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Summary 

High-enthalpy geothermal reservoirs have been widely explored as they can potentially provide 
exceptional energy productivity and efficiency. However, there remain unresolved questions 
about how to characterise these reservoirs from surface measurements, which at present 
preclude a better understanding of the physical properties of such heat-bearing rocks with 
saturated/injected fluids. This report aims to summarise the available rock physics modelling 
approaches for elucidating the electrical and seismic properties of geothermal reservoirs and 
high-temperature fluids, and to provide solutions for estimating the temperature distribution of 
high-enthalpy reservoirs, particularly those related to magma storage reservoirs in volcanic 
regions. We revisit the empirical relations including the Horner plot method and the commonly 
used resistivity-temperature relation to define the empirical relationship between temperature 
and electrical or seismic properties observed with geophysical sounding techniques. The report 
also introduces the methods that relate conductivity to elastic properties through porosity and 
the cross-properties Differential Effective Medium (DEM) method, which establishes the 
conductivity/resistivity–seismic velocity relationship directly, allowing the calculation of one 
physical property from another more easily measured one. We use Burgers model to 
numerically model the frequency-dependent shear modulus of linear viscoelastic media, where 
the steady-creep effect in the rock frame is caused by high temperatures and the Arrhenius 
equation is used to link viscosity with temperature. Finally, we demonstrate the use of rock 
physics modelling techniques to estimate geothermal gradient from 1-D seismic velocities 
obtained from inversions of earthquake data and study the resistivity and velocity relations at 
Aluto, a stratovolcano in the Central Main Ethiopian Rift, part of the East African Rift. 
Geothermal exploration at Aluto started in the 1970s and it is the site of Ethiopia’s first 
geothermal electric power plant. Both passive seismic and magnetotelluric (MT) surveys have 
been conducted in the region to help understand the subsurface structure and repeated 
episodes of volcanic unrest. In the report, we attempt to summarize and combine different rock 
physics models to characterize high-enthalpy geothermal systems for their elastic and electrical 
properties. We do this to facilitate joint inversion of geophysical data to better identify zones of 
high geothermal energy potential that might be economically useful for renewable energy 
production in the Ethiopian rift and elsewhere.  

Introduction 

1.1 REVIEW OF HIGH ENTHALPY GEOTHERMAL RESERVOIRS 

Geothermal energy can provide competitive, low-carbon power to help meet global CO2 
reduction targets and accelerate the decarbonisation of the energy sector. High-
enthalpy geothermal systems (T>160°C) have been paid special attention due to their 
high energy potential not only for providing heat but also for electric power generation 
(via steam turbine). Systems with temperatures above 250°C are almost always 
associated with volcanic activity, with elevated temperature gradients resulting from 
high heat flow caused by shallow intrusions of magma (Reinsch et al., 2017). In zones 
close to the magma chamber, fluids may reach the supercritical state, circa. T > 374°C 
and P > 22.1 MPa for pure water, T > 406 °C, and P > 29.8 MPa for seawater, which 
can provide more energy productivity and efficiency, but pose challenges for drilling 
techniques due to their high erosivity. The superhot rock may also exhibit ductile 
properties at such high temperatures. Understanding the elastic stiffness and 
deformation mechanism of superhot rock is crucial for the geophysical exploration of 
such geothermal reservoirs. 

Geophysical methods such as seismic survey and magnetotelluric (MT) are effective 
tools in identifying high enthalpy geothermal reservoirs. Seismic measurements can be 
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used to characterize the anelastic behaviour and brittle-ductile property of superhot 
rocks with varying permeability/saturation. Carcione et al. (2006) developed a 
theoretical approach to characterise the steady-state creep when drilling through rock 
salt using the Burgers model, which was then utilised to simulate the seismic waves in 
the brittle-ductile transition of the Earth's crust (Carcione and Poletto, 2013; Carcione et 
al., 2014). A series of studies have been conducted to combine the Burgers model with 
different rock physics models (Carcione et al., 2016; Carcione et al., 2018a; Carcione et 
al., 2018b) to characterise fluid effects in high-temperature porous media and 
geothermal reservoirs (Poletto, et al. 2018; Farina et al., 2019; Poletto et al., 2019). 
Resistivity logging, transient electromagnetic (TEM) or MT data are used to detect 
superhot hydrothermal reservoirs, identify conductive clay layers that cover the 
geothermal systems, and image fluid saturated host rocks or partially melted 
subvolcanic magma chambers (Samrock et al., 2015). A conceptual model was 
developed by Johnston, Pellerin and Hohmann (1992) and Cumming and Mackie (2007) 
to describe the temperature pattern, alteration zones and resistivity distribution for high-
enthalpy geothermal systems. 

The East African Rift system is recognised as a region that is rich in geothermal energy 
resources that could provide a reliable, affordable and local source of renewable energy 
to help meet the energy demands in countries like Ethiopia across the region (IRENA, 
2020). Aluto in the Main Ethiopian Rift Valley is currently the only producing geothermal 
field in central Ethiopia. It has produced electricity since 1990 and has recently 
undergone expansion to increase production (Samrock et al., 2020). Both passive 
seismic and MT surveys have been carried out in the region to help understand 
repeated episodes of volcanic unrest. As a result, a wide variety of data are available to 
help test the applicability of new geophysical methods to identify areas of high 
geothermal potential.  

Wilks et al. (2017) located passive seismic events detected by a local network of 12 
seismometers deployed at the Aluto Volcano in Ethiopia from 2012 to 2014 and 
analysed the focal depths and mechanisms. Wilks et al. (2020) used local earthquake 
tomography with the same data to model the 3D seismic velocity structure beneath 
Aluto. They subdivided the regions beneath the volcanic edifice into four zones: (1) a 
shallow zone (-2 to 0 km above mean sea level) of high seismicity that corresponds to 
the hydrothermal system and is influenced by a high fluid saturation and circulation; (2) 
a relatively aseismic zone (0 to 2 km) that is impermeable to ascending volatiles; (3) a 
region of increased fluid-induced seismicity (2 to 9 km) that is driven by magmatic 
intrusion from below and (4) a deeper zone (below 9 km) that is interpreted as a partially 
crystalline magmatic mush. 

Samrock et al. (2015) conducted a resistivity inversion of MT data from the Aluto-
Langano geothermal field to construct a 3D resistivity model of the subsurface and 
identify the low resistivity zone associated with clay alteration cap rock zones (Cherkose 
et al., 2018; Samrock et al., 2020). The result was used to identify three main resistivity 
structures: (1) a high-resistivity layer associated with unaltered volcanic rocks at shallow 
depths, (2) a low-resistivity layer related to argillic alteration clay products, and (3) a 
gradually increasing high-resistivity region at greater depths related to the formation of 
high-temperature alteration minerals. In contrast, Huebert et al. (2018) developed a 
regional 2-D model of electrical resistivity of the crust based on MT data along a 110 km 
transect across the central Main Ethiopian Rift but found no evidence of a highly 
conductive region associated with a magma chamber directly under the central rift 
volcano Aluto. 
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Jones (2020) developed a 2D regional heat flow map for the East African Rift using heat 
flow and geothermal gradient data from boreholes and lake-bottom probe 
measurements to identify regions of geothermal interest. In addition to geophysical data 
sets, direct observations from several boreholes are available. Gebru et al. (2021) 
estimated the natural state formation temperatures (before the commencement of 
production drilling) from five boreholes in the Aluto-Langano Geothermal Field using the 
Horner(1951) plot method, which is a popular method to estimate formation temperature 
from downhole logging temperature data. A temperature cross-section was interpolated 
from these boreholes to help identify the location of the hot up-flow zone in the 
geothermal reservoir. 

1.2 REVIEW OF ROCK MODELS RELATING TEMPERATURE TO OTHER ROCK 
PARAMETERS   

Understanding the effect of temperature on the physical properties of rocks containing 
saturated fluids is important for geothermal resource exploration. The empirical relations 
between velocities/elastic moduli and temperature can be negatively linear (Iovenitti et 
al., 2013; Yin et al., 2021), polynomial or exponential (Mendrinos et al., 2022). 
Derivation of empirical relations from laboratory measurements or drilling data for a 
specific geothermal area can be used to estimate the temperature field from inverted 
seismic/electromagnetic properties. 

The properties of rock and its saturated fluids are strongly influenced by temperature, 
which lead to different geophysical responses. Batzle and Wang (1992) summarised the 
empirical relations for pore fluids properties such as density, bulk modulus, velocity and 
viscosity with temperature and pressure, and discussed their application in hydrocarbon 
exploration. Ciz and Shapiro (2007) developed a generalization of Brown and Korringa’s 
and Gassmann equations for a solid infill of the pore space based on the 
elastic/viscoelastic correspondence principle (Hashin, 1970). Ciz et al. (2009) further 
extended this model to calculate the elastic properties of rocks saturated with heavy oil, 
where the temperature effect was incorporated following Beggs and Robinson (1975)'s 
relationship between the low-frequency viscosity and temperature for a viscoelastic 
material. Jaya et al. (2010) included the temperature effect in the Gassmann (1951) 
equation by considering the temperature dependence of the saturating fluid bulk 
modulus and density. Pore microstructures can also be influenced by temperature and 
pressure and hence affect the elastic property of porous rocks. The Mori and Tanaka 
(1973), David and Zimmerman (2011) models have been widely used to correlate the 
elastic moduli with pressure-induced pore and microcrack shape change in a rock. 
Yuan, Han and Zhang (2016) developed a rock physics model that integrated solid oil 
into the sand frame, with temperature-dependent moduli. Qi et al. (2021) developed a 
temperature-dependent double-porosity model based on Biot's theory, which takes the 
temperature dependence of the four parameters: pore fluid density, fluid viscosity, fluid 
bulk modulus and porosity into account. Yang et al. (2022) developed a correlation of 
dynamic shear and bulk modulus of porous rocks with temperature and pressure to the 
characteristics of the microstructure of porous media.  

Our aim is to investigate how these different rock physics models can be applied to 
high-enthalpy geothermal reservoir rocks, where pore geometry and porosity are likely 
to play a big part in determining the seismic velocity, whereas for the electrical 
resistivity, the free electrons and fluid content will be more important. We also want to 
investigate how to take advantage of the result from joint MT and seismic inversion and 
link them with temperature by using rock physics models. Specifically, we combine 
Burgers model with Arrhenius equation to estimate the frequency-dependent shear 
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modulus of linear viscoelastic media and apply them to estimate the geothermal 
gradient from seismic velocity in Aluto geothermal field. We also study the cross-
properties Differential Effective Medium (DEM) method(Cilli and Chapman, 2021), which 
is used to estimate conductivity from elastic properties and vice versa. 

Empirical relationships between conductivity/resistivity and seismic velocity can be 
useful when one property can be measured more easily than the other. One approach 
to establish such a relationship is to combine the relations of both properties with a 
common property such as porosity, e.g., using Archie’s law and Gassmann's equation. 
Carcione et al. (2007) gave an overview of different rock physics models for the 
calculation of electrical conductivity, stiffness moduli, and density for different rock 
frames with/without fluid content and developed the cross-property relations between 
conductivities and velocities. Werthmüller et al. (2013) used a Gassmann’s relation for 
the conversion from velocity to porosity, and the self-similar model (Sen et al., 1981) for 
the conversion from porosity to resistivity. Then the model was updated from depth and 
anisotropy information and used to predict Controlled-Source ElectroMagnetic (CSEM) 
responses within a Bayesian framework to account for the uncertainties (Werthmüller et 
al., 2014). This provided a good starting model for CSEM inversion and joint inversion. 
Han, Wei, and Li (2020), Cilli and Chapman (2020, 2021) utilised the Differential 
Effective Medium (DEM) theory that relates elastic and electrical properties to porosity 
and pore aspect ratio to establish such cross-property relations. Their methods were 
used to estimate seismic velocities and Vp/Vs ratio as a function of conductivity for both 

clean sandstones and clay-bearing sandstones from laboratory-measured data (Han et 
al., 2011). In the following, we will review some of the mentioned models and 
investigate them for the applicability to a high-enthalpy geothermal reservoir. 

Empirical relations and rock physics modelling 

2.1 FINDING THE RESERVOIR TEMPERATURE USING THE HORNER PLOT METHOD  

Gebru et al. (2021) applied the Horner plot method which uses the measured 
temperature at a given depth from several temperature logs taken at different times to 
extrapolate the formation temperature before production drilling. It is based on the 1D 
heat conduction equation as shown in Equation (1), which describes the temperature T 
as a partial differential equation of time t and position/space x, 

𝑐𝑝𝜌
𝜕𝑇

𝜕𝑡
= 𝑘

𝜕2𝑇

𝜕𝑥2                  (1) 

where cp is the heat capacity of the material (J/(kg∙K)), ρ is the density (kg/m3), k is the 
thermal conductivity(W/(m∙K)). From Equation (1), we know that temperature and time 

are linearly correlated at a fixed depth, the Horner time (𝜏) is given by Equation (2), 

𝜏 =
∆𝑡

∆𝑡+𝑡𝑐
                        (2) 

Where tc is the total circulation time before borehole shut-in (hrs); Δt is each observation 

time minus the time that circulation was stopped (hrs). We can obtain the formation 
temperature by plotting the logarithm of the Horner time 𝜏 against the measured 
temperature at a fixed depth as shown in Figure 1. Then the intercept of the straight line 
with y-axis indicates the formation temperature. 
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Figure 1 Example of a Horner Plot to estimate formation temperature from Figure 2 of Gebru et 
al. (2021). When Δt increases, the measured temperature will close to the formation 

temperature as shown T=218.6°C. 

2.2 AN EMPIRICAL RESISTIVITY-TEMPERATURE RELATION 

When the pore fluid conductivity is much greater than the porous rock conductivity, the 
rock resistivity is inversely proportional to the fluid conductivity, porosity and fluid 
saturation according to the Archie's law (1942). Under such a case, the strata resistivity 
and temperature are generally inversely correlated and can be expressed by the 
following equation (Dakhnov,1962), 

ρt = ρ0 / [1+α(T−T0)]              (3) 

where ρ0 is the resistivity at temperature T0; ρt is the resistivity at temperature T; α is the 

rock temperature coefficient, which can be determined using prior information from 
drilling data. Then, the geothermal reservoir temperature can be estimated by 
transforming Equation (3) into, 

T = T0+ (ρ0/ ρt−1)/α              (4) 

where ρ0  at T0 for a certain lithology can be measured in the laboratory. ρt can be 

obtained from the MT data inversion. The subsurface needs to be divided into different 
areas in terms of lithological distribution. Zhao et al. (2022) utilised this relationship to 
estimate the temperature and depth of geothermal reservoirs from Controlled-Source 
Audio-frequency Magnetotellurics (CSAMT) resistivity. 

2.3 THE ELECTRICAL–ELASTIC CORRELATIONS BASED ON POROSITY 

Following Carcione et al. (2007), the dry-rock elastic moduli can be assumed as a 

function of porosity, i.e., bulk modulus Km() and shear modulus m(). Then,  as a 

function of conductivity () is replaced in the Gassmann equation, providing a simple 
model to estimate fluid saturation effect on bulk modulus. The relation between the bulk 

modulus of the saturated rock, K, and the porosity, ,  is given by, 
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𝐾 = 𝐾𝐺 =
𝐾𝑠−𝐾𝑚(𝜙)+𝜙𝐾𝑚(𝜙)(

𝐾𝑠
𝐾𝑓

−1)

1−𝜙−
𝐾𝑚(𝜙)

𝐾𝑠
+𝜙

𝐾𝑠
𝐾𝑓

 ,         (5) 

where Km and m are the bulk and shear moduli of the matrix, and Ks and Kf are the 

grain and fluid bulk moduli, respectively. The model of Krief et al. (1990) can be used to 

obtain the dry-rock moduli Km and 𝜇m as a function of porosity .   has the following 
relations with 𝜎 in terms of different rock physics models (Carcione, 2007), 

Archie’s Law (Archie, 1942) gives the porosity as a function of the conductivities of the 

fluid-saturated clean sand, , and the pore fluid, f, as 

𝜙 = (
𝜎

𝜎𝑓
)

1/𝑚

,        (6) 

where m is the cementation exponent of the rock. The model of Hermance (1979) is a 
particular case of the Bussian (1983) model, which considers explicitly the conductivity 
of the clay particles 𝜎𝑠 in sandstone with clay,  

𝜙 = (
𝜎−𝜎𝑠

𝜎𝑓−𝜎𝑠
)

1/𝑚

 ,              (7) 

where 𝜎 is the resistivity of the fluid-saturated solid rock. The complex refraction-index 
method ( Schön, 1996) derives 𝜎 using the electromagnetic ray approximation. 

𝜙 = (
𝜎1/𝛾−𝜎𝑠

1/𝛾

𝜎𝑓
1/𝛾

−𝜎𝑠
1/𝛾), 𝛾 = 2,           (8) 

𝛾 is the complex refraction-index. For two constituents solid and fluid, the porosity is 
given by the following expression in the self-similar model (Sen et al., 1981),  

𝜙 = (
𝜎−𝜎𝑠

𝜎𝑓−𝜎𝑠
) (

𝜎𝑓

𝜎
)

1−1/𝑚

,           (9) 

The Glover et al.(2000) model has the form 

𝜎 = (1 − 𝜙)𝑝𝜎𝑠 + 𝜎𝑓𝜙𝑚,         (10) 

p is a representative exponent related to m.The Hashin-Strikman (HS) lower and upper 
bound of porosity for a system of two components (solid and fluid) (Berryman, 1995) 
can be expressed as, 

𝜙 = (
𝜎𝑠−𝜎

𝜎𝑠−𝜎𝑓
) (

𝜎𝑓+2𝜎𝑠

𝜎+2𝜎𝑠
),          (11) 

𝜙 = (
𝜎𝑠−𝜎

𝜎𝑠−𝜎𝑓
) (

3𝜎𝑓

𝜎+2𝜎𝑓
),            (12) 

Table 1. Material properties for subcritical brine saturation, adapted from Carcione et al. 
(2007). 

Rock 𝜎𝑠 𝜎𝑓 Ks 𝜇𝑠 𝜌𝑠 Kf f 

sandstone-brine 10-3 0.01, 0.1 39 40 2.65 2.25 1 
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In hydrothermal reservoirs, the conductivity of fresh water/saline varies dramatically with 
temperature and pressure, which determine the aggregate state of water, which itself 
may vary from liquid to steam or be in a supercritical phase. The conductivity of brine 
has a tendency to increase with temperature at subcritical conditions. At supercritical 
conditions, the removal of charge carriers from the brine causes a reduction of 
conductivity by an order of magnitude (Kummerow et al., 2021).  This provides us with a 
clue to set the value of conductivity for water at supercritical state and subcritical state. 

The seven cases as shown in Equations (6)-(12) have been used to describe the 
conductivity-bulk modulus relations of the brine-saturated sandstone. We use two 
values for the conductivity of fluid 0.01 S/m and 0.1 S/m as shown in Table 1 to see how 
the variation of fluid conductivity at subcritical conditions affect the cross relations. 
Figure 2 shows the modelling results. We can see that HS upper bound estimates the 
highest value conductivity for saturated rock. For a two-material composite, the HS 
upper bound is realised when the stiffer material forms the shell of spheres and the 
softer material fills the core, and vice versa for the HS lower bound. At a higher contrast 
between fluid and rock conductivity, as shown in Figure 2 (c) and (d), the Hermance, the 
complex refraction-index method, self-similar, and Glover models are all within the HS 
upper and lower bound. 

  
(a) Porosity-conductivity relation at 

f = 0.01 S/m. 
 

(b) Conductivity-bulk modulus 

relation at f = 0.01 S/m. 
 

  
(c) Porosity-conductivity relation at f = 
0.1 S/m. 

(d) Conductivity-bulk modulus relation at 

f = 0.1 S/m. 
Figure 2. The porosity-conductivity and conductivity-bulk modulus relations of 
brine-saturated sandstone. 
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2.4 ELECTRICAL–ELASTIC MODELLING USING CROSS-PROPERTY DEM 

Han et al. (2011) and Cilli and Chapman (2021) proposed that the cross-property DEM 
can be expressed as a set of coupled differential equations that relate the electrical and 
elastic properties of a two-phase, isotropic, linearly elastic, electrically conductive 
composite: 

𝑑𝐾∗

𝑑𝜎∗
=

1

3𝜎∗ (
𝐾2−𝐾∗

𝜎2−𝜎∗)
𝑃(∗2)

𝑅(∗2)            (13) 

𝑑𝜇∗

𝑑𝜎∗
=

1

3𝜎∗ (
𝜇2−𝜇∗

𝜎2−𝜎∗)
𝑄(∗2)

𝑅(∗2)            (14) 

with initial conditions K*(𝜎1) = K1, *(𝜎1) = 1. K1, 1, 𝜎1 are the bulk modulus, shear 

modulus and conductivity of the initial host material (phase 1). K2, 𝜇2, 𝜎2 are the bulk 
modulus, shear modulus and conductivity of the incrementally added inclusions (phase 

2). The functions P
(∗2) and Q

(∗2)  and 𝑅(∗2) are defined explicitly by Berryman (1980) for 

the arbitrary spheroidal inclusion, both of which depend on the effective moduli, the 
inclusion moduli and the inclusion aspect ratio α. The superscript ∗2 on P and Q 
indicates that the factors are for the inclusion of phase 2 in a background medium with 
effective moduli K* and 𝜇*(Mavko, Mukerji and Dvorkin, 2009). As the density and 
velocity of brine will decrease dramatically at the supercritical state when compared with 
that of the subcritical state, we assume the bulk modulus for supercritical brine as 0.8 
GPa. According to Kummerow et al., (2021), we set the resistivities for brine at the 

subcritical state and supercritical state as 5 -1m-1 and 0.5 -1m-1, respectively. The 
parameters for numerical modelling are listed in Table 2. Figure 3 is the calculated 
resistivity-moduli relation curves. When using resistivity to estimate moduli as shown in 
(a) and (b), the main difference is in bulk modulus, shear modulus is not influenced by 
fluid type. When using moduli to estimate resistivity, i.e. (c) and (d), the resistivity of the 
subcritical state is one order of magnitude higher than that of the supercritical state at 
low moduli interval (0, 20) GPa. At high moduli interval (30, 40) GPa, both states tend to 
be close to the grain moduli. 

Table 2. Parameters used in electrical-elastic modelling, adapted from Cilli and 
Chapman (2021). 

Constituent K(GPa) (GPa) (-1m-1) 

Quartz 36.6 45.5 10-5 

Brine(subcritical) 2.29 0 5 

Brine(supercritical) 0.80 0 0.5 
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(a)Moduli calculated from resistivity 

(subcritical) 
 

(b) Moduli calculated from resistivity 
(supercritical) 

 

  
(c)Resistivity calculated from moduli 

(subcritical) 
(d)Resistivity calculated from moduli 

(supercritical) 
 

Figure 3. The resistivity-moduli relations calculated using the cross-property DEM 
model by Cilli and Chapman (2021). 

 

2.5 BURGERS LINEAR VISCOELASTIC MODEL FOR SHEAR MODULUS 

Griggs (1939) stated that creep is the slow deformation of solids under small loads 
acting over long periods of time. According to Singh (1975), the creep curve can be 
divided into three stages, i.e., primary (transient), secondary (steady state) and tertiary 
(accelerated). Carcione et al. (2006) proposed the use of the Burgers model to describe 
the linear viscoelastic creep for ductile media, where stress is not only linearly related to 
strain, but also depends on the time variation rate of strain. According to Carcione et al. 

(2014), the expression of the creep function  in the time domain is, 

𝜒(𝑡) = (
𝑡

𝜂
+

1

𝜇0
[1 − (1 −

𝜏𝜎

𝜏𝜖
) exp (−

𝑡

𝜏𝜖
)]) 𝐻(𝑡).         (15) 

where t is time and H(t) is the Heaviside step function.  and  are seismic relaxation 

times for shear deformations, 0 is the relaxed shear modulus, and  is the Burgers flow 

viscosity, which is denoted as B, describing the ductile behaviour related to shear 

deformations. The frequency-domain shear modulus  can be obtained as B = [F(�̇�)]-1, 

where F denotes the time Fourier transform and a dot above a variable denotes the time 
derivative. It gives, 
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𝜇𝐵(𝜔) =
𝜇0(1+𝑖𝜔𝜏𝜖)

1+𝑖𝜔𝜏𝜎−
𝑖𝜇0

𝜔𝜂𝐵
(1+𝑖𝜔𝜏𝜖)

.                    (16) 

Alternatively, (16) can be written as, 

𝜇𝐵(𝜔) = 𝜇0 (
1+𝑖𝜔𝜏𝜎

1+𝑖𝜔𝜏𝜖
−

𝑖𝜇0

𝜔𝜂𝐵
)

−1

,              (17) 

where i =√−1 is the imaginary unit, and  is the angular frequency. The limit  or B→∞ 
in Equation (16) or (17) recovers the Zener kernel to describe the behaviour of brittle 
materials, 

𝜇(𝜔) = 𝜇0 (
1+𝑖𝜔𝜏𝜖

1+𝑖𝜔𝜏𝜎
).          (18) 

The complex and frequency-dependent P- and S-wave velocities are, 

𝑣𝑃(𝜔) = √
𝐾+4𝜇/3

𝜌
, and 𝑣𝑠(𝜔) = √

𝜇

𝜌
           (19) 

K is the bulk modulus, 𝜌𝑠 is the density. The shear phase velocity c and attenuation 1/Q 
are, 

𝑐 = [𝑅𝑒(
1

𝑣𝑠
)]

−1

 and 
1

𝑄
=

𝐼𝑚𝑎𝑔(𝜇)

𝑅𝑒𝑎𝑙(𝜇)
          (20) 

Table 3. Parameters used for the Burgers model, density and velocities are from Mavko 
et al. (2009) for quartz. 

grain Vp_relaxed 
(m/s) 

Vp_unrelaxed 
(m/s) 

Vs_relaxed 
(m/s) 

Density 
(kg/m3) 

(s) (s) 

quartz 6050 6550 4090 2650 0.0172 0.0147 

Table 3 lists the parameters used in the numerical modelling. Figure 4 shows that the 
complex shear modulus for the Burgers model is significantly different from that of the 
Zener model. For Zener model(b), the viscosity of the rock is set to be infinite, which 
corresponds to elastic case. We can see the typical high and low frequency bounds for 
the real part of moduli. For the Burgers model(a), there is a difference at the low-
frequency interval of (10-100) Hz from Zener model. 

  
(a) Burgers model (b) Zener model 
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Figure 4. The complex shear modulus (kernel function) for Burgers model and 
Zener model. 

 

  
(a) Creep function (b) Relaxation function 

  
(c) Shear phase velocity (d) Attenuation 

Figure 5. The numerical modelling result for Burgers model. B = 5.202 109 Pas. 

Figure 5 is the numerical modelling for the Burgers model using the parameters listed in 
Table 3. The creep function (a) is linear, indicating a steady-state creep rate process. 
The relaxation function (b) tends to be zero with the increase of time. (c) and (d) are the 
shear wave velocity and attenuation varying with frequency, respectively. 

When B→∞, it becomes the Zener model, which describes the elastic/viscoelastic 
behaviour of fluid-saturated rocks. As shown in Figure 6, the creep function (a) exhibits 
a transient response and tends to a finite asymptotic value. The relaxation function (b) 
shows a transient non-relaxed state, in which the system relaxes completely to the 
relaxation modulus with time. The shear wave phase velocity Vs and attenuation factor 
1000*Q−1 are shown in (c) and (d). The attenuation model has a typical peak 
characteristic. The phase velocity increases with frequency from the low-frequency limit 
to the high-frequency limit. The system exhibits purely elastic behaviour (Q−1 = 0) at 
both limits. 
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(a) Creep function 

 
(b) Relaxation function 

 

  
(c) Shear phase velocity (d) Attenuation 

 

Figure 6. The numerical modelling result for Burgers model at B→∞, which is 
equivalent to Zener model. 

2.6 COMBINING BURGERS MODEL WITH ARRHENIUS EQUATION 

According to Carcione and Poletto (2013), the viscosity  can be expressed by the 
Arrhenius equation as an exponential function of absolute temperature T, 

𝜂 =
𝜎0

2�̇�
,      𝜖̇ = 𝐴∞𝜎0

𝑛exp (−𝐸/𝑅𝑇),             (21) 

where 0 is the octahedral stress given in MPa, 𝜖̇ is the steady-state creep rate, A∞ and 

n are constants, which determine the viscosity at infinite temperature together with 0, E 
is the activation energy, or the energy barrier for the rock to melt. R = 8.3144 J/mol/K is 

the universal gas constant. 0  can be defined as the following format in Cartesian 
coordinates,  

𝜎0 =
1

3
√(𝜎𝑣 − 𝜎ℎ)2 + (𝜎𝑣 − 𝜎𝐻)2 + (𝜎ℎ − 𝜎𝐻)2,        (22) 

where 𝜎𝑣 , 𝜎𝐻 , 𝜎ℎ are the vertical lithostatic stress, the maximum and minimum horizontal 
tectonic stresses respectively. To simplify the model, the three stress components can 
be estimated as, 

𝜎𝑣(𝑧) = �̅�𝑔𝑧,   𝜎𝐻 =
𝜐𝜎𝑣

1−𝑣
,   𝜎ℎ = 𝜉𝜎𝐻,         (23) 
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where �̅� is the average density and g = 9.81 m/s2 is the gravity constant. The parameter 

𝜉 = 𝜉 (x, y, z) ≤ 1 accounts for the additional effects due to tectonic stresses and 𝜐 = 𝜐(x, 
y, z) is the Poisson's ratio of the formation. Assuming surface temperature is equal to 
zero, the temperature is a function of depth through the geothermal gradient, G, as T = 
zG. 

Table 4. Parameters used for the Arrhenius equation from Carcione and Poletto (2013). 

𝐴∞ 
((MPa)-ns-1) 

𝐸 
(kJ/mol) 

�̅� 
(Kg/m3) 

𝜉 n G 
(°C/km) 

𝜐 

10-2 134 2650 0.8 2.6 60 0.2 

Table 4 lists the parameters used to calculate the relation between viscosity and 

temperature. Figure 7 is the octahedral stress 𝜎0 (a) and viscosity  (b) as a function of 
depth and temperature. (a) shows that the octahedral stress linearly increases with 
temperature, while the viscosity (b) of the rock decreases with temperature. Figure 8 is 
the P-wave and S-wave phase velocities and quality factors as a function of 
temperature. From Figure 8(a), we can see phase velocities do not change with 
temperature before 1100°C, after which a melting zone occurs. Figure 8(b) is the P-
wave and S-wave Quality factors variation with temperature. We can see a relatively 
lower temperature at 750°C when the values start to decrease. 

  
(a) 𝜎0 (b)  

Figure 7. Octahedral stress 𝜎0 (a) and viscosity  (b) as a function of depth and 
temperature.  

 

  
(a) Phase velocities (b) Quality factors 

Figure 8. P-wave and S-wave phase velocities (a) and quality factors (b) as a 
function of temperature for a constant geothermal gradient and overburden 
density model. 
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2.7 COMBINING BURGERS MODEL WITH CHAPMAN ET AL. (2002) MODEL 

The frequency-dependent effective bulk and shear moduli Keff  and µeff  in Chapman et al. 

(2002) squirt flow model are expressed as follows: 
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where ω is the angular frequency, K, µ, λ denote the bulk and shear moduli and Lame 
parameter of the solid mineral matrix respectively, while the fluid bulk modulus is Kf, the 
total porosity is ϕ. r, a, ε are the aspect ratio, uniform crack radius and crack density of 
the cracks respectively. When the rock moduli at a certain frequency is measured, we 
can use Chapman et al. (2002) model to calculate the relaxed and unrelaxed bulk and 
shear moduli at low and high-frequency limits and incorporating them into the Burgers 
model, the fluid-saturated moduli are given by, 

𝐾(𝜔) = 𝜆(𝜔) + 2𝜇𝐵(𝜔)    and     𝜇(𝜔) = 𝜇𝐵(𝜔),               (26) 

In the case of mixed steam and subcritical/supercritical water, Kf can be calculated 
using the Reuss (iso-stress) average of the two components (Mavko, et al., 2009), 

𝐾𝑓 =
1

𝑆𝑔

𝐾𝑔
+(1−𝑆𝑔)/𝐾𝑤

,                      (27) 

where Sg is the steam volume per cent, Kg is the steam bulk modulus, Kw is the 
subcritical/supercritical water bulk modulus. The average density of the mixed fluid 𝜌𝑓is 

defined by, 

 𝜌𝑓 = 𝑆𝑔𝜌𝑔 + (1 − 𝑆𝑔)𝜌𝑤,                  (28) 

where 𝜌𝑔, 𝜌𝑤 are the density of the steam and subcritical/supercritical water, 

respectively. We assume a 10% porosity and 100% gas saturation for the model listed 
in Table 3. Figure 9 is the velocities and shear attenuation 1000/Qs varying with 
frequency using Chapman et al. (2002) model to calculate relaxed and unrelaxed bulk 

and shear moduli for Burgers model at B = 5.2 GPas and B→∞, respectively. It can 
be seen that at high frequencies and the transition zone, both models have the same 
velocities. At low frequencies, strong attenuations for P-wave and S-wave velocities 
occur for the Burgers model. This is due to the high viscosity of the melting rock 
compared with Newtonian fluids.  
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Figure 9. The velocities and attenuation curves for Burgers model at B = 5.2GPas and 

B→∞, which correspond to Burgers creep case and Zener elastic case, respectively. 
The Chapman et al. (2002) model is used to calculate the relaxed and unrelaxed elastic 
moduli at low and high-frequency limits. 

Application of rock physics models to Aluto 
geothermal field 

3.1 ESTIMATING THE TEMPERATURE GRADIENT FROM SEISMIC VELOCITIES 

Figure 10 is the 1-D (a) P-wave and (b) S-wave velocities as a function of depth derived 
from 1-D earthquake data inversion at Aluto geothermal field (Wilks et al., 2020). The 
blue colour represents the inverted interval velocities. The red colour represents the 
Root-Mean-Square (RMS) velocities calculated from the interval velocities, which show 
a smooth trend increasing with depth. The density curve (c) is calculated using the 
density-velocity equation for sedimentary rocks proposed by Gardner et al. (1984), 

𝜌 = 1.74𝑉𝑝
0.25,                 (29) 

where the unit of  is g/cm3, and the unit of Vp is km/s. The average density (red colour) 
measures the density of the overburden layer at the calculated depth. (d) is the 
Poisson’s ratio calculated using the following equation and then transferred to average 
Poisson’s ratio. 

𝝊 =
𝟏

𝟐

(𝑽𝑷/𝑽𝑺)𝟐−𝟐

(𝑽𝑷/𝑽𝑺)𝟐−𝟏
,             (30) 

The interval velocity represents the velocity at a depth interval, is generally higher than 
the RMS velocity which is the root of mean square from the overburden to that depth. 
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(a) P-wave velocity. (a) S-wave velocity. 

 
 

(c) The density derived from Gardner et 
al. (1984)’s rule. 

(d) The Poisson’s ratio derived from 
velocities. 

Figure 10. The P-wave (a) and S-wave (b) velocities derived from a 1-D 
earthquake data inversion at Aluto. The values are obtained from the 
supplementary materials of the Wilks et al. (2020). (c) is the density derived from 
the P-velocity using Gardner’s rule. (d) is the Poisson’s ratio derived from the 
velocities. Blue colour indicates interval values; Red colour indicates RMS values 
for velocities or average values for density and Poisson’s ratio. 

Figure 11 is the P-wave and S-wave velocities varying with geothermal gradient using 
Burgers model and Arrhenius equation. We can see that both velocities increase with 
depth up to about 25 km, which is different from Figure 7 when considering a constant 
overburden density value. However, both of the velocities are still not sensitive to 
temperature before 25km. A higher geothermal gradient value leads to a shallower 
melting zone. This is the same case for a higher 𝐴∞ value as shown in Figure 12. When 
𝐴∞ = 0.01 after the melting zone, the P-wave velocity increases with depth again. A 
higher 𝐴∞ can also reduce the melt temperature to a lower value. Figure 13 is the P-
wave and S-wave velocities varying with frequency, which shows that with the increase 
of depth, the frequency-dependence of velocities becomes less noticeable. An ideal 
fitting of the P-wave and S-wave velocity curves is achieved as shown in Figure 14 
using the parameters listed in Table 5, which indicates that the geothermal gradient in 
this area is about 40°C/km. 

Table 5. Parameters used to fit the 1D P-wave and S-wave velocities in Aluto. 

𝐴∞ 
((MPa)-ns-1) 

𝐸 
(kJ/mol) 

𝜉 n G 
(°C/km) 

𝑓 
(Hz) 

10-6 134 0.8 2.6 40 1 
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Figure 11. The calculated P-wave and S-wave velocities vary with geothermal gradient 
using Burgers model and Arrhenius equation. 

 

Figure 12. The calculated P-wave and S-wave velocities vary with 𝐴∞ using Burgers 
model and Arrhenius equation. 
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Figure 13. The calculated P-wave and S-wave velocities vary with frequency using 
Burgers model and Arrhenius equation. 

 

Figure 14 The fitting result using Burgers model and Arrhenius equation, which 
estimates the geothermal gradient G=40°C/km. 

3.2 RESISTIVITY/VELOCITIES-TEMPERATURE RELATIONS 

Figure 15 is a EW section across five boreholes from the 3D resistivity model by 
Samrock et al.(2015) in the Aluto geothermal field. According to Teklemariam et al. 
(1996), the abundance of clay minerals for this depth interval is illite-chlorite in LA3, 
which is the geothermal reservoir location. According to Gizaw (1993), LA3 is 
productive, being drilled into the upflow zone, while LA5 is drilled into the outflow zone. 
The temperature exceeds the boiling point pressure curve with a dominating gas phase 
at LA3. 
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Figure 15. An EW resistivity section cited from Figure 16 of Samrock et al.  (2015). The 
overlay temperature contours were redrawn by Samrock et al. (2015) from Gianelli & 
Teklemariam (1993), which was based on interpolated borehole data. The black 
triangles indicate the locations of boreholes. The white lines indicate the location of 
major faults. 

Figure 16 shows the resistivity (left) and temperature (right) variation with depth between 
600m-2200m at LA3 and LA5 borehole locations. The resistivities for the two boreholes 
increase with depth, with LA3 increasing more obviously but with values smaller than LA5. 
For the temperature curves, LA3 shows a small positive temperature gradient, while LA5 
shows a negative gradient, which is the typical feature for upflow zone and outflow zone, 
respectively. 

 

Figure 16. Left: Resistivity from 3-D model recovered by the MT data inversion at LA3 
and LA5 locations. Right: Borehole temperature varying with depth at LA3 and LA5 
locations. Values are taken from Figure 17 in Samrock et al. (2015). The temperature 
data originated from Gizaw (1993). 
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Figure 17 The subsurface temperature-resistivity relations at LA3 and LA5 locations. 

Figure 17 is the subsurface temperature-resistivity relations at LA3 and LA5 locations. 
For LA5, a resistivity decreasing with increasing temperature can be seen with a 
negative temperature gradient. This is due to steam outflow at the depth between (800-
1000) m, which leads to resistivity decreasing at the shallower depth. For LA3, the 
resistivity shows a different trend. The fluid saturation dominates the conductivity. High 
steam saturation due to upflow leads to high steam saturation and low resistivity at 
shallower depths. 

In order to study how velocities vary with depth and temperature. The cross-property 
DEM model is used to calculate P-wave and S-wave velocities from resistivities. The 
following equation is used to calculate the sound speed c in water steam for LA3 and 
LA5. 

c = (kp/ρ)1/2 = (kRT)1/2 ,                     (31) 

where k is the ratio of specific heat, T is the boiling point temperature, p is the boiling 
point pressure, R is the individual gas constant for water steam, ρ is the density. Table 
6 lists the parameters used to calculate the sound speed for LA3 and LA5. Table 7 lists 
the moduli and resistivities for illite-chlorite clay and water steam at 200°C and 300°C, 
respectively. 

Table 6. Parameters used to calculate the sound speed of water steam for LA3 and 
LA5. 

Borehole 
name 

Temperature 
(°C) 

Pressure 
(bar) 

Ratio of 
specific 
heat k 

ρ 
(kg/m3) 

R(J/kg∙K) sound 
speed 
(m/s) 

LA5 200 15.55 
1.33 

7.862 
461.52 

538.9 

LA3 300 85.92 46.21 593.1 
Contain data from PipeFlow Calculations and The Engineering Toolbox websites. 

Table 7. Parameters used in electrical-elastic modelling for LA3 and LA5. 

Constituent K(GPa) (GPa) ρ(·m) 

Illite-Chlorite 48.5 16.8 100 
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Water steam (200°C) 0.0023 0 1 

Water steam (300°C) 0.0163 0 0.2 

Figure 18 is the P-wave and S-wave moduli derived from resistivity using the cross-
property DEM model at LA3 and LA5 locations. Figure 19 is subsurface temperature-
velocity relations for LA3 and LA5. Figure 20 is the depth-velocity relations for LA3 and 
LA5. 

 

Figure 18 The P-wave and S-wave moduli derived from resistivity using the cross-
property DEM model. 

 

Figure 19 The temperature-velocity relations for LA3 and LA5. 
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Figure 20 The depth-velocity relations for LA3 and LA5. 

Discussion and conclusions 

This report has introduced the empirical formulas to estimate temperature from 
electrical and seismic properties, and performed numerical modelling to understand the 
physical properties and their temperature effect for high enthalpy geothermal reservoirs. 
The Horner plot method can be used to estimate formation temperature from drilling 
data, where multiple measurements of temperature have been performed before mud 
circulation stops. Then the formation temperature before drilling can be extrapolated. 
The method is suitable when a few exploration boreholes have been drilled in the study 
area. Then we can estimate the temperature distribution of the subsurface section 
connected by boreholes through interpolation. 

The Resistivity-Temperature relation ρ
t = ρ0 / [1+α(T−T0)] can be used to estimate 

formation temperature T from formation resistivity ρ
t
, which can be obtained from the 

inversion of MT data. The strata profile/section needs to be divided into different 
lithological areas and given different initial resistivities at a certain temperature. 
Geological investigation is also needed to ensure that the cause of electrical resistivity 
difference is due to temperature before using this empirical relation. The estimated 
temperature field can be used to determine the location of the heat source and for 
borehole deployment. 

Archie’s law, Hermance’s formula, complex refraction-index method, self-similar 
method, Glover et al. (2000) method, and Hashin-Strikman upper and lower bound have 
been studied to calculate the conductivity-porosity relation. We need to choose a 
suitable one according to the electric conductivity of the fluid in the study area, which 
affects the estimated result significantly. The combination of these equations with the 
Gassmann equation allows for estimating the seismic elastic properties within high-
enthalpy fluid geothermal reservoirs. The cross-property DEM model can also be used 
to establish a direct electric-elastic properties relation and apply it to high-enthalpy 
geothermal reservoirs or supercritical fluid situations. 
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The Burgers model can be used to describe the linear viscoelastic effect of a dry hot 
rock frame at very high temperatures, and the forward model the variations of creep 
effects, seismic attenuation, velocity dispersion, and seismic response with temperature 
through the incorporation of the Arrhenius equation. A combination with the Chapman et 
al. (2002) model to calculate the relaxed and unrelaxed moduli allows the Burgers 
model plus Arrhenius equation to be able to estimate the geothermal gradient from 
depth-dependent velocities. From the application in Aluto geothermal field, we can 
conclude that it is possible to estimate the geothermal gradient deep to the lower crust 
and upper mantle using the Arrhenius equation combined with the Burgers model. The 
applied condition is we need to know the P-wave and S-wave velocities from the 
surface to a certain depth of interest so that the properties of the target geothermal 
reservoir and its overburden can be estimated. We also analysed the sensitivity of 
seismic velocities to the variation of temperature. From Figure 8, we can see velocities 
have no change before 1100°C. Figure 11 shows the variation between different 
geothermal gradients at a depth deeper than 20km, which is also at least as high as 
800°C.  From this, we conclude the Burgers model and Arrhenius equation are suitable 
to analyse melted rock and its surrounding area. 
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