrous organic matter, origi-
nally root materials, modeled as prolate particles, plays a significant role
in this relationship. An understanding of how macroscopic properties
like bulk density and porosity relate to microscale features such as
particle shape (aspect ratio), contact number, and the effects of excluded
volume—especially as particle aspect ratios deviate from uni-
ty—provides critical insights. An empirical model that incorporates
contact number, excluded volume, and steric effects effectively captures
the packing behavior of various particle types, including platy, granular,
and rod-shaped forms. When integrated into a macroscopic mixing
model, these factors enhance our comprehension and quantification of
soil bulk density. Practically, this indicates that managing soil bulk
density involves not only adjusting the proportions of mineral and
organic components but also addressing the overall geometry of the soil
system. In essence, the shape of solid particles is crucial in the man-
agement or restoration of soil bulk density. Soils with particles exhib-
iting a higher aspect ratio tend to experience less natural densification.
Consequently, while the density of added organic matter contributes to a
reduction in bulk density, the particle shape of these organic materials is
equally important. Furthermore, the depletion of organic matter,
particularly in fibrous forms, can result in increased natural densifica-
tion. It is important to note that no amount of tillage can permanently
restore soil structure unless the geometry of the soil is also reinstated.
These findings may facilitate the development of innovative techniques
for soil structure restoration and provide valuable insights into the in-
teractions between climate, soil carbon, and soil structure on a broader
scale.
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