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A B S T R A C T

Modelling the interaction between rigid and deformable bodies holds significant relevance in geotechnical
engineering, particularly in scenarios involving stiff engineering objects interacting with highly deformable
material such as soil. These processes are challenging due to the combined nonlinear mechanisms including
large deformation, elasto-plasticity, and contact with friction. For highly deformable material, the Material
Point Method is a natural choice over the Finite Element Method due to its ability to handle large
deformations without remeshing by carrying material information at points. This paper uses the Implicit
General Interpolation Material Point Method (GIMPM) to demonstrate a new approach for modelling this
type of interaction, and exploits the GIMPM’s inherent definition of the boundary of a deformable domain to
formulate a consistent contact formulation, negating the need for boundary reconstruction. The formulation
is demonstrated through validations and comparisons to alternative methods for simulating contact. The
combination of the contact formulation with an implicit framework is shown to be an efficient method for
modelling geotechnical problems. The proposed method exhibits optimal convergence for contact problems,
accurately captures stick–slip Coulomb friction, and ensures consistent stress fields at the contact surface of a
rigid body.
1. Introduction

The ability to model the interaction between a rigid-body and
deformable material is highly applicable to geotechnical engineering.
In many processes there is a relatively very stiff engineering object in-
teracting with a highly deformable material, such as a soil; for example
Cone Penetration Tests (CPTs), pile and screw pile installation, seabed
ploughing for cable installation and drag anchor trajectories in seabeds.
However, modelling these engineering processes is challenging as there
are multiple non-linearities: large deformation, elasto-plasticity and
contact with friction. In terms of the numerical approach, the combina-
tion of these non-linearities makes these processes inherently difficult
to model. A range of methods have been applied to these types of engi-
neering problems, particularly to address the large deformation aspect.
This includes, arbitrary Lagrangian Eulerian (ALE) finite element for-
mulations, Tolooiyan and Gavin (2011) and Wang et al. (2015), particle
finite element methods (Monforte et al., 2017; Hauser and Schweiger,
2021), discrete element methods (DEMs) (Ciantia et al., 2016; Khosravi
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et al., 2020), and the material point method (MPM) (Martinelli and
Vahid, 2021). Here the MPM is used.

The MPM is a natural alternative to the finite element method,
sharing many of the same numerical ingredients, but with the key
advantages that no remeshing is required and the data for the problem
are stored at locations in the domain (the material points, MPs) so it is
not necessary to perform projections of historic material data, Coombs
and Augarde (2020). Moreover, the MPM combines the advantages
of a continuum particle-based formulation with the presence of a
computational grid, which allows a Lagrangian solution approach. The
governing equations are satisfied on an underlying background finite
element mesh. The equilibrium equations governing continua modelled
with the MPM and for a rigid body are well understood, the active area
of research is how to couple the systems of equations through contact.

Before reviewing contact formulations in the MPM, it should be
noted that contact in the MPM is closely aligned, but distinct to, the
definition of boundaries and the imposition of homogeneous and inho-
mogeneous Neumann (traction) and Dirichlet (displacement) boundary
vailable online 12 August 2024
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conditions when the boundary is not aligned with the background grid.
The representation of the external boundary of a MP-defined physical
body has been achieved via B-Splines (Bing et al., 2019; Gavin, 2024),
level sets (Liu and Sun, 2020) and proximity-based methods (Rem-
merswaal, 2017, 2023). However, for rigid body-MP interactions, a
representation of the entire external boundary of the deformable MP
body is not required; it is sufficient to have a representation of the
contact surface between the two bodies, which can be provided by
the discretisation of the rigid body. The imposition of inhomogeneous
Neumann boundary conditions in the MPM has been explored by sev-
eral authors. Most of these techniques require a discrete representation
of the boundary of the body, for example (Bing et al., 2019; Gavin,
2024; Remmerswaal, 2023; Yamaguchi et al., 2021), with the notable
exception of Liang et al. (2023) who used a virtual stress field to
impose simple Neumann boundary conditions without explicit bound-
ary representation. In many situations, Dirichlet boundary conditions
can be imposed directly on the background grid via weak or strong
enforcement methods and for some physical problems it is possible to
define the background grid such that nodes of the background grid re-
main aligned with the boundary condition throughout the analysis, for
example via the moving mesh concept (Phuong et al., 2016). However,
there are many problems where it is not possible to align the boundary
condition with the background mesh and this is a particular issue with
the Generalised Interpolation Material Point Method (GIMPM), and
B-Spline based MPMs that rely on a regular background grid. The im-
position of non-grid-aligned Dirichlet boundary conditions in the MPM
has been covered by Bing et al. (2019), Cortis et al. (2018) and Mast
et al. (2011) and the reader is referred to Lu et al. (2019) for a review of
these methods within different numerical schemes. However, the focus
of this paper is the contact between a rigid body and a deformable
body represented by MPs rather than imposing Neumann/Dirichlet
conditions on the background grid.

Within the MPM community there are two active discussions regard-
ing contact: how to represent the boundary of the domain and then how
to enforce contact constraints on the boundary when the continuum
data are stored at points. The nodal combined velocity-based method
(NCVM) by Bardenhagen et al. (2000) is used by many authors (Gao
et al., 2022; Ma et al., 2014; Bardenhagen et al., 2001; Chen et al.,
2017; Gonzalez Acosta et al., 2021) because of its ease of implementa-
tion. This is because the interaction between bodies is imposed using
the velocity fields at their interacting grid nodes. However, as discussed
in Gonzalez Acosta et al. (2021) and Pretti (2024), the NCVM method
has the potential for numerical dissipation because it does not satisfy
the Karush–Kuhn–Tucker (KKT) conditions, which classically describe
friction and contact (see, for instance, Simo and Laursen (1992)).
Therefore, methods which do satisfy the KKT conditions are desirable
since they are free from numerical dissipation, such as penalty (in the
limit), augmented Lagrangian and Lagrange multiplier methods (Wrig-
gers, 2006). The complexity of these methods is mainly due to the
need for discretised surfaces, which is not a trivial task for the MPM
(see Bing et al. (2019), Liu and Sun (2020) and Remmerswaal (2017)).
A part of this intricacy can be avoided if the interaction takes place
between a deformable MPM-discretised body and a rigid one, since the
latter presents a geometrical description of the surface. In this regard,
Ref. Nakamura et al. (2021) exploits the surface discretisation of an
infinitely rigid body, while Lei et al. (2022) employs a finite element
discretisation. As for the deformable body, a MP is either represented
as a point (Lei et al., 2022), or a domain with a radius associated to
its associated volume (Nakamura et al., 2021), which interacts with
the body like a general point-to-surface method. When contact occurs,
the normal and tangential contact forces are calculated at the point
of contact and mapped to the background mesh nodes. An alternative
method is to represent the rigid body as part of the grid bound-
ary (Martinelli and Vahid, 2021). However, an unstructured mesh with
remeshing is required as the shape moves and, like finite elements, it
2

is distorted and hence inaccurate meshes are possible. Additionally,
since this method requires irregular meshes, i.e. triangles in 2D, this
is generally implemented using the MPM (Wang et al., 2021) rather
than the GIMPM (Bardenhagen and Kober, 2004), the former exhibiting
sub-optimal convergence properties for simple problems with regular
background grids (Charlton et al., 2017) due to issues associated
with ‘‘cell-crossing’’. There are other ways to mitigate the cell-crossing
instability, such as using B-Spline based basis functions (Gan et al.,
2018) and/or double mapping techniques (González Acosta et al.,
2020), however GIMPM has other benefits linked to contact detection,
which are outlined below.

The geotechnical application key in this paper is the modelling of
cone penetration tests (CPTs) using the MPM, which has been achieved
before by a number of authors using explicit-time integration schemes,
for example (Martinelli and Vahid, 2021; Yost et al., 2023; Martinelli
and Pisanò, 2022; Ghasemi et al., 2018; Bisht et al., 2021) amongst
others. Generally explicit methods have been adopted over implicit
methods due to ease of implementation and issues associated with poor
integration of the background grid resulting in small contributions of
material points to nodes of the background grid causing prohibitively
poor conditioning numbers in the stiffness and mass matrices in implicit
analysis. This issue is avoided by most explicit MPM implementa-
tions by the use of a lumped mass matrix and remapping/filtering
of spurious nodal velocities via techniques such as Modified Update
Stress Last (MUSL, Sulsky et al. (1995)), see Coombs (2023b) for a
detailed discussion of this issue. However, the time period over which
CPTs occur are generally long with small inertial effects (Robinson
et al., 2021). When combined with the numerical aspect of requiring
small elements around the cone tip, and the CFL (Courant–Friedrichs–
Lewy) condition restricting the maximum time step, explicit analysis
becomes less desirable due to the high number of time steps (requiring
a high performance code for reasonable run times) and the adoption of
artificial damping to approximate a quasi-static solution. Therefore an
implicit, rather than explicit, pseudo-static analysis is the focus of this
paper, with conditioning issues mitigated by the Ghost penalty method
which will be explained below (Coombs, 2023b).

The main contribution of this article is a new implicit contact for-
mulation for deformable/rigid interaction, based on some preliminary
ideas outlined by Bird et al. (2023). GIMPM is used to model the
deformable body which interacts with a discretised rigid body repre-
sented by a series of line segments. This is different to other material
point contact approaches with rigid bodies. Hu et al. (2018) model the
contact boundary condition at the material point position and therefore
do not consider the volume associated with it. An improvement on this
is provided by Nakamura et al. (2021), where the contact conditions
are considered at a radius around a material point, where the radius
approximates the material point’s volume. There are also methods that
use the boundary of the background mesh to represent the rigid body,
see the works of Martinelli and Vahid (2021) and Martinelli and Galavi
(2021), however this requires a triangular mesh that must be remeshed
after a set number of load/time steps. The specific advantage of using
the GIMPM over the MPM when modelling contact is that the shape
of the deformable body is explicitly defined by the GIMPM domains
associated with each MP and it is the boundary of this volume that
governs the interaction with the rigid body. This choice has the added
benefit that it avoids the reconstruction of a boundary representation
of the deformable body. It also means that the contact constraints are
consistent with the physical material, since the distance between the
point of contact of the deformable body and that of the rigid body
is based on the physical size of the GIMPM domain. An important
added consequence of this approach is that accurate stress fields at the
point of contact are obtained without additional processing/remapping.
The final contribution of the paper is to demonstrate the benefits
of using an implicit MPM to model large deformation soil–structure
interaction, specifically applied to CPTs. Run times for an unoptimised
serial MATLAB code, based on AMPLE (Coombs and Augarde, 2020),

are used to demonstrate that accurate solutions for CPT analyses take
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in the order of 10 min, whereas high fidelity models will take 30 min
to an hour to obtain. The method is also validated against experimental
data (Davidson et al., 2022) for homogeneous sands, and will be shown
to reproduce features of CPTs in layered sands. Numerical examples
demonstrate that the formulation is able obtain optimal convergence
for contact problems, correctly capture stick–slip Coulomb friction, and
for CPTs, to obtain consistent stress fields at the deformable body’s
contact surface.

2. Material point method

In this paper quasi-static large deformation mechanics is consid-
ered with isotropic elasto-plastic material behaviour. The material
interacts with a rigid body with penalty normal contact and a reg-
ularised (penalty) slip–stick Coulomb friction law. The details of the
implicit large deformation elasto-plastic MPM framework are presented
in Coombs and Augarde (2020). The focus of this section is on the
modification of the framework to allow rigid body interaction with the
continuum material.

2.1. Equilibrium equations

Consistent with Coombs and Augarde (2020) and Charlton et al.
(2017), and based on the observations of Coombs et al. (2020) regard-
ing the compatibility of the MPM with different Lagrangian formula-
tions, an updated Lagrangian framework is adopted in this paper. The
weak statement for a material with domain, 𝛺, subject to body forces
acting through the volume, 𝑉 , and surface tractions acting over the
boundary of the body, 𝜕𝛺𝑁 , interacting with a rigid body via a contact
surface 𝜕𝛺𝐶 is

∫𝜑𝑡(𝛺)
(∇𝑥𝜂)𝑖𝑗𝜎𝑖𝑗𝑑𝑉 − ∫𝜑𝑡(𝛺)

𝜂𝑖𝑏𝑖𝑑𝑉 − ∫𝜑𝑡(𝜕𝛺𝑁 )
𝜂𝑖𝑡𝑖𝑑𝑆

− ∫𝜑𝑅𝑡 (𝜕𝛺𝐶 )
𝜂𝑖𝑓𝑖𝑑𝑆 = 0 (1)

where 𝜑𝑡 is the motion of the deformable body, 𝜑𝑅𝑡 is the motion of
he rigid body, 𝜂 is the test function, 𝜎𝑖𝑗 is Cauchy stress, ∇𝑥 is the
radient operator in the updated coordinate system (denoted by the
ower case 𝑥), 𝑏𝑖 is the body force, 𝑡𝑖 is the traction from Neumann
oundary conditions and 𝑓𝑖 is the normal and frictional forces imparted
n the material from the interaction with the rigid body. The final term
n (1) is the key difference in the equilibrium statement compared to
hat adopted in Coombs and Augarde (2020).

In order to discretise the problem a background mesh is introduced,
hich contains the continuous domain 𝜑𝑡(𝛺) at any point during an
nalysis. This background mesh,  , is subdivided into a number of
lements 𝐸. This allows the weak statement of equilibrium (1) to be
xpressed as
∑

𝐸∈
∫𝜑𝑡(𝐸)

(∇𝑥𝜂)𝑖𝑗𝜎𝑖𝑗𝑑𝑉 −
∑

𝐸∈
∫𝜑𝑡(𝐸)

𝜂𝑖𝑏𝑖𝑑𝑉 − ∫𝜑𝑡(𝜕𝛺𝑁 )
𝜂𝑖𝑡𝑖𝑑𝑆

− ∫𝜑𝑡(𝜕𝛺𝐶 )
𝜂𝑖𝑓𝑖𝑑𝑆 = 0. (2)

ote that the surface traction and contact forces remain acting over
he boundaries over which they act as they are not discretised by
he background mesh. The next step is to introduce the basis (or
hape) functions that provide the link between the vertices, 𝑣, of the
ackground mesh and the material points, 𝑝, that discretise the physical
omain. Several options are available in the MPM literature, including:
onventional finite element shape functions used in the original MPM,
eneralised interpolation/CPDI basis functions that introduce a domain
ssociated with each point, and B-spline basis functions (Sulsky et al.,
994; Bardenhagen and Kober, 2004; Sadeghirad et al., 2011). The
esearch presented in this paper adopts generalised interpolation basis
unctions in order to mitigate the well known cell-crossing instability
roblem and adopts these functions for both the test and trial functions
3

or the first term, and as the test function for the second term, in
2). The third and fourth terms in (2) adopt a test function based on
he standard finite element shape functions of the background mesh,
𝑁], as these terms are not discretised by material points, instead they
ct as embedded boundary conditions within the mesh. The volume
ntegrals in (2) are replaced by an assembly operator,1 𝐴, over the

material points representing the physical domain, each carrying an
associated volume, 𝑉𝑝. This allows the weak statement of equilibrium
to be expressed as a residual with the following form

{𝑅} =𝐴
∀𝑝

(

[∇𝑥𝑆𝑣𝑝]𝑇 {𝜎𝑝}𝑉𝑝 − [𝑆𝑣𝑝]𝑇 {𝑏}𝑉𝑝
)

− ∫𝜑𝑡(𝜕𝛺𝑁 )
[𝑁]𝑇 {𝑡}𝑑𝑆

− ∫𝜑𝑡(𝜕𝛺𝐶 )
[𝑁]𝑇 {𝑓}𝑑𝑆

{𝑅} = {𝑓int} − {𝑓b} − {𝑓t} − {𝑓c}

(3)

where [⋅] and {⋅} are a matrix and vector respectively, [𝑆𝑣𝑝] is a matrix
of basis functions for the element vertices, 𝑣, at each material point,
𝑝, and {𝜎𝑝} is the Cauchy stress at a material point. The residual is a
balance of the internal force associated with the material points’ stress
state, {𝑓int}, and the external actions acting on the body via: body
orces, {𝑓b}, surface tractions, {𝑓t}, and contact forces, {𝑓c}.

In order to find the solution to Eq. (3) a Newton–Raphson (NR)
scheme is used. The scheme requires the linearisation of (3) with
respect to the primary unknown — the displacement of the background
grid, {𝑑}. The linearisation of the residual equation and applying the
NR scheme gives

{𝑑}𝑖+1 = {𝑑}𝑖 − [𝐾]−1𝑖 {𝑅}𝑖 (4)

where 𝑖 is the iteration number. The matrix [𝐾] is the linearised form
of {𝑅}, where only {𝑓int} and {𝑓c} are a function of the displacements
f the background grid. The linearisation of {𝑓int} for a single material

point is

[𝑘𝑝] = [∇𝑥𝑆𝑣𝑝]𝑇 [𝐴][∇𝑥𝑆𝑣𝑝]𝑉𝑝 (5)

where [𝐴] is the algorithmic consistent material stiffness matrix. The
lobal tangent stiffness matrix has the form

𝐾] =𝐴
∀𝑝

(

[𝑘𝑝] + [𝑘c]
)

, (6)

here [𝑘c] is the tangent matrix for the contact force (normal and
angential), which is defined in the next section.

It should be highlighted that MPMs can suffer from the small cut
roblem due to the arbitrary nature of the interaction between the
hysical body (represented by material points) and the computational
esh used to solve the equilibrium equations, resulting in loss of

oercivity of the linear system of equations (Sticko et al., 2020). In this
ork this issue is mitigated using Ghost stabilisation (Burman, 2010),

irst implemented in the MPM by Coombs (2023b). The key idea of
host stabilisation is to constrain the gradient of the solution within
oorly populated elements of the background grid (i.e. those with
mall cuts) by introducing an additional coupling term integrated over
he interface between these poorly conditioned elements and elements
hat are reasonably populated with material points. This introduces an
dditional term in the global tangent stiffness matrix with the form

𝐾𝐺] =
𝛾𝑘ℎ3

3 ∫𝛤

(

[𝐺]𝑇 [𝑚][𝐺]
)

𝑑𝛤 , (7)

where 𝛤 denotes the collection of stabilised background element edges,
ℎ is the length of the stabilised edge, [𝐺] contains derivatives of
he basis functions with respect to the global coordinates (but in a
ifferent format to [∇𝑥𝑆𝑣𝑝]), [𝑚] contains information about the normal

1 Here the assembly operator, 𝐴, is stating to perform this calculation at
each material point and assemble their contributions to the degrees of freedom
of the background grid nodes/vertices, 𝑣.
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direction of the stabilised edge and 𝛾𝑘 is the Ghost stabilisation penalty
parameter, usually defined as some proportion of the elastic stiffness.2
The additional stiffness introduced by (7) enforces a bound on the
minimum eigenvalue of the global tangent stiffness matrix and has
been shown to significantly increase the robustness of implicit quasi
static and dynamic MPM implementations for the analysis of single
and bi-phase (solid-water) materials (Coombs, 2023b,a; Pretti et al.,
2024). The physical implication of this additional stiffness is that the
method stabilises non-physical, and potentially very large, displace-
ments/velocities at the boundary of the physical domain caused by
the imbalance between non-small internal/external force contributions
and infinitesimally small mass/stiffness contributions to nodes of the
background mesh. The definition of 𝛤 is a key point of departure
between cut-FEM (Sticko et al., 2020) and MPM (Coombs, 2023b)
implementations, with the former determining the intersections of the
physical boundary with the regular mesh, but this is not appropriate
in the MPM as an explicit representation of the boundary is usually
not available. Instead Coombs (2023b) defined 𝛤 by: (i) identifying
boundary elements, which are the elements attached to (sharing a face
with) any unpopulated elements, and (ii) defining the boundary element
edges, 𝛤 , as the boundaries of these elements with other boundary
elements or elements that are populated by material points. As Ghost
stabilisation is a fix to a numerical artefact, the penalty stiffness (7)
can be determined at the start of a load/time step rather than being
recalculated at each iteration. This means that the associated force-like
term of the weak form equilibrium equation can be determined from
the product of (7) with the incremental background grid displacements
(see Coombs (2023b) for details).

3. Contact

In this section the description of the contact of a GIMP domain with
the rigid body is described. This starts first with a description of the
rigid body, see Fig. 1. The rigid body is defined by its boundary 𝐿
which is divided into straight segments 𝑙, as shown in Fig. 1. Each 𝑙
has its own local coordinate 𝜉 ∈ [0, 1] and linear finite element shape
functions 𝑁̂1 and 𝑁̂2. When a GIMP corner is in contact with the rigid
body, highlighted in red, its position is defined 𝒙 and is projected onto
a line segment of the rigid body defined 𝒙′ using the normal to 𝑙 defined
as 𝑛; details of the projection are defined in the next section.

The contact force residual {𝑓𝑐}, (3), and its corresponding tangent
𝑘𝑐}, (6), are formed from a normal, 𝑁 , and tangential, 𝑇 , contribution

{𝑓𝑐} = {𝑟ℎ𝑁} + {𝑟ℎ𝑇 }

[𝑘𝑐 ] = [𝐾ℎ
𝑁 ] + [𝐾ℎ

𝑇 ].
(8)

he descriptions of the normal and tangential terms are respectively
rovided at the end of Sections 3.2 and 3.3.

.1. Description of contact

The contact formulation presented here is inspired by the node-
o-surface type contact formulations (Wriggers, 2006). Specifically we
ollow the work of Pietrzak and Curnier (1999) and modify their
arge deformation finite element-based framework the so that it can be
pplied to the MPM. The framework detailed in this paper is focused
n a rigid body, represented by a mesh and termed the main body,
nteracting with a deformable continuum body represented by material
oints and termed the secondary body. The contact approach in this
aper is therefore expressed as a (material) point-to-surface formulation
o avoid any confusion with the nodes of the background mesh. Lastly,

2 Note that for dynamic analysis Ghost stabilisation can also be applied to
he global mass matrix and in that case the penalty parameter is replaced by
𝑀 , which is usually defined as a proportion of the density of the material
eing analysed (Coombs, 2023b; Sticko et al., 2020).
4

a

since the variables in this section are either scalars or vectors, a
boldface notation is used from here on.

The numerical treatment of contact requires a number of ingredients
to describe the normal and tangential nature of the contact interface,
however the determination if contact is taking place is a critical first
step. In this paper a closest point projection algorithm is used, this in
turn enables the definition of the normal gap vector function 𝒈𝑛 and
gap function 𝑔𝑛

𝒈𝑛(𝜉(𝜏), 𝜏) = 𝑔𝑛(𝜉(𝜏), 𝜏)𝒏(𝜉(𝜏), 𝜏) = 𝒙(𝜏) − 𝒙′(𝜉(𝜏), 𝜏) and

𝑛 = 𝒈𝑛 ⋅ 𝒏, (9)

hich define the vector linking the interacting points on the main and
econdary body and the length of this vector, respectively. In (9) 𝒏
s the outward normal of the main body surface, 𝒙 is the point in
ontact with the surface belonging to the secondary body, 𝒙′ is the
rojection of 𝒙 onto the main body surface, this being parameterised by
convective (local) coordinate, 𝜉. The scalar gap function, (9), allows

hree scenarios to be defined

𝑛 < 0, overlap; 𝑔𝑛 = 0, contact; and 𝑔𝑛 > 0, gap.
(10)

he current form of the gap function in (9) provides only a normal
escription of the contact, a description of the tangential movement of
point over the surface that is consistent with (9) is also required. This
escription can be obtained by taking the time derivative of (9), which
rovides a description of the normal and tangential contact in rate form
espectively denoted 𝒈̊𝑛 and 𝒈̊𝑡 (Curnier et al., 1995)

̇ 𝑛(𝜉(𝜏), 𝜏) = 𝑔̇𝑛(𝜉(𝜏), 𝜏)𝒏(𝜉(𝜏), 𝜏) + 𝑔𝑛(𝜉(𝜏), 𝜏)𝒏̇(𝜉(𝜏), 𝜏)

∶ = 𝒈𝒏(𝜉(𝜏), 𝜏) + 𝒈̊𝒕(𝜉(𝜏), 𝜏)

∶ = 𝒈𝒏(𝜉(𝜏), 𝜏) + 𝒕(𝜉(𝜏), 𝜏)𝜉̇(𝜏).

(11)

n the Authors’ opinion the component of 𝒈̊𝒕 has been written into a
orm that is simpler. It is composed of a tangent 𝒕 = 𝜕𝒙∕𝜕𝜉, where 𝜉
s the local coordinate of the element of that is contact with the point,
nd its rate 𝜉̇.

Eq. (11) provides a description of the contact kinematics, next a
efinition of their variations is required as these will form the trial
unctions that compliment the normal and tangential forces on the MPs.
aking use of the definitions in (11), these variations can be expressed

s

𝒏̊𝛿𝑡 = 𝒏𝑔̇𝑛𝛿𝑡 = 𝒏𝛿𝑔𝑛 and 𝒈̊𝒕𝛿𝑡 = 𝒕𝜉̇𝛿𝑡 = 𝒕𝛿𝜉, (12)

here the dependencies have been removed for readability. Unlike
he previous section where the governing equations for the MPM
ere expressed directly via a weak form (see (1)), for the contact

ormulation it is instructive to start from a variational (or energy)
orm that distinguishes between the normal and tangential contact
omponents. Within this context, and using the above definitions, the
ontact variational form of the contact energy for point-to-surface can
e written as (Wriggers, 2006; Pietrzak and Curnier, 1999)

𝑈 = ∫𝜓𝑡(𝛺)∩𝛿(𝒙′)

(

𝛿𝑔𝑛𝒏 ⋅ 𝒑𝑛 + 𝛿𝜉𝒕 ⋅ 𝒑𝑡
)

d𝑥 = 0 (13)

here 𝒑𝑛 and 𝒑𝑡 are respectively the normal and tangential point forces.
o define this as a point-to-surface contact the Dirac delta function is

ncluded in the integral, 𝛿(𝒙′), at the projection point 𝒙′. The normal
nd tangent contact components of (13) will be treated separately in the
ollowing sections. However, first a general description of the contact
urface will be provided.

.2. Normal contact

The approach detailed in this paper adopts a penalty method to

pproximately enforce the normal contact conditions. It is important
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Fig. 1. A diagrammatic description of a GIMP in contact with the rigid body.
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o note that penalty methods violate the Hertz-Signorini contact condi-
ions (Pietrzak and Curnier, 1999)

𝑛 ≥ 0, 𝑝𝑛 ≤ 0, and 𝑔𝑛𝑝𝑛 = 0 (14)

nd so, in general, some penetration will occur between the two bodies,
ith the magnitude of the penetration proportional to the penalty
arameter.

To calculate the penalty force a normal penalty parameter is defined
𝑛, which combined with the normal component of the gap function
llows a normal penalty force to be defined as

𝑛 = 𝒏𝑝𝑛 where 𝑝𝑛 = 𝜖𝑛𝑔𝑛. (15)

ubstituting the penalty force from (15) into (13) and considering only
he normal contact component, the variation for the normal residual
an be determined. This variation is redefined as the residual that is
olved to be zero in the Newton–Raphson loop,

𝑁 = 𝜖𝑛 ∫𝜓𝑡(𝛺)∩𝛿(𝒙′)
𝛿𝑔𝑛𝒏 ⋅ 𝒏 𝑔𝑛 d𝑥 = 𝜖𝑛 ∫𝜓𝑡(𝛺)∩𝛿(𝒙′)

𝛿𝑔𝑛 𝑔𝑛 d𝑥. (16)

inearisation of this residual in the direction 𝛥𝒙ℎ allows the stiffness
ssociated with the normal contact component to be expressed as

𝑁 = 𝜖𝑛 ∫𝜓𝑡(𝛺)∩𝛿(𝒙′)
𝛿𝑔𝑛 𝛥𝑔𝑛 d𝑥. (17)

ince the material is undergoing large deformation there is normally
second term in Eq. (17), corresponding to the degrees of freedom of

he rigid body. However, in this paper it is assumed that the motion
f the rigid body is defined and therefore this term is excluded from
he linear system of equations, see Wriggers (2006) and Pietrzak and
urnier (1999) for details of this additional term.

In order to implement the contact approach, (16) and (17) need to
e approximated with the MPM. This starts with the description of the
ariation of the test function, 𝛿𝑔𝑛, and linearisation of the trial function,
𝑔𝑛, at the point 𝒙,

𝑔𝑛 = {𝑛}[𝑁(𝒙)]𝑇 {𝛿𝒙ℎ} and 𝛥𝑔𝑛 = {𝑛}[𝑁(𝒙)]𝑇 {𝛥𝒙ℎ} (18)

here [𝑁(𝒙)] is a matrix of shape functions corresponding the back-
round grid at the position of the contact GIMP corner, 𝒙. {𝛿𝒙ℎ} and
𝛥𝒙ℎ} are the respectively the test and trial constants at the background
5

rid nodes associated with the shape functions [𝑁(𝒙)]. {𝒏} is the o
utward normal to the rigid body surface.3 Substituting (18) into (16)
nd (17), integrating, and removing the test function coefficients, gives
he discretised forms the residual,

𝑟ℎ𝑁} = 𝜖𝑛[𝑁(𝒙)]{𝒏}𝑇 𝑔𝑛, (19)

nd the tangent matrix,

𝐾ℎ
𝑁 ]{𝛥𝑢ℎ} = 𝜖𝑛[𝑁(𝒙)]{𝒙}𝑇 {𝒙}[𝑁(𝒙)]𝑇 {𝛥𝑢ℎ}. (20)

.3. Tangential contact

The tangential component of the contact conditions follow a similar
pproach to that outlined for the normal contact conditions. The resid-
al for the tangential contact component from (13) can be expressed as

𝑇 = ∫𝜓𝑡(𝛺)∩𝛿(𝑥′𝑖 )
𝛿𝜉𝒕 ⋅ 𝒑𝑡 d𝑥. (21)

o simplify (21), it can be noted that 𝒑𝑡 can be expressed as a function
f the tangent 𝒕 and a scalar component 𝑝𝑡,

𝑡 = 𝑝𝑡𝒕 and 𝑝𝑡 = 𝒕 ⋅ 𝒑𝑡. (22)

ubsisting the Equations in (22) into (21) gives the residual as

𝑇 = ∫𝜓𝑡(𝛺)∩𝛿(𝑥′𝑖 )
𝛿𝜉𝑝𝑡 d𝑥 (23)

nd its linearisation in the direction 𝛥𝒙ℎ as

𝑇 = ∫𝜓𝑡(𝛺)∩𝛿(𝑥′𝑖 )
𝛿𝜉𝛥𝑝 d𝑥. (24)

imilarly to (17) an additional term in (21) where the rigid body is free
o move is neglected in this paper. The general derivation of the 𝛿𝜉 term
s omitted for the sake of brevity; see Pietrzak and Curnier (1999) for
etails. Since the motion of the rigid body is prescribed and the body
s formed from straight edges, and locally the surface of the body is
ne-dimensional, 𝛿𝜉 has the form

𝜉 = 𝐴𝛿𝒙 ⋅ 𝒕 where 𝐴−1 = (𝒕 ⋅ 𝒕) . (25)

3 Note that the notation has changed to matrix/vector form due to the
hange of focus from the definition of the contact equations to implementation
f the approach in the material point method.
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In order to discretise (28) and (29), the discrete form of 𝒕 is necessary,
which takes the form

𝒕ℎ = [𝐵𝜉 (𝒙)]{𝒙ℎ}, (26)

where [𝐵(𝒙′)] is a matrix of shape function derivatives of the rigid body
element on which 𝒙′ resides, see Fig. 1. Explicitly [𝐵(𝒙′)] has the form

[𝐵(𝒙′)] =
⎡

⎢

⎢

⎣

𝜕𝑁̂1(𝒙′)
𝜕𝜉 0 𝜕𝑁̂2(𝒙′)

𝜕𝜉 0

0 𝜕𝑁̂1(𝒙′)
𝜕𝜉 0 𝜕𝑁̂2(𝒙′)

𝜕𝜉

⎤

⎥

⎥

⎦

, (27)

where 𝑁̂ are the shape functions for the segment 𝑙 and are not associ-
ated with the MP background grid. The discrete forms of (28) and (29)
can now be expressed as

{𝑟𝑇 } = 𝐴[𝑁(𝒙)][𝐵(𝒙′)]{𝒙ℎ}𝑝𝑡, (28)

and

[𝐾𝑇 ]{𝛥𝒙ℎ} = 𝐴[𝑁(𝒙)][𝐵(𝒙′)]{𝒙ℎ}
[

𝜕𝑝𝑡∕𝜕𝒙
]

{𝛥𝒙ℎ}, (29)

where
[

𝜕𝑝∕𝜕𝒙
]

is the derivative of the frictional force with respect to the
position of the contact point, 𝒙ℎ, and is discussed in the next section.

3.4. Friction

The vector of the total path of point over a surface is denoted by 𝒈𝑡
and comprises two parts: (i) the tangential slip, 𝒈𝑠𝑙𝑖𝑝, which is purely
dissipative and forms the plasticity component of the friction model,
and (ii) the tangential stick, 𝒈𝑠𝑡𝑖𝑐𝑘. Here we use an elastic law, or penalty
method, to describe the force corresponding to 𝒈𝑠𝑡𝑖𝑐𝑘, therefore 𝒈𝑠𝑡𝑖𝑐𝑘 can
be described as the purely elastic, recoverable motion of the particle
along the surface. If we were to remove the tangential force holding the
particle in place by maintaining the normal force, the particle would
move to set 𝒈𝑠𝑡𝑖𝑐𝑘 = 𝟎. These components can be described with the
equation

𝒈𝑡 = ∫𝑇
𝒈̊𝑡 d𝑡 = ∫𝑇

𝒈̊𝑠𝑙𝑖𝑝 d𝑡 + ∫𝑇
𝒈̊𝑠𝑡𝑖𝑐𝑘 d𝑡 = 𝒈𝑠𝑙𝑖𝑝 + 𝒈𝑠𝑡𝑖𝑐𝑘, (30)

where 𝑇 is the total contact time. As a penalty method is used to
describe the stick state, the relationship between the stick force acting
on the main surface, 𝒑𝑠𝑡𝑖𝑐𝑘, and 𝒈𝑠𝑡𝑖𝑐𝑘 is

𝒑𝑠𝑡𝑖𝑐𝑘 = 𝜖𝑡𝒈𝑠𝑡𝑖𝑐𝑘. (31)

For the slip component the classical4 Coulomb stick–slip friction law is
used, the law takes the form,

𝒑𝑡 = 𝜇|𝑝𝑛|
𝒈̊𝑠𝑙𝑖𝑝

‖𝒈̊𝑠𝑙𝑖𝑝‖
if ‖𝒑𝑠𝑡𝑖𝑐𝑘‖ > 𝜇|𝑝𝑛|, (32)

here 𝜇|𝑝𝑛| is the sticking force. The law is subject to the Karush–
uhn–Tucker (KKT) conditions, applied in a similar way to plasticity

= ‖𝒑𝑠𝑡𝑖𝑐𝑘‖ − 𝜇𝑝𝑛 ≤ 0, 𝜆 ≥ 0 and 𝑓𝜆 = 0, (33)

here 𝑓 is the frictional yield function, 𝜆 is the yielding rate, and the
onstitutive evolution of the plastic slip is

̊ 𝑠𝑙𝑖𝑝 =
𝜕𝑓

𝜕𝒑𝑠𝑡𝑖𝑐𝑘
= 𝜆

𝒑𝑠𝑡𝑖𝑐𝑘
‖𝒑𝑠𝑡𝑖𝑐𝑘‖

. (34)

In order to be implemented within the material point modelling frame-
work the continuous form of these friction equations need to be refor-
mulated into the pseudo-static problem with incremental sliding, and a
method to determine the tangential forces and the sliding state (stick-
or-slip) needs to be defined. The overall approach taken in this paper is:

1. Using a elastic trial state, determine if the point is in a stick or
slip state.

2. Based on the contact state:

4 Classical since the friction coefficient 𝜇 is constant.
6

a

(a) Stick: If the state is within the yield surface, calculate the
stick force.

(b) Slip: If the state is outside the yield surface, map the state
back onto the yield surface and calculate the slip force;

3. Store all the history dependent components for load step of the
global algorithm.

The elastic trial state requires a definition of the incremental slip,
𝛥𝒈𝑡. This is calculated from the backward-Euler (pseudo) time discreti-
ation of tangential velocity 𝒈̊𝑡, giving

̊𝑡𝛥𝑡 ≈ 𝒈𝑚+1𝑡 − 𝒈𝑚𝑡
= 𝒕𝑚+1𝛥𝜉 = 𝒕𝑚+1(𝜉𝑚+1 − 𝜉𝑚)

= 𝛥𝒈𝑡

(35)

here 𝑚 is the load step. There are a couple algorithmic notes here, first
t is important to note that the surface tangent 𝒕𝑚+1 corresponds to the
urrent tangent. Second, 𝜉𝑚+1 and 𝜉𝑚 both correspond to the coordinate
ystem of the current rigid body element that the point projects onto.
he point 𝜉𝑚 is therefore determined using a CPP of the converged
osition of the point 𝒙′ at step 𝑚, onto the current element’s converge
osition also for step 𝑚. The calculation 𝜉𝑚 is unaffected by whether in
tep 𝑚 the point was in contact or not.

With the definition (35) it is now possible to defined the elastic trial
tate as

𝑡𝑟 = 𝜖𝑡(𝒈𝑚+1𝑡 − 𝒈𝑚𝑠𝑙𝑖𝑝) (36)

here (𝒈𝑚+1𝑡 − 𝒈𝑚𝑠𝑙𝑖𝑝) is the trial stick movement that has occurred.
owever, since the friction coefficient 𝜇 in Eq. (33) is constant, the
lastic trial state can be expressed as

𝑡𝑟 = 𝒑𝑚𝑡 + 𝜖𝑡𝛥𝒈𝑡. (37)

his is simpler from an algorithmic point of view because only the
reviously converged tangential sliding force, 𝒑𝑚𝑡 , needs to be stored as
historic variable. Additionally, since 𝜇 is constant 𝒑𝑡𝑟 the calculation

f 𝜆 is direct and defined as,

= 1
𝜖𝑡

(

‖𝒑𝑡𝑟 − 𝜇𝑝𝑚+1𝑛 ‖

)

. (38)

Finally, the updated tangential force can be calculate as

𝒑𝑚𝑡 =
{

𝒑𝑡𝑟 if 𝑓 ≤ 0, stick
𝜇|𝑝𝑛|

(

𝒑𝑡𝑟∕‖𝒑𝑡𝑟‖
)

if 𝑓 > 0, slip (39)

t is important to note that the trial state 𝒑𝑡𝑟 is used to compute the
irection for the frictional for both the slip and stick states. This can
e confirmed by the backward Euler integration of (34) and noting
hat the direction of the trial and elastic tangential forces are the
ame (Wriggers, 2006).

.5. Determining the contact penalty parameters

The normal and tangential contact conditions require the penalty
arameters, 𝜖𝑛 and 𝜖𝑡, to be chosen such that interpenetration and
ovement during stick, are small. Additionally 𝜖𝑛 and 𝜖𝑡 need to have

alues that are consistent with the surface area of contact that is being
epresented by the point load. For the normal contact, this means that
𝑛 is calculate using the expression

𝑛 = 𝛾𝐴𝑝𝐸𝑝, (40)

here 𝐸𝑝 is the Young’s modulus of the material point, 𝛾 is a scaling
arameter with units m−1, and 𝐴𝑝 is the area of contact associated with
he material point 𝑝. This is defined in plane-strain problems as the
iameter of the circle that encompasses the GIMP domain multiplied
y a unit length for the out-of-plane dimension. For axisymmetric
roblems it is the same diameter multiplied by the original radial
osition of the GIMP. Through empirical observation it was found
hat setting 𝜖𝑡 = 𝜖𝑛∕2 produced a consistently stable Newton–Raphson

lgorithm.
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3.6. Single load step algorithm

An aspect of contact that makes it undesirable for implicit methods
is the potential lack of convergence. Therefore in this section the
algorithm use to solve the global system of equations with contact
is presented, later in the numerical section typical convergence for
solving real problems is demonstrated. The solution algorithm can be
summarised as:

1. Initialise:

(a) Increment the position of the rigid body for this new load
step.

2. Contact Detection and Point Listing:

(a) Identify points that can be in contact and create contact
list.

3. Newton–Raphson scheme:

(a) Use the Newton–Raphson scheme to solve the system of
equations.

(b) The contact list from 2(a) is unchanged.

4. Contact Detection and Point Update:

(a) Perform a contact search, and determine if new points
have come into contact.

(b) If applicable, update the list of points that are in contact.

5. Convergence Check:

(a) If the updated list of points contains no new contact points
the algorithm terminates as convergence is achieved.

(b) Otherwise, return to step 2 and repeat the process.

he main aspect that can causes convergences are points coming in and
ut of contact, this fundamentally changes the system of equations be-
ng solved. We therefore solve a load step in several steps. First, contact
s detected and all the points that are in contact are listed. Second,
he Newton–Raphson scheme is used to solve the system of equations
ith the list of points that are potentially in contact unchanged from

he first step, this acts to reduce how much the system of equations
an change. Once the system has been solved a post solve detection
tage is performed 4(a)–(b), this is necessary since new points may
e in contact and hence their contact also needs to be resolved for
his load step. If the list does not contain new contact points the first
tage of the algorithm finishes, otherwise the algorithm goes back to
he Newton–Raphson scheme with this new list of contact points.

. Numerical simulations

In this section the results of several numerical experiments are
resented, they are ordered in complexity to demonstrate the efficacy
f each component of the contact algorithm. The first two numerical
xperiments validate the methodology of the using the corners of the
IMP domain for the normal and tangential contact:

1. Validation of the normal contact to demonstrate that the point
contact on the corners of the GIMP domains produces a consis-
tent stress field.

2. A stick–slip friction experiment to confirm the efficacy of em-
ploying the GIMP domain corners and the stick–slip algorithm
outlined in Section 3.4 for tangential contact.

he next two experiments are of real-world example use of the al-
orithm, with a comparison to experimental data. These experiments
ill show that the MPM-rigid body contact produce accurate results,
ut also that the implicit approach achieves good run-times in an
noptimised serial MATLAB implementation based on AMPLE (Coombs
7

l

and Augarde, 2020) with Ghost stabilisation (Coombs, 2023b), but also
the good performance of the non-linear solver presented in Section 3.6
for these real world examples:

3. CPT validation: comparison between the numerical results and
those obtained experimentally in homogeneous dry sand for two
relative densities with a range of mesh resolutions.

4. CPT algorithmic performance: an investigation of the impact of
the material point density on the predicted CPT response and the
stability of the contact algorithm.

5. CPT in layered soils: demonstrate that the method is able to
model the more realistic case of layered soil profiles and repro-
duce observed behaviour in terms of layer detection distances.

4.1. Normal contact validation

Example scope
In this section a one-dimensional normal contact problem is used to

validate the normal contact implementation. During the formulation of
the method, two other simpler methods were explored but were found
to give a poor representation of the contact conditions. These three
contact methods are shown in Fig. 2. The method advocated for in
this paper is referred to as the boundary GIMP method, presented in
detail in Section 3, Fig. 1. The other two methods are: a centre GIMP
method, where the rigid body interacts with the centre point of the
GIMP domain, and a discrete MP method, where the deformable body
is represented with standard MPs and the rigid body interacts with the
discrete location of the MP.

Setup
The plane strain problem geometry is outlined in Fig. 3, where

a rigid body is pressing into the side of domain of length 1 m and
eight ℎ, where ℎ is the background grid size with each cell initially
opulated with four equal distributed MPs. The background grid is
niform, therefore the number of elements in the 𝑥-direction is 1∕ℎ with
one element thickness in 𝑦. All sides of the domain, except where

ontact between the rigid body and the MPs is occurring, are roller
oundary conditions. The material is elastic with Young’s modulus
= 1 MPa, Poisson’s ratio 𝜈 = 0, and a corresponding normal penalty

f 𝜖𝑛 = 20𝐴𝑝𝐸, where 𝐴𝑝 is defined in Section 3.5. The combination
f the roller boundary conditions, the symmetry of the contact in 𝑦
nd 𝜈 = 0 makes this problem one-dimensional. In total the rigid body
as displaced 0.48 m into the sample which was divided into 24 steps,

.e. 0.02 m in each step.

esults discussion
The analytical solution of a column under compression can be

xpressed as

= 𝐸 log
(

𝑙
𝑙0

)(

𝑙0
𝑙

)

. (41)

𝑙0 is the original length of the deformable column and 𝑙 is the current
length. To investigate the convergence rate of the different contact
formulations, ℎ is varied, which changes the width of the sample in
the 𝑦-direction. For an objective comparison the error in the stress
field should be normalised with respect to the reference stress solution,
leading to the volume-weighted normalised stress error being defined
as

𝑒 =

(∑

∀𝑝 |𝜎 − 𝜎𝑝|
2𝑉 0

𝑝

𝜎2
∑

∀𝑝 𝑉 0
𝑝

)1∕2

, (42)

here 𝑝 is referred to the point number, 𝑉 0
𝑝 is the point’s original

olume and 𝜎𝑝 is the Cauchy stress at the point. For the convergence
est the rigid body was by displaced 0.48 m, giving a deformed column
ength of 𝑙 = 0.52 m.
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Fig. 2. Normal contact validation: potential contact formulations between a rigid body surface and a GIMP domain and a material point.
Fig. 3. Normal contact validation: Initial geometry.
Fig. 4. Normal contact validation: (a) the error with refinement for a range of contact techniques for 𝑙 = 0.5 m and (b) the variation stress of the GIMP/MP in contact with the
rigid body with displacement for ℎ = 0.2 m.
The variation of the error, 𝑒, with 1∕ℎ is shown in Fig. 4(a). The
stress at contact of the GIMP or MP in contact with the rigid body is
plotted in Fig. 4(b) for rigid body displacements ∈ [0, 0.48] and ℎ = 0.2
m. Both figures consider the three contact methods presented in Fig. 2.
The first observation is that the boundary GIMP method has optimal
convergence for stress error 𝑒, shown in Fig. 4(a), at a rate of 1.003.
Additionally the stress solution of the GIMPM in contact with the rigid
body is very close to the true solution with ℎ = 0.2 m over the range of
considered displacements, as shown in Fig. 4(b).

For the other two methods, centre GIMP and MP contact, the
performance in the stress error convergence is sub-optimal, at a rate of
0.494. The cause of this reduction in the convergence rate is the stress
error at the GIMP/MP in contact with the rigid body. This is shown
in Fig. 4(b), where it is clear that stresses at the contact are highly
oscillatory and not close to the analytical solution.

Due to the findings of this example the remainder of the paper
adopts the Boundary GIMP contact method where the corners of the
GIMP domain govern contact with the rigid body.
8

4.2. Tangential contact validation

Example scope
This section will demonstrate that the stick–slip friction algorithm

provided in Section 3.4 combined with the GIMP corner contact cor-
rectly captures the stick–slip states of the Coulomb friction law.

Setup
The plane strain problem geometry is shown in Fig. 5(a), there is

a rigid body wedge, with angle 𝜃 = 45◦, pressing into an elastic body,
constructed with GIMPs, with a top surface also inclined at 45◦.

The elastic body has side lengths 𝐿1 = 10 m and 𝐿2 = 10.5 m,
its width is 𝑊 = 0.5 m. It has a Young’s Modulus 𝐸 = 1 MPa and
Poisson’s ratio 𝜈 = 0.0. The friction coefficient 𝜇 was varied with
between 0 and 1.2, 𝜇 = 1 had the corresponding friction angle of 45◦.
The experimental setup in Fig. 5(a) is such that if 𝜇 ≥ 1 then the
global response should be stick, whereas if 𝜇 < 1 the material should
be slipping. Three mesh refinements are considered with element size
ℎ = 0.5, 0.25 and 0.125 m.
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Fig. 5. Tangent contact validation: (a) shows the initial geometry, with the total frictional force and horizontal displacement of the contact face shown in (b), with the horizontal
displacement distribution for 𝜇 = 0.95 and 𝜇 = 1.00 show in (c).
The rigid body is displaced 0.05 m into the deformable body with
the total displacement occurring in one load step. The contact penalty
values for this problem were set to

𝜖𝑛 = 20𝐴𝑝𝐸 and 𝜖𝑡 = 10𝐴𝑝𝐸,

where 𝐴𝑝 is defined in Section 3.5.

Results discussion
The friction force and mean horizontal displacement are shown in

Fig. 5(b), and as 𝜇 approaches 1 the fastest change in the load and
displacement is observed. However once 𝜇 = 1 there is little change,
indicating that the majority of the contact is in the stick state. There
are two contributing factors as to why full stick and slip is not observed.
The first factor is that the boundary of the domain is not smooth, and
hence an uneven contact force is observed across the boundary. This
is most noticeable in the coarse case in Fig. 5(c), where the contact
points, highlighted by the red dots, are weighted to the left of the
domain. The second factor is that there is a rigid body impinging on
a deformable body, hence the total vertical strain is not going to be
constant across the sample. This could be resolved if the rigid body
was deformable and had the same material properties and dimensions
as the deformable body. Both these factors contribute to an almost stick
state, and hence for 𝜇 > 1 there is an increase in the tangential force
as more contact points become stuck. However despite this, Fig. 5(a)
shows that the horizontal displacement is significantly different when
in slip, 𝜇 = 0.95, compared to stick 𝜇 = 1; for the most refined case
the horizontal displacement for 𝜇 = 0.95 and 𝜇 = 1 was respectively
1.6 × 10−2 and 5.6 × 10−4 m.

4.3. CPT: validation

Example scope
In this section a Cone Penetration Test (CPT) is simulated numer-

ically in axisymmetry. The predicted cone resistance is compared to
experimental data obtained by Davidson et al. (2022), demonstrat-
ing that the proposed implicit method is sufficiently robust to model
a demanding highly-nonlinear contact problem in geotechnics, and
can achieve accurate results with respect to experiments. Background
mesh/MP sensitivity and run-time performance analysis will also be
discussed.
9

Material model
The material used in the real experiment was dry silica sand ob-

tained from Congleton in the UK (Davidson et al., 2022). There are
many sophisticated and well validated material models for sand in
the literature, however these advanced material models often require
many material parameters which can be problematic to obtain without
access to specific laboratory test data and even with extensive datasets,
some parameters often have to be assumed. Some advanced models
specifically include sand grain crushing and the associated evolution
of the particle size distribution (Einav, 2007; Shen and Buscarnera,
2022). However, significant crushing was not observed in the physical
modelling (Davidson et al., 2022) and therefore this will not be consid-
ered in the numerical CPTs. The focus of this research is on modelling
large deformation soil–structure interaction problems, specifically in
the area of offshore geotechnics, and therefore the essential aspect of
the material behaviour that must be captured is the ultimate state of the
soil which can be achieved using a relatively simple constitutive model.
From a practical point of view, offshore geotechnical site investigation
often only delivers in-situ CPT data and limited core samples with
uncertain stress history and sample disturbance, see Macdonald et al.
(2023) for a study on subsea cores from the North Sea, UK. This
research therefore focuses on using constitutive models that can be
calibrated from CPT data, which excludes the use of the latest advanced
sand models. It will be shown that a relatively simple material model
can accurately predict large deformation soil–structure interaction pro-
vided key features of the soil behaviour are included. Due to the
above points, the sand was modelled as an linear-elastic, perfectly-
plastic material with a Drucker–Prager yield surface. This constitutive
formulation has been selected as all of the required parameters can
be estimated from the relative density of the material (which can be
estimated from CPTs).

Most advanced material models include non-linear elasticity which
requires several elasticity parameters. For example, some models use
moduli for the initial response elastic response, and 𝐸50 as the secant
modulus at 50% of the ultimate stress. Since the model here is linear-
elastic the non-linear elastic response is approximated by adopting the
𝐸50 value as the constitutive model’s Young’s modulus. This approxima-
tion is often recommended in commercial software packages, e.g. the
PLAXIS handbook (PLAXIS, 2010). The empirical model of Schanz et al.
(2019) estimates Young’s modulus via a reference 𝐸𝑟𝑒𝑓50 = 60𝑅𝐷 (in
MPa), which is determined at a reference pressure of 𝑝𝑟𝑒𝑓 = 100 kPa
where 𝑅𝐷 is the relative density of the material. The initial state of
the material is subject to gravity, therefore Young’s modulus will vary
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Table 1
Material properties.

Property 38% 82%

Reference Young’s modulus, 𝐸𝑟𝑒𝑓
50 (kPa) 22,800 49,200

Density, 𝜌 (kN/m3) 16.5 18.2
Poisson’s ratio 0.3 0.3
Friction angle (◦) 32.8 38.3
Dilation angle (◦) 2.8 8.3
Apparent cohesion (kPa) 0.3 0.3
Coefficient of earth pressure at rest, 𝐾0 0.41 0.38
Stiffness exponent, 𝑚𝐸 0.56 0.44

Table 2
Scaled CPT geometry.

Dimension Experiment Scaled

Sample depth 434 mm 25 m
Sample radius 200 mm 12.5 m
Cone radius 8 mm 0.4 m

with depth and is calculated using the formula by Schanz et al. (2019)
assuming a negligible cohesion

𝐸50 = 𝐸𝑟𝑒𝑓50

(

𝜎𝑣𝐾0

𝑝𝑟𝑒𝑓

)𝑚𝐸
with 𝜎𝑣 = 𝑑𝑝𝜌, (43)

where 𝐾0 = 1 − sin(𝜙) is the coefficient of earth pressure at rest (Jaky,
1944), 𝜎𝑣 is the vertical stress and 𝑑𝑝 is the distance of the MP from
the surface of the sample (i.e. the depth), 𝑚𝐸 is an exponent controlling
the variation of stiffness with depth which can be estimated via relative
density correlations provided by Brinkgreve et al. (2010)

𝑚𝐸 = 0.7 − 0.3125𝑅𝐷.

𝐸 was kept constant during the simulation. This is an approximation.
However, the results in Section 4.3 will demonstrate this approximation
produces sufficiently accurate results. The friction, 𝜙, and dilation, 𝜓 ,
angles can be approximated by correlations provided by Brinkgreve
et al. (2010)

𝜙 = 28 + 12.5𝑅𝐷 and 𝜓 = −2 + 12.5𝑅𝐷.

The dilation relationship permits negative dilation angles when the
relative density of the sand falls below 16%, however the lowest rela-
tive density considered in this study was 38%. The experimental data
corresponds to two homogeneous sand samples with relative density,
loose at 38%, and, very dense at 82%. The material properties are given
in Table 1 and were obtained using the above empirical formulae, with
the exception of Poisson’s ratio and apparent cohesion. The apparent
cohesion was set at the very low value of 0.3 kPa as a compromise
between numerical stability and the real material (dry sand) having
zero cohesion. Poisson’s ratio was taken as 0.3 as a representative value
for this type of sand (Jefferies and Been, 2006).

Setup
To validate the GIMPM implementation, we compare numerical and

experimental CPT results, the latter obtained by Davidson et al. (2022)
where the CPT was conducted in a geotechnical centrifuge. The sand
sample in the centrifuge experienced 40𝑔 at the top whilst the bottom of
the sample experienced 50𝑔, the result being a greater effective depth,
larger than the true depth, was experimented upon. The effective depth,
𝑑𝑒, is determined for this experiment

𝑑𝑒 = (10∕0.4)𝑑2 + 40𝑑

where 𝑑 is the depth into the experimental sample. The geometry of
the material sample and the CPT, for both the experiment and its
corresponding scaling are provided in Table 2.

The axisymmetric domain and boundary conditions are shown in
Fig. 6(a) with a illustration of the mesh shown in Fig. 6(b). The true
10
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mesh and GIMP distribution is shown in Fig. 6(c) with an expanded
view of the refined region of the mesh shown in Fig. 6(d). On the
bottom and right boundary roller boundary conditions are applied, on
the left boundary there is no displacement constraint (homogeneous
Neumann). In the formulation of the strain field for an axisymmetric
analysis, if point is moved asymptotically close to axis an infinite strain
field in the out of plane circumferential direction will be produced. This
is in turn produces a very large stress field that resists material move-
ment across the axis of symmetry. The mesh illustration in Fig. 6(b)
shows that in the region of the elements shaded in dark grey are square
with side length 0.1 m, All elements were initialised with 4 (2-by-2)
GIMPs. The mesh was created using a power law to the size of the
square light grey element, in the bottom right, with side lengths 2.85 m
in 𝑥 and 3.75 m in 𝑦.

In total the CPT was displaced 4 m into the sample which was
divided into 80 equal load steps. The contact the penalty parameters
were set to

𝜖𝑛 = 20𝐴𝑝𝐸𝑝 and 𝜖𝑡 = 10𝐴𝑝𝐸𝑝,

where 𝐴𝑝 is defined in Section 3.5 and the coefficient of friction
between the rigid body and the GIMPs was 𝜇 = 0.3.

Results discussion
The results for the cone resistance are provided in Fig. 8(a), the

first observation is that despite the relatively simple material model and
the non-smooth representation of the boundary of the soil, the results
agree well with the experimental data for both densities. However,
the model does slightly over-predict the cone resistance compared to
the experimental data. Additionally, despite the surface of the material
being represented by points, rather than a smooth surface, the oscil-
lations in the load are not significant. It shows that using the corners
of the GIMP domains as points of contact provides clear and accurate
results, however the magnitude of this oscillations are dependent on
the number of material points in the domain.

A plot of the vertical stress for relative density 38% is shown in
Figs. 7(a) and 7(b). For the application contact boundary condition the
corners of the GIMP domains, rather then the centre, was to ensure
that the boundary conditions were applied at the edge of the material
domain. In Section 4.1 it was shown for a 1D problem that stress
oscillations a the boundary were removed, Fig. 7(a) shows that this
is also the case for a more complicated problem with vertical stress
going from most compressive at the point of contact and reducing in
compression the further away the point of contact.5 The oscillations in
the results in Fig. 8(a), are due to the boundary being represented by
point-data, rather than a continuous surface. A study was performed
to investigate how the cone resistance oscillations are effected by
mesh refinement and number of material points. Three meshes are
considered, the most refined was the same mesh and GIMP distribution
as in Fig. 7(b), then two coarser meshes considered where the element
sizes were approximately derefined so the elements were approximately
1∕0.5 and 1∕0.3 times larger. The number of material points per element
were kept constant for all meshes. Fig. 8(b) shows tip pressure with
depth for these refinements, the coarsest mesh refinement produces the
largest stress oscillations, as the mesh is refined the oscillations reduce
showing convergence to a smoother result. The time for the three mesh
refinements for relative densities 38% and 82% are shown in Table 3.
The computation was performed on the serial code on a computer with
3.25 GHz processor and 16 Gb of RAM. The code itself is written in
MATLAB, and is an adaptation of AMPLE (Coombs and Augarde, 2020).
Even for the most refined meshes the computational time is reasonable,
with the refinement level of 0.5 showing a good compromise between
computational time and stress oscillations.

5 Note that the image has oversized GIMPs, this extenuates the apparent
verlap between the cone penetrometer and the GIMP domains.
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Fig. 6. CPT Validation: (a) shows the boundary conditions to the domain with a not-to-scale background mesh shown in (b). The true mesh and GIMP distribution is shown in
(c) with a zoomed view of the refinement area shown in (d).

Fig. 7. CPT Validation: (a) is zoomed in view of the vertical stress field 𝜎𝑦𝑦 around the CPT, the full stress field is shown in (b).

Fig. 8. CPT Validation: (a) shows the cone resistance as a function of depth for relatively densities 38% and 82% compared to experimental data from Robinson et al. (2021)
and (b) is the cone resistance as a function of tip penetration for a sand with relative density 38% for a series of refinements.
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Fig. 9. Material point density: (a) shows the variation in results for sand with relative densities 38% and 82% when using different NMP values, whilst (b) and (c) shows the
worst NR-scheme convergence for relative densities 38% and 82%, for NMP values 4 and 16.
Table 3
CPT validation: computational times.

Refinement level 0.3 0.5 1
Number of MPs 700 1872 7456
Computational time for 38% (min) 3.4 8.5 33.2
Computational time for 82% (min) 5.7 9.6 58.5

4.4. CPT: algorithmic performance

Example scope
This section reviews two aspects of the proposed numerical mod-

elling framework using the CPT case described in the previous section
as the physical problem. The first of these is the material point density
— the ratio of the number of material points to number of elements.
The second assesses how well the penalty method is performing, since
the contact conditions are enforced weakly.

Material point density
For the CPT analyses presented in the previous section, the 𝑞𝑐 results

with depth, shown in Fig. 8(a), achieved good agreement with the
experimental results. It was also shown that uniformly refining the
mesh improved the smoothness of 𝑞𝑐 result, see Fig. 8(b). However, it
has been well documented that the stability of the solution is sensitive
to the initial number of material points per element (NMP). This is due
to both poor integration in the bulk of material from poorly placed MPs
for integration and/or the small cut issue (Coombs, 2023b). If there
is poor integration in the material bulk this can affect the stability
of the NR scheme, the result is that the method does not converge.
Additionally, poor integration can generally produce a poor result.
Therefore the NMP is a compromise; there needs to be sufficient MPs
such that the effects of poor integration are mitigated but not so many
MPs that run time is excessive. To investigate the effect of NMP, the
most refined mesh from Section 4.3 is used to model a CPT with 38%
and 82% relative density sand. NMP is varied between 4, 9 and 16,
corresponding to 2, 3 and 4 material points in each direction in each
initially populated element.

The results for 𝑞𝑐 with depth for varying numbers of MPs for both
relatively densities are shown in Fig. 9(a). For all values of NMP the
results are similar for their respective relative densities, with a general
trend that the results converge with increasing NMP and that the results
become smoother. Fig. 9(a) also demonstrates that despite NMP having
an effect on the result, the effect is small with no scope for fortuitous
agreement with the experimental result by selection of a specific NMP.

The second feature that NMP can affect is the stability of the NR
12

scheme. This is considered in Figs. 9(b) and 9(c) for relative densities
38% and 82%, respectively. The figures show the results for the slowest
converging load steps over each of the simulations for the respective
sand densities. The convergence criterion set for the NR-scheme is
‖𝑓𝑜𝑜𝑏𝑓‖
‖𝑓𝑔𝑟𝑎𝑣‖

< 10−8

𝑓𝑜𝑜𝑏𝑓 is the out-of-balance force vector, and 𝑓𝑔𝑟𝑎𝑣 denotes the external
forces associated with the gravitational load. The value 10−8 is denoted
by the blue dashed line in Figs. 9(b) and 9(c). The figures show a similar
convergence pattern for both values of NMP. The sudden increases in
the force residual are caused by new MP-rigid body contacts being
detected. When this occurs the number of NR iterations is reset but
it can been seen that all of the load steps take a reasonable number of
iterations (less than 10) to converge each time new contact is detected.
The figure shows that the stability of the algorithm is similar for 4 and
16 NMP.

Contact analysis
In this section, two aspects of contact are analysed: (i) the kinemat-

ics of the GIMPs interacting with the rigid body, and (ii) the length of
interpenetration occurring during the simulation.

Figs. 10(c) to 10(c) shows what happens in a typical load step with
GIMPs (shown by the grey shaded quadrilaterals) interacting with the
rigid body (shown by the red line) on a background grid (shown by the
blue lines). Fig. 10(a) shows the state before the rigid body is displaced
vertically downwards. In Fig. 10(b) the rigid body has been moved
downwards, with the highest deformation observed with the GIMPs
in contact with the rigid body. It is important to highlight that the
corners of the GIMPs, corresponding to the boundary of the material,
are satisfying the contact boundary condition with only a small amount
of interpenetration, which will be dependent on the magnitude of the
normal penalty parameter. Once equilibrium has been found the GIMPs
need to be updated and the edges of the GIMP domains aligned with the
global coordinates (see Fig. 10(c)). In this case the GIMP domains are
updated using the corner update rule proposed by Coombs et al. (2020).
In this approach the corners of the domains are updated according to
the background grid deformation and the finite element basis functions
at the corner points, the new extent of the domain defined by a
rectangle aligned with the global axes intersecting the mid edges of this
updated quadrilateral. Finally the size of the domain is uniformly scaled
to maintain consistency between the volume ratio (the determinant
of the deformation gradient) and the domain size (see Coombs et al.
(2020) for details). This domain updating approach is preferred as

it does not suffer from the spurious artefacts known to affect some
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Fig. 10. Contact analysis: GIMP and rigid positions and deformations at the point before a load step is started (a), the converged position of the rigid body and GIMP domains
at the end of a load step, and (c) the updated positions of the GIMP domains using the corner method by Coombs et al. (2020).
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Table 4
Maximum interpenetration depths relative to CPT diameter of 0.8 m for varying relative
densities and number of initial material points (NMP) per element.

NMP Relative interpenetration

38% 82%

4 0.033 0.050
9 0.028 0.044
16 0.025 0.044

other domain updating approaches under certain deformation modes,
including large shearing (Coombs et al., 2020).

For the CPT results with the different numbers of MPs per element
presented in Fig. 9(a), the maximum interpenetration of the GIMPs with
respect to the CPT diameter, 0.8 m, is provided in Table 4. The table
shows that the interpenetration of the GIMPs with the rigid body are
small and decreases with increasing NMP. However it is noted that
the interpenetration increases slightly with relative density, this could
resolved by using a higher penalty value.

4.5. CPT: layered soils

Example scope
The capability of the method to model a layered sand and reproduce

features which are present in experimental data are explored in this
section. The purpose of this experiment is to demonstrate that the
contact methodology presented this is paper is robust and able to
simulate contact with materials that have a large range of properties
and therefore show that the method is a reliable tool for more re-
alistic problems. In this section, comparisons with existing literature
are presented to demonstrate the model’s ability to incorporate the
effect of sand below the interface to affect the cone resistance above
the interface. This is a study on the ability of the model to detect
these effects and comparisons are made to show that the results are
reasonable.

Setup
The geometry and discritisation for the simulations in this section

are the same as in 4.3. The material distribution was different, with one
sand type in the top 5 m of the sample, correspond to a depth of 12.5
imes the cone radius, and another sand type in the remainder of the
13

ample. Additionally, the total cone penetration depth was extended to t
Table 5
Layered soil CPT: List of experiments.

Experiment Material

Top 5 m Buried sample

A 38% 38%
B 82% 82%
C 38% 82%
D 82% 38%

10 m. In total four numerical experiments were run, shown in Table 5,
two layered samples and two homogeneous samples, which acted as
references to the layered material.

The rigid body displacement of 10 m was divided by 200 equal load
teps, the coefficient of friction between the rigid body and the GIMPs
as set to 𝜇 = 0.3. The contact penalty parameters were set to

𝑛 = 20𝐴𝑝𝐸𝑝 and 𝜖𝑡 = 10𝐴𝑝𝐸𝑝,

here 𝐴𝑝 is defined in Section 3.5.

esult discussion
The results in Fig. 11 show how the tip pressure varies with relative

epth for the soil samples provided in Table 5. For both the layered
ands there are three stages to the result. Up to a distance of ≈2.5
adii of the cone tip from the interface the layered and homogeneous
esult are the same for the respect sand the cone is currently in.
owever, within ≈2.5 radii the results start to diverge and there is a

ransition zone where the layered cone resistance results are far from
he homogeneous result. Then after a penetration of a further ≈3 radii
f the tip into the buried layer the cone resistance begins to asymptote
o the homogeneous sand result.

Overall the trend of the result is similar to the observations for
ands, Xiao et al. (2023), Tehrani et al. (2018) and clay (Walker and
u, 2010). Xiao et al. (2023) and Tehrani et al. (2018) note that the
etection distance, both before and after the interface, is dependent
n the density of the buried sample and layer order (loose over dense,
r dense over loose). The results presented are within the range of
etection distance of ≈2 and ≈4 radii for buried loose and dense
oils respectively observed in Xiao et al. (2023) but outside the range
roposed by Tehrani et al. (2018) which is likely due to their increased
enetration depth and surcharge. A full study is required to understand

he mechanics of the multiple layers and the effect on the global
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Fig. 11. Layered soil CPT: Cone resistance with penetration depth for soil layers defined in Table 5.
response in order to validate layered response and is therefore beyond
the scope here. However, Fig. 11 does demonstrate the stability of
the method to model problems with material interfaces, particularly it
demonstrates the stability when there are multiple materials in contact
with he rigid body. Additionally the oscillations in the result remain
small for this deep penetration.

5. Conclusion

This paper has presented a consistent contact methodology be-
tween a continuum body modelled with the GIMPM and a rigid body
within an implicit pseudo-static framework with a focus on a validated
methodology against experimental data, ensuring its reliability and
applicability. The novelty of the method is that it uses the definition
of individual GIMP domains to define the boundary. This has two
advantages. Firstly, there is no need to construct the boundary for
contact, thus avoiding unnecessary expense. Secondly, the contact con-
straints are applied consistently in that they are correctly applied on
the boundary of the domain. The result of making this consistent is
highlighted clearly in a normal contact validation. Incorrect definitions
of the boundaries are shown to have sub-optimal convergence rates
and highly oscillatory behaviour at the point of contact, whereas the
method presented here shows optimal convergence with a smooth stress
field. The method, including a global Newton–Raphson algorithm is
also described and validated to accurately capture stick–slip behaviour.
Furthermore, the GIMPM coupled with the contact model is thoroughly
validated against experimental data from a CPT. A range of sand
relative densities have been considered and a very good agreement
between the numerical and experimental results achieved. Furthermore
in these more complicated simulations no oscillatory behaviour was
observed at the contact boundary of the deformable body. This means
that accurate observations of stress fields around CPTs is possible with
this method. Lastly the model was used to simulate layered sand media,
reproducing features such as pre-sensing of the layer boundary with the
cone resistance.

As well as the correct application of the contact constraints, a
significance of this modelling approach is that it is implicit. Solving the
system implicitly means that large load, or displacement, increments
can be applied. It was shown with the CPT simulation, using an un-
optimised serial MATLAB code could achieve results with a reasonable
accuracy with 10 min, and a high accuracy between 30 min to 1 h.
14
This is significant because it permits the possibility to quickly run large
parameter sweeps, and the scope of the parameter sweeps could very
large if the code was optimised.
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