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Abstract The cold plasma density can significantly alter the rate of diffusion of radiation belt electrons by
chorus waves within the magnetosphere, and the range of energies at which diffusion is effective. We describe a
coupled density and radiation belt model based on the British Antarctic Survey Radiation Belt Model that uses
spatially and temporally varying values of fpe/ fce to drive a statistical model of electron diffusion due to chorus
waves. We demonstrate that this approach of including the variance in fpe/ fce recreates the acceleration of
electrons up to MeV energies better than other previous approaches to including fpe/ fce.

Plain Language Summary The density of low energy charged particles trapped in Earth's magnetic
field can influence how higher energy trapped electrons are affected by natural radio waves within the magnetic
field. We describe a modification of the British Antarctic Survey Radiation Belt Model that includes a model of
density that varies in both time and space. These density values are used to drive a statistical model of electron
scattering due to chorus waves. We demonstrate that including the variance of density in the model recreates the
acceleration of electrons up to ultra‐relativistic energies better than other previous approaches to accounting for
the low energy charged particle density.

1. Introduction
Early models of the radiation belts treated the equilibrium electron flux as a balance between acceleration by
inwards radial diffusion and loss due to pitch angle scattering (Haerendel, 1970). Lyons and Thorne (1973)
showed that this approach could accurately reproduce equilibrium electron flux distributions up to energies of
2 MeV, but underestimated higher energy fluxes. Two main theories are commonly used to explain this additional
acceleration of multi‐MeV electrons, enhanced radial diffusion driven by ULF waves (Mathie & Mann, 2000;
Rostoker et al., 1998), or local acceleration driven by wave‐particle interactions between electrons and chorus
waves (Horne & Thorne, 1998; Summers et al., 1998).

Horne et al. (2005) showed observations of strong chorus waves at a range of L∗ observed at Antarctic ground
stations and the Cluster spacecraft. They demonstrated that diffusion coefficients from the observed wave power
distribution could increase the flux of 1 MeV electrons by multiple orders of magnitude in a 1D energy diffusion
simulation including loss timescales. They also showed that the rate of enhancement depended heavily on the cold
plasma density. More recent studies of multi‐MeV electron enhancements have used observations from the Van
Allen Probes (VAP) mission in 2012, referring to the ultra‐relativistic (≥2 MeV) population (Shprits et al., 2022;
Zhao et al., 2019). Allison and Shprits (2020) analyzed contours of electron phase‐space density observed by the
VAP satellites, demonstrating that local acceleration by chorus waves was capable of accelerating electrons
directly up to 7 MeV.

Allison et al. (2021) showed that reducing the background cold plasma density could increase the rate of energy
diffusion due to chorus waves at high energies, and that these coefficients could effectively accelerate electrons up
to 7 MeV in a 2D simulation without radial diffusion. Shprits et al. (2022) compared observations of ultra‐
relativistic enhancements with the cold plasma density over 4.5 years of VAP data, showing a clear associa-
tion between density depletions and enhancements. The cold plasma density can affect the resonant energies at
which interactions between whistler mode waves and electrons efficiently accelerate electrons (Glauert &
Horne, 2005; Horne & Thorne, 1998).

In addition to the effect of low cold plasma density on wave‐particle interactions, the distribution of chorus waves
has been shown to depend on the cold plasma density. D. Hartley et al. (2023) and Wong et al. (2024) observed
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two distinct distributions of chorus wave normal angles in statistical studies of chorus waves at different densities.
The growth rate of chorus waves at different densities also depends on the cold plasma density, leading to
enhanced or suppressed chorus wave activity at different frequencies (He et al., 2022; Tang et al., 2014).

Most previous work simulating the radiation belts have captured the effects of the cold plasma density by
averaging over it, either before or after calculating diffusion coefficients (Glauert et al., 2014a; Kersten
et al., 2014; Ross et al., 2020; Subbotin & Shprits, 2009). Although there has been some work put into simulating
the radiation belts using the cold plasma density as a driving parameter (Allison et al., 2021; Guo et al., 2023),
these studies have either not attempted to recreate the full radiation belts, or have used event specific chorus
waves.

In this paper we present the first use of a coupled density and radiation belt model. We use this model together
with a density‐driven statistical chorus model to investigate the effects of time‐varying cold‐plasma density on the
recreation of ultra‐relativistic electron flux during a geomagnetic storm by the British Antarctic Survey Radiation
Belt Model (BAS‐RBM).

2. Data and Methodology
2.1. Dependence of Diffusion Coefficients on fpe/ fce

The background cold plasma density alters the electron plasma frequency, fpe, the frequency of electrostatic
oscillations of electrons in a cold plasma. For a cold plasma, where thermal motion is ignored, fpe is given by

fpe =
1
2π

̅̅̅̅̅̅̅̅̅̅
neq2

ϵ0me

√

(1)

where ne is the electron number density, e is the electron charge, me is the electron rest mass and ϵ0 is the vacuum
permittivity. The effect of the cold plasma density on wave‐particle interactions is usually parameterized by the
ratio of fpe to the electron gyrofrequency, fce, expressed as fpe/ fce, related to the plasma refractive index. The
expression for fpe/ fce in a cold plasma in magnetic field of magnitude B is

fpe
fce
=

̅̅̅̅̅̅̅̅̅̅neme

ϵ0B2

√

(2)

fpe/ fce is an important parameter for modeling wave‐particle interactions in a cold plasma, as it alters the minimum
resonant energy. This is because the wave phase speed is dependent on fpe/ fce, which in turn affects the lowest
value of v‖, the field aligned component of the electron velocity, for which an electron of a given energy can
interact with a circularly polarized plasma wave via Doppler‐shifted cyclotron resonance (Summers &
Thorne, 2003). As fpe/ fce decreases, the minimum resonant energy increases, and the diffusion rate increases for
high energy electrons.

Figure 1 shows the effect of reducing fpe/ fce on diffusion coefficients calculated for a sample wave distribution.
This figure shows that both acceleration and pitch angle scattering of electrons due to chorus waves becomes
significantly more efficient as fpe/ fce drops closer to one. This will result in both more rapid loss and more rapid
enhancements of high energy electrons. AsDEE increases more rapidly with decreasing fpe/ fce thanDαα and |DαE|,
this suggests that the increased acceleration can dominate over the increased losses. However, multiple other
factors are at play in the radiation belts, including whether effective pitch angle diffusion extends all the way to
the loss cone, and the gradient of the electron energy spectrum. Determining which of these effects dominates in
practice requires full simulations of the electron phase space density distribution under realistic radiation belt
conditions.

Because the rate of diffusion due to VLF wave interactions can depend heavily on the value of fpe/ fce, previous
approaches to producing statistical models of VLF wave diffusion coefficients have used a variety of methods to
account for the effect of fpe/ fce.
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2.2. fpe/ fce Averaged Diffusion Coefficients

A simple approach is to use a model of the fpe/ fce value on a grid of L∗ andMLT, and select fpe/ fce values from this
model when calculating diffusion coefficients at different L∗ an MLT. The fpe/ fce values may be additionally
parameterized by geomagnetic activity to account for more of the variance in fpe/ fce. This approach has been used
to calculate chorus (Horne et al., 2013) and hiss (Glauert et al., 2014b) diffusion coefficients based of fpe/ fce
observations by the CRRES satellite, and EMIC diffusion coefficients based on a fixed fpe/ fce value (Kersten
et al., 2014), and fpe/ fce values from an empirical plasmaspheric density model (Ma et al., 2015). Diffusion co-
efficients calculated using this method have been successfully used to recreate a variety of radiation belt phe-
nomena using the BAS‐RBM and other models (Glauert et al., 2014b, 2018; Ma et al., 2015; Varotsou
et al., 2008). For this study, the fpe/ fce averaged chorus diffusion coefficients used were derived from theMeredith
et al. (2020) chorus model, using activity‐dependent fpe/ fce values from the model described in Horne et al. (2013).

2.3. Co‐Located Diffusion Coefficients

Watt et al. (2019) showed that the mean of multiple diffusion coefficients calculated from simultaneous mea-
surements of wave power and fpe/ fce can vary significantly compared to the single diffusion coefficient calculated
from the mean wave power and mean fpe/ fce. Ross et al. (2020) used this co‐located approach to calculate new
diffusion coefficients for EMIC waves, and demonstrated that this approach resulted in better agreement between
the BAS‐RBM and observational data than the EMIC models of Kersten et al. (2014) and Ma et al. (2015). As it is
highly computationally expensive to calculate diffusion coefficients for every observation and then average them,
Ross et al. (2021) further developed this method by approximating the full co‐located calculation. Each EMIC
wave observation was binned by fpe/ fce, location and activity, bounce‐averaged diffusion coefficients were then
calculated for each fpe/ fce bin and then added together, weighted by the number of observations in each fpe/ fce bin.
This method showed close agreement with the values of the bounce‐averaged diffusion coefficients given by the
full calculation. Wong et al. (2024) recently used the method of Ross et al. (2021) to calculate approximated co‐
located chorus diffusion coefficients using the statistical wave model of Meredith et al. (2020) and observations
from the entire VAP mission. These coefficients have been compared to previous chorus diffusion models, but
have not yet been used to drive a radiation belt model. This study uses the Wong et al. (2024) chorus model as an
example of co‐located chorus diffusion coefficients.

2.4. Coupled‐Density Diffusion Coefficients

To produce the chorus diffusion model in Wong et al. (2024), the authors binned each measurement of the wave
and plasma properties by fpe/ fce, calculated diffusion coefficients across the model domain for each fpe/ fce bin, and
then averaged over fpe/ fce for the final result, weighting by the number of observations in each fpe/ fce bin. Of

Figure 1. (a, b, c) Bounce‐averaged Dαα, |DαE | and DEE coefficients calculated using a sample chorus wave distribution at
different values of fpe/ fce, at α = 30o, L = 4.2. These coefficients were calculated using the PADIE code (Glauert &
Horne, 2005), with a Gaussian distribution of frequencies, μ = 0.25fce and σ = 0.05fce. The wave normal angle distribution was
centered at zero, with a width of 30o, and the waves were assumed to be confined to MLAT ≤ 10o.
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particular interest are the intermediate values from before the final weighted average. These values allow for a
third approach to characterizing the effects of fpe/ fce on the behavior of the radiation belts. With individual
diffusion coefficients at different fpe/ fce values, it is possible to couple a model of the background plasma density
to the BAS‐RBM, and use it to select diffusion coefficients at different fpe/ fce values.

The fpe/ fce binned bounce‐ and drift‐averaged diffusion coefficients of Wong et al. (2024) for fpe/ fce < 8 are
shown in Figures 2a–2c. Whilst the diffusion coefficients for some energies in 2a–c increase below fpe/ fce = 2,
most of them, especially below 1MeV, drop off significantly as fpe/ fce approaches one. This is unexpected as local
diffusion coefficients tend to increase as fpe/ fce decreases (Allison et al., 2021; Glauert & Horne, 2005), as shown
in Figure 1. The authors do not include these low fpe/ fce bins in the calculation of the final co‐located chorus model
as the number of VAP observations in these bins is below 100, the cut‐off they chose for sufficient statistical
strength. In order to extend the coupled‐density chorus diffusion model to lower fpe/ fce, where the rate of diffusion
is expected to be highest, a correction to the diffusion coefficients below fpe/ fce = 2.5 is required. FollowingWong
et al. (2024), the existing diffusion coefficients in these bins are not trusted due to the low statistical power of the
small number of wave observations in these bins. The approach used for these corrections was to recalculate the
binned chorus wave and plasma parameters in the 2.1< fpe/ fce < 2.7 bin using binning method described inWong
et al. (2024). The wave and plasma parameters used were the plasma density, dipole L value, the latitude range
over which waves were observed, wave normal angle distribution, the power spectral density over a given fre-
quency range, and relative abundances of H+, He+ and O+ ions. To fill in the lower fpe/ fce values, each of these
parameters were held constant apart from the plasma density, which was altered to produce the correct fpe/ fce at
each L. The low number of observations from the VAP data set in these fpe/ fce bins means that the VAP data set
does not give reliable information on the distributions of wave and plasma parameters in this region. In the
absence of other cross‐calibrated data sets of chorus wave and plasma parameter observations in this regime,
constant parameters were used as a conservative assumption. In reality, the chorus wave power may vary at low
densities as the growth rate of chorus is dependent on the cold plasma density, leading to enhanced or suppressed

Figure 2. (a, b, c) Bounce‐ and drift‐averaged Dαα, |DαE| and DEE values from the Wong et al. (2024) chorus model versus.
fpe/ fce at Kp= 4, α= 30o, L∗ = 4.2. (d, e, f) The same coefficients in (a, b, c) with the correction defined in Section 2.4 applied
at low fpe/ fce.

Journal of Geophysical Research: Space Physics 10.1029/2024JA032971

DAGGITT ET AL. 4 of 16

 21699402, 2024, 12, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024JA

032971 by B
ritish A

ntarctic Survey, W
iley O

nline L
ibrary on [17/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



chorus wave activity at different frequencies (He et al., 2022; Tang et al., 2014). Diffusion coefficients for each of
the lower fpe/ fce bins were recalculated using the PADIE code (Glauert & Horne, 2005) with these fixed chorus
wave and plasma parameters. Further details on the method for producing bounce‐ and drift‐averaged chorus
diffusion coefficients from the chorus wave and plasma parameters can be found in Wong et al. (2024). The
results of this correction are shown in Figures 2d–2f, demonstrating increased diffusion coefficients below
fpe/ fce = 2.5. As the corrected diffusion coefficients will result in both more pitch angle and energy diffusion, the
corrected diffusion model will result in both more local acceleration of electrons, and more loss due to pitch angle
diffusion into the loss cone, it is not clear which of these effects will dominate without simulation. The motivation
for this correction is discussed further in Section 4. This corrected chorus model can then be used in conjunction
with a plasmaspheric density model to investigate the effects of time‐varying fpe/ fce on the acceleration of
electrons by chorus waves.

The advantage of using co‐located diffusion coefficients over the averaged diffusion coefficients is that the co‐
located diffusion coefficients contain contributions from the entire observed scope of wave‐particle interactions.
The averaged diffusion model assumes that the diffusion coefficient under average conditions is representative of
the full distribution of diffusion coefficients over all observed wave and plasma parameters. Watt et al. (2019)
showed that the distributions of diffusion coefficients calculated for each simultaneous measurement of wave
power and fpe/ fce are non‐Gaussian, and that the distributions vary with L and geomagnetic activity. The co‐
located diffusion coefficients capture more of the range of possible wave and plasma parameters, as well as
the variability in their distributions across L and geomagnetic activity, and have been shown to improve the
recreation of observational data (Ross et al., 2020). The coupled‐density diffusion model is expected to improve
on the co‐located diffusion model for similar reasons. By removing the averaging over fpe/ fce, the extremes of the
range of observed wave and plasma parameters are better captured in the model. This will have the largest effect
during geomagnetic storms, when the most extreme conditions are observed. The averaged and co‐located
diffusion models attempt to capture the change in conditions during storms by binning by geomagnetic activ-
ity, but there is inevitably some spread in the wave and plasma parameters within each geomagnetic activity bin as
they are not perfectly correlated with activity. By binning the observations by an additional parameter, fpe/ fce, the
distribution of wave parameters averaged over within each bin to produce diffusion coefficients should be nar-
rower. This is because any variation of fpe/ fce within each larger bin has been removed. This improves the rep-
resentation of extreme conditions that would otherwise be averaged with a low weight into a more general
diffusion coefficient.

The co‐located chorus diffusion model and the coupled‐density chorus diffusion model both require the same
number of diffusion coefficient calculations. The difference between the two is that in the co‐located model, the
bounce‐ and drift‐averaged diffusion coefficients calculated for each fpe/ fce bin are averaged together, weighted
by the number of observations in each fpe/ fce bin, resulting in a 4 dimensional model (geomagnetic activity,
electron equatorial pitch angle, energy and L). This step is not performed in the coupled‐density model, resulting
in a 5 dimensional model with fpe/ fce as the additional dimension. As a result of this, time series of the
geomagnetic activity and the drift‐averaged density at each L shell can be used to select diffusion coefficients
from the coupled‐density model that vary with both the activity level and the background plasma density.

2.5. Density Model

In order to use the coupled‐density diffusion coefficients in the BAS‐RBM, a time series of fpe/ fce values must be
used as an additional driving parameter for the simulation. Ideally the fpe/ fce time series should reproduce the
variation in plasma density across the model domain, in this case varying in both L∗ and time. The Carpenter &
Anderson, 1992 plasmasphere model was chosen as the basis of the plasma density timeseries for this study
(Carpenter & Anderson, 1992). This model was chosen for it's simple driving parameters, Kp and the monthly
average sunspot number, as well as being valid from 2 < L < 8, thus covering the normal operating range of the
BAS‐RBM. fpe/ fce values can be generated from the Carpenter and Anderson plasma density output assuming a
dipole field, using Equation 2. Notably for driving the coupled‐density chorus model, the fpe/ fce values from the
Carpenter and Anderson model are mostly constrained to stay above fpe/ fce = 2. The Carpenter and Anderson
plasma trough density for the lowest density MLT sector is given by Carpenter and Anderson (1992)
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ne = (5800 + 300t)L− 4.5 + 1 − exp (
L − 2
10

) 00≤ t< 06 MLT (3)

where t is the MLT in hours. Using Equation 2, this results in a minimum possible fpe/ fce of 2.2 at L = 4. The
model is also limited by the time resolution of Kp, which is reported in 3 hr intervals (Matzka et al., 2021).

In order to better capture the extent of fpe/ fce variation and the shorter timescales that it varies over, a model was
developed that used VAP‐A observations from the L4 data product from the EMFISIS instrument (Kurth
et al., 2015) to tune the output of the Carpenter and Anderson model. The model was generated using the
following process:

1. Determine the density profile in L for the saturated plasmasphere and the plasma trough using definitions given
in Carpenter and Anderson (1992).

2. Use the most recent observation of the plasmapause by VAP‐A as the cut‐off between the plasmasphere and
plasma trough profiles, as determined using the plasmapause identification method from Wong et al. (2024).

3. Scale the plasmasphere/plasma trough density profile to match the current fpe/ fce measurement from VAP‐A,
depending on whether VAP‐A is inside/outside the plasmapause.

As the BAS‐RBM simulates drift‐averaged electron flux, for driving the BAS‐RBM the output of the fitted model
is averaged over MLT to produce a single drift‐averaged fpe/ fce profile in L. The results of this are shown for a
geomagnetic storm in October 2014 in Figure 3, with the VAP‐A data‐driven plasmapause position from Wong
et al. (2024) superimposed. Figure 3a shows that there is a gap in the VAP‐A density observations between 23rd
October 12:00UTC and 24th October 18:00UTC. When there is no density data available, the model uses the
unaltered density values from the Carpenter and Anderson model. This results in the region of Figure 3b where the
density is nearly constant in time, as the Carpenter and Anderson density varies much more slowly than the
density observed by VAP‐A. In combination with the coupled‐density chorus diffusion coefficients, this model of
fpe/ fce can be used to drive the BAS‐RBM in order to capture the effect of time‐varying fpe/ fce on the electron
population in the outer radiation belt. The fpe/ fce value at each L value and time step from the density model is used
to select chorus diffusion coefficients from the 16 logarithmically spaced fpe/ fce bins of the chorus diffusion model
for each point on the BAS‐RBM model grid.

2.6. The British Antarctic Survey Radiation Belt Model

3D simulations of the radiations belts were performed using the BAS‐RBM (Glauert et al., 2014a, 2014b), which
simulates the time‐evolution of the phase‐averaged electron phase space density by numerically solving the
Fokker‐Planck equation. For the simulations in this study background corrected electron flux from the VAP
MagEIS and REPT instruments (Baker et al., 2013; Blake et al., 2014; Claudepierre et al., 2015) were used for the
initial condition and Lmin boundary. The Lmax and Emin boundaries were derived from GOES‐15 EPEAD and
MAGED data using a method similar to the method described by Glauert et al. (2018), with minor modifications.
The integral and differential flux measurements from GOES‐15 are fitted to a power law and an exponential
function. The function that provides a better fit is then used to calculate the phase space density at all energies on
grid at Lmax. As the satellites vary in L∗ over time, the phase space density is mapped adiabatically to a fixed Lmax.
The Emin boundary is determined using the average phase space density profile in L∗ from CRRES observations at
μ = 100 MeV/G, J = 0 keV (Glauert et al., 2014a). This profile is scaled consistently at all L∗ to match the phase
space density at 90o at Emin, Lmax on the outer boundary. The L∗ values for the GOES and VAP satellites were
calculated using the TS04 magnetic field model (Tsyganenko & Sitnov, 2005). The BAS‐RBM assumes a dipole
magnetic field, and thus L = L∗.

3. Event Simulation
The previous work simulating the effects of hiss and chorus waves on the electron population in the outer ra-
diation belt using the BAS‐RBM has only used the first, averaged approach to including the effects of fpe/ fce
discussed in Section 2.1 (Glauert et al., 2014a, 2018). The effects of EMIC waves have been investigated in the
BAS‐RBM using both the average and co‐located approach to including fpe/ fce (Kersten et al., 2014; Ross
et al., 2020). In order to test the effects of using all three approaches with chorus waves an enhancement of the
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ultra‐relativistic electron population observed by the VAP satellites from 18 to 28 October was simulated using
the BAS‐RBM with three different chorus diffusion models. These models were the averaged fpe/ fce model based
on the Meredith et al. (2020) chorus model, the co‐located chorus model fromWong et al. (2024), and the coupled
fpe/ fce chorus model derived from Wong et al. (2024). The effects of EMIC waves, hiss and lightning generated
whistlers were also included using statistical wave models driven by the Kp index (Glauert et al., 2014a; Ross
et al., 2020).

The effects of radial diffusion are included using the electric DLL coefficients from Liu et al. (2016) and the
magnetic DLL coefficients from Ali et al. (2016), following the method of Guo et al. (2023), referred to as the Liu
and Ali radial diffusion coefficients. These radial diffusion coefficients are used as they are energy dependent,
unlike the diffusion coefficients of Brautigam and Albert (2000), which have been demonstrated to overestimate
the effect of radial diffusion at MeV energies and lower L∗ (Guo et al., 2023).

Figure 4 shows the results of three BAS‐RBM simulations using these three different chorus models, and a
comparison to VAP‐A and B data at 2.2 MeV and α = 85o. At L∗ = 3.5 (Figure 4e) all three simulation over-
estimate the 2.2 MeV electron flux, showing gradual enhancement of the electron flux over the course of the
event, rather than the initial decrease in flux shown in the VAP data. The difference between the three chorus
models becomes more apparent at higher L∗. At L∗ = 4.3 (Figure 4f) the coupled‐density chorus model (yellow
line) results in two orders of magnitude higher electron flux at 2.2 MeV than the averaged fpe/ fce chorus model

Figure 3. (a) fpe/ fce data from the VAP‐A L4 data set, the plasmapause position is shown by the green line. (b). The fpe/ fce
values calculated from the drift‐averaged density generated by fitting the Carpenter and Anderson model to VAP‐A
observations as described in Section 2.5.
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Figure 4. Summary of BAS‐RBM simulations of the October 2014 event, showing differential electron fluxes at 2.2 MeV.
(a) Data from the VAP‐A and B MAGEIS instrument. (b) BAS‐RBM electron flux from a simulation with chorus diffusion
coefficients calculated using the average fpe/ fce value in each observation bin. (c) BAS‐RBM electron flux from a simulation
with chorus diffusion coefficients calculated using co‐located measurements of fpe/ fce and chorus wave power. (d) BAS‐RBM
electron flux from a simulation with chorus diffusion coefficients calculated at a range of fpe/ fce values, driven using the density
model described in Section 2.5. (e, f, g) The electron flux from VAP‐A and the BAS‐RBM simulations at L∗ = 3.5, 4.3 and 5.0.
The horizontal dashed line shows the VAP noise floor. (h) The Kp index during the event.
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(red line) after the electron flux begins to plateau, and one order of magnitude more than the co‐located chorus
model (blue line). In doing this it reproduces the VAP observations significantly better than the other two models.
The co‐located and coupled‐density chorus diffusion models perform similarly well at L∗ = 5.0, but still un-
derestimate the peak electron flux. The coupled‐density model also shows more rapid variations in the rate of
change of electron flux than either of the other models between 20th and 23rd October, as seen in Figure 4g. These
variations coincide with VAP‐A observations of the plasmapause, and are likely due to rapid variation in the
density model used to drive the BAS‐RBM caused by the switch between fitting the plasmasphere profile and
fitting the plasma trough profile to VAP‐A observations.

Figure 5 shows the electron flux profiles in L∗ from VAP observations and the BAS‐RBM simulations at three
equally spaced times during the event shown in 4. Figure 5 demonstrates that all of the BAS‐RBM simulations
underestimate the peak of the radial distribution of 2.2 MeV electron flux, as well as placing the peak at a lower L∗

than in the VAP observations. The co‐located and coupled‐density chorus models increase the size of the flux
peak, but still do not reach the size of the observed peak. The co‐located and coupled‐density chorus models also
shift the location of the peak in L∗ closer to the observed location later in the event, seen in Figures 5b and 5c, but
do not affect the distribution below L∗ = 3.5. Both the missing acceleration at L∗ > 4.0 and the additional ac-
celeration at L∗ < 3.5 may be caused by either overestimation of the local acceleration due to chorus waves or the
acceleration by inwards radial diffusion.

In order to determine the relative effect and interactions between radial diffusion and local acceleration due to
chorus waves, simulations were run where eitherDLL orDαα andDEE were set to zero. This allows investigation of
the contributions of both VLF waves and ULF waves to the enhancement of multi‐MeV electron populations in
the outer radiation belt. Figure 6 shows the output of three BAS‐RBM simulations at 2.2 MeV. The effects of ULF
waves are removed by imposing DLL = 0 in the first simulation (red line), and the effects of all included VLF
waves (hiss, chorus and EMIC) are removed by imposing Dαα, DEE = 0 in the second simulation (blue line). The
third simulation uses the same DLL, Dαα and DEE values as the coupled‐density simulation in Figure 6 (yellow
line). The chorus model used in the first and third simulations is the coupled‐density chorus model.

From Figure 6e, it is clear that the overestimation of the 2.2 MeV flux at L∗ = 3.5 is caused by radial diffusion.
Without radial diffusion (red line) the simulated flux remains mostly constant, close to the observed level.
Without any VLF wave interactions, radial diffusion alone (blue line) is able to reproduce almost all the ac-
celeration seen in the simulation with both VLF waves and radial diffusion. Comparison of the red and blue lines
in Figure 6f shows that the additional acceleration from the coupled‐density chorus model is primarily responsible
for the enhancement in electron flux seen at L∗ = 4.3, radial diffusion alone (blue line) is acting too slowly to
reproduce the rapid acceleration seen between the 19th and 22nd of October. The comparison between the
simulation without the radial diffusion (blue line) and the simulation with both radial diffusion and local ac-
celeration (yellow line) shows that the local acceleration is responsible for nearly all of the initial acceleration.
This is trend is shared by the flux at L∗ = 5.0, where there is no visible effect of radial diffusion whilst the

Figure 5. 2.2 MeV differential electron flux distributions in L∗ at fixed points in time during the simulations shown in
Figure 4.
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Figure 6. Summary of BAS‐RBM simulations of the October 2014 event, showing differential electron fluxes at 2.2 MeV.
(a) Data from the VAP‐A and BMAGEIS instrument. (b) BAS‐RBM electron flux from a simulation withDLL = 0. (c) BAS‐
RBM electron flux from a simulation withDαα,DEE = 0. (d) BAS‐RBM electron flux from a simulation withDαα andDEE from
VLF wave models, and DLL from the combined Liu and Ali model. (e, f, g) The electron flux from VAP‐A and the BAS‐RBM
simulations at L∗ = 3.5, 4.3 and 5.0. The horizontal dashed line shows the VAP noise floor. (h) The Kp index during the event.
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simulated flux is still rising. It is only after the flux in the VLF waves only simulation begins to decline that the
effect of radial diffusion becomes visible.

Figure 7 demonstrates that the overestimation at L∗ < 3.5 seen in Figure 5 is due to inwards radial diffusion, as the
simulation with only VLF waves (red line) closely matches the observed flux in this region. In the other two
simulations, radial diffusion has shifted the electron distribution to lower L∗, resulting in the overestimation.
Figure 7 also shows that chorus waves are responsible for the majority of the acceleration near L∗ = 5.0. Beyond
L∗ = 5.0, the VLF wave only simulation underestimates the observed flux as the chorus wave diffusion rate drops
off significantly due to a lack of observations in this region of the chorus wave model during active times. From
Figures 5 and 7 it can be seen that changing the chorus wave model has minimal effect on the electron flux below
L∗ = 3.5. This is likely because the chorus diffusion coefficients in all three models are very low in this region, as
it will usually be within the plasmapause, where the chorus wave power is low (Malaspina et al., 2021; D. P.
Hartley et al., 2019). The results seen in Figures 4 and 6 extend to higher energies (see Supporting
Information S1).

4. Discussion
The coupled‐density chorus model described in Section 2.4 required re‐calculation of the diffusion coefficients
for the fpe/ fce bins below fpe/ fce = 2.5, as the values in these bins were unexpectedly small (see Figures 2a–2c). A
bias in the wave and plasma parameters that go into the calculation of the diffusion coefficients for the fpe/ fce < 2
region of the model would result in smaller than expected diffusion coefficients.

Figure 8 shows the distribution of fpe/ fce measurements over the entire VAPmission in blue. There is a rapid drop‐
off in the frequency of observations below fpe/ fce = 2.5. From this alone it is not clear whether the lack of
measurements in this region is due to how rarely fpe/ fce values this low occur in nature, or whether there is some
systematic reason why the VAP satellites do not record low fpe/ fce values. The orange bars in Figure 8 shows the
distribution of measurements immediately preceding or following a data gap in the L4 fpe/ fce data. Here there is a
clear peak in the fpe/ fce values near fpe/ fce = 3, and the frequency of fpe/ fce values below 2.5 is much greater than in
the distribution of all the data. This suggests that data gaps occur more frequently at lower fpe/ fce, and thus that
small fpe/ fce values are under‐represented in the L4 data set. The orange distribution does not distinguish between
missing data during normal operation of the EMFISIS instrument, and missing data due to thruster firing events,
or other events that may interrupt the normal operation of the EMFISIS instrument. Excluding these gaps would
likely skew the orange distribution further toward low fpe/ fce values. This offers a potential explanation for the
lower diffusion coefficients in this region of the chorus model ofWong et al. (2024). If chorus wave power and the
plasma density are correlated, and only the start and end of periods of low fpe/ fce are recorded, then any strong
chorus wave power during those periods will not be included in the model. Since the chorus diffusion rates are
directly proportional to the wave power, this would lead to lower chorus diffusion rates than would otherwise be
expected.

Figure 7. 2.2 MeV differential electron flux distributions in L∗ at fixed points in time during the simulations shown in
Figure 6.
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The presence of gaps in the VAP density observations also leads to issues with producing density models, as seen
in Figure 3a. The bias in theses gaps toward low densities will transfer to density models based on the VAP data
that don't correct for the bias. The approach taken to filling the gap seen in 3a was to use density values from the
un‐altered Carpenter and Anderson density model. As noted in Section 2.5, the Carpenter and Anderson density
model is limited in how low an fpe/ fce value it can produce in a dipole magnetic field. This may result in less
acceleration due to chorus waves in the BAS‐RBM simulations with the coupled‐density chorus diffusion model,
as the diffusion coefficients in the coupled‐density chorus diffusion model continue to increase as fpe/ fce ap-
proaches 1. This is a potential cause for the underestimation of the electron flux at L∗ > 4.0. The bias may also
affect the averaged and co‐located chorus diffusion models. For the averaged model, the average densities used to
calculate the diffusion coefficients in each bin may be too high due to the bias. For the co‐located model, the bias
will result in low density diffusion coefficients being under‐weighted in the averaging of the diffusion coefficients
over fpe/ fce. Each of these effects will result in less acceleration in the averaged and co‐located chorus diffusion
models, and thus worse recreation of multi‐MeV electrons flux enhancements.

This bias away from low fpe/ fce values is likely caused by the algorithm used to calculate fpe/ fce from observations
of wave emissions near the upper hybrid resonance, fUHR, used by the L4 data. Kurth et al. (2015) use fUHR to
determine the electron density using the relation

ne =
f 2UHR − f 2ce
89802

(4)

The value of fUHR is determined by looking at the most intense wave emission above 1.5fce. Whilst this method can
produce density measurements at high time resolution when the spectrum recorded by the EMFISIS instrument is
simple, problems can occur when other wave modes are present. Kurth et al. (2015) state that electron‐cyclotron
harmonic emissions and diffuse electrostatic emissions can interfere with the identification. They also hesitate to

Figure 8. The distribution of fpe/ fce measurements from the combined VAP‐A and B L4 data sets, covering the entire mission.
The blue distribution contains every measurement. The orange distribution contains only measurements immediately
preceding or following a gap in fpe/ fce data. The red dashed line shows fpe/ fce = 2.5.
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identify the 1.5fce band as fUHR band if there are no further, weaker bands at higher frequency, or if 1.5fce <
10 kHz. This limits the lowest possible values of ne that can be identified. If there is a continuum of radiation in the
spectrum as opposed to distinct bands, the lower edge of the continuum is assumed to be at fpe. They note that this
cut‐off may be due to a distant higher density structure, which would lead to overestimation of ne and thus fpe/ fce.
An alternative high‐quality source of ne measurements is necessary to judge the effect of the bias in this algorithm.
Kurth et al. (2015) also state that during roughly 10% of VAP orbits, the fUHR is difficult to identify in the outer
part of the orbit, and that these times are correlated with both low densities and high geomagnetic activity. This
suggests that missing density values are correlated with high chorus wave activity, which would lead to the lower
diffusion rates observed in the low density part of theWong et al. (2024) chorus model. This also suggests that the
assumption made in Section 2.4 may be an underestimate of the chorus wave power, thus leading to lower ac-
celeration in the BAS‐RBM simulations using the coupled‐density chorus diffusion model.

The chorus wave population at low fpe/ fce appears to differ significantly from the chorus wave population at
higher fpe/ fce. With variations occurring in growth rate, wave normal angle and wave power (He et al., 2022; Tang
et al., 2014; Wong et al., 2024) as fpe/ fce changes. Although the observations of changes in the wave normal angle
and power distributions were made using the L4 data and thus share the same statistical issues as the Wong
et al. (2024) chorus model at low fpe/ fce, it is likely that the distributions of these wave parameters continue to
change as fpe/ fce drops toward one. Assuming that these parameters remain constant as in Section 2.4 is merely an
approximation intended to work around the lack of accurate data in this regime. By resolving the bias in fpe/ fce
observations, more accurate chorus distributions can be produced, which should improve the reproduction of
ultra‐relativistic enhancements by radiation belt models.

These simulations suggest that using coupled‐density chorus diffusion coefficients can produce significant en-
hancements of multi‐MeV electrons in the outer radiation belt for L∗ > 4, resulting in up to two orders of
magnitude more flux than a co‐ocated or averaged fpe/ fce chorus model. The simulations shown in Figure 6
demonstrate that the Liu and Ali radial diffusion coefficients overestimate the rate of radial diffusion at lower L∗.
They also imply that local acceleration by chorus waves is responsible for the majority of multi‐MeV electron
enhancement above L∗ = 4 during this event. This is at odds with the simulations of Guo et al. (2023) which
showed significant acceleration at high energies with the Liu and Ali radial diffusion coefficients alone. This
discrepancy may be caused by the different boundary conditions used here. Guo et al. (2023) used VAP data at
McIlwain L = 6 for the outer boundary, whilst the simulations here have used GOES‐15 data adiabatically
mapped to Roederer L∗ = 6.1, with L∗ from the TS04 magnetic field model. As a McIlwain L = 6 will usually
correspond to an L∗ < 6, the VAP outer boundary will be drawn from observations closer to the heart of the outer
radiation belt, leading to higher flux on the outer boundary. If the electron flux on the outer boundary is already
higher, then radial diffusion can appear to produce more rapid acceleration bymoving that flux inwards.When the
outer boundary is placed further out, additional local acceleration is required to reproduce the observations at high
L∗ as the flux on the outer boundary will tend to be lower.

The underestimation of the VAP electron flux by the coupled‐density chorus seen in Figure 6gmay be the result of
the bias away from low fpe/ fce values in the VAP L4 data. This bias could result in missing wave power that
coincides with missing density data from the statistical model of chorus wave properties, or by biasing the density
model away from low fpe/ fce values where the acceleration of electrons by chorus waves is most efficient. Both of
these effects will result in less electron acceleration by chorus waves in the BAS‐RBM simulations. Correcting for
the density bias, or accurately filling in gaps in the density observations result in larger chorus diffusion co-
efficients in averaged and co‐located chorus diffusion models, and in the low‐density region of the coupled‐
density chorus diffusion model. This would likely improve the recreation of the observed multi‐MeV electron
flux at L∗ > 4.0 in the BAS‐RBM.

5. Conclusions
A density‐coupled statistical chorus model was developed based on the co‐located chorus model of Wong
et al. (2024), with a correction applied to the lowest fpe/ fce bins. A data‐driven cold plasma density model was then
developed for use with the BAS‐RBM and the new density‐coupled diffusion model, and compared its predictions
of ultra‐relativistic electron acceleration to the predictions of density‐averaged and co‐located chorus diffusion
coefficients. The results are summarized below:
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1. The use of additional information about fpe/ fce in the BAS‐RBM leads to better recreation of ultra‐relativistic
electron enhancements. Co‐located chorus models perform better than density‐averaged chorus models, and
the new coupled‐density chorus model outperformed both when coupled with a data‐driven density model.

2. Chorus waves at low fpe/ fce can recreate the majority of the enhancement of 2.2 MeV at L∗ > 4 without radial
diffusion. Radial diffusion also plays a role in the acceleration of electrons at these L∗ values, but current
models used with the BAS‐RBM overestimate the rate of radial diffusion at lower L∗.

3. There is a bias in the VAP L4 data set away from fpe/ fce < 2.5. This bias is due to the calculation of fpe/ fce from
emissions near fUHR being less reliable during times of low plasma density. This bias likely introduced errors
into the fpe/ fce < 2.5 region of the co‐located chorus diffusion model of Wong et al. (2024), most of which will
have been discarded before the final calculation of Dαα, DαE and DEE.

The majority of forecasting and simulation of the radiation belts currently uses either density‐averaged or co‐
located diffusion models for VLF waves. This study has demonstrated that coupling the BAS‐RBM to a den-
sity model can greatly improve the accuracy of the simulation, as well as demonstrating that local acceleration due
to chorus waves can account for the majority of the acceleration of ultra‐relativistic electrons during periods of
low cold plasma density. More work is necessary to correct the issues caused by the bias in low density obser-
vations in the VAP data, this could either take the form of filling in gaps in the VAP density data, or a cross‐
calibrated survey of the chorus wave power that extends to lower fpe/ fce. The results here are focused primar-
ily on chorus waves, but with the appropriate wave distribution, surveys could be extended to any form of VLF
wave, including hiss and EMIC waves. The results are also applicable to the magnetospheres of Jupiter and
Saturn, where fpe/ fce values close to or less than one exist for extended periods of time at high latitudes (Ma
et al., 2020; Woodfield et al., 2019).

Data Availability Statement
The combined HOPE‐MagEIS‐REPT electron flux data from the NASAVan Allen Probes are available at https://
rbsp‐ect.newmexicoconsortium.org/science/DataDirectories.php (LANL, 2013). The L4 EMFISIS data from the
NASA Van Allen Probes are available at https://emfisis.physics.uiowa.edu/Flight/RBSP‐A/L4 (LANL, 2012).
Source data are provided with this paper for the diffusion coefficients and BAS‐RBM simulation data generated in
this study. The files are hosted online and freely available from the NERC EDS UK Polar Data Centre database at
https://doi.org/10.5285/ea37228a‐5b4d‐4db2‐8d97‐53fff2c43f3f (Daggitt et al., 2024).
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