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Abstract
Ice crystal fabrics can exert significant rheological control on ice sheets and ice shelves, poten-
tially softening or hardening anisotropic ice by several orders of magnitude compared to isotropic
ice. We introduce an anisotropic extension of the Shallow Shelf Approximation (SSA), allowing
for fabric-induced viscous anisotropy to affect the flow of ice shelves in coupled, transient simu-
lations. We show that the viscous anisotropy of synthetic ice shelves can be parameterized using
an isotropic flow enhancement factor, suggesting that existing SSA flow models could, with little
effort, approximate the effect of fabric on flow.Next, we propose a newway to directly solve for SSA
fabric fields using satellite-derived velocities, assuming velocities are approximately steady and that
fabric evolution is dominated by lattice rotation with or without discontinuous dynamic recrys-
tallization. We apply our method to the Ross and Pine Island ice shelves, Antarctica, suggesting
that these regionsmight experience significant fabric-induced hardening and softening depending
on the relative strength of lattice rotation and recrystallization. Our results emphasize the ice-
dynamical relevance of needing to better constrain the strength of fabric processes. This calls for
more widespread fabric and temperature measurements from the field, since measurements are
currently too sparse for model validation.

1. Introduction

Nearly three-quarters of Antarctica’s coastline is surrounded by floating ice shelves. The but-
tressing provided by these ice shelves can influence the stability and mass flux of marine-
terminating glaciers across their grounding lines, but quantifying buttressing requires an
accurate representation of ice shelves in large-scale flow models (Rignot and others, 2004;
Rathmann and others, 2017; Reese and others, 2018; Joughin and others, 2021; Otosaka and
others, 2023; Sun and Gudmundsson, 2023) with some caveats (Hulbe and Fahnestock, 2004;
Hill and others, 2021). Unlikemodeling the flowof grounded ice which depends on information
about ice geometry, boundary conditions, thermal state, and material (rheological) properties,
floating ice shelves represent a somewhat simpler problem: their boundary conditions are better
known (no drag on the bottom ocean boundary), they deform by plug flow (negligible verti-
cal shear), and their geometry can be approximated from surface elevation measurements if
assumed to fulfill the flotation criterion.

Despite their simpler setting, many factors complicate the modeling of ice shelves, such as
(hydro)fracturing causing locally softer ice (Borstad and others, 2017; Sun and others, 2017),
heterogeneous sub-shelfmelting (Adusumilli and others, 2018;Wang and others, 2025), and the
accretion ofmarine ice with different thermal and rheological properties (Treverrow and others,
2010; Craw and others, 2023; Miles and others, 2025). Another rheological phenomenon that
is often neglected (or at least not explicitly modeled) is the heterogeneous viscous anisotropy
caused by an evolving crystal-orientation fabric (henceforth fabric) (Diez and others, 2016;
LeDoux and others, 2017; Fan and others, 2021), with potential analogies to continental ice
streams insofar as they are facilitated by negligible basal drag due to subglacial melting (Ma and
others, 2010; Gerber and others, 2023).

Of the rheological properties that evolve spatiotemporally (Figure 1), ice temperature exerts
in general the most important control. For the range of temperatures observed in ice sheets,
−55∘C to 0∘C, ice fluidity (ease of deformation) can vary by up to a factor of 1000 (Cuffey
and Paterson, 2010) and is sensitive to liquid water content (De La Chapelle and others, 1999;
Fowler and Iverson, 2023). If deformation is dominated by dislocation creep (typically the case
at high stress), the crystal fabric is arguably the second most important rheological property
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Figure 1. Qualitative overview of strain-rate enhancing mechanisms in ice, where
fadings indicate that some end-member uncertainty exists. In the case of temper-
ature and mean grain size, the offset (reference value at E = 1) does not have any
physical significance and is therefore centrally aligned. The grain size range shown
broadly covers that typically found in ice sheets, and the corresponding enhance-
ments are calculated using the rheology by Goldsby and Kohlstedt (2001) with a
grain size exponent of 1.4.

(Duval and others, 1983; Castelnau and others, 1998; Fan and
Prior, 2023), unless the ice mass is very fractured. Strongly devel-
oped anisotropic ice can be up to 10 times easier to shear and
100 times harder to compress compared to isotropic ice, depend-
ing on how favorable grain orientations are to basal glide (Shoji
and Langway, 1985; Pimienta and others, 1987; Jacka and Budd,
1989; Azuma, 1994, 1995; Jacka and Jun, 2000) (Figure 1). At suf-
ficiently low stresses, grain boundary sliding is often considered
the dominant deformationmechanism, where ice fluidity increases
with decreasing grain size (Goldsby and Kohlstedt, 1997, 2001).
Although this mechanism can also cause fluidity to vary by orders
of magnitude, strain weakening at high homologous temperatures
is predominantly controlled by fabric development (Fan and oth-
ers, 2021). Finally, the impurity content of ice can also exert control;
for example, dusty ice from glacial periods is typically twice as soft
as interglacial ice (Dahl-Jensen and Gundestrup, 1987).

Modeling the coupled evolution between fabric and flow has
received a lot of attention in the literature, although limited to flow-
line models primarily due to computational expense (Mangeney
and others, 1996; Castelnau and others, 1998; Gillet-Chaulet
and others, 2006; Durand and others, 2007; Pettit and others,
2007; Martín and others, 2009; Ma and others, 2010; Martín and
Gudmundsson, 2012; Lilien and others, 2021, 2023; Rathmann and
Lilien, 2021). The full-Stokes problem (unapproximated momen-
tum balance) for isotropic ice is likewise computationally expen-
sive, making it unfeasible for transient simulations over long time
scales. Vertically integrated momentum balance approximations
are therefore frequently used (Seroussi and others, 2023), relying
on scaling arguments and the shallow aspect ratio of polar ice
masses.

The Shallow Shelf Approximation (SSA), loosely referred to as
plug flow, was originally proposed to model the flow of ice shelves,
assuming negligible vertical shear and basal drag (Morland, 1987;
MacAyeal, 1989). But ice shelves are predominantly in a state of
longitudinal extension, which can lead to the development of gir-
dle fabrics (Treverrow and others, 2010) that harden the ice for

further along-flow extension compared to isotropic ice (Pimienta
and others, 1987; Castelnau and others, 1996). Moreover, horizon-
tal single-maximum fabrics can develop in ice-shelf shear margins
similar to those in ice streams (Monz and others, 2021; Thomas
and others, 2021; Gerber and others, 2023) that are softer for shear
than isotropic ice (Pimienta and others, 1987; Echelmeyer and oth-
ers, 1994; Jackson and Kamb, 1997), potentially leading to faster
interior (trunk) flow than predicted by isotropic ice flow models.

In this paper, we introduce an anisotropic version of the SSA
equations and explore the extent to which the viscous anisotropy
of ice shelves can be parameterized by an equivalent scalar flow
enhancement factor, thus making it easier to account for the effect
of crystal fabrics in existing state-of-art isotropic ice flow models.
This paper therefore shares the goals of, and builds on, previ-
ous work by Ma and others (2010), Placidi and others (2010),
Treverrow and others (2015), and Graham and others (2018).

In the following, we begin by introducing the anisotropic SSA
problem and how fabric and flow are coupled based on recent
developments of ours (Rathmann and Lilien, 2021; Richards and
others, 2021; Lilien and others, 2023). The reader less interested
in technical details may choose to focus on the subsequent sec-
tion “Equivalent isotropic enhancement” where we review how the
equivalent enhancement factor has previously been defined and
introduce a newdefinition based on the effective strain rate, includ-
ing testing the validity thereof in an idealized shelf model. Finally,
in section “Application to Antarctic ice shelves”, we apply our
methodology to the Ross and Pine Island Glacier (PIG) ice shelves,
Antarctica, suggesting that significant fabric-induced hardening
and softening may be present in Antarctic ice shelves.

2. Anisotropic SSA

The coupled problem between ice flow and an evolving crystal fab-
ric requires solving a sequence of consecutive problems (Figure
2). Solving the momentum balance gives the large-scale flow of
ice, which, together with the thermal state, allows to drive fab-
ric evolution forward in time. The new fabric state permits an
updated estimate of the fabric-induced viscous anisotropy, calcu-
lated using a micromechanical model. This, in turn, informs the
bulk anisotropic rheology, needed by the momentum balance.

In what follows, we address each of these subproblems before
considering how the coupled problem can be simplified by reduc-
ing the effect of fabric to a scalar flow enhancement.That is, we seek
to simplify the blue and orange pieces in Figure 2 by supposing that
the Glen isotropic flow law is sufficient and to test the accuracy of
doing so in idealized SSA modeling.

The difference between our approach and previous work that
presents the coupled problem in this way (e.g. Gillet-Chaulet and
others, 2006; Lilien and others, 2023) is mainly the micromechan-
ical model used and the presumption of plug flow (SSA).

2.1. Momentum balance

The SSA momentum balance is (Morland, 1987; MacAyeal, 1989)

∇ ⋅ (HR) = 𝜌gH∇S, (1)

where S is the surface height,H is the ice thickness, 𝜌 = 917 kgm−3

is the density of ice, g = 9.8ms−2 is the gravitational acceleration,
and the resistive viscous stress tensor is defined as

R = [2𝜏xx + 𝜏yy 𝜏xy
𝜏xy 𝜏xx + 2𝜏yy

] . (2)
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Figure 2. Schematic of the two-way coupled problem between flow and fabric evo-
lution. Anisotropic ice flow modelling requires solving the momentum balance for an
anisotropic bulk rheology, the solution of which provides the means to calculate the
evolution of the crystal fabric, which in turn allows for an updated estimate of the
fabric-induced viscous anisotropy that informs the bulk rheology.

The stress deviator components τxx, τyy and τxy follow from the
power-law rheology of ice assuming dislocation creep is the dom-
inant deformation mechanism,

𝝉 = A−1/n .𝜖(1−n)/n
e C, (3)

.𝜖e = √C : .𝝐
2 , (4)

where A is the depth-averaged flow rate factor, .𝝐 is the strain rate
tensor, .𝜖e is the effective strain rate, n is the flow exponent, andC is
the tensorial part of the rheology. Assuming incompressibility, the
strain-rate tensor is

.𝝐 = ⎡
⎢
⎣

.𝜖xx
.𝜖xy 0

.𝜖xy
.𝜖yy 0

0 0 − .𝜖xx − .𝜖yy

⎤
⎥
⎦

, (5)

following usual scaling arguments for ice masses with a small
aspect ratio, allowing vertical shear to be neglected (MacAyeal,
1989).

The difference between the isotropic and anisotropic SSA equa-
tions is presented in Supplementary section A. In effect, vertical
velocity gradients vanish only to first order in the ice-mass aspect
ratio, whereas for isotropic ice they also vanish to second order.
Therefore, care should be taken when applying the anisotropic SSA
to ice masses with an aspect ratio less than ∼ 100.

2.2. Bulk rheology

In the case of the Glen isotropic rheology, the tensorial part is
C = .𝝐. For anisotropic rheologies, however, the strain-rate com-
ponents should be scaled according to the local fabric-induced
viscous anisotropy.

The orthotropic rheology (Gillet-Chaulet and others, 2005) has
three mutually perpendicular planes of reflection symmetry with
normals m1, m2, and m3, allowing each strain rate component

to be uniquely scaled to account for the effect of fabric develop-
ment (Figure 2). In the notation of Lilien and others 2023, the
tensorial part of the orthotropic rheology is

C =
3

∑
i=1

(𝜂iPiPi + 𝜂i+3Pi+3Pi+3) : .𝝐, (6)

where Pi = I/3 − mimi and Pi+3 = (mjimki + mkimji)/2 are pro-
jectors such that Pi : .𝝐 and Pi+3 : .𝝐 give the longitudinal and
shear strain-rate components in the rheological symmetry frame
mi, respectively, and PiPi, mimi and mjimki denote outer prod-
ucts. The index tuples are defined as (j1, j2, j3) = (2, 3, 1) and
(k1, k2, k3) = (3, 1, 2).

The coefficients 𝜂i and 𝜂i+3 are dimensionless directional vis-
cosities that scale the strain rate components in the symmetry
frame mi. These can be conveniently written in terms of the direc-
tional enhancement factors Eij (Rathmann and Lilien, 2022)

𝜂i = 3
E2/(n+1)
jiji + E2/(n+1)

kiki − E2/(n+1)
ii

∑3
i=1 (2E2/(n+1)

jiji E2/(n+1)
kiki − E4/(n+1)

ii )
, 𝜂i+3 = 2E−2/(n+1)

jiki .

(7)

Here, Eij are to be understood as the size of the strain rate com-
ponents in the symmetry frame relative to that if the fabric was
isotropic (Glen rheology)

Eij =
mi ⋅ .𝝐( ̂𝝉) ⋅ mj

mi ⋅ .𝝐iso( ̂𝝉) ⋅ mj
, (8)

for a longitudinal (i= j) or shear (i≠ j) stress state aligned with the
symmetry frame

̂𝝉 = 𝜏0 {I/3 − mimi if i = j

(mimj + mjmi)/2 if i ≠ j
. (9)

In this way, E11 is the longitudinal strain-rate enhancement along
m1 when subject to compression/tension along m1, E12 is the
m1–m2 shear strain-rate enhancement when subject to shear in the
m1–m2 plane, etc. To be clear: Eij > 1 implies a softened mate-
rial response due to fabric development compared to isotropic ice,
whereas Eij < 1 implies hardening. Notice that (6)–(7) reduce to
the Glen isotropic rheology for Eij → 1.

We mention in passing that modeling ice flow using an
orthotropic rheology is not new (Staroszczyk and Gagliardini,
1999; Gillet-Chaulet and others, 2006; Ma and others, 2010; Lilien
and others, 2021; 2023) and is capable of (i) reproducing the vis-
cous anisotropy of Dye 3 ice core samples (Rathmann and Lilien
2022; revisited in Supplementary section B), (ii) modeling the fab-
ric profile of the EPICA Dome C ice core (Durand and others,
2007), and (iii) explaining the formation of Raymond bumps with
double peaks (Martín and others, 2009).

2.3. Fabric evolution

The orientation fabric of ice evolves as a function of several
crystallographic processes, such as lattice rotation, continuous
dynamic recrystallization (CDRX; or rotation recrystallization),
and discontinuous dynamic recrystallization (DDRX), depend-
ing on the thermomechanical setting (Figure 3). For brevity,
we focus on introducing the models of crystal processes used
here, referring the reader to e.g. Montagnat and others (2014) or
Faria and others (2014a, 2014b) for an introduction to the physics
and observations of crystal processes.
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Figure 3. Ice crystal processes affecting orientation fabric development: strain-induced rotation of crystal lattices (lattice rotation) and mass transfer between grains with
different orientations (recrystallization; DDRX and CDRX).

In our vertically integrated orthotropic rheology, the fabric field
is to be understood as depth-averaged (elaborated on below). We
therefore argue that it is sufficient tomodel the dominant crystallo-
graphic process in a depth-averaged sense, which is approximately
lattice rotation for cold ice but must include DDRX if warmer than
∼ −15∘C (De La Chapelle and others, 1998; Samyn and others,
2008; Qi and others, 2019).

CDRX accounts for the division of grains along subgrain
boundaries resulting from local strain incompatibilities and is
generally understood to not change grain orientations much (sub-
dominant to lattice rotation), although it may impact the reduction
of stored strain energy (Montagnat and Duval, 2000). For this rea-
son, and because some work (Lilien and others, 2023; Richards
and others, 2023) suggests little or no need to include this process
when trying to reproduce ice core fabrics, we neglect CDRX for
simplification.

2.3.1. Lattice rotation
Following a popular approach first proposed by Castelnau and
others (1996) and Svendsen and Hutter (1996), lattice rotation is
modeled as an advection process on the surface of the unit sphere
(S2), which is supposed to capture the strain-induced rotation of
crystal lattices (c axes). In this model, the c-axis velocity field on
S2 depends solely on the bulk stretching .𝝐 and spin ω tensors and
is given by .c = (𝝎 + 𝝎p) ⋅ c, where c is an arbitrary c-axis,
𝝎p = 𝜄(c2 ⋅ .𝝐 − .𝝐 ⋅ c2) is the plastic spin, and c2 is the outer prod-
uct of c with itself. We take ι= 1 to ensure that basal slip systems
behave like a deck of cards; that is, slip planes tend to align with
the bulk shear plane. Although ι could take another value to mimic
the activity of non-basal slip systems (Gillet-Chaulet and others,
2006; Richards and others, 2021), this phenomenological model is
concerned with the activation of the dominant slip system.

Figure 4a–c shows the predicted c-axis velocity field (arrows)
and speed (colored contours) for ice subject to three different
deformation kinematics (strain geometries) relevant to SSA flows.

2.3.2. DDRX
Following Placidi and others (2010), DDRX is modeled as a
spontaneous mass decay–production process in orientation space,
intended to represent the combined effect of nucleation and grain
boundary migration. That is, mass is spontaneously exchanged
between grains with different orientations depending on the local
stress state, strain rate, and temperature, in a statistical sense.

The decay–production rate is defined as Γ = Γ0(D − ⟨D⟩),

where the prefactor Γ0 = √ .𝝐 : .𝝐/2AΓ exp(−QΓ/RT) accounts
for the preferential (Arrhenius) activation at warm temperatures
and the effect of strain-rate magnitude (Richards and others, 2021;

Lilien and others, 2023). Here, R is the gas constant, T is the tem-
perature, and AΓ = 1.91 × 107 and QΓ = 3.36 × 104Jmol−1

according to a recent calibration by Lilien and others 2023. The
deformability D is the square of the basal-plane resolved shear
stress, (𝝉 ⋅ 𝝉) : c2 − 𝝉 : c4 : 𝝉, relative to the average value if
the fabric were isotropic

D =
(𝝉 ⋅ 𝝉) : c2 − 𝝉 : c4 : 𝝉

𝝉 : 𝝉/5 , (10)

where c is an arbitrary c-axis. Because D is largest for grains
with an orientation favorable to basal glide, mass is spontaneously
created/added to grains with such preferred orientations (in a sta-
tistical sense). Conversely, mass spontaneously decays if D < ⟨D⟩,
corresponding to grains with an unfavorable orientation being
consumed by grains with a more favorable orientation to basal
glide. Here, ⟨D⟩ is the average grain deformability, where the
average ⟨⋅⟩ is defined in Equation (17), and the total mass of
the polycrystal is conserved since Γ is zero on average, ⟨Γ⟩ =
Γ0⟨D − ⟨D⟩⟩ = 0 (equal amounts of grain mass are created and
destroyed per time).

The primary driver for grain boundary migration is generally
regarded to be the contrast in dislocation density (stored strain
energy) between grains (De LaChapelle and others, 1998; Hamann
and others, 2007). In this sense, 1/D is a parameterization of the
dislocation density: the larger 1/D is, the more dislocations a grain
has, and the more likely it is to be consumed (decay).

Figure 4d–f shows the normalized decay–production rate Γ/Γ0
of an isotropic fabric when subject to three different stress states
relevant to SSA flows, i.e., mass is transferred from grains with
c-axis orientations in red-shaded regions to gray-shaded regions.
Notice that dividing by Γ0 removes the effect of temperature
which otherwise uniformly scales the patterns in Figure 4d–f to
increase/decrease the rate of DDRX.

2.3.3. Representation
The crystal fabric is represented by the distribution function of
grain mass-density in the space of possible c-axis orientations, 𝜓,
following the theory of mixtures of continuous diversity (Faria,
2001) (also referred to as 𝜌* in the literature, but here * is reserved
for complex conjugation).We expand 𝜓 in terms of a spherical har-
monic series following recent work (Rathmann and others, 2021;
Richards and others, 2021)

𝜓(x, t, 𝜃, 𝜙) =
L

∑
l=0

l

∑
m=−l

𝜓m
l (x, t)Ym

l (𝜃, 𝜙), (11)

where 𝜓m
l are complex-valued expansion coefficients, Ym

l are har-
monic basis functions, and L is the wave mode truncation above
which finer-scale structure in 𝜓 is unresolved. Since 𝜓 is the dis-
tribution of mass density in orientation space, integrating over
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Figure 4. Fabric dynamics for different deformation kinematics and stress states relevant to SSA flows: c-axis velocity field for lattice rotation (a–c), and DDRX decay–production
rate for an isotropic fabric (d–f ).

orientation space gives the usual mass density of glacier ice 𝜌 =
∫
S2 𝜓dΩ, where dΩ = sin(𝜃)d𝜃d𝜙 is the infinitesimal solid angle.
Note that 𝜓−m

l = (−1)m(𝜓m
l )* by identity since 𝜓 is real, and that

the mass orientation distribution function (MODF) is defined as
the normalized distribution function 𝜓/𝜌.

The combined effect of advection, lattice rotation, and DDRX
on 𝜓 is (see e.g. Svendsen and Hutter, 1996; Richards and others,
2021)

D𝜓
Dt = −∇S2 ⋅ (𝜓 .c) + Γ𝜓, (12)

where ∇S2 is the gradient on S2 andD/Dt is thematerial derivative.
Theharmonic expansion (11) transforms the fabricmodel (12) into
a high-dimensional matrix problem (Rathmann and Lilien, 2021;
Rathmann and others, 2021),

Ds
Dt = (MLROT + MDDRX) ⋅ s, (13)

where MLROT and MDDRX are matrices of harmonic interaction
coefficients, and

s = [𝜓0
0, 𝜓0

2, 𝜓1
2, 𝜓2

2, 𝜓0
4, ⋯ , 𝜓4

4, ⋯ , 𝜓0
L, ⋯ , 𝜓L

L] ∈ ℂ(L+2)2/4 (14)

is the unknown fabric state vector field to be solved for. That is,
the harmonic expansion transforms the problem of fabric evolu-
tion in ℝ3 × S2 to a high-dimensional advection–reaction vector
field problem in ℝ3 × ℂ(L+2)2/4.

2.3.4. SSA fabric model
The vertically averaged model of fabric evolution, consistent with
the SSA approximation, is derived in Supplementary section C.
Denoting the depth average of s(x, y, z, t) by s(x, y, t), and implic-
itly assuming that the velocity field and gradients refer to their
horizontal xy parts, s is governed by

Ds
Dt = (MLROT + MDDRX) ⋅ s + asfc

H (ssfc − s) + asub
H (ssub − s),

(15)

where H is the ice thickness (Figure 5). Compared to the above
three-dimensional problem, the vertically averaged fabric prob-
lem (15) contains additional terms on the right-hand side. The
first term is simply the depth-averaged effect of lattice rotation
and DDRX. The second and third terms are state-space attractors,
causing s to tend towards the characteristic fabric states of ice that
accumulates on the surface ssfc or subglacially ssub (likely isotropic),
depending on the positively-defined accumulation rates asfc and
asub.
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Figure 5. SSA fabric model and harmonic expansion series of the crystal orientation
fabric. SSA fabrics evolve due to the combined effect of fabric advection, englacial
crystal processes, and surface/subglacial accumulation of ice. Complex conjugation
is denoted by “c.c.”.

2.3.5. Truncation error
The spectral formulation suffers from a closure problem in the
sense that to represent increasing fabric development (increasing
alignment of grains), harmonic modes of increasing degree l must
be included. For practical reasons, the expansion series is trun-
cated at degree L= 10 so that the finer scale structure is ignored.
To avoid backscatter effects in spectral space at l = L (causing quasi
periodic noise to dominate 𝜓), a spectrally sharpened Laplacian
term in orientation space is applied (regularization) that dispro-
portionally causes high wave-number modes to decay (for details
see Rathmann and Lilien, 2021).

2.4. Viscous anisotropy

Given the fabric state s or its depth average s, we are left to
provide the local rheological symmetry axes mi and associated
enhancement factors Eij for the bulk rheology.

We follow Rathmann and Lilien 2021 and Lilien and others
2023 who calculated Eij by substituting .𝝐 in (8) for the grain-
averaged strain-rate tensor, subject to a linear combination of stress
(Sachs) and strain-rate (Taylor) homogenization assumptions over
the polycrystal scale:

Eij = (1 − 𝛼)
mi ⋅ .𝝐Sachs( ̂𝝉) ⋅ mj

mi ⋅ .𝝐Sachsiso ( ̂𝝉) ⋅ mj

+ 𝛼
mi ⋅ .𝝐Taylor( ̂𝝉) ⋅ mj

mi ⋅ .𝝐Tayloriso ( ̂𝝉) ⋅ mj

, (16)

where 𝛼 ∈ [0; 1]. The Sachs and Taylor contributions are .𝝐Sachs =
⟨ .𝝐′(𝝉)⟩ and .𝝐Taylor = ⟨𝝉′( .𝝐)⟩−1, where 𝝉′ and .𝝐′

are the micro-
scopic (grain scale) stress and strain-rate tensors, and ⟨⋅⟩−1 inverts
the tensorial relationship. The operation for calculating fabric-
averaged quantities is defined as

⟨⋅⟩ = 1
𝜌 ∫

S2

(⋅) 𝜓 dΩ. (17)

In effect, grains are modeled as interactionless, which reduce
the Sachs and Taylor homogenizations to that of calculating the
ensemble-averaged monocrystal rheology.

Here, monocrystals are approximated as linear-viscous trans-
versely isotropic following Rathmann and Lilien 2021:

.𝝐′ = A′(𝝉′ − E′
cc − 1
2 (𝝉′ : c2)I +

3(E′
cc − 1) − 4(E′

ca − 1)
2 𝝉′ :

⟨c4⟩ + (E′
ca − 1)(𝝉′ ⋅ c2 + c2 ⋅ 𝝉′)), (18)

where A′ is the isotropic part of the fluidity, E′
caA′ is the fluidity

specific for basal plane shear, and E′
ccA′ is the fluidity specific for

compression/tension along c (Figure 2). The inverse 𝝉′( .𝝐′) is sim-
ply (18) where .𝝐′

and 𝝉′ are swapped, E′
ij → 1/E′

ij, and A′ →
1/A′.

The free parameters of our micromechanical model (A′, E′
cc,

E′
ca, α) should be chosen such that modeled Eij reproduce bulk

deformation tests. In the interest of brevity, we refer the reader to
Supplementary section B for details on calibrated values.

From (18) it is clear that .𝝐Sachs and .𝝐Taylor end up depending
on the second- and fourth-order structure tensors, ⟨c2⟩ and ⟨c4⟩.
These depend, in turn, exclusively on the low-order harmonics
𝜓m

2 and 𝜓m
4 (Rathmann and others, 2022), implying that choos-

ing a small truncation L is sufficient as long as regularization
does not affect harmonics of degree l ≤ 4 too much. This is the
primary motivation for considering a linear viscous monocrystal
rheology in spite of observations that indicate nonlinear viscous
behavior (Duval and others, 1983). In the nonlinear-viscous case,
the Sachs and Taylor averages depend on higher-order structure
tensors (i.e. l> 4 harmonics) which is not computationally fea-
sible in our coupled flow–fabric simulations when also needing
to dedicate spectral width for regularization, in effect requiring
L ≥ 10 and therefore dim(s) ≥ 36 (Rathmann and others,
2021).

2.4.1. Eigenenhancements
The rheological symmetry axesmi are taken to align with the fabric
principal directions, defined as the eigenvectors of ⟨c2⟩ (Gillet-
Chaulet and others, 2005). In the following, we therefore refer to
the bulk enhancement factors in the frame mi as eigenenhance-
ments, denoted by subscripts i, j = 1, 2, 3, e.g. E11, E22, E12, and
so on. These are to be distinguished from the Cartesian enhance-
ments where mi are replaced by the Cartesian basis vectors in (8),
denoted by subscripts i, j = x, y, z, e.g. Exx, Eyy, Exy, and so on,
primarily useful for diagnostic purposes.

3. Equivalent isotropic enhancement

Following previous work (e.g. Ma and others, 2010; Placidi and
others, 2010; Treverrow and others, 2015; Graham and others,
2018), we posit that the effect of fabric on ice viscosity can
be approximated by an equivalent isotropic enhancement factor,
understood in the usual sense as a scalar prefactor E to the flow rate
factorA in theGlen rheology (3). If additional softening/hardening
effects are present, the combined effect is given by the product of
the respective enhancement factors. For example, damaged (frac-
tured) ice is softer than undamaged, and dusty ice from glacial
periods is typically twice as soft as interglacial ice (Dahl-Jensen and
Gundestrup, 1987) (although this effect is to some extent indirectly
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Figure 6. Biases resulting from approximating the viscous anisotropy of ice using a scalar enhancement factor. (a): Normalized strain-rate components of the orthotropic
(black lines) and isotropic (grey and colored lines) rheology when subject to a fixed xy shear stress that is increasingly unfavorably aligned with a horizontal single-maximum
fabric (decreasing compatibility). (b): Same as (a) but for a fixed horizontal single-maximum fabric aligned with the y axis, subject to a stress state that varies linearly between
xy shear and uniaxial tension along y (varying stress superposition). Colored lines show predictions for the Glen rheology when using either CAFFE (purple) or EIE (green) to
calculate E.

caused by the dust impeding DDRX; Durand and others (2007)),
implying

E = Efabric Edamage Edust ⋯ . (19)

In this work, the role of fabric is considered in isolation, so E =
Efabric is henceforth assumed implicit.

Before introducing specific models of E, it is helpful to quan-
tify two important biases that can occur when approximating the
effect of fabric as a scalar flow enhancement. In short, we first set up
a horizontal single-maximum fabric and apply a fixed horizontal
shear stress, then run a series of controlled experiments, gradu-
ally rotating the orientation of the single maximum from perfectly
aligned with the shear stress direction to misaligned and deter-
mine how closely a scalar enhancement of the Glen rheology can
approximate the orthotropic strain rate components. Second, using
the same horizontal single-maximum fabric, we gradually shift the
applied stress from being horizontal simple shear, perfectly aligned
with the single maximum, to being extensional in the horizontal
plane and again determine how well a scalar enhancement factor
performs.

3.1. Biases

The claim that viscous anisotropy can be represented by (reduced
to) a scalar enhancement E implies that some viscosity tensor com-
ponents matter more than others. This is not unreasonable: if ice
is (say) subject to xy shear stress, setting E = Exy will probably
give the most accurate strain-rate prediction, whereas the remain-
ing directional enhancements matter less insofar as the fabric is
favorably aligned to the shear stress, m1,m2,m3 = x̂, ŷ, ẑ (or
some permutation thereof). Figure 6a makes this point more clear
by showing .𝜖xy and .𝜖yy (black lines) of the orthotropic rheology

(using our micromechanical model and n= 3), normalized by the
effective isotropic strain rate

.𝜖e,iso = √
.𝝐 : .𝝐
2 , (20)

for a strong horizontal single-maximum fabric that is increas-
ingly unfavorably aligned to (rotated away from) a fixed xy shear
stress, denoted by the angle ϑ between the fabric principal direc-
tion m1 and direction of shear. Note that both the stress magni-
tude and the rate factor A cancel out in the division. As antic-
ipated, the orthotropic xy strain rate (solid black line) is found
to decrease from E12 when aligned favorably at 𝜗 = 0∘ (softer
than predicted by the Glen rheology; solid gray line) to ∼ E11
when unfavorably aligned at 𝜗 = 45∘ (harder than predicted by
the Glen rheology). However, using a scalar enhancement E to
account for the effect of fabric is complicated by the fact that non-
coaxial behavior is permitted by the orthotropic rheology, unlike
the Glen isotropic rheology where τ and .𝝐 are coaxial. In the
present example of simple shear, coaxiality is fulfilled only when
the fabric and stress states are favorably aligned (𝜗 = 0∘), in
which case setting E = E12 allows the Glen rheology to repro-
duce the orthotropic rheology and thus give the sought strain
rate tensor. But as the misalignment increases, other strain-rate
components may become nonzero (e.g. 𝜖yy; dashed black line)
which a scalar enhancement of the Glen rheology cannot capture
(dashed grey line).Thedegree towhich a scalar enhancementE can
accurately represent fabric-induced softening/hardening depends,
therefore, partly on the alignment between the local fabric and the
stress (or strain rate) geometry, henceforth referred to as fabric
compatibility.

In addition to fabric compatibility, another bias may occur
whenever τ is a superposition of two ormore stress states. Consider
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a horizontal single-maximum fabric, perfectly aligned with the
y-axis. Such an ice fabric is soft for xy shear but hard for com-
pression/tension along x and y. Hence, it is not clear which
enhancement-factor component Eij to apply if shear and longitu-
dinal stresses are superimposed—is the ice soft or hard? Figure 6b
makes this point clear by showing .𝜖xy and

.𝜖yy of the orthotropic rhe-
ology (black lines), normalized by .𝜖e,iso, for a stress state that varies
linearly between xy shear and uniaxial tension along y. Scaling
all strain rate components in the Glen rheology (gray lines) by
the same factor, E, to match the orthotropic response is not pos-
sible when both shear and tension are simultaneously important.
The degree to which E can accurately represent fabric-induced
softening/hardening depends, therefore, also on the number and
strength of stress (or strain rate) modes that contribute to τ (or .𝝐),
henceforth referred to as stress (or strain-rate) superposition.

In what follows, we model E using the CAFFE method
(Continuum-mechanical, Anisotropic Flow model, based on an
anisotropic Flow Enhancement factor; Placidi and others (2010))
together with a new method that we find useful based on the
effective strain rate. Other methods such as ESTAR (Empirical
Scalar Tertiary Anisotropy Regime; Graham and others (2018);
McCormack and others (2022)) also exist, but are not applied in
our work due to strong assumptions about fabric compatibility that
wewish to relax.The interested reader is referred to Supplementary
section D for further details on ESTAR.

3.2. CAFFE

Placidi and others (2010) proposed parameterizing an equivalent
isotropic enhancement in terms of the average grain deformabil-
ity ⟨D⟩. Isotropic fabrics are then characterized by ⟨D⟩ = 1, while
fabrics that are minimally and maximally favorable to basal glide
are characterized by ⟨D⟩ = 0 and ⟨D⟩ = 5/2, respectively. CAFFE
assigns the bulk enhancements Ec and Es to these minimally and
maximally favorable states, respectively, whereas for intermedi-
ate states a semi-empirical scaling is proposed based on Azuma
(1995):

E =
⎧{
⎨{⎩

(1 − Ec)⟨D⟩8/21(Es−1)/(1−Ec) + Ec for 0 ≤ ⟨D⟩ ≤ 1,
4⟨D⟩2(Es − 1) + 25 − 4Es

21 for 1 < ⟨D⟩ ≤ 5/2.
(21)

Here, we follow Placidi and others (2010) by setting Ec = 0.1
and Es = 10, in agreement with bulk deformation tests made on
strong single-maximum fabrics subject to compression or shear
that is aligned with the preferred c-axis direction, respectively.
Because CAFFE assumes that the Glen isotropic rheology is a suit-
able description at large scale, τ can be exchanged for .𝝐 when
calculating the deformability D.

3.3. Our definition (EIE)

Formally, E is the strain rate response of a parcel of anisotropic
ice, divided by that of isotropic ice, for a given stress state. This
ratio is only meaningful for scalar quantities, so we conjecture that
the effective strain rate .𝜖e in (4) is a useful quantity to consider,
which fulfills the effective Norton–Bailey creep law (Naumenko
and Altenbach, 2007, p. 21) for both isotropic and orthotropic
rheologies:

.𝜖e = A𝜏n
e , (22)

where 𝜏e is the effective deviatoric stress. The motivation for con-
sidering .𝜖e is straight forward: it is a natural measure (contraction)
of the strain-rate tensor that weighs each component according to
Eij. Further,

.𝜖e satisfies the requirement that if deformation is (say)
simple shear alignedwithm2 andm3 so that .𝝐 ∝ P4, then

.𝜖e is dom-
inated by the term involving the corresponding shear enhancement
E23 since P4 : .𝝐 is the only nonzero strain-rate projection in (6).

The problem is, however, not as easy as defining E = .𝜖e/
.𝜖e,iso,

where .𝜖e and
.𝜖e,iso are given by the contraction (4) with C replaced

by (6) and .𝝐, respectively. In the aforementioned case of simple
shear, it can be shown that

.𝜖e
.𝜖e,iso

= √𝜂4(P4 : .𝝐)2
.𝝐 : .𝝐

= E−1/(n+1)
23 . (23)

Hence .𝜖e/
.𝜖e,iso should be raised to the power of −n − 1 to give

the desired result E = E23. We therefore propose defining E
according to the scaling relation (henceforth Equivalent Isotropic
Enhancement, or EIE)

E = (
.𝜖e

.𝜖e,iso
)

q

, (24)

where q = −n−1.The fact that q is negative can also be understood
intuitively: if an observed flow field is (say) soft for shear due to
fabric, the stress required to facilitate that deformation is less than
that required for isotropic ice and therefore 𝜏e < 𝜏e,iso ⇒ .𝜖e <
.𝜖e,iso by virtue of (22).

In the general case where deformation is a superposition of dif-
ferent kinematic modes, or if fabric compatibility is poor, .𝜖e will
consist of multiple contributions and the appropriate exponent q
might differ from −n − 1. However, in the following comparison
between CAFFE and EIE, we find that q = −n − 1 is a good
approximation and is therefore taken to suffice.

3.4. Method comparison

Figure 7 shows E predicted by CAFFE and EIE (colored lines)
for a parcel of initially-isotropic ice subject to different deforma-
tion kinematics relevant to SSA flows, assuming that DDRX is
either negligible (cold ice limit; Figure 7a–c), strong (warm ice
limit; Figure 7d–f), or very strong (very warm ice limit; Figure
7g–i), imposed by setting Γ0 = 0, Γ0 = Γ0(−15∘C), and Γ0 =
Γ0(−5∘C), respectively. In general, EIE is found to approximately
recover the most important component of Eij (black line). CAFFE
predicts similar behavior, but with more significant magnitudes.
However, setting Ec = 0.2 and Es = 3.2 enables CAFFE to approx-
imately reproduce the behavior of EIE, henceforth referred to as
CAFFE† (dashed purple line). Note that modeled rates of DDRX
depend exponentially on temperature, so steady-state fabrics are
quickly reached for very warm ice, which fulfills the compatibility
assumption of ESTAR (Supplementary section D).

The discrepancy between EIE and CAFFE is partly due to spec-
tral resolution (increasing the truncation L permits larger E for
fabrics of intermediate strength; not shown) and partly due to the
use of a linear grain rheology rather than nonlinear (Rathmann
and others, 2021). Insofar as CAFFE is able to correctly estimate
the degree of hardening and softening, adopting CAFFE over EIE
or ESTAR is preferable since it allows for both an evolving fab-
ric and is able to predict strong enhancements not limited by
grain-rheological assumptions.
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Figure 7. Fabric-induced enhancement factors for different deformation kinematics relevant to SSA flows, depending on whether DDRX is negligible (cold ice limit; panels
a–c), strong (warm ice limit; panels d–f ) or very strong (very warm ice limit; panels g–i). In each panel, the equivalent enhancement E is shown for each method (colored
lines) compared to the most relevant component of Eij (black line). MODF insets show the modeled fabrics at selected strains.

Regarding the biases mentioned above, caused by fabric incom-
patibility and strain-rate superposition, none of these are relevant
in Figure 7 except in the case of simple shear where the fabric
and strain-rate principal frames are slightly misaligned (Figure
7a). To quantify how these biases affect CAFFE and EIE, Figures
6a,b therefore also show the strain rate components predicted
by the Glen rheology using either method (purple and green

lines, respectively). Overall, both CAFFE and EIE demonstrate
a reasonable ability to capture the orthotropic shear enhance-
ment (solid lines approximately agree in Figure 6), but signif-
icantly overestimate longitudinal strain rates when the stress
state is a superposition of shear and tension (dashed pur-
ple and green lines disagree with the dashed black line in
Figure 6b).
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Figure 8. Schematic of the idealized half-width ice shelf model.

3.5. Accuracy of assuming isotropic viscosity

Although the simple comparison above provides some confidence
in the ability of CAFFE and EIE to parameterize the most impor-
tant component of viscous anisotropy as a scalar enhancement, the
error made by neglecting the tensorial viscosity structure in more
realistic flow problems remains to be understood. Before proceed-
ing to calculate E over Antarctic ice shelves, we therefore estimate
the velocity error resulting from replacing Eij with E in a simple ice
shelf model, thus aiming to quantify (albeit not comprehensively)
potential flow biases introduced by neglecting the tensorial viscos-
ity structure. More precisely, we tested how well the isotropic SSA
rheology can reproduce the steady state velocities of an idealized
ice shelf model that builds on the orthotropic SSA rheology (i.e.,
full fabric–flow coupling) when calculating E using CAFFE and
EIE.

3.5.1. Model setup
The orthotropic model considers the transient evolution of a
laterally-confined shelf of half width W = 15 km, length L =
100 km, and uniform initial thickness H0 = 500m, subject to no-
slip conditions at its lateral boundaries (Figure 8).The ice thickness
H is allowed to evolve according to the local mass divergence plus
a Laplacian term for regularization but neglects accumulation and
subshelf melting,

𝜕H
𝜕t = −∇ ⋅ (Hu) + 𝛽H∇2H, (25)

where u is the velocity field and 𝛽H = 1 × 10−4 is the strength
of Laplacian regularization (chosen to be as small as possible,
yet allowing for numerical convergence). The thickness is taken to
be constant on the inflow boundary, equal to the initial thickness
H0. On the outflow boundary, calving is assumed instantaneous so
that the shelf length is preserved, and is subject to the usual stress
boundary condition according to the seawater pressure gradient
(Huth and others, 2021) where the freeboard height is determined
from the floatation criterion.

The icemass is taken to be isothermalwith a temperature ofT =
−15∘C tomake the effect of fabric onmodeled viscosity unambigu-
ous. The canonical rate factor A(T) by Cuffey and Paterson (2010,
p. 72–74) is used, but we recognize that recent work (Fan and oth-
ers, 2025) provides a welcome set of updated flow parameters for
both grain size sensitive and insensitive deformation.The bulk flow
law exponent n is set equal to 3 following Cuffey and Paterson
(2010, p. 72–74), a popular choice in large-scale flow modeling.

This exponent is supposed to capture the combined effect of grain
boundary sliding and dislocation creep in a single power law (Behn
and others, 2021) despite recent work suggesting that n ≃ 4 (Bons
and others, 2018; Ranganathan and Minchew, 2024; Fan and oth-
ers, 2025) orn< 3 (Wang and others, 2025c)might be better suited.
Changing n in our box model should affect only the degree of
strain-softening and hence the shape of the flow profile; that is, the
fabric type that develops in the shear margin and the trunk should
remain unchanged, although the strength might be different.

The crystal fabric on the inflow boundary is set to be isotropic
but is unconstrained elsewhere. Fabric evolution is assumed to be
dominated by the depth-averaged effect of crystal processes; that
is, dominated by englacial fabric evolution owing to lattice rota-
tion and DDRX. We therefore neglect contributions to (15) from
surface and subglacial accumulation that add new ice with a dif-
ferent fabric signature. An additional real-space Laplacian term
𝛽s∇2s is added to (15) for numerical stability following Rathmann
and Lilien 2021 and Lilien and others 2023 at the expense of
slightly limiting how large spatial fabric gradients are permitted
(more sophisticated upwinding techniques were not attempted).
The strength of regularization 𝛽s = 1 × 10−5 was chosen to be as
small as possible, yet to allow numerical convergence at each time
step. A spectral resolution of L= 10 was chosen to be consistent
with the above Lagrangian parcel modeling.

3.5.2. Numerics
Both the CAFFE and the EIE model can be used directly as a pref-
actor to A in the Glen rheology, dynamically calculated at each
time step given the fabric state of the previous time step. If solved
fully implicit w.r.t. .𝝐, this changes, however, the nonlinearity of
the momentum balance that may require modifying to the Stokes
solver in existing ice flow models. In practice, E can instead be cal-
culated from the strain rate of the previous time step, similar to
how we solve the coupled anisotropic problem (Figure 2), and is
the approach taken here.

The whole problem was solved using FEniCS (Logg and oth-
ers, 2012), an open source software to solve PDEs using the finite
element method. Our implementation relies on Newton’s method
to solve the nonlinear momentum balance. The Jacobian of the
residual form (required forNewton iterations)was calculated using
the unified form language (UFL) (Alnæs and others, 2014), which
is used by FEniCS to specify weak forms and supports auto-
matic symbolic differentiation. For brevity, the reader is referred
to Rathmann and Lilien 2021 for details on the weak form of the
equations solved.

3.5.3. Results
The steady state of the orthotropic model is shown in Figures 9a–d
and 10a–d for DDRX being negligible Γ0 = 0 or strong Γ0 =
Γ0(−15∘C), respectively. As expected, the shelf is found to thin and
accelerate towards the calving front in both cases, and shear mar-
gins develop around the trunk that otherwise deforms mostly by
extension.

When DDRX is negligible (Figure 9), significant anisotropy
develops in the shear margins (horizontal single-maximum fab-
rics) as measured by the pole figure index J = ∫

S2 |𝜓|2dΩ (Ismail
and Mainprice, 1998) (Figure 9b; a value of 1 represents isotropic
ice, larger values represent increasing grain alignment), while gir-
dle fabrics develop in the trunk that become particularly strong
near the calving front. Modeled MODFs are shown as insets for
selected locations, denoted by markers 1–6. WhenDDRX is strong
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Figure 9. Orthotropic model results in steady state when lattice rotation is the dominant crystal process. (a): Ice speed (colored contours) and thickness (white contours).
(b): Strength of fabric anisotropy as measured by the pole figure J index. (c) and (d): Fabric-induced shear and longitudinal enhancement factors. (e) and (f): E predicted
by EIE and corresponding velocity misfit, respectively. (g) and (h): Same as EIE panels but for the CAFFE† method. Isotropic and free fabric boundaries are shown as cyan
and magenta lines, respectively. Examples of MODFs are shown at selected locations denoted by markers 1–6. Dashed contours in panel (f) and (h) show the velocity misfits
resulting from entirely disregarding the effect of fabric (naively applying the Glen rheology with E = 1 for the steady-state ice geometry).
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Figure 10. Orthotropic model results in steady state when DDRX is the dominant crystal process. Caption same as in Figure 9.

(Figure 10), the horizontal anisotropy and induced softening that
develops in the shear margins is more pronounced than if DDRX
is negligible. In the trunk where flow is primarily extensional, a
double maximum structure is found, making along-flow extension
softer than if DDRX is negligible.

In both orthotropic models, simulated MODFs roughly match
the patterns anticipated from the idealized deformation experi-
ments shown in Figure 7.

Figures 9c–d and 10c–d show the Cartesian enhancements
expected to be most important for the simulated flows (Figure 8).
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In the model without DDRX, both EIE and CAFFE† are found
to approximate Exy in the shear margin but Exx in the trunk
(Figure 9e,g), resulting in velocity errors that are generally below
10% (Figure 9f,h; see Supplementary section F for actual velocity
maps).The same applies to themodel with strongDDRX, except in
the trunk where hardening is somewhat underestimated and that
CAFFE† predicts slightly too small E in the shear margin, which
explains why the upstream flow speeds are too slow by more than
15% (Figure 10f versus 10h). This bias is likely caused by CAFFE†

underestimating E for DDRX fabrics in simple shear (Figure 7d,g).
Whether there are more optimal values of Ec and Es that improve
the CAFFE† misfit for DDRX fabrics was not explored.

Note that we considered CAFFE†, rather than CAFFE (no dag-
ger), for these experiments, since comparing misfits is meaningful
only if Ec and Es are chosen such that the enhancementmagnitudes
of the orthotropic SSA rheology are approximately reproduced,
and thus overall flow speed. Note also that if the effect of fabric
is neglected altogether by setting E= 1, velocity errors as large as
30% to 60% are found (dashed contours in Figures 9f,h and 10f,h).

3.5.4. Summary
In summary, combining the Glen isotropic rheology with either
CAFFE† or EIE is able to reproduce the behavior of the orthotropic
rheology with acceptable velocity errors (at least in our idealized
model), suggesting that either model of E is potentially useful for
understanding the effect of fabric development on real ice shelves.
However, when applied to real ice shelves (such as in the follow-
ing), the original CAFFE model is preferred; it allows the full
range of observed fabric hardening and softening to be realized,
unaffected by asymptotic behavior like that in our grain average
model on which EIE depends (see Figure 7 and Supplementary
section B).

Although E is found to map to the components of Eij largely
following intuition built from the above Lagrangian parcel exper-
iments, we warn that such intuition might fail if advection is
important so that fabric incompatibility is significant or if recent
ice-dynamical changes cause a significant superposition of stresses
(see the above discussion on biases).

4. Application to Antarctic ice shelves

We investigate the importance of accounting for fabric-induced
viscous heterogeneities over ice shelves by using CAFFE to calcu-
late the equivalent enhancement E over the Ross and Pine Island
Glacier (PIG) ice shelves, Antarctica. Both ice shelves and their
upstream glaciers are presumed to exhibit plug flow such that the
local strain rate tensor can be determined from satellite-derived
surface velocities (MEaSUREs; Rignot and others 2017). To close
the SSA fabric problem, we further assume that all flows are in
approximately steady state and therefore fabric is, too, 𝜕s/𝜕t = 0.
Since it is unclearwhereDDRX is important (observations of fabric
and temperature are few and sparse), we calculate the steady-state
fabric field assuming that DDRX is either negligible or strong to
explore the range of possible predictions for E, which are sup-
posed to represent the limits of cold and warm ice, respectively.
Uncertainties and caveats introduced by the above assumptions are
addressed in the discussion.

If lattice rotation is the dominant crystal process (no DDRX),
fabric evolution (15) reduces to a boundary value problem w.r.t. s

that can be solved given surface velocities alone

(u ⋅ ∇)s = MLROT ⋅ s + 𝛽s∇2s. (26)

That is, no velocity field modeling is required, hence nothing is
assumed about the ice rheology, ice geometry, or boundary condi-
tions, other than that SSA is valid. Disregarding regularization, the
fabric field s that solves (26) is simply a balance between advective
effects and lattice rotation. If velocity gradients are small, then fab-
ric is advected along flow lines (longmemory timescale), whereas if
velocity gradients are large, then upstream fabrics matter less com-
pared to the local strain-induced rotation of c-axes (short memory
timescale).

If DDRX is non-negligible, then MLROT → MLROT + MDDRX
in (26) and fabric evolution depends on τ and T in addition to.𝝐. To close the DDRX problem, we approximate τ as coaxial to .𝝐
and assume isothermal ice at T = −15∘C over both Ross and PIG.
Coaxiality is not guaranteed unless fabric is favorably aligned with
the local strain rate geometry (i.e., advective effects are small and
no recent ice-dynamical changes have occurred; see above discus-
sion). Temperatures as high as −15∘C are probably unlikely over
large parts of Ross and PIG, especially in upstream regions where
the ice is not in contact with the warm ocean. But we are primar-
ily interested in the potential effect of DDRX, which at −15∘C is
strong enough that developed fabrics can differ substantially from
those generated by lattice rotation alone (Figure 7). If temperatures
were better known over Ross or PIG, the importance of DDRX in
controlling fabric fields (and thus E) could be determined more
precisely. Without this information, the best we can do is to pro-
vide end-member solutions where the icemasses are assumed to be
either very cold or very warm so that DDRX is negligible or strong,
respectively.

The steady-state Ross and PIG fabric problems were solved
numerically using FEniCS, and the method was validated by
reproducing the steady-state fabrics of the idealized shelf model
above (see Supplementary section E). For both Ross and PIG,
we considered a rectangular bounding model geometry with a
mesh resolution of approximately 8 km and 2.5 km, respectively,
and assumed isotropic ice on upstream inflow boundaries but
unconstrained on outflow boundaries. Because lattice rotation and
DDRX are modeled to be more important than advection over
grounded ice, assuming isotropic ice on inflow boundaries affects
the solution only in the neighborhood near the inflow boundaries.
That is, our method and results are robust against uncertainties
in fabric boundary conditions if the model boundaries are set to
be sufficiently far from the region of interest (see Supplementary
section G).

4.1. Results

Figures 11 and 12 show ourmodel results for Ross and PIG, respec-
tively, including surface speeds in panel a and the corresponding
strain rate magnitude .𝜖e,iso in panel b.

The strength of fabric horizontal anisotropy is shown in pan-
els d and f for the model with and without DDRX, defined as
the horizontal eigenvalue difference Δ𝜆 of ⟨c2⟩, a measure fre-
quently reported in radioglaciological field studies (e.g. Gerber
and others, 2023; Zeising and others, 2023). In the model of Ross
and PIG that neglects DDRX (lattice rotation only), horizontal
anisotropy is found to be well developed throughout, and hori-
zontal single-maximum fabrics that are (sub)perpendicular to the
shear plane are prevalent in shear zones. In contrast, girdle-like
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Figure 11. SSA fabric model results for the Ross ice shelf. (a): Satellite-derived surface velocities. (b): Effective strain rate. (c): E estimated using CAFFE assuming lattice rotation
is the dominant crystal process (cold ice limit). (d): Fabric horizontal eigenvalue difference. (e,f): Same as (c,d) but assuming DDRX is strong (warm ice limit). Isotropic and
free model boundaries are shown as cyan and magenta lines, respectively, and floating ice is delineated by green contours. Modeled MODFs are shown at selected locations,
denoted by markers 1–4.

fabrics are modeled in regions of longitudinal or trunk flow (see
MODF insets). In the DDRX-activated model of Ross and PIG,
horizontal anisotropy is also well developed, especially in shear
margins where Δ𝜆 is much larger compared to the model that
neglects DDRX.

The CAFFE enhancement E is shown in panels c and e. In the
case of the Ross ice shelf, we find that lattice rotation alone can

give rise to widespread hardening of the shelf (E< 1), but if DDRX
is strong then zones of softening are also present (E> 1), espe-
cially near the grounding line and in shear margins. For PIG, both
models with and without DDRX suggest that the shelf and its near-
upstream region are softened due to fabric, particularly the shear
margins, while hardening is prevalent over some grounded parts
of PIG if DDRX is negligible.
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Figure 12. PIG model results. Caption same as in Figure 11.

5. Discussion

5.1. Ross and PIG results

The fact that fabric development results in hard ice over most of
Ross when lattice rotation is dominant, but that significant soften-
ing can occur when DDRX is strong, leaves us with little ability to

conclude how fabric might affect the shelf viscosity without know-
ing more about the relative importance of the two processes. In
contrast, fabric development over PIG seems to generally soften
the shelf and upstream shear margins regardless of the strength of
DDRX. PIG is a dynamically active part of West Antarctica, which
has contributed ∼ 1.5mm to global sea level between 1995 and
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2017 (Shepherd and others, 2019) and may undergo irreversible
retreat should its grounding line continue to migrate further back-
ward (Favier and others, 2014). Accounting for the effect of fabric
development over PIG in large-scale flow models (particularly the
effect of shear-margin weakening) might therefore be important
for accurately predicting the near-term mass loss from Antarctica,
as well as other key outlet systems in Antarctica and Greenland.

To make further progress on understanding the effect of crys-
tal fabrics on the viscosity structure of ice shelves, we emphasize
the need for more field observations of fabric and temperature to
help inform and validate fabric modeling. Useful locations would
include transects on ice shelves where fabric gradients are expected
to be large, such as across shear margins, along flow lines with
extensional flow, and near pinning points. Only with widespread
ice temperature measurements (allowing for the rate of DDRX
to be accurately modeled) and widespread fabric measurements
(allowing modeled fabric fields to be validated) do we have con-
fidence in relaxing the “cold” and “warm” ice bounds considered
here. Ultimately, this is needed for large-scale ice flow models to
accurately account for the effect of fabric development in prognos-
tic simulations of future ice mass loss.

5.1.1. Steady state assumption
The Ross and PIG ice shelves have experienced large area changes
of −1.3% and −16.6%, respectively, between 2009 and 2019
(Andreasen and others, 2023), casting doubt on whether crys-
tal fabrics can indeed be predicted assuming steady flow as is
done here (assuming area changes are not caused by melting
alone). Moreover, in the grounded parts of the Western Ross,
there is evidence of deceleration on Whillans ice stream (Joughin
and others, 2002), that Kamb ice stream might have shut down
∼ 150 to 170 years ago (Retzlaff and Bentley, 1993; Catania
and others, 2006), and that Bindschadler ice stream shut down
∼ 450 years ago despite flowing rapidly today (Conway and
others, 2002). Determining how these dynamical changes affect
fabric fields, and in turn flow, is a major challenge that only
forward ice flow modeling can answer when combined with
field measurements (e.g. Leung and others, 2025). We empha-
size, however, that our aim is not to provide accurate present-
day maps of E over Ross and PIG, directly useful for large-scale
ice flow modeling. Rather, we wish to highlight the potential
effect that developed fabrics can have on controlling ice viscosity
in regions of floating ice, which may constitute a large rheo-
logical uncertainty when attempting to estimate future ice mass
loss.

5.1.2. Fabric compatibility and strain rate superposition
We evaluated the extent to which fabric incompatibility and strain-
rate superposition could make our estimates of E less applicable
to the Ross and PIG systems by calculating the shear fraction
(Graham and others, 2018) and a new measure of fabric com-
patibility. We refer the reader to Supplementary section H for
details, but note that fabric compatibility and strain-rate superpo-
sition over Ross and PIG is no worse than in our idealized shelf
model where velocity errors are relatively small when usingCAFFE
(Figures 9 and 10).We therefore argue that ourmaps of E over Ross
and PIG are sufficiently unaffected by these biases to be useful for
understanding the potential effect of fabric on ice viscosity.

5.1.3. Ice damage
As indicated in Figure 1, strongly damaged (fractured) ice is much
softer than undamaged. In regions where damage is prevalent, the

main rheological uncertainty is probably the ability to model ice
damage and its effect on ice viscosity. Between 2017 to 2020, three
large calving events took place at PIG, and the resulting veloc-
ity speedup (Joughin and others, 2021) has been suggested to be
partly facilitated by the damage that evolved in the ice-shelf shear
margins (Sun and Gudmundsson, 2023). On the other hand, more
recent work (Gerli and others, 2024) finds that remotely sensed
damage maps over the PIG and Filchner–Ronne shelves are only
modestly related to patterns in the inferred flow rate factor A,
suggesting that remotely detected damage fields are not of direct
relevance to present-day ice shelf flow. Either way, if the effect of
fabric on ice viscosity is multiplicative as assumed here (19), any
damaged-induced softening should be further modified (multi-
plied) by the effect of fabric; that is, the fact that ice is damaged does
not cause fabric development to become irrelevant. Indeed, recent
modeling has suggested that recrystallization (causing larger grain
sizes in addition to fabric development) can increase the vulnera-
bility to fracture of ice shelves by decreasing the tensile strength
of shear margins by up to ∼ 75 % (Ranganathan and others,
2021).

5.1.4. Suture zones
Suture zones, defined as the boundaries between provinces with
different upstream sources of ice, are believed to impede fracture
propagation, possibly due to elevated seawater content (Kulessa
and others, 2019), thus enhancing ice-shelf stability. The Ross ice
shelf is fed by several different ice streams, and the long narrow
stipes with large values of Δ𝜆 in Figure 11d seem to collocate
with the suture zones identified by LeDoux and others (2017).
Recent work suggests that these suture zones are regions of low
horizontal viscosity due to fabric or aligned crevasses (Wang and
others, 2025c). Our results indicate that the effect of fabric is pre-
dominantly to harden the ice in these regions (although DDRX
might to some extent soften them; Figure 11e), suggesting that low-
viscosity suture zones on Ross are possibly the result of aligned
crevasses.

5.2. Implications for large-scale modeling

The agreement between velocities modeled using the orthotropic,
EIE, and CAFFE† rheologies suggests that a scalar, isotropic
enhancement can sufficiently approximate the full orthotropic rhe-
ology if the fabric field is known. Typical ice flow models, including
those that solve vertically-integrated stress balance problems like
the SSA, already permit spatially varying fields ofA, so incorporat-
ing the EIE or CAFFE methods into large-scale models is trivial if
the fabric is known. However, the sparsity of fabric measurements
limits the use of fabric as a constraint on ice flowmodels and valida-
tion of fabric development models that could be used as a stopgap.
For example, some models that rely on laboratory-calibrated rates
of DDRX struggle to reproduce the fabric development observed
in ice cores (Lilien and others, 2023; Richards and others, 2023),
suggesting care must be taken to ensure that the rate of DDRX is
modeled correctly. Considering the variation in enhancement that
can result from DDRX being weak or strong (e.g. over Ross; Figure
11), this uncertainty in fabric directly impacts the putative effect
on ice flow. In certain situations, the flow enhancement appears
independent of the process dominating fabric development (e.g.
over PIG; Figure 12), implying that, in isolated areas, there may be
sufficient confidence in the effect of fabric on flow to include it in
large-scale models.
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Our results show that with better validation of fabric models,
or better spatial constraints on fabric, the effect of fabric could
be included in existing large-scale, transient models of ice shelf
flow without much effort or computational expense. In practice,
ice flowmodels that rely on initialization-by-inversionmay already
implicitly incorporate some effect of fabric by inverting for E (or
equivalently, A) using remote sensing data (e.g. MacAyeal, 1993;
Ranganathan and others, 2020). However, inferring E this way
combines multiple rheological effects into a single factor in the
sense that E = Efabric Edamage Edust ⋯, making it difficult to sepa-
rate individual contributions (see also Minchew and others, 2018).
This work suggests new ways in which individual contributions
might be disentangled. For example, estimates of E, inferred from
inversions using an ice flow model, could be divided by Efabric as
calculated above for Ross and PIG, allowing one to isolate how
other mechanisms than fabric cause spatial variations in viscosity.
Alternatively, Efabric might be used as a prior to inform Bayesian
inversions of E.

5.3. Relevance for ice streams

This initial application of our anisotropic SSA model focuses on
ice shelves due to their simplified stress state and boundary con-
ditions, but SSA models are commonly applied to ice streams as
well. Applying our method to grounded ice requires more cau-
tion than for ice shelves. Asserting a depth-constant fabric is
problematic near ice-stream sticky spots or topographical bumps
where fabrics can develop that facilitate flows in potential in viola-
tion of the SSA assumptions (Rathmann and Lilien, 2021; Zhang
and others, 2024). For example, if the fabric develops in a way
that is favorable for vertical shear, the assumption of plug flow
may be less valid, similar to the effect of localized shear heat-
ing above topographical bumps (Liu and others, 2024). On the
other hand, the undisturbed internal-layer structure of the North-
East Greenland ice stream (NEGIS) (Jansen and others, 2024),
together with surface velocity observations, indicates that the ice
stream deforms by plug flow (Gerber and others, 2023). Although
NEGIS is unique in being relatively flat-bedded (at least upstream),
this suggests that anisotropic SSA modeling might be relevant
in some parts of some ice streams. On that note, the near-bed
fabrics of NEGIS (Stoll and others, 2024) are affected by DDRX
which would support faster vertical shearing compared to shal-
lower fabrics if vertical shear stresses are important, similar to the
above-mentioned situation over bed bumps or sticky spots. But
the fabric-induced softness for vertical shear is irrelevant if the
stress regime is predominantly longitudinal (assuming fabric com-
patibility is good), which the observed plug flow would seem to
indicate.

Because it is difficult to judge where applications of our method
to ice streams will fail without comparing to a higher-order or full-
Stokes model, it may be prudent simply to use a more complex
flow model for grounded ice. That is not to say our results are
irrelevant for such regions; considerable computational expense
could be avoided by calculating E using EIE or CAFFE, rather
than adopting an anisotropic rheology, regardless of stress balance
approximation.

5.4. Marine ice accretion

The ice shelf models considered here rely on the assumption of a
bulk rheology relevant to meteoric ice. In real ice shelves, there

are places where this assumption is less valid, such as when signifi-
cant marine ice layers are present. Marine ice forms because of the
accretion of platelet crystals on the ice shelf base. The microstruc-
tural, chemical, and thermal characteristics of marine ice differ
significantly from meteoric ice. In particular, it is rheologically
weaker than standard ice when in the tertiary creep phase (Craw,
2023), which may be related to the presence of liquid on the grain
boundaries of marine ice crystals and hence the activation of grain
boundary sliding (Barnes and others, 1971; Dash and others, 2006)
that could facilitate lower viscosity and lead to faster ice flow
compared to meteoric ice.

Marine ice is unlikely to be widespread in Antarctica, but
has been inferred—either directly from borehole measurements
or indirectly from satellite observations or ocean modeling—on
the Amery Ice Shelf (Fricker and others, 2001; Craven and oth-
ers, 2005; Treverrow and others, 2010; Galton-Fenzi and others,
2012), the Filchner-Ronne Ice Shelf (Moore and others, 1994), and
the Nansen Ice Shelf (Khazendar and Jenkins, 2003; Dierckx and
Tison, 2013; Dierckx and others, 2014). On these ice shelves, a bulk
rheology that matches that of meteoric ice may not suffice, and
changes in the distribution ofmarine ice over timemay also impact
the relevance of the steady-state fabric assumption. It is also worth
noting that modeling of an idealized ice shelf using ESTAR (Craw
and others, 2023) indicates that while fabric differences between
marine and meteoric may be significant, variations in the verti-
cal temperature distribution through an ice shelf had an order of
magnitude greater impact on flow dynamics.

5.5. Fabric model shortcomings

Simulating ice fabric evolution, whether in laboratory conditions
or in glaciers and ice sheets, requires accounting for both lattice
rotation due to dislocation glide (intracrystalline slip) and accom-
modation processes such as dynamic recrystallization (DRX). Both
processes are related to the strong viscoplastic anisotropy of ice.
First, because the predominance of dislocation glide in the basal
plane results in strongly anisotropic fabrics. Second, because DRX
mechanisms are driven by the stored strain energy, which is related
to deformation incompatibilities between polycrystal grains. Any
modeling approach that does not provide an accurate representa-
tion of these processes will result in biased predictions of fabric
evolution that somehow need to be compensated for.

Castelnau and others (1996) demonstrated this in detail, show-
ing that the Sachs (homogeneous stress) and Taylor (homogeneous
strain) approximations are bound estimates, unable to sufficiently
simulate the mechanical response of ice polycrystals and hence
fabric evolution. By neglecting grain interactions, the two bounds
lead to an over- and underestimation of themechanical anisotropy,
respectively, and therefore also of lattice rotation due to intracrys-
talline slip. In the coupled model approach presented here, fabric
evolution relies on the Taylor approximation, but this is (to some
extent) compensated for by the α parameter, which controls how
much the Sachs approximation contributes to the fabric-induced
mechanical anisotropy (and hence large-scale flow, which drives
fabric evolution).

The formulation of Placidi and others (2010) used here relates
the occurrence of DDRX to the deformability of an individual
grain, defined as the square of the basal-plane resolved shear stress
that depends on the basal Schmid factor. This approach implic-
itly assumes that each grain is subjected to the same macro (bulk)
stress, regardless of the stress redistribution resulting from inter-
granular interactions. The impact of these interactions on the
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redistribution of stress and strain has been investigated experimen-
tally and using full-field modeling (Grennerat and others, 2012;
Piazolo and others, 2015). Results suggest that there is no corre-
lation between the Schmid factor (as used here) and the amount
of strain experienced by a grain, but also that local stresses can
significantly deviate from the applied (bulk) stress. This stress het-
erogeneity probably explains why DDRX fabrics observed in the
laboratory (e.g. Bouchez and Duval, 1982; Jacka, 1984; Montagnat
and others, 2015; Journaux and others, 2019; Qi and others, 2019)
are close to, but not exactly, themost favorable fabric for an applied
stress. To some extent, this effect can be viewed as a dispersion of
grain orientations that could be taken into account by including
CDRX as a diffusive process in orientation space (Richards and
others, 2021).

Most of the simulated fabrics presented here are in good agree-
ment with recent full-field finite-element model predictions made
by Chauve and others 2024, where the local (finite element scale)
resolved shear stress is used to calculate an attractor toward
which c-axis rotate due to DDRX. Using this approach, fabrics
observed under various laboratory conditions can be reproduced
by appropriately adjusting one single DDRX kinetic parameter. In
particular, the double-maximum transitory fabrics that develop
under simple shear (Hudleston, 1977; Bouchez and Duval, 1982;
Qi and others, 2019) are well reproduced. Despite the increased
physical realism of such full-field models compared to our fab-
ric model that treats grains as interactionless and assumes crude
stress/strain homogenizations, our approach has also been shown
able to reproduce complicated transitory fabrics (Richards and oth-
ers, 2021; Wang and others, 2025b). But how exactly the rate of
DDRX is to be parameterized as a function of temperature and
stress/strain-rate magnitude is not settled; recent work suggests
that lab-calibrated rate functions are not necessarily applicable to
large-scale ice flow modeling in East Antarctica (Lilien and others,
2023).

6. Conclusions

We investigated the rheological control (ease of deformation)
exerted by well-developed crystal orientation fabrics on the flow
of the Ross and Pine Island Glacier (PIG) ice shelves, Antarctica,
by calculating maps of fabric-induced flow enhancement factors
using the CAFFE model (Placidi and others, 2010). To do so, we
estimated steady-state fabric fields over Ross and PIG by solving
a high-dimensional boundary value problem, assuming depth-
independent horizontal velocities (plug flow) and that the ice
accumulation rate is small compared to the local ice thickness. In
effect, the problem is closed by prescribing satellite-derived surface
velocities and ice temperatures. Since the latter is not known in suf-
ficient spatial detail, we considered the two end-member cases in
which the Ross and PIG regions are either very cold or warm, so
that dynamic recrystallization is either negligible or strong, respec-
tively. The two solutions show that significant ice-shelf hardening
or softening can occur depending on whether dynamic recrystal-
lization is important or not. This emphasizes the ice-dynamical
relevance of needing to better constrain the strength of fabric pro-
cesses, which in turn calls on widespread fabric and temperature
measurements from the field that are currently missing or too
sparsely available for model validation.

To increase our confidence in the relevance of our calculated
enhancement factor maps, we tested how well CAFFE, when com-
bined with the Glen isotropic rheology, can reproduce the velocity
field of an idealized ice-shelf box model based on an orthotropic

plug flow rheology (i.e., full fabric–flow coupling). We find that
replacing the tensorial viscosity structure by a scalar flow enhance-
ment factor leads to velocity errors on the order of ten percent,
but if DDRX is strong, the error might be a bit larger. Given
that neglecting the effect of ice fabric altogether leads to modeled
velocity errors between thirty to sixty percent, this is much of an
improvement. We therefore argue that in some instances it might
be reasonable to simply use CAFFE in large-scale flow models to
account for the rheological control exerted by fabric development,
which can easily be implemented when combinedwith the spectral
fabric model presented here.

Supplementary material. The supplementary material for this article can
be found at https://doi.org/10.1017/jog.2025.10070.
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are available at https://github.com/nicholasmr/specfab.
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