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Abstract
The Antarctic ice sheet (AIS) is the Earth’s largest store of frozen water; understanding how it changed in the past 
allows us to improve projections of how it, and sea levels, may change. Here, we use previous AIS 
reconstructions, water isotope ratios from ice cores, and simulator predictions of the relationship between the 
ice-sheet shape and isotope ratios to create a model of the AIS at the Last Glacial Maximum. We develop a 
prior distribution that captures expert opinion about the AIS, generate a designed ensemble of potential 
shapes, run these through the climate model HadCM3, and train a Gaussian process emulator of the link 
between ice-sheet shape and isotope ratios. To make the analysis computationally tractable, we develop a 
preferential principal component method that allows us to reduce the dimension of the problem in a way that 
accounts for the differing importance we place in reconstructions, allowing us to create a basis that reflects 
prior uncertainty. We use Markov chain Monte Carlo to sample from the posterior distribution, finding shapes 
for which HadCM3 predicts isotope ratios closely matching observations from ice cores. The posterior 
distribution allows us to quantify the uncertainty in the reconstructed shape, a feature missing in other analyses.
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1 Introduction
Understanding the history and evolution of the Earth’s ice sheets is important for predicting the effects 
of future climate change. The Antarctic ice sheet (AIS) is the largest area of land ice globally, and looks 
set to contribute up to 42 cm of sea-level rise by 2,100 under current emission policies (Edwards et al., 
2019). Predicting what changes we might see in the AIS over the next century requires us to under-
stand what changes have occurred in the past. In this paper, we focus on inferring the AIS shape at 
the Last Glacial Maximum (LGM), the most recent time at which the ice sheets were at their greatest 
extent, which in the Antarctic continent occurred approximately 21 Ka BP (thousand years before 
present) (Clark et al., 2009). The LGM is of particular interest because of the uncertainty around 
the size of the AIS and its contribution to sea level change following the termination of the most recent 
glacial period (Blasco et al., 2021; Khan et al., 2019; Simms et al., 2019; Yokoyama & Purcell, 2021).

Whilst there are marine and terrestrial glacial geological datasets that can help determine the pos-
ition of the LGM ice-sheet grounding-line (the region where ice transitions from grounded ice sheet to 
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freely floating ice shelf), the ice-sheet upper surface, and in some cases flow-directional features (e.g. 
Bentley et al., 2014), measurements from ice cores have rarely been used to attempt to ascertain the 
size and shape of the LGM ice sheet. It is therefore novel and of some interest to use proxy data on the 
isotopic ratio of oxygen-16 to oxygen-18, referred to as δ18O, in the precipitation that fell on 
Antarctica at the LGM, as part of a Bayesian analysis. This information can be collected from ice cores 
drilled to deep within the AIS. The ice in the core can be dated, enabling glaciologists to accurately 
reconstruct the history of the variation in the δ18O record over time (Jouzel et al., 2013). This data 
is complex to interpret and model, and does not by itself tell us the ice-sheet shape. However, climate 
modellers have built global circulation models (GCMs) that can simulate how the δ18O values in pre-
cipitation depends upon the height of the AIS as well as global climatic conditions (Werner et al., 
2018). Global conditions are important as the distribution and transport of water molecules contain-
ing the heavier δ18O molecules varies both spatially and temporally in the atmosphere depending on 
climatological conditions. Most notably, there is a clear linear relationship between δ18O values and 
mean temperature at high latitudes (Jouzel et al., 2013). The relationship between temperature and 
site elevation has then been used to attempt to determine the height of the ice sheet, allowing estima-
tion of the size and volume of the ice sheet (e.g. Sutter et al., 2020).

Previous approaches to estimating the AIS extent at the LGM (e.g. Briggs et al., 2014; Peltier, 2004; 
Whitehouse et al., 2012) have tended to rely primarily on either glaciological and/or geological data, 
or ice-sheet model simulations. There is no study that has attempted to combine both sources of in-
formation in a principled statistical manner for this time period, in large part because the climate sim-
ulators are necessarily complex and computationally expensive to run, as they need to resolve not just 
the climate, but also isotope transfer, sea ice area, air pressure at sea level and other variables. This 
computational expense makes estimation of the simulator parameters (such as the AIS shape) impos-
sible using standard statistical methods, as we are limited to only a few simulator evaluations. The 
methods of both Werner et al. (2018) and Domingo et al. (2020) are similar to our own, using pre-
vious reconstructions, GCMs and proxy data to reduce uncertainty around the AIS and Greenland ice 
sheets at two different time periods, the LGM and Last Interglacial (LIG), respectively. These papers 
highlight the importance of better understanding past changes in global ice sheets, and demonstrate 
the role that statisticians can play in this research area; we believe we can build on these methods by 
incorporating expert judgement, and taking a more detailed approach to building a prior model. 
Although both this paper and Domingo et al. (2020) are based on the methodologies described in 
Wilkinson (2010) and Higdon et al. (2008), and are reconstructing ice sheets during a palaeo time 
period, our method includes a careful incorporation of data using a new and novel principal compo-
nent analysis (PCA) technique, and a carefully constructed prior distribution.

In this paper, we take a Bayesian approach to the problem, and develop a methodology to com-
bine three primary sources of information: data collected from ice-core samples; complex com-
puter simulations of the climate that encode our scientific understanding of the interaction 
between climate and the ice-sheet shape; and the expert opinion of glaciologists at the British 
Antarctic Survey (BAS), which is the UK’s national Antarctic research centre. We use the previous 
reconstructions of the AIS at the LGM as the basis of a prior model, with parameter priors deter-
mined in an elicitation exercise with glaciologists, before using the proxy ice-core data to update 
this model. The climate simulator provides the link between our model of the ice-sheet shape, and 
the ice-core data. The statistical challenge is solving the associated statistical inverse problem in 
order to estimate our posterior distribution for the ice-sheet shape.

There are two main difficulties in doing this. Firstly, each simulation takes 24 hr to run approxi-
mately 20 years on the supercomputer facility: ARCHER (2016). This cost (and our computation-
al budget) means that we are limited in how many simulator evaluations we can perform. We 
develop a Gaussian process (GP) emulator of the simulator (Chang et al., 2014; Kennedy & 
O’Hagan, 2001; Wilkinson, 2010), a methodology that has become a widely used tool in the cli-
mate modelling community (Edwards et al., 2021; Holden et al. 2015, 2018; Lowry et al., 2021), 
which can be used as a cheap, fast approximation to the simulator.

The second challenge is the number of degrees of freedom in the complex computer simulations 
vs. the amount of data available. The latter is determined by the limited number of ice cores with 
δ18O which extend back to the LGM. A flexible uninformative prior structure would result in an 
uninformative analysis, as we cannot hope to constrain so many parameters with such limited 
data. Instead, we seek a carefully elicited prior model that constrains the space of shapes to be 
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considered. This process is challenging as conceptualising uncertainty in high-dimensional spaces 
is hard. We thus develop the use of the principal components of the 40 previously published AIS 
reconstructions as a starting point for a reduced-dimensional basis. Some of the reconstructions 
are of greater importance than others due to being data-based reconstructions rather than ice-sheet 
model output, and some of them are highly correlated as they are produced by the same team, e.g. 
de Boer et al. (2017). To deal with this, we develop a preferential PCA approach that allows us to 
ensure the important reconstructions are given the greatest importance, and we show how this can 
be computed efficiently in high-dimensional problems (Section 2.1). The development of the prior 
distribution is described in Section 2.1, and the emulator is described in Section 3. In Section 3.2, 
we describe how to perform inference for this model to solve the inverse problem given in equation 
(1). In Section 4, we present results using synthetic data to validate the inferential approach, and 
then analyse the real data. The results from this work represent an improvement on the current 
state-of-the art reconstructions of past Antarctic elevation through the use of ice-core data by 
Buizert et al. (2021) and Werner et al. (2018), who use data from 7 and 11 ice cores, respectively. 
We have particular confidence in our results on mean elevation changes that are ascertained for 
Antarctic regions far from the coast such as for the central West Antarctic ice sheet (WAIS) and 
East Antarctic ice sheet (EAIS). Section 5 contains our discussion.

2 Methods
We let x ∈ RD denote the AIS shape at the LGM. We aim to estimate x using observations of the 
isotope ratio of δ18O, in samples denoted as y ∈ Rn, collected from n different ice-core sites at 
depths corresponding to the LGM (WAIS Divide Project Members et al., 2013). Only a few ice- 
core sites containing δ18O data that extend to the LGM have been drilled in Antarctica, and so 
we have at most n = 10 data points available, as shown in online supplementary Figure 1.

We use the Hadley Centre Coupled Model version 3 (HadCM3) (Met-Office, 2016), with water 
isotope code (Tindall et al., 2009), as the climate simulator which implements various physical 
laws on a discrete computational grid with longitude/latitude grid cells of 3.75◦ × 2.5◦ covering 
the entire globe, to which has been added a simulation of isotope transport. This allows us to in-
clude water isotope values as part of our simulations. The resolution of the computational grid 
used in the simulator is 96 × 73 due to the size of the longitude/latitude grid cells, meaning that 
the height of the AIS can be represented by a vector of length 7,008, i.e. x ∈ R7,008, with each elem-
ent recording the height of the AIS in a grid cell of the computational mesh used.

We let f (x) denote the climate simulator’s prediction of the observed oxygen isotope ratios at the 
n sites when the AIS shape at the LGM is x. We use a simple additive error model to link x to y via f:

y = f (x) + ϵ. (1) 

Here, ϵ is an error term representing all of the various sources of error (measurement error, model 
discrepancy, errors arising from discretisation, etc.).

Our aim is to use previous reconstructions of the AIS at the LGM, as well as expert judgement, 
to develop a prior distribution for the AIS shape, π(x), and then to compute the posterior distribu-
tion of x given the data and the simulator: π(x ∣ y).

2.1 Prior model
We use previous estimates of the shape of the AIS at the LGM, in combination with expert judge-
ment, to build a prior model for x. Our prior elicitation process began with an extensive literature 
review in which we sought and collected together previous estimates of the AIS at the LGM; this 
resulted in a collection of 40 different ice-sheet reconstructions created by a variety of authors 
(Argus et al., 2014; Bentley et al., 2014; Briggs et al., 2014; de Boer et al., 2017; Golledge et al. 
2012, 2013; Peltier, 2004; Pollard & DeConto, 2009; Whitehouse et al., 2012; detail of these re-
constructions can be found in online supplementary Tables 1 and 2). We vectorise these ice-sheet 
reconstructions and denote them as x1, . . . , x40 ∈ RD with D = 7,008.

Given the limited data and computational budget (typically n = 10 observations and m = 50 
GCM simulations), we cannot hope to directly estimate x ∈ R7,008 if our model of x is too flexible. 
We thus seek a prior model that is still sufficiently flexible to allow us to make useful inferences 
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that shed additional light on the AIS at the LGM, but whose complexity is commensurate with the 
information available to fit the model. Thus, we seek a model for x that only has a small number, d 
say, of parameters to be estimated. We wish to use this model to represent physically plausible 
variation in x, and it must be physically interpretable to enable expert elicitation. This led us to 
consider a linear basis expansion for x of the form

x =
d

i=1

θiλiai + μ, (2) 

where μ is the prior mean of the AIS shape, which we estimate using the mean of the library of 
previous reconstructions. The basis vectors ai ∈ RD define the directions in which the ice sheet 
shape may vary, and the scalars λi ∈ R specify the relative importance of each mode of variation 
and allow us to put the variation in θi on a similar scale for each i. The pairs {λi, ai}

d
i=1 need to be 

known before any simulation with HadCM3 is carried out, and so we estimate these using the pre-
vious reconstructions {xi}

40
i=1. The scalars θ1, . . . , θd are the parameters that we will estimate using 

the ice-core data and the simulator via equation (1). We describe the process for eliciting the prior 
distribution of θ using expert judgement in light of the choice of λi, ai in Section 3 below.

Ideally, we would seek an expansion that had parameters that are of active importance in the 
simulator response and are identifiable from the data. Whilst there are methods for determining 
such ai, for example active sub-space (Constantine, 2015), given the constraints on the computa-
tional budget, and lack of gradient information about the simulator, this makes these methods im-
practicable. Instead, we focus on finding an expansion of the form (2) that is interpretable and 
capable of describing the uncertainty about x, as understood by glaciologists at BAS.

Using the library of 40 previous AIS shape reconstructions, we restrict the space of plausible 
shapes we consider to S = span{x1, . . . , x40}, which is a 40-dimensional sub-space defined by 
the 40 previous reconstructions. However, this space still has too many degrees of freedom to es-
timate given the limited number of data points and computational budget. Thus, we seek a lower 
dimensional approximation to shapes in S, i.e. we seek S̃ = span{a1, . . . , ad}, where d < 40. If our 
aim was solely to ensure S̃ was close to S, then we could use the leading principal components of 
{xi}

40
i=1. However, the previous reconstructions are not all of equal importance to the glaciology 

community.
Four of the AIS reconstructions are data-based and are widely favoured by the palaeo- 

climatology community (e.g. when running climate models and in citations). These are ICE5G 
(Peltier, 2004), ICE6G (Argus et al., 2014), W12A (Whitehouse et al., 2012), and GLAC-1D 
(Briggs et al., 2014), which we denote as x1, x2, x3, x4, respectively. The remaining 36 ice-sheet 
reconstructions, x5, . . . , x40, are from Pollard and DeConto (2009), Golledge et al. (2012, 
2013), Bentley et al. (2014), and de Boer et al. (2017) and were constructed using ice-sheet simu-
lation models.  Principal component analysis of the collection of 40 reconstructions would give all 
previous reconstructions equal importance, and would find a low-dimensional representation that 
captures as much of the variance as possible. This leads to the information contained in the first 
four ice-sheet reconstructions, x1, . . . , x4 (ICE5G, ICE6G, W12A, and GLAC-1D), being over-
whelmed and x9, . . . , x40, the 32 shapes from de Boer et al. (2017), dominating the modes of vari-
ation ai in the prior model. These shapes came from the same ice-sheet model, with small 
adjustments made to the simulations. They are therefore all similar to each other, and if treated 
equally with the other eight shapes, may heavily influence our prior model. Instead, we develop 
an alternative form of PCA that allows us to stress the importance of the privileged shapes 
x1, . . . , x4 and then to complement this with information from x5, . . . , x40. We describe this ap-
proach generally in the next section, before specialising to this application case in Section 2.3. We 
have not found this problem or its solution discussed elsewhere, and believe it may prove to be a 
useful approach in other problems.

2.2 Preferential PCA
Suppose we are given two datasets consisting of n1 and n2 observations in RD, which we denote as 
X1 ∈ RD×n1 and X2 ∈ RD×n2 , where the data matrices have been jointly column centred. Principal 
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component analysis is performed on X1 to find the leading principal components a1, . . . , ak, 
which maximise Var(X⊤

1 a) subject to a⊤
i aj = δij. We then want to find orthonormal vectors 

ak+1, ak+2, . . . that are orthogonal to a1, . . . , ak, and which describe a maximal amount of vari-
ance in dataset 2. In other words, we wish to solve the following optimisation problem for 
i = k + 1, k + 2, . . .:

max Var(X⊤
2 a)

subject to a⊤a = 1

a⊤
j a = 0 for j = 1, . . . , i − 1.

(3) 

This is a quadratically constrained quadratic program, an optimisation problem where both the 
objective function and the constraints are quadratic functions. This is a non-convex problem, 
so many of the standard numerical optimisation approaches fail. We present a solution to equation 
(3) that first reparameterises the problem to the null space of A⊤, where A = (a1 a2 . . . ak), the 
matrix with columns formed from the principal components of X1.

If we form the Lagrangian of problem (3), then the Karush–Kuhn–Tucker optimality conditions 
(see, e.g. Boyd et al., 2004) give that if a is a solution to equation (3), then we must have

2X2X⊤
2 a + 2λa +

i−1

j=1

μjaj = 0

a⊤a = 1

a⊤
j a = 0 for j = 1, . . . , i − 1, 

where λ, μj ∈ R. Because a1, . . . , ak were derived independently of X2, and specifically because 

they are not eigenvectors of the empirical covariance matrix 1
n2

X2X⊤
2 , the usual optimisation ap-

proach used in PCA fails.
Instead, we can rewrite the problem. Note that the solution to equation (3) must lie in 

null(A⊤) = {x : A⊤x = 0}, the null space of A⊤. If {b1, . . . , bD−k} is an orthonormal basis for 
null(A⊤), we can write

a = Bw for some w ∈ RD−k.

Problem (3) then becomes, for i = k + 1, k + 2, . . .

max Var(X⊤
2 Bw)

subject to w⊤w = 1

w⊤wj = 0 for j = k + 1, . . . , i − 1.

(4) 

This is the standard principal component problem for B⊤X2, and thus the solution is to take wi to 
be the (i − k)th left singular vector of B⊤X2 (or equivalently, eigenvector of B⊤X2X⊤

2 B). We then set 
ai = Bwi. The problem of finding the null space of A⊤ and solving the eigenvalue problem can be 
solved efficiently by the QR or singular value decomposition, depending on speed and accuracy 
requirements (Van Loan & Golub, 1996).

To summarise, we take a1, . . . , ak as the first k principal components of the reference dataset 
X1, and then take ak+1 = Bw1, ak+2 = Bw2, . . . where w1, w2, . . . are the leading principal compo-
nents of B⊤X2.

2.3 Prior distribution for the AIS at the LGM
The number of basis vectors in our prior model [equation (2)], and hence the effective dimension of 
the parameter we wish to learn, has to be decided in advance of running any climate simulations. 
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The decision needs to take into account the computational budget (which limits us to approxi-
mately 50 simulations of HadCM3), the amount of data available, and how we intend to estimate 
the posterior distribution. Incorporating additional basis vectors into the model increases its flexi-
bility and expressive power, but results in more parameters to estimate, i.e. the usual bias-variance 
trade-off. To compute the posterior, we will use a Gaussian process emulator of the simulator that 
approximates the simulator mapping from ice-sheet shapes to observations. The general 
rule-of-thumb advocated in Loeppky et al. (2009) and elsewhere suggests that to train a GP on 
d-dimensional inputs requires at least 10d training points, which suggests we should allow at 
most 5 degrees of freedom in our prior model.

PCA of the important ice-sheet reconstructions X1 = (x1 . . . x4) (the reconstructions we wish 
to give preference to) shows that we can represent 94.2% of the variation in these shapes with the 
first three principal components, a1, a2, a3, which we collect in matrix A = [a1, a2, a3]. We then 
use the second set of AIS reconstructions X2 = (x5 . . . x40) to add additional information about 
the likely ice-sheet variation. Applying the preferential PCA approach to X2 gives candidate values 
a4, a5, . . . . Table 1 gives the root mean square reconstruction errors when using either four, five, 
or six basis vectors to represent the 40 previous AIS reconstructions. As expected, using standard 
PCA results in a slightly lower root mean square error (RMSE) than the preferential PCA method 
but higher accuracy on the preferential shapes: we sacrifice accuracy in the overall reconstruction 
in order to prioritise the preservation of information contained in the preferential shapes 
x1, . . . , x4. Given the budgetary constraints and the errors in Table 1, we decide to use five basis 
vectors.

Now we have selected which basis vectors to use in the prior model [equation (2)], we can com-
plete the specification of the prior. The free parameters are μ ∈ R7,008, the prior mean ice-sheet 
shape, which we take to be the mean of the 40 prior ice-sheet reconstructions μ = 1

40

40
i=1 xi, 

and θ ∈ R5. We can think of θ as the coordinates with respect to the basis {λiai}
5
i=1, controlling 

the contribution of each basis vector to the synthetic ice-sheet shapes. To project an ice-sheet shape 
x onto the basis vectors we set θ = (x − μ)⊤AΛ−1 where Λ = diag(λ1, . . . , λ5).

Finally, we need to specify a prior distribution for θ, which we did by conducting an informal 
two-stage expert elicitation process (O’Hagan et al., 2006) with five glaciologists from the British 

Table 1. The average RMSE for the 40 collected ice-sheet shapes when using four, five, and six basis vectors

Number of Ice-sheet PCA Preferential PCA

basis vectors shape

4 ICE5-G 13.07 1.42

ICE6-G 12.85 6.07

W12A 55.98 35.63

GLAC-1D 43.23 44.21

All 13.52 14.05

5 ICE5-G 12.87 1.38

ICE6-G 9.44 5.89

W12A 2.07 34.53

GLAC-1D 38.75 42.85

All 11.34 11.93

6 ICE5-G 10.85 1.38

ICE6-G 4.02 5.89

W12A 2.04 34.53

GLAC-1D 10.73 42.85

All 9.89 10.22

Note. Although our method does not reduce the average RMSE, it does reduce the RMSE for the orographies in X1 in 
most cases. PCA = principal component analysis; RMSE = root mean square error.
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Antarctic Survey. To aid the elicitation exercise, we created an interactive version of our prior 
model, which displayed the ice-sheet orography as an interactive map (a snapshot of this inter-
active model can be seen in online supplementary Figure 2). The method of empirical orthogonal 
functions (EOFs) (Hannachi et al., 2007) is widely used in geophysics, and so the form of our prior 
model was understood well by the glaciologists we consulted. We assumed a prior distribution for 
θ of the form θ ∼ N 5(0, Σθ), with Σθ = diag(σθ,1, . . . , σθ,5) remaining to be chosen. In the first stage 
of the elicitation exercise, we adjusted the values of σθ,i (starting from σθ,i = 3) until the glaciolo-
gists were satisfied the random samples from the prior model were plausible AIS shapes. We even-
tually settled on σ2

θ,1 = σ2
θ,2 = σ2

θ,4 = 0.5, σ2
θ,3 = 0.6, and σ2

θ,5 = 1.
To train the GP emulator, we need a design of θ samples to generate ice-sheet shapes to run 

through HadCM3. We used a space-filling maxi-min Latin Hypercube design (Joseph & Hung, 
2008) generated in [0, 1]5, which we then pushed through the inverse cumulative distribution 
function of the respective normal distributions to generate a space-filling design specific to our pri-
or distribution. Given the tight constraints on computational budget, there was a strong desire not 
to simulate using any ice-sheet shapes that were felt to be implausible representations of the AIS at 
the LGM. So we conducted a second elicitation exercises, where we shared the shapes in our initial 
design with the glaciologists at BAS, who independently ruled out or accepted each ice-sheet shape 
as plausible or implausible on a sample-by-sample basis. This resulted in a design of 47 synthetic 
orographies to include in simulations to run through HadCM3, which were hopefully collectively 
representative of the space of plausible AIS shapes.

2.4 HadCM3 simulations
We created 47 orography files describing plausible AIS shapes at the LGM. We built 47 simulation 
files with control LGM atmospheric greenhouse gas concentrations and orbital forcing. These 
were then input into HadCM3 and run for 60 model years each on ARCHER, including 10 years 
of spin-up time. For more detail on HadCM3, see Valdes et al. (2017).

3 Emulation and inference
The prior model allows us to create synthetic ice-sheet shapes, and to simulate [via equation 1)] 
what isotope data we might have expected to observe given a particular AIS geometry. Our aim 
is to use the observed data yobs to infer the posterior distribution of the basis parameters

π(θ ∣ yobs), (5) 

which then induces a posterior distribution for the AIS shape π(x ∣ yobs).
We have data from 10 different sites in Antarctica: four located in the WAIS at Byrd (Blunier & 

Brook, 2001), Mount Moulton (Popp, 2008), Siple Dome (Brook et al., 2005; WAIS Divide 
Project Members et al., 2013), and WDC (Steig et al., 2013; WAIS Divide Project Members 
et al., 2013), and six in the EAIS at EDC (Jouzel et al., 2013), EDML (EPICA Community 
Members et al., 2006), Fuji Dome (Kawamura et al., 2007), Talos Dome (Stenni et al., 2011), 
Taylor Dome (Grootes et al., 2001; Steig et al., 2000), and Vostok (Petit et al., 1999). A map show-
ing the location of these sites is given in online supplementary Figure 6. At each site (i = 1, . . . , 10), 
we have a single record of the δ18O value, yi

obs, which we collate in the vector yobs ∈ R10.
One approach to estimate the posterior distribution [equation (5)] is to use Markov chain 

Monte Carlo (MCMC). However, this would require tens of thousands of simulations of the for-
ward model. The computational cost of running HadCM3 limits the number of simulator evalua-
tions we can perform. Instead, we build an approximation to f (x), which we refer to as the 
emulator (or surrogate model) of f (O’Hagan, 2006). We used the agreed design of 47 ice-sheet 
shapes described in the previous section and ran HadCM3 using each of them as inputs. This pro-
vided us with a set of δ18O values paired with the synthetic orographies. Let D denote this set of 
simulator evaluations D = {(xi, f (xi)}

47
i=1. We use D to build an emulator of HadCM3 which ap-

proximates the HadCM3 relationship between ice-sheet shape and δ18O observations with min-
imal computational cost. In Section 3.1, we describe this process, and in Section 3.2 the subsequent 
process for computing the posterior distribution using the emulator.

J R Stat Soc Series C: Applied Statistics, 2023, Vol. 72, No. 5                                                             1499
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssc/article/72/5/1493/7276400 by guest on 29 D
ecem

ber 2023

http://academic.oup.com/JRSSSC/article-lookup/doi/10.1093/jrsssc/qlad078#supplementary-data
http://academic.oup.com/JRSSSC/article-lookup/doi/10.1093/jrsssc/qlad078#supplementary-data


3.1 Emulation of HadCM3
Given an ice-sheet orography, x, HadCM3 outputs a number of spatial fields predicting various 
aspects of the climate. Our interest lies solely in the predictions of the δ18O value at each of the 
10 ice-core sites, which we will denote as f1(θ), . . . , f10(θ). We build independent GP emulators 
for each of the 10 outputs.

Gaussian processes can be thought of as infinite-dimensional prior distributions for the un-
known function f (θ). The distribution is fully specified by a prior mean function m(θ) = E[f (θ)], 
and prior covariance function k(·, ·) where k(θ, θ′) = Cov[f (θ), f (θ′)]. Then, the finite-dimensional 
distributions of f have a multivariate normal distribution so that given any finite set of input loca-
tions, θ1, . . . , θm, the vector

f =
f (θ1)

..

.

f (θm)

⎛

⎜
⎝

⎞

⎟
⎠ ∼ Nm( m, K), 

where Nm(m, K) denotes the m-dimensional multivariate Gaussian distribution with mean vector 
m ∈ Rm, and covariance matrix K ∈ Rm×m with

m =
m(θ1)

..

.

m(θm)

⎛

⎜
⎝

⎞

⎟
⎠ and Kij = k(θi, θj).

The number of simulator evaluations available to train the GP is the primary determinant of pre-
dictive accuracy of the resulting emulator. The choice of prior mean and covariance function also 
affect predictive performance, but with so few simulations available, there is limited opportunity 
to optimise these choices. After experimentation with a variety of choices, we used a linear prior 
mean function of the form

m(θ) = β0 + θ⊤β, (6) 

where (β0, β⊤)⊤ ∈ R6. We tried a variety of kernels, including members of the Matérn family and 
the rational quadratic kernel (Rasmussen & Williams, 2006), as well as sums and products of 
standard kernels. We found the best performance was obtained using a radial basis function 
(RBF) kernel (also known as the exponentiated quadratic or squared exponential kernel) plus a 
white noise or nugget kernel, i.e. using

k(θ, θ′) = α2 exp −
1
2

(θ − θ′)TP−2(θ − θ′)
 

+ σ2δ(θ − θ′) where δ(y) = 1 if y = 0
0 otherwise.



(7) 

Here, α2 and σ2 are variance hyperparameters, and P = diag(ρ1, . . . , ρ5) is a 5 × 5 diagonal matrix 
giving the length scale for each of the input coordinates. The length scale controls the decay in cor-
relation when the distance between the input points increases. The nugget parameter, σ2, describes 
the at a point variance. The RBF kernel results in a GP that has infinitely differentiable samples, 
whereas the nugget kernel produces a nowhere continuous white-noise process. We can think 
of the sum as producing a smoothly varying function of θ plus a discontinuous white-noise 
term. To summarise the GP distribution for f, we write f (·) ∣ ψ ∼ GP(m(·), k(·, ·)), emphasising 
in the notation that the prior specification is dependent upon unknown hyper parameters 
ψ = {α, P, β, σ2}.

We train the emulator using a set of simulator evaluations, D = {θj, f (θj)}
m
j=1. Given a value of ψ, 

conditioning our prior GP specification on D results in another GP distribution for f, but with up-
dated mean and covariance functions

f ∣ D, ψ ∼ GP(m∗(·), k∗(·, ·)).

See, for example, Rasmussen and Williams (2006) for details of m∗ and k∗. The hyperparameters 
in GPs are often estimated by maximum likelihood (Myung, 2003), but we take a Bayesian 
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approach and give them prior distributions and marginalise them out of the analysis. We model 
each of the 10 outputs f1(θ), . . . , f10(θ) as independent GPs, allowing different hyperparameter 
values for each output, i.e. using ψi = {αi, Pi, βi, σ2

i } for i = 1, . . . , 10, all of which need to be mar-
ginalised. We considered using a multi-output GP to take account of the correlations between the 
10 different outputs, but decided against, as doing so would significantly complicate the analysis, 
likely for little benefit given we only have 47 simulations runs with which to fit the GO. A standard 
multi-output GP (Alvarez et al., 2012) would require us to estimate a 10 × 10 covariance matrix, 
and would likely cause difficulties in developing a well-mixing MCMC scheme. We give the hyper-
parameters the following prior distributions:

βij ∼ N (0, 100) σ2
i ∼ Γ−1(1, 1), (8) 

αi ∼ N (0, 1) ρij ∼ Γ−1(5, 5), (9) 

where i = 1, . . . , 10 indexes across the different GP emulators for each site, and j = 1, . . . , 5 in-
dexes across the input dimensions. Here, Γ−1(a, b) denotes an inverse gamma prior distribution 
with shape parameter a and scale parameter b.

We fit the GP and infer the hyperparameters and posterior ice-sheet shape jointly using MCMC 
as described in the next section. First, we assess the predictive skill of the GP emulator using 
leave-one-out cross-validation (Vehtari et al., 2017). We fit the GP to 46 of the 47 simulations 
from HadCM3 and predict the mean and variance of the left out simulation. We repeat this leaving 
out each input in turn, and for all 10 ice-core sites at which we have measurements. The results are 
shown in Figure 1 along with the RMSE and the observed coverage of the 95% prediction inter-
vals. We can see that the GP emulators perform well. The prediction intervals are relatively wide 
compared to the signal, but appear to be well calibrated. The nugget variance dominates the pre-
dictive uncertainty, and gives an effective minimum width to the prediction intervals. We tried 
constraining the nugget variance to be smaller, but this degraded the overall performance of the 
GP predictions. With a larger simulation budget it may be possible to reduce the predictive 
uncertainty.

3.2 Inference
We have demonstrated that we can successfully approximate the relationship between ice-sheet 
orography and the δ18O anomalies that HadCM3 simulates. In this section we describe how to 
use the GP emulator and the prior model to infer the posterior distribution of the shape of the 
AIS at the LGM, which we denote by x. Let θ be the corresponding coordinates of x when pro-
jected onto the basis used by the prior model [equation (2)]. Our aim is to infer the posterior dis-
tribution for x, π(x ∣ yobs, D), which we do by computing π(θ ∣ yobs, D). We have

π(θ ∣ yobs, D) ∝ π(θ)π(yobs ∣ θ, D)

= π(θ) ∫ π(yobs ∣ ψ, θ, D)π(ψ ∣ θ, D)dψ

= π(θ) ∫ π(yobs ∣ ψ, θ, D)π(D ∣ ψ)π(ψ)dψ.

(10) 

Our prior distribution for θ, π(θ), is

θobs ∼ N (0, diag(0.5, 0.5, 0.6, 0.5, 1)) 

as described in Section 2.1. The prior distribution for the GP hyperparameters, π(ψ) is given by 
equation (9). The GP likelihood is given by equation (10) after using the kernel in equation (7) 
and the prior mean in equation (6). The remaining term is π(yobs ∣ ψ, θ∗, D) which is the GP pre-
diction for the observed data given θ. To complete our prior specification for the data, we need 
to choose a distribution for the error term, ϵ, in equation (1). This error represents the differ-
ence between the HadCM3 prediction when run with the true AIS shape, and the observations. 

J R Stat Soc Series C: Applied Statistics, 2023, Vol. 72, No. 5                                                             1501
D

ow
nloaded from

 https://academ
ic.oup.com

/jrsssc/article/72/5/1493/7276400 by guest on 29 D
ecem

ber 2023



It thus must account for observation error (caused by natural variation, as well as the spatial 
and temporal averaging in the ice deposition and model discretisation), as well as simulator 
discrepancy. Given the limited data available, we cannot hope to resolve these individual er-
rors, and so we simply assume ϵ ∼ N(0, σ2

1) with the variance σ2
1 to be estimated with the other 

parameters.
We add in a fixed standard deviation term for ypred that represents the measurement error of 

the ice cores, τ1, and the spatial variance between modelling a latitude/longitude grid cell from 
HadCM3 and the location of the ice-core site, τ2. We considered also including an error term 
on the dating process, as the measurements are at different dates in each ice core. However, as 
the LGM was a very broad period, with most global ice sheets in equilibrium for several thousand 
years (Clark et al., 2009), we decided that this was unnecessary. If modelling time periods with 
more rapid changes, such as the deglaciation period up to 10 Ka BP, then a dating error would 
be necessary. We give a value of τ1 = 0.5‰ for the measurement error from the results of Keller 
et al. (2018), and a value of τ2 = 2.5‰ for the spatial error from looking at the standard deviation 
between HadCM3 model grid cells surrounding the cell containing the ice-core site. Our model is 

(a) (b) (c)

(d) (e) (f)

(g)

(j)

(h) (i)

Figure 1. Leave-one-out cross-validation results. Each plots shows the HadCM3 simulated δ18O anomalies (circular 
points) with the corresponding GP prediction (square points) as well as 95% prediction intervals (line segments). The 
GP used anistropic RBF kernel plus white noise, with a linear mean function, with hyperparameter prior distributions 
as given in equation (9). A 5D representation of the orographies was used for all 10 ice-core sites. The RMSE and 
95% empirical coverage values are also reported. (a) Byrd. Coverage: 94%. (b) Mount Moulton. Coverage: 96%. (c) 
Siple. Coverage: 96%. (d) WDC. Coverage: 94%. (e) EDC. Coverage: 94%. (f) EDML. Coverage: 96%. (g) Fuji. 
Coverage: 98%. (h) Talos. Coverage: 94%. (i) Taylor. Coverage: 98%. (j) Vostok. Coverage: 100%.
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therefore

yi ∣ · ∼ N (Θ′βi + f , σ2
1,i + τ21 + τ22) i = 1, . . . , 10. (11) 

To compute the posterior distribution, we use Hamiltonian MCMC (Betancourt, 2017), which is a 
method of sampling from a probability distribution by drawing a series of correlated samples that 
converge to the target distribution (Geyer, 1992). We implement this in the probabilistic program-
ming language Stan (Carpenter et al., 2017), which uses No-U-Turn sampling (NUTS) to efficient-
ly explore the posterior distribution. We finally generate

ypred,i
=N (θobsβi + f , σ2

1,i + τ21 + τ22), (12) 

using the posterior sample Θobs to create distributions of δ18O anomalies. We can then compare 
the distribution of ypred to the value yobs, which would show if our model is simulating accurate 

values of δ18O anomalies.

4 Results
We present results in two sections; Section 4.1 contains a description of the analysis of our model 
and a discussion of the model’s ability to reconstruct ice-sheet shapes. Section 4.2 discusses the 
difference between the posterior ice-sheet shapes our model estimates, and the previously pub-
lished reconstructions.

4.1 Sensitivity testing
We performed a sensitivity analysis of our model to explore the source of various uncertainties. We 
inflated and shrank the variance of the θobs, as well as the fixed variance term τ2 = τ21 + τ22, to check 
how they influence the model. Our posterior distributions were not affected much by changing the 
fixed variance, although the posterior variance of θobs was altered by changes in the prior 
variances.

Figure 2 shows the generated predictions, ypred, at each of the ice-core sites, with the observa-
tion as a red vertical line. The predictions all peak close to the true value, suggesting our model is 
successfully predicting the isotope values.

We carried out two sensitivity tests to check the robustness of our model. We removed one of the 
HadCM3 climate simulations, and set this simulation as our yobs to generate values of θobs and 
compare them to the known prior values. The posterior distributions of θobs and generated dis-
tributions of ypred can be seen in Figure 3a and b. We can see that our model is recovering the 
δ18O simulations and prior variable values well; the histograms of the prior variables in 
Figure 3a are all different from the prior distributions and are peaking around the θ values used 
to create the orography adopted for the missing HadCM3 simulation. Similarly, Figure 3b shows 
that the δ18O are all peaking around the values from the missing HadCM3 simulation.

We further test the model by trying to recover a δ18O anomaly from an ice core. We wish to see 
if, by modelling only nine of the cores, we can create δ18O anomalies close to the missing ice-core 
observation. We do this by removing the observation from equation 11, so that we are not learning 
anything about it from the input and output data. We then use equation 12 to generate δ18O 
anomalies for the missing ice core and compare it to the observed value. The distribution of 
ypred for the missing ice-core observation peaks close to the true value, as can be seen in online 
supplementary Figure 3. However, the range of values is extremely large; as the βi’s were given 
vague priors with standard deviation of 100, the model is not able to update much from these. 
Further tests using other ice cores showed that this applied to cores in both the East and West 
Antarctic ice sheets; the model struggled to recover an unknown core based on the sampling of 
the other nine. We were limited by the number of ice cores available dating back to the LGM; 
more ice-core data for the LGM, sampled evenly across both ice sheets, would lead to a more ro-
bust model. We test this by creating a psuedo-ice-core value to see how this affected distributions 
of ypred; results can be seen in online supplementary Figure 4. We can see the distributions 
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are peaking closer to observations in many cases, demonstrating the improvement additional data 
would have on our analysis.

4.2 Posterior shapes
We use the samples of the posterior distributions of θobs to create posterior ice sheet shapes and 
consider how plausible the shapes are. Figure 4c shows the standard deviation of the posterior re-
constructions. One of our aims with this method was to reduce uncertainty around the AIS at the 
LGM; comparing the standard deviation of the posterior ice-sheet shapes from our prior model in 
Figure 4b, we can see there is a lot less variance in our posterior shapes compared to the prior mod-
el, with Figure 4d showing the same standard deviation on a smaller scale to show the values in 
more detail.

We ran the mean posterior ice-sheet shape through HadCM3 to test the validity of our analysis. 
The resulting simulation produced δ18O anomalies far closer to the observations than any of our 
training simulations. The smallest RMSE of our original simulations was 4.46; in contrast, the 
posterior orography resulted in a RMSE for the δ18O output of 1.96. Even in the situation where 
the model is perfect, we would not expect the posterior mean RMSE to be zero, due to measure-
ment errors and the remaining uncertainty in the ice-sheet shape. In addition, there are almost cer-
tainly biases in HadCM3 (as well as errors in the hundreds of other climate parameters we had to 
specify in order to do LGM simulations), which will cause the posterior mean RMSE to differ sig-
nificantly from zero. But the fact we have a much reduced RMSE shows the value of analysis in 
extracting information from our three sources.

4.2.1 Comparing our orographies to previous reconstructions
We compare our posterior shapes to four of the ice-sheet reconstructions used to build our prior 
model, ICE-5G (Peltier, 2004), ICE-6G (Argus et al., 2014), W12A (Whitehouse et al., 2012), and 

Figure 2. Comparing the generated densities of ypred against the ice-core values. The black lines are the densities of 
ypred. The vertical red lines are the observed δ18O anomalies. The densities all peak close to the true observation from 

the ice cores, suggesting we have successfully predicted the isotope values.
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GLAC-1D (Briggs et al., 2014). These are the four reconstructions in the dataset X1, used in the 
first round of PCA. This allows us to see where the posterior reconstructions differ from the ori-
ginal ice-sheet reconstructions. We compare our results to the four reconstructions we originally 
started with to give some examples of how our method differs to previous work.

Figure 5 shows the difference between the posterior mean of our reconstruction and the previous 
reconstructions. We can see that aside from the coastal regions, our reconstructions suggest a 
higher elevation for the AIS at the LGM, particularly in the Eastern ice-sheet (EAIS). ICE-5G 
has a higher elevation than our posterior mean in the Western ice-sheet (WAIS), but ICE-5G 
is known to have a thicker AIS than the more recent reconstructions (ICE-6G, GLAC-1D, 
W12A) due to methodological updates as described in Argus et al. (2014). Our model also 
has a lower elevation around much of the Antarctic coastline than ICE-6G. Despite this, samples 
from our posterior distribution are ice-sheet orographies which have consistently higher eleva-
tion over the EAIS than the reconstructions used in our prior model, suggesting this is where 
some of the ‘missing ice’ (Gowan et al., 2021; Simms et al., 2019), previously unaccounted 

(a)

(b)

Figure 3. (a) Histograms of the posterior distributions of θobs, with density curves of the prior distributions 
superimposed, when trying to recover a HadCM3 simulation. The true values of the synthetic θi ’s are added on as 
red vertical lines. We can see the posterior distributions are very different to the priors, and are peaking close to the 
observations. (b) The distributions of ypred when recovering a HadCM3 simulation, with the synthetic observations 
added on as red vertical lines. The densities all peak close to the synthetic observations, demonstrating that our 
model has successfully recovered the HadCM3 simulation removed from our input data matrix.
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for in other ice-sheet reconstructions, may be found. Although smaller than ICE-5G, the poster-
ior mean shape from our model is considerably larger than in the other three reconstructions. 
Simms et al. (2019) states that the post-LGM sea-level rise is not balanced by the amount of 
ice melted, with the ‘missing ice’ corresponding to approximately 15 m of global sea-level 
rise. They conclude that ‘either a large reservoir of water (e.g. a missing LGM ice sheet) has 
yet to be discovered or current estimates of one or more of the known LGM ice sheets are too 
small. Our work corroborates the hypothesis that some of this missing ice may have been present 
in the AIS.

Table 2 shows the difference between the elevation of our posterior mean reconstruction and 
four of the original ice-sheet reconstructions over the AIS, below 60◦. We estimate the AIS height 
to be significantly higher than three of the four (the most recent three) most highly cited recon-
structions. Calculating the additional ice volume present in our reconstructions, and converting 
this to an equivalent sea-level rise, requires knowledge of bed elevation through time, and due 
to the viscoelastic nature of the Earth’s mantle this depends on past ice-sheet change. The ice vol-
ume associated with each reconstructed ice-sheet surface must therefore be determined using mod-
els that calculates solid Earth deformation in response to time-integrated surface load change (e.g. 
Whitehouse, 2018). This detailed calculation requires significant additional work, and is beyond 
the scope of this paper. But a crude back-of-the-envelope calculation suggests that our best esti-
mate of the AIS contains approximately 1.1 million km3 of additional ice than is represented in 
ICE-6G, and that this difference is approximately equivalent to a 3 m difference in global sea levels 
at the LGM. However, we stress that this is likely to be an underestimate of the sea level contri-
bution of our revised AIS. To be more precise will require a more careful analysis using a glacial 
isostatic adjustment model.

(a) (b)

(c) (d)

Figure 4. (a) Mean posterior shape from our model. (b) Standard deviation of our prior model. (c) Standard deviation 
of our posterior ice-sheet shapes, with (d) showing the same values on a finer scale. Comparing (b) to (c) shows our 
method has greatly reduced the uncertainty around the AIS at the LGM.
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5 Discussion
We have demonstrated the success our method has at modelling the relationship between the AIS 
orography at the LGM and δ18O anomalies from ice cores, and considered the geographical inter-
pretations of these results including the posterior ice-sheet shapes that our methods have pro-
duced. Here, we discuss our findings, and consider some issues and further work.

We have created a novel approach to weighted PCA. This allows the use of data when there is an 
obvious split in the relevance or importance of sources or variables. It also allows for the incorp-
oration of more data at a later date, and can assist in ranking data by prior beliefs about its influ-
ence on the subject of interest, and the use of related but unequal data sets. Situations such as ours 

Table 2. The mean height difference in metres between the posterior mean posterior reconstruction from our 
analysis and prior AIS reconstructions

AIS reconstruction Mean height difference from mean posterior shape (in metres)

ICE-5G −80.22

ICE-6G 77.13

W12A 126.72

GLAC-1D 122.04

Note. A positive value denotes our posterior reconstruction being larger than the prior reconstructions. This calculation is 
performed without taking into account any glacial isostatic adjustment response. AIS = Antarctic ice sheet.

Figure 5. The difference between the posterior mean height our model creates and the four ice-sheet 
reconstructions in X1. Clockwise from the top left they are ICE-5G (Peltier, 2004), ICE-6G (Argus et al., 2014), 
GLAC-1D (Briggs et al., 2014), and W12A (Whitehouse et al., 2012). We can see that our average ice-sheet shape 
has a higher elevation in the EAIS and lower elevation in the coastal regions than three of the reconstructions; the 
exception is ICE-5G, that has much higher elevation in the WAIS than our model output.
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are not exclusive to the climate science community, and this weighted PCA method is applicable to 
many other areas, including research areas using data sets of varying levels of favourable quality 
such as other environmental sciences, medicine or epidemiology.

We have demonstrated a way of combining prior knowledge, expert elicitation, GP emulation 
and Bayesian inference to model the uncertainty around aspects of the palaeo-climate. Building on 
the previous work of Domingo et al. (2020), who used a similar emulation technique to recon-
struct the Greenland ice sheet at the LIG, we have refined how the prior model was built and 
the process of selecting a set of orographies to input into HadCM3. We have shown the success 
of building an emulator of a climate model, which gives the possibility of future uses in other as-
pects of statistical analysis of climatology. We chose a relatively stable and recent time period—the 
LGM was chronologically a very broad event; conditions changed very slowly, allowing us to dis-
regard any dating errors in the isotopes. The stable nature of the time period meant we could mod-
el it statistically. If applying this method to a less stable period, when ice sheets were more in flux 
and the climate changing more quickly, then further uncertainties would have to be incorporated 
in to the calibration model.

Our estimate of the posterior distribution uses a probabilistic approximation to the simulator 
and a reduced-dimensional representation of the prior reconstructions. As a result, although the 
analysis is based on physically constrained quantities, these constraints are only embedded ap-
proximately. Consequently it is theoretically possible for our model to output implausible ice sheet 
shapes, but this was not observed during our analysis.

In particular, the edges of the ice sheets that our model creates require smoothing. The coarse-
ness of the HadCM3 latitude/longitude grid and the lack of physics in our model means it is hard to 
control where the ice sheet cuts off in our output, resulting in shapes that are jagged and unreal-
istic, with occasional holes where the ice sheet thins. Our posterior shapes are on the same coarse 
latitude/longitude grid; this means our posterior ice-sheet shapes can therefore only be viewed as 
guides for the location of ice, rather than a precise map of the AIS at the LGM.

Our posterior shapes show a clear difference from the reconstructions in our prior model; they 
are larger than most of the past reconstructions, with lower elevation around the coast of the con-
tinent and higher elevation in the central part of the ice sheet, particular in the EAIS. The plausi-
bility of these shapes, and their potential contribution to sea level rise up to the present day, is a 
topic for further collaboration. Simms et al. (2019) emphasise the missing ice problem around the 
LGM, and the possiblity of that ice being present in the AIS. Our work corroborates this hypoth-
esis, providing some guidance on where that ice may have been. Giving a more precise and careful 
estimate would take some additional work and will be done elsewhere.

In summary, the methods proposed in this paper could be applied to any time period or climate 
variable given that there is adequate proxy data and prior knowledge. Indeed they could be used 
for any application that has expert beliefs, a complex simulator that is too computationally expensive 
to run numerous times, and a set of observations with which to compare emulator output. 
Furthermore, in developing our suite of models and methods we have tackled some problems, and 
provided tools, that are likely to be relevant to others working within and beyond climate science.
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