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ABSTRACT

Numerical groundwater models are key tools to calculate the deployable output from pumped boreholes. Their calibration re-

quires undertaking multiple runs to optimise the parameter values. To maintain computational efficiency, the hydrogeological

complexity of fractured and weathered aquifers is often represented in numerical models using a simplified approach consisting

of a mathematical equation that describes the vertical variation of horizontal hydraulic conductivity (K},) value with depth. In this

article, we present the inclusion of the variation of the vertical hydraulic conductivity (K,) with depth to a radial flow model. We

derive the mathematical equation controlling the flow vertically between the numerical nodes. We show that the inclusion of K,

variation with depth have a limited impact on the shape of the time drawdown curve at the early times of a pumping test but its

significance is higher at later times. This also has a measurable impact on the water level inside the pumped borehole especially
when the variations of both K, and K, are accounted for. We use a simple linear variation of K, with depth but the method is also
applicable to complex profile of aquifer heterogeneity if this complexity can be represented using polynomial approximation. This

illustrates the applicability of the proposed method to a wide range of weathered aquifer settings.

1 | Introduction

A considerable number of aquifers across the world character-
ised as fractured, weathered or karstic provide a major source
of fresh water for public or industrial use (Owor et al. 2022,
Upton et al. 2020). Under extreme dry conditions, groundwa-
ter may become the only means of water supply to buffer the
adverse environmental and societal impacts of drought events
(Calow et al. 2010). Groundwater is typically exploited by bore-
hole pumping and for resource management, their yield must be
calculated under different climatic conditions.

In the UK, reliable yields from boreholes are estimated using
methods that use curves derived from measured operational
data for borehole water levels and pumping rates (Grout,
Alexander, and Simpson 1992; Beeson, Misstear, and van
Wonderen 1997; Misstear and Beeson 2000). To account for
climate change, these methods involve shifting the curve
to new positions using a subjective assessment based on ex-
pert judgement. An example of borehole yield calculation is
provided by Ascott et al. (2019) for both historical and pro-
jected conditions. Ascott et al. (2019) showed that in complex
fractured or weathered aquifers, this expert-based approach
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can be challenged as it may not account for all flow pro-
cesses. Their study examined the yield of boreholes drilled
in the limestone aquifers including Cretaceous-age Chalk of
the UK, which are fractured with a decreasing permeability
with depth (Rushton, 1976, Rushton and Rathod 1981, Grout,
Alexander, and Simpson 1992, Taylor, 2001, Jackson 2002,
Soley et al. 2012, Tamayo-Mas, Bianchi, and Mansour 2018).
To improve yield calculation, they used a radial numerical
model (Mansour et al. 2011) that simulates the fluctuations of
water levels inside the pumped borehole.

Assessment of borehole yields in weathered aquifers in Ghana,
Africa, is presented by Bianchi et al. (2020) and undertaken using
a multilayered MODFLOW model (Harbaugh, 2005). Numerical
models are computationally costly when they are used to simu-
late large numbers of complex 3D aquifer settings to optimise the
solution or undertake uncertainty analysis. The advancement of
computing power and the development of new techniques that
improve the representation of hydraulic features in numerical
solutions, for example, the implementation of unstructured
grid in MODFLOW®6 (Langevin et al. 2022), reduce the model
size but still requires large numbers of layers to include verti-
cal heterogeneity. Low-fidelity (LF) models, those that simplify
the physics or reduce the dimensionality, for example, are used
effectively in water resources management studies to address
the computational burden arising from complex models (Asher
et al. 2015; Christelis and Hughes 2022; Christelis et al. 2023).
The model used by Ascott et al. (2019) can be categorised as a
LF model as it is built in a two-numerical layer configuration
only and accounts for vertical heterogeneity using an analyti-
cal equation that calculates the transmissivity value based on
the simulated groundwater head. This approach is termed the
vertical hydraulic conductivity with depth (VKD) approach
hereafter (Rushton and Rathod 1981; Rushton, Connorton, and
Tomlinson 1989). In this configuration, the model is simple, nu-
merically stable and includes the main hydrogeological features
that characterise fractured or weathered aquifers and provide
reasonable solutions on reduced computational cost.

When the VKD approach is applied (see, for example, Rushton
and Rathod 1981, Grout, Alexander, and Simpson 1992,
Taylor, 2001, Jackson 2002, Soley et al. 2012), the horizontal
hydraulic conductivity is the only hydraulic parameter that is
made to vary with depth. This may be deemed acceptable when
groundwater flows are simulated for groundwater resources
assessment at regional scales. However, for the assessment of
borehole yield under drought conditions, when groundwater
levels drop significantly, the variations of the storage coefficient
and the vertical hydraulic conductivity values with depth will
have an impact on the water table response in the vicinity of the
borehole.

Rushton and Chan (1976) show the benefits of varying both the
horizontal hydraulic conductivity and the storage coefficient
with depth to simulate two pumping tests of a borehole start-
ing from two different rest water levels. They conclude that the
variations of both these hydraulic processes with depth must be
accounted for to improve the model performance. In unconfined
aquifers, the delayed yield concept, which consists of adding
an exponential term in the analytical solution (Boulton 1954)

is used to reproduce the shapes of the time drawdown curves.
However, this time-drawdown behaviour is reproduced in nu-
merical models by adding the water table as a boundary condi-
tion as shown by Mansour et al. (2011). In this case, the water
table nodes are not connected to the pumped borehole directly,
rather they are connected to the other aquifer nodes using the
vertical hydraulic parameter. This demonstrates that the vertical
hydraulic conductivity has a significant impact on the ground-
water levels inside the pumped borehole and its vertical varia-
tion in fractured or weathered aquifers must be also included in
LF models.

The aim of this study is to update the radial flow models used in
LF configuration to improve the calculation of borehole yields
by accounting for the variation of K, with depth. First, we show
the impact of the vertical hydraulic connectivity between the
nodes on the shape of the time drawdown curves obtained from
pumping tests and on the groundwater flow processes in terms
of which part of the aquifer is contributing water to the pumped
borehole. A mathematical equation that allows the calculation
of vertical flow between numerical cells is then derived based
on a linear variation of K, with depth. Finally, hypothetical
models are developed to demonstrate the implications of adding
the vertical variation of K, on the calculated groundwater levels
and borehole yields and consequently groundwater resources
assessment.

2 | Methodology and Justifications
2.1 | Description of the Numerical Model

The numerical model used to simulate the groundwater flows
in the aquifer is a finite difference model built using a cylindri-
cal grid (Mansour, Hughes, and Spink 2007). The model solves
the implicit numerical form of the three-dimensional governing
flow equation in porous media given by

Kioh o (Kon) 10 oh o (. oh oh
~Z 4+ (X2 )+ (K= )+ = (K= ) +N=5=
¥ ar+ar< r ar>+raa< 969>+6z( Zaz>+ Ssor

¢))

where h(r, 0, z) is the hydraulic head [L] at a point at cylindrical
coordinates (r, 0,z), S; is the specific storage [L71], N is a sink-
source per unit volume term that is positive for recharge and
negative for withdrawal [T~!] and K,, K, and K, represent the hy-
draulic conductivity values [L T~!] along the respective cylindri-
cal coordinate directions: r the radial direction from the centre
of the aquifer and outwards, 8 the circumferential direction and
z the vertical direction.

In this model, the pumped borehole is located at the centre of the
numerical grid. The nodes are distributed along the radial direc-
tions with the spacing between them increasing in a logarithmic
pattern from the borehole and towards the outer boundary. This
numerical distribution of grid nodes increases node number in
the vicinity of the pumped borehole leading to a more accurate
representation of the steep hydraulic gradients adjacent to the
borehole.
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FIGURE1 | (a)A simple numerical model configuration. (b) Example of variation of the hydraulic conductivity with depth.

In an unconfined aquifer, a numerical layer is added at the top
of the upper numerical layer of the saturated zone to simulate
the moving water table surface. Figure 1a shows a simple two-
dimensional representation of the model with a numerical layer
at the middle of the saturated layer and a second layer above it
representing the water table. The specific storage S, is used to
control the storage terms of the numerical equation applied to
nodes in Layer 2 in Figure la. For nodes in Layer 1 (the water
table), the storage coefficient is set to the value of the specific
yield S,,.

Vertical variation of the horizontal hydraulic conductivity with
depth (VKD) is incorporated in the model using the method de-
veloped by Rushton, Connorton, and Tomlinson (1989). In this
case, the transmissivity of the total saturated profile is calcu-
lated using Equation 2 assuming that the VKD profile is repre-
sented by the solid lines in Figure 1b (Ascott et al. 2019).

2
T= Kmi,,c(M), 2

where K,,;, and K, are the horizontal hydraulic conductivity
values at the base and top of the VKD profile, respectively, c is
B = Koin) / K ) d, is the depth of the fractured part
of the aquifer and over which K, is assumed to vary linearly. d,,;
is the depth of the water table and D is the depth of the base of
the aquifer.

defined as

The abstraction rate is allocated at a node inside the pumped
borehole, which is linked to the numerical layer in the middle
of the aquifer only (Node 2 in Figure 1a) using a high hydraulic
conductivity value. The drawdown values inside the pumped
borehole and Node 2 are, therefore, the same. The extra node
inside the well is allocated a storage coefficient value that rep-
resents well storage. This node is not connected to the layer
representing the water table (Node 1 in Figure 1a). Assuming
radial symmetry, that is no changes in the aquifer hydrological
characteristics circumferentially, then the circumferential (6)

term in Equation 1 can be dropped and the flow is simulated
in the radial and vertical dimensions only. This represents the
simplest form that this model can take when unconfined aqui-
fer flows are simulated, and this is the LF numerical model
that will be used in all the simulations hereafter.

The grid nodes are vertically connected with a conductance
term that is calculated using the vertical hydraulic conductiv-
ity value. Pumping causes the deformation of the numerical
grid as shown in Figure 1a, which leads to changes in the sat-
urated thickness and the conductance values controlling the
flows between the nodes. The conductance values are updated
at every time step when a new position of the water table is
obtained.

The model output has been benchmarked against analyt-
ical steady-state solutions and transient solutions such as
Theis (1935) and Neuman (1972) for confined and unconfined
aquifers, respectively (Mansour, Hughes, and Spink 2007).

2.2 | Justification for Varying the Vertical
Hydraulic Conductivity (K,) With Depth

The need for varying the vertical hydraulic conductivity value
with depth in fractured aquifers is demonstrated based on its
impact on the shape of the time drawdown curves and the analy-
sis of the water balance simulated by the numerical model at the
discrete volumes of the model grid.

At the onset of pumping, the water level inside the pumped
borehole starts to drop. The speed of this water level drop de-
pends on the pumping rate, the size of the borehole and its
storage capacity and the rate of groundwater release from
the aquifer into the borehole. The latter depends on the hy-
draulic gradients established within the aquifer and its hy-
draulic characteristics. Consequently, the shape of the time
drawdown curve observed at the pumped borehole becomes a
function of the pumped borehole physical characteristics and
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TABLE 1 | Aquifer depth and hydraulic parameter values used to
produce the plots in Figure 2.

Parameter Value
Aquifer depth (m) 20
Horizontal hydraulic conductivity (m/d) 50
Vertical hydraulic conductivity (m/d) 0.05
Specific storage (m™) 1x107°
Specific yield (-) 0.1

the hydraulic parameter values of the aquifer. Each part of the
time drawdown curve can be related to the timing and the
part of the aquifer contributing water to the pumped borehole
(Mansour et al., 2011). To illustrate this, the numerical model
is used to produce the time drawdown curve and the release
of water from an unconfined aquifer like the one illustrated in
Figure 1a. Rushton, Connorton, and Tomlinson (1989) demon-
strate that the fluctuation of the water table is within the upper
20m of the aquifer. Beyond this depth, the hydraulic conduc-
tivity becomes small, and the aquifer becomes unproductive.
Following Rushton, Connorton, and Tomlinson (1989), we
focus here on the upper part of the aquifer, and we assume
that the aquifer thickness is 20m. The hydraulic parameter
values of the aquifer are shown in Table 1. In the two exam-
ples below, no horizontal or vertical variations of hydraulic
conductivity values are included in the model runs.

Figure 2a shows the time drawdown curve produced by
pumping 2000 m3/day for 10 days from a 0.1 m diameter bore-
hole that is fully penetrating the aquifer. Figure 2b shows
three curves representing the amount of water released from
the well storage, the specific storage (the elastic storage of the
aquifer) and the specific yield (water from the water table).
Figure 2a,b is divided into four distinct time periods or zones
reflecting different behaviours. Zone A corresponds to a
nonlinear behaviour of the time drawdown curve shown in
Figure 2a when most of the water is released from the pumped
borehole storage and this decreases gradually allowing the
water to be released mostly from the specific storage as illus-
trated in Figure 2b. Over the duration defined by zone B, the
water is released from the elastic storage of the aquifer only
and the time drawdown curve takes the shape of a straight
line. Theis' solution (Theis 1935) can be applied over this part
of the time drawdown curve. In Zone C, the water released
from the specific storage starts to reduce and this is substi-
tuted by the release of water from the specific yield as shown
in Figure 2b. In this case, the time drawdown curve takes a
nonlinear shape as illustrated in Figure 2a. Finally, Zone D
defines the time when all the water is released from the water
table or the specific yield. The Theis solution can be applied
here again but with using the specific yield value of the aqui-
fer rather than the specific storage value.

Figure 2c,d shows the amount of water released from the elas-
tic storage and the water table at different distances across the
aquifer at 0.0005day and 0.5day, respectively. These two plots

represent two snapshots of time during Zone B and Zone D, re-
spectively. These figures illustrate how the released water takes
the form of waves, which in case of Figure 2c, the wave rep-
resents water released from elastic storage only (Zone B), and
of Figure 2d, the wave represents the water released from the
water table (Zone D).

To illustrate the impact of the vertical hydraulic conductivity
value (K,) amongst other hydraulic parameter values on the be-
haviour of the time drawdown curve and on the source of water
released from the aquifer, the model used above is rerun after
reducing the value of K, from 0.05m/d to 0.005m/d. Figure 3a
shows the simulated time drawdown curve recorded at the
pumped borehole. The lower K value causes an increased drop
in water levels inside the pumped borehole with a maximum
drawdown value of approximately 3.1 m at the end of the simu-
lation period compared to approximately 2.6 m with the use of K,
value of 0.05m/d as shown in Figure 2a.

Figure 3b shows a significant increase in the duration of Zone
B, when the water is released from the elastic storage of the
aquifer only and when Theis' solution can be applied. The in-
creased duration of Zone B can be attributed to the higher ver-
tical hydraulic head difference required between the nodes in
the water table and those in the aquifer for the water table to
start to respond. At time 0.0005 days, Figure 3c shows that the
elastic storage is the only source of water similar to Figure 2c.
However, the reduction of K, value has also led to the increase
of the duration of Zone C which represents the time during
which the water is released from the water table and the elas-
tic storage of the aquifer. This is also demonstrated by the plot
shown in Figure 3d which shows that at time 0.5day, unlike
the plot in Figure 2d, the amount of water is released predom-
inantly from the water table but also from the elastic storage
of the aquifer.

2.3 | Equation Describing the Vertical Variation
of K, and Implemented in the Model

As the vertical hydraulic conductivity parameter plays a sig-
nificant role in the calculation of the water level inside the
pumped borehole, it is imperative that its variation with depth
is also included in the LF models used to calculate the yield
of boreholes under different climatic conditions. In weathered
or fractured aquifers, the behaviour of the hydraulic system
is expected to be different when the water table is close to
the ground surface and the hydraulic system has high per-
meability, from its behaviour under drought conditions when
the water table drops to low elevations and the groundwater
system permeability is low. Although depth-dependent obser-
vations from the field show nonlinear variations in hydrau-
lic conductivity values with depth, see, for example, Bianchi
et al. (2020), for simplicity here we derive an equation con-
trolling the vertical exchange of water between the water table
assuming the aquifer hydraulic permeability reduces with
depth linearly (Figure 4).

The vertical variation of the vertical hydraulic conductivity across
the depth of the groundwater system is defined by the hydraulic
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conductivity values at the top and base of the aquifers K, ,,,

respectively. The linear increase of K, from base to top is

K

v_zbase’

determined by the slope parameter m calculated as follows:

m= (Kv,ztop -

Kv,zbase) / (Ztop - Zbase)
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At any distance z (m) from the base of the aquifer, the vertical
hydraulic conductivity is given by

K

(Kv_ztop - Kv_zbase)

v_z — Bv_zbase (Z[Dp _ Zbase)

(Z - zbase) (4)
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The vertical flow crossing the discrete volume with depth dz
(Figure 4) is given by Darcy law as g, =K, , Z—?. A relationship
between the head and the vertical flow can be then derived by
substituting for by K, , value from Equation 4:

G gy o % iz (5)

dh =
Kv,z Kv_zbase + m(z - zbase)

Integrating Equation 5 between Point 1 and Point 2 in Figure 4
yields the vertical flow between these two points. This is given by

m

ln ( Kv,zbase + m(ZZ _ Zbase) )

K, zhase + M(21 = Zpase)

qy = (HZ_HI)

©

From Equation 6, the general equation that gives the value of
the conductance controlling the vertical flow between the two
points 1 and 2 in Figure 4 is

m

In ( K, zpase + (22 — Zpase) ) 7

K, thase + m(zl - Zbase)

C=

Equation 7 is similar to the logarithmic mean transmissivity
equation provided by Goode and Appel (1992) after Butler (1957)
and Appel (1976). In addition, this equation is not singular when
k, is constant with depth, rather it converges to the value of

C= Kv_zbase / (ZZ - zbase) if 21 = Zpase:

3 | Results

3.1 | Significance of the Variation of the Vertical
Hydraulic Conductivity on the Drawdown
Time Series

The numerical radial flow model (Mansour et al., 2011, Ascott
et al. 2019) has been updated to include the variation of K, value
based on the position of the water table. In the updated model,
the vertical flows between the water table nodes and the aquifer
nodes, as shown in Figure 1a, are calculated using the conduc-
tance values based on Equation 7. The significance of K, value
with depth is investigated using three examples detailed in
Table 2. In the first two examples, the model is applied to simu-
late the time drawdown curves produced from a 10000 m circu-
lar aquifer with a depth of 20 m as illustrated in Figure 1a. The
well diameter is assumed to be 0.1 m and is pumped for 10days
at a constant rate of 4650 m3/day. The recovery of the drawdown
values is recorded for a further 10days. In these two examples,
we study the impact of varying K, with depth on time draw-
down curves obtained from pumping tests. The difference be-
tween Examples 1 and 2 is the initial water table position which
is assumed horizontal but at a depth of zero and seven meters,
respectively.

The hydraulic parameter values are listed in Table 1. They con-
sist of a horizontal hydraulic conductivity value of 50m /d, a
specific storage value of S;=1x 107> m™! and a specific yield
of 0.1 [—]. However, the value of K, is obtained from the pro-
file illustrated in Figure 4 and is defined by the base K, value
K, zbase = 0.005 m /d and the top K, value K, ,,, = 0.05m /d.The

slope of the profile defining the variation of K, with depth is,
therefore, 0.00225.

Figure 5a,b shows the time drawdown curves of the pump-
ing and recovery phases simulated using Example 1, respec-
tively, where the initial water table is set at depth zero from
the aquifer top. Each plot contains two curves produced using
a model with variations of K, with depth and another where K,
(0.05m /d)is constant with depth. These figures show that the
curves are almost identical during the early times of the sim-
ulation but then they diverge at approximately 0.01 day with a
maximum difference of approximately 0.7m in the pumping
phase at around 1.0 day (Figure 5a). This is approximately 10%
of the drawdown observed when no vertical variation of K|, is
included. The maximum difference between the curves in the
recovery phase is approximately 0.6 m (Figure 5b) at around
0.001 days.

At time 0.1day, the water table drops by 0.03m below the top
of the aquifer at the water table node adjacent to the pumped
borehole (Node 1 in Figure 1a) when no vertical variation of K,
is included in the model. The elevation of Node 1 from the base
of the aquifer is 19.97m. The elevation of the node in the lower
layer (Node 2 in Figure 1a) is 9.98 m as it moves down with Node
1 but at half the pace. When the variation of K, with depth is in-
cluded, the water table drops by 0.004 m from the top of the aqui-
fer at Node 1 (Figure 1a) only. We will assume that the elevations
of Node 1 and Node 2 from the base of the aquifer in this case
are 20.0m and 10.0m, respectively, and by applying Equation 7,
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TABLE 2 | Details of the three examples used to study the significance of the inclusion of the variation of the vertical hydraulic conductivity with

depth.

Example

Details

Zone of water table fluctuation

1. Pumping test with the water table
at the top of the aquifer at time zero

2, Pumping test with the water table
at depth equal to 7m at time zero

3. Long-term pumping with recharge
for deployable output assessment.
Water table at depth equal to 5m at
time zero

Q=4650m3/day for 10days.
Fluctuation of the water table within
the wide part of the profile.
Initial saturated thickness=20m
Aquifer radius=10km
kvmp =0.05m/day
k, =0.005m/day

Vebase

Q=4650m3/day for 10days.
Fluctuation of the water table within
the narrow part of the profile.
Initial saturated thickness=13m
Aquifer radius=10km
k , =0.05m/day

Vzto)

k, =0.005m/day

Vebase

Q=4650m3/day with long
pumping duration.
Transient recharge rates with an
average value of 0.52mm/day.
Fluctuation of the water table within
the narrow part of the profile.
Initial saturated thickness=25m

0.0 kv_ztop = 0.05m/day
T W

Jé
N

ky_zbase = 0.005m/day

0.0 kv_ztop = 0.05 m/day
T %

E
— N

ky zbase = 0.005m
0.0 ky ztop = 5m/day

F
N |

kv_zbase = 0.5m/day

Abstraction borehole

Aquifer radius=2km r ) )Rechzrge ;
({
— v v
kvztop =5 m/day Groundwater divide
ol =05 m/day ]
/ : \ E
Direction:of °
oimil, W flow ! =
2000m

we find that the value of the conductance controlling the flow
between these two nodes is equal to 0.0038 d*. Compared this
with a conductance value of C = 0.005 d™! calculated with con-
stant K, with depth indicates that for the same hydraulic gradi-
ent the vertical transfer of water between Node 1 and Node 2 is
higher when there is no vertical variation in K,. This is why the
time drawdown curve produced with no vertical variation of K|,
(the solid line in Figure 5a) becomes shallower than the time
drawdown curve produced with vertical variation of K, included
(the dashed line), as more water is released from the water table
rather than the elastic storage of the aquifer with no variation
of K,

This is confirmed by the plots showing the water released
from the specific yield spatially across the aquifer nodes in
Figure 6a at time 0.1days. At this time, the amount of water

released from the water table is 1142 m3/day and 4134 m?/day
with and without the inclusion of vertical variations of K, in
the model, respectively. To compensate for the lower amount
of water received from the water table when the variations in
K, are included in the model, the water level drops more in
the pumped well to establish higher hydraulic gradients in the
lower layer, which leads for more water to be released from the
elastic storage.

The increased drawdown values in the lower layer of the model
with vertical variations in K, leads to more vertical flow to be re-
leased from the water table at later times as shown in Figure 6b
and Figure 6c. These figures show that the maximum water
rates released from the water table with and without the verti-
cal variation of K, are close after 1.0day. These are 4260 m>/day
and 4640 m3/day, respectively (Figure 6b). These values become
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FIGURE 5 | Time drawdown curves with and without vertical variations of k,. Initial conditions with the water table at the top of the saturated

thickness (Example 1). (a) Pumping phase. (b) Recovery phase.
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FIGURE 6 | Vertical water release from the water table nodes at 0.1, 1.0 and 10days with and without the inclusion of the vertical variations in k..

The initial water table location is at the top of the aquifer (Example 1).

equal to 4640 m3/day in both cases at the end of the pumping
phase (Figure 6¢) but note that the location from where the
water is released is different.

In Example 2, the initial water table elevation is set at 7m from
the top of the aquifer. The lowered water table position impacts
the calculation of the conductance value from Equation 7 as
the saturated thickness of the aquifer is significantly reduced.
Figure 7a,b shows the time drawdown curves produced by the

numerical models for the pumping and recovery phases, respec-
tively. These figures show that the differences between the time
drawdown curves are greater than those calculated in Example
1 with a maximum drawdown difference of approximately 1.2m
occurring at approximately 1.0day after the onset of pumping
(Figure 7a).

Figure 8 shows the plots of water released from the water table
at 0.1, 1.0 and 10days. Similar to what is observed in Example
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FIGURE 7 | Time drawdown curves with and without vertical variations of k,. The initial conditions with the water table at 7m below the top of
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the saturated thickness (Example 2). (a) Pumping phase. (b) Recovery phase.
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FIGURE 8 | Vertical water release from the water table nodes at 0.1, 1.0 and 10days with and without the inclusion of the vertical variations in k..

Initial water table location is at 7m from the top of the aquifer (Example 2).

1, plots in Figure 8a show that at 0.1day, the water released
from the water table is higher when K, is constant with depth
(4626 m3/day) than when K, varies with depth (1954 m?/day).

At the end of the pumping phase, 10days, the simulated water
table drops by 0.39m and 2.45m from its initial location of
7m with and without the vertical variation of K,, respectively.
This has an important implication on the time drawdown

curve recorded at the pumped borehole. The reduced saturated
thickness in the case of no vertical variations in K, causes the
drawdown values at the borehole (the solid line in Figure 7a)
to become higher than those calculated when K|, is varied with
depth if longer pumping has taken place as will be demonstrated
in Example 3. Figure 7a shows that the time drawdown curves
from the two models converge to the same drawdown value at
the pumping phase.
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FIGURE 9 | (a) Time drawdown (TD) curves with and without variations of k, and with no vertical variations in k;,. (b) TD curves with varying
k, with depth. (c) Time series of recharge values. (d) water table profiles at times 304 and 464 days. The initial conditions with the water table at 5m
below the top of the saturated thickness and with the inclusion of recharge (Example 3).

Example 3 represents the case when pumping takes place for a
long time in an aquifer with varying K, with depth and subject
to recharge. We also use this example to demonstrate the signif-
icance of adding the vertical variations in K, compared with the
inclusion of vertical variations of K, in the model.

In this example, we use an aquifer setting that is closest to that
used by Ascott et al. (2019) and that addresses the calculation
of drawdown values in a synthetic borehole representative to
boreholes drilled in the Chalk aquifer in the UK. The hydraulic
parameters are the same as in Example 1 and Example 2, but
we set the vertical hydraulic conductivity to 5m/day when K|, is
constant with depth because usually K, is assumed to be 1/10t"
of the K, value (50 m/day). The profile of vertical variations of K,
is defined by K, 4,5, = 0.5m /day and K, =5m /day when K,

value is varied with depth (Table 2).

Monthly transient recharge values are uniformly applied at the
top of the water table with an average recharge value of 0.52mm/
day. The aquifer extent had to be limited to 2km to avoid exces-
sive recharge going into the system and causing the water table
to rise above the top of the aquifer. On average the total recharge
is 6495 m3/day, and the pumping rate is set to 4650 m3/day. With
the outer boundary defined by a fixed head to set the initial posi-
tion of the water table at 5m, the location of groundwater divide
is checked during the simulation to make sure it does not reach
the fixed head outer boundary, consequently, the water pumped
at the borehole is released from the aquifer storage at all times.
The aquifer thickness in this example is increased to 30 m which
gives a saturated thickness of 25m with the water table located
at 5m below the top of the aquifer at the onset of pumping.

Figure 9a shows the time drawdown curves simulated using
models with and without the vertical variation of K, and for a
simulation period of 1000days. These curves fluctuate simi-
larly to each other due to recharge (Figure 9c). The difference
between the two curves is not constant with time as shown by
the third curve in Figure 9a with a maximum difference of ap-
proximately 0.13m.

When the vertical variation in K, is added, the time drawdown
values (the lowest dashed line in Figure 9b) become signifi-
cantly higher than the case when no vertical variations in K}, or
K, (the solid line in Figure 9b). This indicates that the inclusion
of the variation of K}, is much more important than the varia-
tion of K, with depth. However, Figure 9b shows that the addi-
tion of the vertical variations of both K}, and K, produce a time
drawdown curve that is at higher elevation than the drawdown
curve produced by varying K, only. The maximum difference
between these two curves is approximately 4.2m and shows
that the vertical variations in K, affect the drawdown values
when varying K, with depth.

Figure 9a,b shows that the time drawdown curves at the
pumped borehole fluctuate at a higher elevation (lower
drawdown values) when the vertical variations in K, are in-
cluded in the model. This is caused by the increased saturated
thickness as the water table is located at higher elevations
as shown by the water table profiles plotted at two different
time steps in Figure 9d. In this case, lower horizontal hydrau-
lic gradients in the lower layer of the numerical model are
required to satisfy the pumping rate specified at the pumped
borehole.

10 of 12

Hydrological Processes, 2024

95U90 17 SUOWILIOD BATER.D) 3|qed!fdde a1 Aq peusenob o Sap1e YO 88N J0 Sa|NJ 0y AIqIT aUIIUO /311 LD (SUO 1 IPUGD-PLe-SLLBILID A3 1A ARe.q1jBu! |uo//SdIy) SUONIPUOD PUE SUWLB | aU) 895 *[GZ0Z/T0/60] U0 Aigi78uliu A8lim “Aonins [eaiBojoe usnug Ad 66002 dAU/Z00T 0T/10p/woo s i AReidjpuluo//:Sdny wou papeojumod ‘ZT ‘4207 ‘S80T660T



4 | Discussion

In this study, we update the numerical radial flow model to
add the variation of the vertical hydraulic conductivity value
with depth and we investigate the significance of this addition
to the model output. It has been shown that the implementa-
tion of the variation of K, with depth does not make significant
impact on the simulated time drawdown curve at the early
times of the pumping test. However, it has an important im-
pact on the simulated time drawdown curve at the later times
of test. In addition, larger differences are recorded when the
water table is lowered to a depth close to the middle of the
aquifer. However, in both cases, the differences between the
time drawdown curves produced with and without the vari-
ations of K, was insignificant two hours since the onset of
pumping. Although this is highly dependent on the hydraulic
parameter values of the aquifer, for short pumping test, the
inclusion of vertical variations of K, with depth may not be
important.

The impact of the implementation of the vertical variation of
K, only, in a model that simulates the water level fluctuations
inside a pumped borehole to study deployable output, is also
found to be insignificant. The maximum differences between
the two time-drawdown curves simulated with and without K,
variation with depth is approximately 0.14m. This is a small
value compared with the increase of drawdown values caused
by adding vertical variations in K, with depth, which causes the
time drawdown curve to drop by more than 15.0m. However, it
has been demonstrated that varying K, with depth is important
when K}, is varied with depth. Another important hydraulic pro-
cess, which is the vertical variations of the storage coefficient
value with depth is expected to affect the water levels inside the
pumped borehole (Rushton and Chan 1976) and is planned to be
included in the model in future developments.

The addition of variations of K, with depth produced higher
drawdown values after two hours of pumping in Example 1 and
Example 2. In contrast, we see that this reduces the drawdown
values in Example 3. This indicates that the groundwater flow
processes resulting from the addition of K, variation with depth
are complex and depend on the vertical conductance values con-
necting the water table and the lower layer in the model, the lo-
cation of the water table, the other aquifer hydraulic parameter
values, and the timing from pumping onset. In Example 3, tran-
sient recharge is added and the model is run for a longer period
of time. The recharge and pumping cause a change in the cur-
vature of the water table with the peak value representing the
location of the groundwater divide. Part of the infiltrated water
is pumped by the borehole and the remaining discharge at the
outer boundary. To avoid outer boundary influence on the time
drawdown curve due to the selected dimension of the aquifer,
the location of the groundwater divide is checked during the
simulation to ensure that no water is withdrawn from that outer
boundary at any time.

The vertical variation of K, implemented in this model is as-
sumed linear with a high value at the top of the saturated depth
and low value at the base of the saturated depth as illustrated in
Figure 4. More complex profiles of the vertical variations of K,

with depth can be considered. One approach is to use a polyno-
mial equation to represent this variation. Bianchi et al. (2020)
show profiles of physical heterogeneity in weathered basement
aquifers in Ghana. The variation of the hydraulic conductivity
with depth represented by these profiles can be approximated by
third-degree polynomials. These polynomials can be used to de-
rive equations equivalent to Equation 7 to calculate the conduc-
tance value that controls the volume of water moving between
the nodes in the vertical direction in a LF numerical model dis-
cussed here.

5 | Conclusions

The simplification of numerical models and the use of LF models
is a common practice to overcome numerical instabilities and to
reduce the run time of numerical models. The improved model
performance is of significant importance when the model is ap-
plied to simulate the impact of large number of climate scenarios
to study and manage future groundwater resources by calculat-
ing the groundwater levels inside pumped boreholes. Here we
add the variations of the vertical hydraulic conductivity value
with depth to a numerical radial groundwater model used in
the simplest configuration possible. Usually, K, variations with
depth have been overlooked in simplified numerical models pre-
pared at either borehole or regional scales. We demonstrate that
the addition of this mechanism in the numerical model code has
a minor impact on the time drawdown curves produced from
relatively short pumping tests. However, its impact appears to be
important when the drawdown values are affected by infiltra-
tion recharge and the simulation is run for a long time to assess
deployable output. In addition, the variation of K, with depth
when K, is also varied with depth had a major impact on the
water levels simulated inside the pumped borehole.

In this study, the vertical hydraulic conductivity value is as-
sumed to vary linearly with depth. This simplification allows
a straightforward derivation of the equation used to calculate
the vertical conductance value (Equation 7). A more complex
profile can be used if a continuous mathematical equation can
be found to represent the shape of the profile. This extends the
application of the method to an international context enabling
hydrogeological complexity to be represented using a polyno-
mial approximation.

Ideally, we would compare the method against the observed,
however, suitable data are not readily available, which limited
our ability to achieve this. We present an example of a meth-
odology that can be used with most codes; cartesian models as
well as the radial flow model presented in the article and where
vertical variation of hydraulic properties occurs in aquifers. We
plan to extend the method to address vertical storage changes
with depth and to use the methodology on appropriate observed
data as applicable.
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