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Abstract The metropolitan area of Napoli (∼3 M inhabitants) in southern Italy is located in between
two explosive active volcanoes: Somma-Vesuvius and Campi Flegrei. Pyroclastic density currents (PDCs)
from these volcanoes may reach the city center, as witnessed by the Late Quaternary stratigraphic record.
Here we compute a novel multivolcano Probabilistic Volcanic Hazard Assessment of PDCs, in the next
50 years, by combining the probability of PDC invasion from each volcano (assuming that they erupt
independently) over the city of Napoli and its surroundings. We model PDC invasion with the energy cone
model accounting for flows of very different (but realistic) mobility and use the Bayesian Event Tree for
Volcanic Hazard to incorporate other volcano-specific information such as the probability of eruption
or the spatial variability in vent opening probability. Worthy of note, the method provides a complete
description of Probabilistic Volcanic Hazard Assessment, that is, it yields percentile maps displaying the
epistemic uncertainty associated with our best (aleatory) hazard estimation. Since the probability density
functions of the model parameters of the energy cone are unknown, we propose an ensemble of different
hazard assessments based on different assumptions on such probability density functions. The ensemble
merges two plausible distributions for the collapse height, reflecting a source of epistemic (specifically,
parametric) uncertainty. We also apply a novel quantification for a spatially varying epistemic uncertainty
associated to PDC simulations.

1. Introduction

Pyroclastic density currents (PDCs) are ground-hugging mixtures of gases and pyroclasts commonly traveling
at few to tens of m/s and reaching temperatures in the order of hundreds of ∘C (e.g., Branney & Kokelaar,
2002; Valentine, 1998). Together with lahars, PDCs have been the volcanic phenomenon responsible for the
highest death toll in the last four centuries (Auker et al., 2013) and are among the causes of major concern in
volcanic emergency management, as the most safe action to protect population against PDCs is the call for
evacuations, sometimes on a large scale (e.g., Marzocchi & Woo, 2009).

The generation, transport, and deposition of PDCs are governed by a chain of very complex processes, which
have long attracted the attention of scientists as a challenging problem to be modeled. A whole range of
different simulators have been proposed, from very simple ones like the Energy Line (or energy cone in 3D,
Malin & Sheridan, 1982) to more detailed numerical models considering friction within the flow and between
the flow and the underlying ground (e.g., Titan2D and VolcFlow, see respectively Kelfoun & Druitt, 2005;
Patra et al., 2005) and up to very complex fluid dynamical models that are able to consider the multiphase
and multicomponent nature of PDCs (e.g., Esposti Ongaro et al., 2008).

So far, the use of PDC simulators has been mostly twofold: on one hand, they have been used retrospectively
to reconstruct the dynamics (and related variables) of some past eruptions, by best fitting direct observations
(e.g., Clarke et al., 2002; Ogburn et al., 2014) or some specific features of their PDCs deposits (e.g., Charbonnier
& Gertisser, 2012; Dellino et al., 2008); on the other hand, they have been used prospectively to model the haz-
ard posed by PDCs at a given volcano (e.g., Oramas-Dorta et al., 2012; Sheridan et al., 2004). Although complex
models have been increasingly used in both cases, their use is often implicitly based on the questionable logic
“the more details, the better” (Salt, 2008). In general, a model has to be judged only on its capability to describe
one or more variables of interest, and not in terms of its complexity. Indeed, in modeling the hazard posed by
complex processes such as PDCs, a necessary balance must be reached between model complexity (the more
complex the simulator, the higher its computational cost) and the possibility to quantify uncertainty by fully
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exploring the model parameters’ space. The physical complexity of PDC-related processes implies that there
are substantial uncertainties that cannot be neglected, stemming from the intrinsic natural variability of such
processes (aleatory variability) and from our lack of knowledge or available data (epistemic uncertainty). In
the specific case of Probabilistic Volcanic Hazard Assessment (PVHA), complex models cannot be currently run
many times and thus they cannot explore and quantify uncertainty satisfactorily, hampering their capability
to provide a complete and reliable PVHA.

A few recent works have tried to fully account for uncertainties in modeling the hazard posed by PDCs.
In particular, Dalbey et al. (2008) applied the Titan2D model (coupled with Polynomial Chaos Quadrature)
to produce probability maps, conditional upon the occurrence of PDCs within a given volume range, at
Volcán de Colima (Mexico). Bayarri et al. (2009) and Spiller et al. (2014) developed a Bayesian emulator for
the Titan2D simulator to produce hazard curves (Tonini, Sandri, Costa, et al., 2015) at a few locations around
Soufriére Hills volcano in Montserrat. These hazard curves are conditional upon the occurrence of PDCs or
applicable to a given time window. Nonetheless, the physical assumptions at the basis of Titan2D equations
make it suitable only to simulate dense PDCs.

More recently, Neri et al. (2015) produced probability maps (mean and percentile maps, quantifying
aleatory, and epistemic uncertainties) of PDC invasion in case of an inland explosive eruption from Campi
Flegrei (Italy) by applying an integral model based on a modification of the box model by Huppert and
Simpson (1980), and assuming the topography of the Campi Flegrei caldera as flat. As input to the model, the
authors used a set of statistical distributions for the PDC invaded area during next eruption, which are built on
past PDC deposits, in combination with expert elicitation techniques. Worthy of note, the modified box model
used by Neri et al. (2015) only applies to dilute PDCs propagating over a subhorizontal surface. This hampers
its use on volcanoes with predominant topographic structures, such as stratovolcanoes like Somma-Vesuvius,
although the issue of the influence of topographic structures on dilute currents has been recently addressed
by Ongaro Esposti et al. (2016). Further, the methodology adopted by Neri et al. (2015) requires the availability
of a significant number of data on the areas invaded by past PDCs at the volcano of interest, and this favorable
situation is not very common.

In order to explore the possibility of using the energy cone model to produce probability maps of areas
invaded by PDCs, Tierz, Sandri, Costa, Sulpizio, et al. (2016) studied how aleatory and diverse sources of epis-
temic uncertainty influence the outputs of the energy cone (i.e., invaded area and maximum runout distance,
two very relevant observables for PDC hazard) at Somma-Vesuvius, when

1. Running the energy cone on digital elevation models (DEMs) of varying horizontal resolution;
2. Using different probability distributions (reflecting different hypothesis on the flow generation and prop-

agation) for the model parameters, that is, the eruption column collapse height H0, and the flow mobility,
usually parameterized by the 𝜙 angle (technically, the energy decay rate, expressed as the angle between
the energy line and the horizontal): the smaller the 𝜙 angle, the slower the energy decay and thus the more
mobile the flow (Malin & Sheridan, 1982);

3. Exploring diverse theoretical assumptions on the correlation patterns between the model parameters
(independent, inverse or direct);

4. Quantifying, in a preliminary way, the intrinsic limitations of the energy cone model.

According to such a study, all the types of epistemic uncertainty explored affect significantly the final output of
the energy cone model, in terms of invaded area and maximum runout. Furthermore, the largest contribution
to epistemic uncertainty results from the so-called theoretical uncertainty (third item in the list above). Such
correlation is controversial, as some studies (e.g., Doyle et al., 2010) support the idea of a direct correlation
between collapse height and PDC mobility, while some others (e.g., Esposti Ongaro et al., 2008) suggest an
inverse one.

Further, Tierz, Sandri, Costa, Zaccarelli, et al. (2016) implemented a quantitative procedure to test the per-
formance of the energy cone at Somma-Vesuvius and Campi Flegrei, in the context of probabilistic volcanic
hazard assessment. In particular, they blindly compared the invasion areas and maximum runouts mea-
sured from past PDC deposits at Somma-Vesuvius (Gurioli et al., 2010; Hazlett et al., 1991) and Campi Flegrei
(Orsi et al., 2004) with those obtained from energy cone simulations. The term “blindly” implies that the
data set used to set up the energy cone simulations was fully independent of the data set used to test the
model performance, the latter consisting of real observations from PDC deposits from Somma-Vesuvius and
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Campi Flegrei. In particular, Tierz, Sandri, Costa, Zaccarelli, et al. (2016) used independent data from eruption
column simulations at Somma-Vesuvius and Campi Flegrei (after Sandri et al., 2016) and from worldwide data
on PDC mobility (e.g., Hayashi & Self, 1992; Ogburn, 2012; Sheridan & Malin, 1983) to set up probability density
functions for the model parameters (H0 and 𝜙).

The probability density functions set up for the𝜙 angle (see section 2.2.2) cover a considerable range of values,
spanning from low values typical of dilute PDCs (e.g., 4–11∘; Sheridan & Malin, 1983), to larger values, more
typical of dense PDCs. Then, by sampling the parameter space in a Monte Carlo scheme, Tierz, Sandri, Costa,
Zaccarelli, et al. (2016) ran the energy cone model many thousands of times, obtaining the distributions of
the simulated invaded area and maximum runout. The comparison with real (and, to the model, new) data
from Somma-Vesuvius and Campi Flegrei has shown that observations are generally in statistical agreement
(i.e., real data have p values larger than 1% of being exceeded with the simulator) with the set of energy cone
simulations. In other words, despite being a simple model (e.g., Best et al., 2015), the energy cone model seems
to capture the natural variability that an adequate hazard assessment should display.

Under these premises, in this paper, we apply the energy cone model to simulate the invasion of PDCs from
Somma-Vesuvius and Campi Flegrei on the Napoli metropolitan area in Southern Italy where about 3 million
people live. The results of the simulations are included in a Bayesian Event Tree for Volcanic Hazard (BET_VH,
Marzocchi et al., 2010) scheme, to produce long-term probability maps of PDC invasion on the target area,
which is among the ones exposed at highest volcanic risk in the world, being densely inhabited and host-
ing strategical economic infrastructures at national scale. We provide a complete PVHA, that is, we describe
both aleatory variability (through a probabilistic description of the variables of interest) and the epistemic
uncertainty (through various percentile maps), which is aimed to bound where the true unknown aleatory
variability is expected to be (Marzocchi & Jordan, 2014).

Besides a complete characterization of the aleatory variability and epistemic uncertainty, three main novelties
characterize this study.

First, in analogy with probabilistic seismic hazard studies (Senior Seismic Hazard Analysis Committee, 1997),
the focus of our study is not a single source of hazard, but the target area. In this respect, we account
for all the potential sources of the considered hazardous event (PDCs) threatening the metropolitan area
of Napoli, that is, Somma-Vesuvius and Campi Flegrei. The total hazard due to both these sources, con-
sidering their eruptive activity as mutually independent, is thus evaluated and properly combined. This
multivolcano approach represents a major step toward the inclusion of probabilistic hazard studies on
PDCs into quantitative risk and multirisk studies, in order to rank risks and prioritize mitigation actions (e.g.,
Selva, 2013). We remark that in the past, very few studies in volcanology (e.g., Alberico et al., 2011; Lirer
et al., 2010) evaluated multivolcano PDC hazard, as the generally accepted approach is to focus on a sin-
gle volcano. Nevertheless, the studies by Alberico et al. (2011) and Lirer et al. (2010) focused on peculiar
events (i.e., single and subjectively adopted scenarios) from each volcano, rather than exploring the natural
variability displayed by volcanic activity. In this view, here we fully explore the model parameters’ space
(for both volcanoes separately) in order to account for all the uncertainties involved. In other words, we do not
subjectively choose representative scenarios, but we account for all the possible eruption sizes and eruptive
vents for both volcanic sources, by adopting a novel approach as regards the eruption sizes recently proposed
by Sandri et al. (2016).

Second, we explore wide ranges of flow mobility to consider both dense and dilute PDCs in our hazard anal-
ysis, which is entirely based on forward modeling. This includes the quantification of epistemic uncertainty,
which, up to now, has been mainly derived from expert judgment (e.g., Neri et al., 2015). In the case of previous
BET_VH studies (e.g., Sandri et al., 2012, 2014), epistemic uncertainty was measured in terms of the equiv-
alent sample size Λ (e.g., Selva et al., 2010), the measure being guided by experts’ choice. In this study, we
compute spatially varying Λ values, using the information contained in the simulations carried out by Tierz,
Sandri, Costa, Sulpizio, et al. (2016) and focusing on the largest source of epistemic uncertainty identified by
the authors: that is, the theoretical uncertainty.

Finally, since the probability density function (PDF) of the model parameters of the energy cone model is
not known, we propose a final hazard assessment based on the ensemble of different hazard assessments
(Selva et al., 2014; Tonini, Sandri, & Thompson, 2015); each of them is based on different assumptions on
the PDF for the collapse height parameter (H0). The ensemble aims at evaluating this source of parametric
uncertainty (e.g., Rougier & Beven, 2013; Tierz, Sandri, Costa, Sulpizio, et al., 2016).
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2. Methods

In order to assess the probabilistic hazard from PDCs invasion, we follow the general scheme of BET_VH
probabilistic model (Marzocchi et al., 2010). In particular, we divide the whole process, from the occurrence
of an eruption to the impact on a given grid point in the target area, into three main logical steps (e.g., Selva
et al., 2014):

1. Eruption forecasting—in this step we assess a PDF for the occurrence of an eruption (corresponding to
Nodes 1-2-3 in BET_VH) in a given time window, which here we set to 50 years for long-term hazard
purposes. For both volcanoes, we use the assessment made in previous studies, that is,

a. For Somma-Vesuvius, we rely on Marzocchi et al. (2004), who model the long-term probability of
eruption in 50 years with a distribution characterized by a mean of about 25% and by a large 90%
confidence interval attached ([0.3–80%]).

b. For Campi Flegrei, we rerun the model proposed by Bevilacqua et al. (2016) based on the last 40-kyr
record, to retrieve the full PDF for the probability of at least one eruption in the next 50 years, having
a mean value of 38% and a 90% confidence interval of [30–46%]. Worth of notice, the uncertainty
attached to this probability is much narrower than in the case of Somma-Vesuvius, probably reflecting
the expected “offspring” effect due to the last eruption of Monte Nuovo at Campi Flegrei, as reported
by Bevilacqua et al. (2016).

2. Scenario forecasting—in this step we build a PDF for the location of the vent, given the occurrence of
an eruption, and a PDF for the size of the eruption, given a vent position. These two PDFs respectively
correspond to Nodes 4 and 5 in BET_VH.

3. Impact forecasting—in this step we assess a PDF for the probability of generating PDCs and reaching a
given point in the target area, given the occurrence of an eruption of a given size class and vent. These two
PDFs respectively correspond to Nodes 6 and 7 in BET_VH. Since we use a very simple simulator, we are not
able to properly compute hazard curves (that would correspond to Node 8 in BET_VH, as in Tonini, Sandri,
Costa, et al., 2015).

2.1. Scenario Forecasting

2.1.1. Spatial Probability of Vent Opening
The challenge of mapping the probability of vent opening has been increasingly undertaken by different
research groups in recent years, at different volcanic settings such as arcs (e.g., Martin et al., 2004), volcanic
fields (e.g., Bebbington & Cronin, 2010), or calderas (e.g., Bevilacqua et al., 2015, 2017; Selva et al., 2010). Here
we focus on our two target volcanoes.
2.1.1.1. Campi Flegrei
We use the long-term spatial probability of vent opening proposed by Selva et al. (2012), which was the first
one produced and covers the whole Neapolitan Yellow Tuff caldera.

Nonetheless, we also test significant differences in our final results when using a more recent map proposed
by Bevilacqua et al. (2015) (see Appendix C). The latter map is quite similar to the former in pattern and values
of mean probability (differences bounded to 1–2%); the main differences are that it covers also a part of the
larger Campanian Ignimbrite caldera, and it postulates a substantially more concentrated probability of vent
opening in the central-eastern part of the caldera, with respect to the estimates of the former map.

We chose the map by Selva et al. (2012) since its full probability density function is available, whereas the one
by Bevilacqua et al. (2015) is given in terms of the mean map and two percentiles (5th and 95th) only.
2.1.1.2. Somma-Vesuvius
Previous studies (e.g., Marzocchi et al., 2008a) concentrated most of the vent opening probability at
Somma-Vesuvius on the present Gran Cono crater, due to the persistent activity from this vent in the last 2 ka.
Here we take a step forward, and by following an approach similar to Selva et al. (2012), we try to use both
prior knowledge due to evident features of the volcanic edifice (i.e., summit caldera and Gran Cono) and the
location of eruptions in the last ≈22 ka (Cioni et al., 2008).

To do so, we cover the volcano edifice (that we approximate as a circular area with center at
(40.821∘N,14.426∘E) and radius of 6 km, see Figure 1a), with a regular grid of 500-m spacing, totaling Nv=441
grid points. As in Selva et al. (2012), we describe the spatial probability of vent opening by a Dirichlet
distribution characterized by a set of parameters (𝛼1,… 𝛼Nv

) and describing an exhaustive set of Nv mutu-
ally exclusive random variates (Gelman et al., 2013); in other words, our distribution for the spatial probability

SANDRI ET AL. 3477



Journal of Geophysical Research: Solid Earth 10.1002/2017JB014890

Figure 1. Spatial probability of vent opening, given an eruption, proposed for Somma-Vesuvius (Italy) on the grid of points shown. (a) Number and location of
past eruptive vents at Somma-Vesuvius (see Table S1 in the supporting information); (b) number and location of past eruptive vents after applying a Gaussian
filter to account for uncertainty in the inferred location for these vents; (c) prior Dirichlet distribution showing high probabilities of vent opening over the present
cone and the area covered by past volcanic edifice collapses (summit caldera); (d) posterior Dirichlet distribution computed after updating the prior distribution
using the (filtered) past vent locations. Probabilities in (c) and (d) are expressed in Log10 scale (values below 10−4 are shown in white color).

of vent opening is computed under the assumption that in case of an eruption at Somma-Vesuvius, only one
vent will open, and it will be within the area covered by the grid. The set of parameters (𝛼1,… 𝛼Nv

) fully describe
the aleatory and epistemic uncertainty and are univocally linked to the mean probability of each grid points
and to a number of equivalent data (or equivalent sample size) Λ, characterizing the dispersion around such
mean values (see also Marzocchi et al., 2008b).

In order to assign a prior probability distribution over the grid points, we divide them into three categories:
1 grid point in the center (the Gran Cono’s crater), 48 grid points belonging to the area enclosed by previous
collapses of the volcanic edifice (we refer to this relatively flat area as “summit caldera”, Cioni et al., 1999;
Cioni et al., 2008), and the remaining 392 grid points mainly covering the rest of Somma-Vesuvius edifice. We
assign a subjective prior mean probability of 0.90 to the crater point and 0.09 to the summit caldera points
(uniformly spread, i.e., a mean probability of∼0.002 for each of them); however, in section 3.1, we also test the
impact of other plausible prior choices on the posterior map. These prior choices are justified by the inferred
location of Somma-Vesuvius’s conduit below the Gran Cono position and imply a larger probability of vents
over the summit area. They are in agreement with previous works: the one by Marzocchi et al. (2008a), who
assigned a general 0.99 probability to the opening of a vent in the summit area of Somma-Vesuvius, and
the one by Tadini et al. (2017). However, with respect to the latter, we do not exclude the (unlikely) event
of a lateral opening outside the summit area (Gran Cono crater and summit caldera): the lateral points are
characterized by a prior mean probability, spread uniformly around all the points, of the remaining 1% (i.e., a
mean probability of 2.6 10−5 per lateral grid point). A moderate degree of confidence, expressed in terms of
equivalent sample size Λ, is given to these prior mean probabilities (Λ = 10). We then use the location of past
Volcanic Exposivity Index (VEI) ≥ 3 explosive events in the last 22 ka (see Table A1 in Appendix A; Cioni et al.,
2008) shown in Figure 1a, to condition such prior probability distribution. By using past locations as counts of
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Table 1
Parameterization of the Posterior Distributions in the BET_VH Model for Somma-Vesuvius and Campi Flegrei, for Nodes 1 to 6

Somma-Vesuvius Campi Flegrei

Node PDF Parameters Values References PDF Parameters Values References

1-2-3 Be 𝜇1 0.0026 Marzocchi et al. (2008a) CHa 1/𝜆0 [82; 105; 140]yr Bevilacqua et al. (2016)

Λ1 385 T [48; 189; 435]yr

𝜇2 0.5 𝜇offspring [0.26; 0.41; 0.59]

Λ2 1

𝜇3 0.5

Λ3 1

4 Di 𝜇4min 7 ⋅ 10−4 This study (see supporting information) Di 𝜇4min 0 Selva et al. (2012)

𝜇4max 0.77 𝜇4max 0.048

Λ4 39 Λ4 29

5 Dib 𝜇5 [0.65; 0.24; 0.11] Sandri et al. (2016) Dic 𝜇5 [0.10; 0.61; 0.22; 0.07] Sandri et al. (2016)

Λ5 8 Λ5 27

6 Bed 𝜇6 [0.12; 0.85; 0.80] Newhall and Hoblitt (2002) Bed 𝜇6 [0.92; 0.93; 0.85] Newhall and Hoblitt (2002)

Λ6 [5; 3; 2] Λ6 [16; 7; 3] Orsi et al. (2004)

Orsi et al. (2009)

Smith et al. (2011)

Note. For Beta (Be) and Dirichlet (Di) distributions, we provide mean values (𝜇node-number) and equivalent sample size (Λnode-number). For the PDF describing the
probability of an eruption at Campi Flegrei in the next 50 years from Bevilacqua et al. (2016) (Cox-Hawkes process, CH), we use the parameters’ names as in that
paper.
aValues in square brackets correspond to the parameters of triangular distributions as in Bevilacqua et al. (2016). bValues in square brackets indicate the param-

eters for small, medium and large eruption sizes, respectively, at Somma-Vesuvius. cValues in square brackets indicate the parameters for effusive, and small,
medium and large explosive eruptions, respectively, at Campi Flegrei. dHere we used 3 different Beta PDF, one for each eruptive size considered, each describ-
ing the probability of generating PDCs, given the eruptive size; in brackets we give the parameters of each Beta PDF, respectively for small, medium and large
eruption sizes.

“successes” in a Bernoulli multinomial scheme (n1,… nNv
, where ni is the number of recorded past eruptions

in vent position i), we can exploit the conjugacy property of the Dirichlet distribution with the Multinomial
function to compute the posterior probability distribution, conditional upon the occurrence of an eruption at
Somma-Vesuvius. The posterior distribution is still a Dirichlet, with parameters (𝛼1+n1,… 𝛼Nv

+nNv
). In practice,

since the exact position of some past vents is not known, first we apply a Gaussian filter with null mean and
𝜎 = 250 m (Selva et al., 2012) to the counts of past vents in every possible location. The standard deviation
value reflects the expected error in the position of past vents, and it is of the order of the main crater’s radius.

Given a number of recorded past eruptions nj in vent position j, the Gaussian-filtered count n′
j will be

n′
j =

∑Nv
i=1 wijni

∑Nv
i=1 wij

(1)

where

wij = exp(−d2
ij∕(2𝜎

2)) (2)

and d2
ij is the metric distance between grid points i and j (in case i = j, such distance is obviously 0 and the

weight wii = 1). The map of the filtered counts is shown in Figure 1b. The resulting posterior distribution is
then computed as a Dirichlet distribution with parameters (𝛼1 + n′

1,… 𝛼Nv
+ n′

Nv
).

The list of final parameters of the posterior Dirichlet distribution, and of the corresponding mean probability
values, is available in the supporting information.

We also test significant differences in our final results when using a very recent map of the vent opening
probability at Somma-Vesuvius proposed by Tadini et al. (2017) (see Appendix C).
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2.1.2. Probability Distribution for the Eruption Size
We use the probability distribution for the eruption size proposed by Sandri et al. (2016). In particular, to avoid
assuming a set of subjectively chosen representative scenarios, some broad size classes were defined on the
basis of different ranges in the total erupted mass observed in the eruptive record of each volcano:

1. For Somma-Vesuvius, three eruption size classes (small, medium, and large, all characterized by explosive
activity) were defined by Sandri et al. (2016), assuming that next eruption will require a minimum eruptive
energy to reopen the conduit (cf. also Marzocchi et al., 2004).

2. For Campi Flegrei, four size classes (effusive, small explosive, medium explosive, and large explosive) were
defined by Orsi et al. (2009).

The small, medium, and large size classes correspond to magnitude ranges respectively 3–4, 4–5, and 5–6
(Pyle, 2000). Then Sandri et al. (2016) built a volcano-specific power law on the total erupted mass in explo-
sive events, constrained by previous occurrences of each size class (see also Table 1). Such power law is here
normalized to 1, and then it is sampled to obtain the distribution of total erupted mass in the eruptions origi-
nating the PDCs that we simulate. In other words, every simulation performed with energy cone is associated
with a specific weight corresponding to its probability according to the total erupted mass attributed to that
simulation (which also has an implication on the total height of the eruption column, and thus on the collapse
height H0, as we shall see in section 2.2.2), given the occurrence of an eruption at the considered volcano.

The probability distribution adopted for the eruptive size is independent on the vent position.

2.2. Impact Forecasting

2.2.1. Probability of PDC Generation
Here we use the statistics provided by Newhall and Hoblitt (2002) to define the means of our prior distribu-
tions, grouped by eruption size. In agreement with the values reported in the Table 1 in Newhall and Hoblitt
(2002), we give the following a priori mean probability values for PDC generation, given an eruptive size or
type

1. 0 for effusive eruptions at Campi Flegrei;
2. 0.35 for small size eruptions, at both volcanoes;
3. 0.70 for medium or large size eruptions, at both volcanoes.

We give very low confidence on such prior mean values, assigning a Λ = 1 (Table 1), thus building up
little-informative prior Dirichlet distributions. We then use past frequencies to condition the prior Dirichlet,
again in a Bernoulli trial scheme as for the spatial probability of vent opening. In particular, all of the explosive
eruptions at Campi Flegrei have generated PDCs; at Somma-Vesuvius all the medium and large size eruptions
have generated PDCs, and none of the small size has.

At Campi Flegrei, we also take into account the possibility of a vent opening in the submerged part of the
caldera: in such a case, production of subaerial pyroclastic material may be suppressed by the pressure exerted
by the water column above the vent (e.g., Lindsay et al., 2010; Sandri et al., 2012; Tonini, Sandri, & Thompson,
2015). Hence, whatever the explosive size class, we first assume that PDCs are not generated if the vent opens
at a depth larger than 10 m. We then test the sensitivity of our results to such choice by adopting the empir-
ical approach by Tonini, Sandri, & Thompson (2015), that is, by assuming a linear decay in the probability of
generating explosive activity, and thus PDCs, as the water depth increases.
2.2.2. Probability of PDCs Reaching Target Grid Points
2.2.2.1. Approach to Simulations
As regards the probability of PDCs reaching a given target point, we make use of simulations performed
specifically with the energy cone model that are illustrated in this section. The general approach is the same
one adopted by Tierz, Sandri, Costa, Sulpizio, et al. (2016) and Tierz, Sandri, Costa, Zaccarelli, et al. (2016); for
every volcano, vent position, and size class, we first define a suitable model parameter space and distribution
for the energy cone parameters, collapse height (H0), and PDC mobility (𝜙; the smaller the 𝜙 value, the larger
the mobility). We highlight that such parameter space is built up blindly with respect to our final measure of
hazard, that is, the PDCs invasion area: it is built up on the basis of independent data, coming from analog
volcanoes (see below).

We then sample tens of thousands of pairs of values from this parameter space, and for each pair, we run an
energy cone simulation. Finally, at each grid point, we compute the frequency of simulations that reach the
point, and this is adopted as our best estimate value (the mean) of the probability of PDC invasion at that
grid point.
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2.2.2.2. Mobility: The 𝝓 Angle
In this study, we sample the mobility 𝜙 from truncated Gaussian and uniform distributions for
Somma-Vesuvius and Campi Flegrei, respectively, as in Tierz, Sandri, Costa, Zaccarelli, et al. (2016, specifi-
cally in their Figures 3b and 3d; see more details in the paper). These two distributions reflect the different
amount of data available for PDCs generated by volcanoes that are analog to our test volcanoes: there are
many more observations from volcanoes which are analog to Somma-Vesuvius than to Campi Flegrei. For
Somma-Vesuvius, we mostly rely on the worldwide data set of 𝜙 values by Ogburn (2012), which is fitted
by a truncated Gauussian PDF. For Campi Flegrei, we lack such a database, and therefore, we select a very
noninformative distribution (uniform PDF).
2.2.2.3. Collapse Height H0

To achieve adequate samples for the collapse height, we follow an analogous procedure to the one adopted in
Tierz, Sandri, Costa, Zaccarelli, et al. (2016). In particular, we first sample the total height of the eruption column
from the distributions proposed by Sandri et al. (2016), for each size class and for the two volcanoes separately.
In that work, given an eruptive size class and volcano, the total height of the eruption column was a random
variable deriving from a stratified sampling procedure in which a total erupted mass and eruption duration
(hence the mean mass eruption rate) were sampled from respectively a power law and a uniform distribution,
both consistent with field data for that volcano. The total height of the eruption column was then computed
according to Mastin et al. (2009) through the mean mass eruption rate of the fallout phase, considering a rea-
sonable mass fraction associated to that phase (80% and 25%, respectively, for Somma-Vesuvius and Campi
Flegrei from the available estimations from field data analysis; see Sandri et al., 2016, and references therein).
Once the sample of total heights of eruption column is available from Sandri et al. (2016), as in Tierz, Sandri,
Costa, Zaccarelli, et al. (2016), we assume that collapse will occur within the gas thrust region whose top can
be roughly estimated as 10% of the total height of eruption column (Wilson et al., 1978). The last step is to
sample a random collapse height H0 from each gas thrust region. As a novelty with respect to Tierz, Sandri,
Costa, Zaccarelli, et al. (2016), here we explore how results change when considering two “end-member”
assumptions on the type of probability distribution used to sample the collapse height H0 from the height of
the gas thrust region. In particular, we run two separate sets of simulations considering:

1. A truncated exponential probability distribution on the height of the gas thrust region (as in Tierz, Sandri,
Costa, Sulpizio, et al., 2016; Tierz, Sandri, Costa, Zaccarelli, et al., 2016) reflecting the idea that large col-
umn collapse heights are less likely than smaller ones (a common feature of frequency-size relationships in
nature, e.g., the Gutenberg-Richter law for earthquakes)

2. A uniform probability distribution on the height of the gas thrust region, reflecting maximum ignorance on
the real relative frequency of large to small collapse heights.

The results of the two simulation sets are then merged together to compute an ensemble hazard model, which
is a statistical mixing in which we give equal weight to the two end-member assumptions. In Appendix B
we provide a detailed description of the evidence upon which we build up the two different probability
distributions.
2.2.2.4. Confidence on Best Estimate of PDC Invasion Frequency: A Spatially Varying Equivalent
Sample Size 𝚲
Further, we use subgroups of simulations to infer the confidence (the Λ value for this node) on the best
estimates of frequency of PDC invasion at each grid point. As mentioned in section 1, Tierz, Sandri, Costa,
Sulpizio, et al. (2016) found that the largest contribution to epistemic uncertainty on invaded area and
maximum runout, when using the energy cone model, comes from alternative hypothesis on possible cor-
relations between values of H0 and 𝜙, namely, a “direct” correlation (the largest the H0, the more mobile
the flow, and thus the smaller the 𝜙 angle, and vice versa, e.g., Doyle et al., 2010), and an “inverse” one
(the largest the H0, the less mobile the flow and thus the larger the 𝜙 angle, and vice versa, e.g., Esposti
Ongaro et al., 2008). In order to assess how well constrained our best estimate frequency of PDC invasion
is, we extract two subgroups from our simulations; each subgroup has model parameters’ pairs in agree-
ment with either one of the two correlation patterns: the subset of pairs in agreement with the direct
pattern (in which the H0 values are either below the 20th percentile or above the 80th percentile, and
the corresponding 𝜙 values are respectively either above the 80th percentile or below the 20th percentile)
and the subset of pairs in agreement with the inverse pattern (in which the H0 values are either below
the 20th percentile or above the 80th percentile, and the corresponding 𝜙 values are respectively either
below the 20th percentile or above the 80th percentile). Both the direct and inverse pattern “share” model
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Figure 2. Probability maps displaying the probability (or future frequency) of pyroclastic density currents, from Somma-Vesuvius, arriving at each grid point over
the hazard domain (the light gray star points downtown Napoli) in the next 50 years, according to the exponential probability density function (PDF) for collapse
height (a, b, and c respectively show the mean, 10th, and 90th percentiles), the uniform PDF for collapse height (d, e, and f respectively show the mean, 10th, and
90th percentiles), and their ensemble model (g, h, and i respectively show the mean, 10th, and 90th percentiles). Note that only probability values above 0.5% in
50 years are displayed, and that the color scale on panels c, f, and i is different, and it saturates (e.g., maximum values are around 40% for the ensemble).

parameters’ pairs that are located between the 20th and 80th percentile of both H0 and 𝜙. In this way, the
subsets are continuous in terms of the model parameter values (Tierz, Sandri, Costa, Sulpizio, et al., 2016).
Therefore, we are able to compute two additional values for the frequency of PDC invasion, at each grid point,
according to the simulations belonging to the two subgroups. In the end, for a given target grid point, we
obtain three values for the frequency of PDC arrival: one considering all the simulations and two considering
the theoretical uncertainty on the link between the energy cone parameters. We best fit these three values
with a Beta distribution, thus retrieving the best estimate value for the frequency, and an associated Λ value
(equivalent sample size). At a given target grid point, these two values fully define the Beta distribution for
the Node 7 in BET_VH (for every volcano, vent position, and size class).

2.3. Ensemble Probability of Invasion From Each Volcano, and PVHA in 50 Years
For both volcanoes (Somma-Vesuvius and Campi Flegrei), after having set the probability distributions at
all the nodes of BET_VH, and for any given grid point in our hazard domain, we sample 1,000 variates from
these distributions at each node and combine them to obtain 1,000 values of the probability of PDCs invad-
ing that grid point. We repeat this for both the end-member assumptions on the PDF governing the collapse
height parameter of the energy cone model (exponential and uniform) and obtain two different maps of the
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Figure 3. Same as Figure 2, but for pyroclastic density currents from Campi Flegrei. Maximum value for 90th percentile (panels c, f, and i) here is around 10%
and does not saturate the color bar scale. PDF = probability density function.

probability of invasion by PDCs in 50 years, for each volcano. The two maps quantify the parametric uncer-
tainty arising from the unknown shape of the PDF for H0. In order to obtain a single probability map for every
volcanic source, these two maps are statistically mixed, with equal weight, to obtain the ensemble probability
of invasion in 50 years (Figures 2 and 3, respectively, for Somma-Vesuvius and Campi Flegrei).

Finally, we combine the two volcanic sources by assuming that they erupt independently. That is, at any given
grid point i, we compute the probability of experiencing PDCs from at least one of the two volcanoes in the
next 50 years (PVHAi) through the equation

PVHAi = 1 − (1 − PVHASVi
) ⋅ (1 − PVHACFi

) (3)

where PVHASVi
and PVHACFi

are the probabilities of PDC invasion, at grid point i and in the next 50 years, from
Somma-Vesuvius and Campi Flegrei, respectively. The resulting PVHA maps are given in Figure 4.

3. Results
3.1. Vent Opening Probability at Somma-Vesuvius
In Figures 1c and 1d we show respectively the prior and the posterior distribution (mean values) for the spatial
vent opening probability at Somma-Vesuvius. Compared to the one by Tadini et al. (2017), our map covers the
whole volcanic edifice (although with very low probability values) and not only the summit caldera; further,
our description of the summit caldera shows that the Gran Cono crater is much more likely to be the location of
future vents (as 21 out of the 29 eruptions considered in Table A1 in Appendix A are inferred to have occurred
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Figure 4. Multivolcano probability maps displaying the probability (or future frequency) of pyroclastic density currents
arriving at each grid point over the hazard domain (the light gray star points downtown Napoli) in the next 50 years,
according to the ensemble models for H0 for both volcanic sources (a, b, and c respectively show the mean, 10th, and
90th percentiles). Maximum values for 90th percentile (panel c) are around 40% and 9% in the proximal areas of
Somma-Vesuvius and the eastern part of the Campi Flegrei caldera, respectively.
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from the Gran Cono). In contrast, the map by Tadini et al. (2017) is almost a uniform map on the area of the
summit caldera. However, we remark that the map by Tadini et al. (2017) was built on, and for, VEI≥4 eruptions,
while here we consider also smaller events.

In order to test the importance of our prior subjective choices (mean probability of 0.99 on the summit area
and 0.01 globally on the lateral points) on the posterior map, we also try two different prior mean values’ con-
figurations: one with 0.95 given to the summit area (0.85 to the crater point, 0.10 to the summit caldera points)
and 0.05 globally to the lateral points; another one with 0.90 given to the summit area (0.80 to the crater point,
0.10 to the summit caldera points) and 0.10 globally to the lateral points. In both cases, the resulting differ-
ences in the posterior map are practically confined to the lateral points, being of the order of 10−5 (less than
an order of magnitude in relative terms). This is due to the dominant information carried by the likelihood
function, built on the vents formed during the last 22 ka of the volcano’s history.

3.2. Probability of PDC Arrival
In Figures 2 and 3 we show the probability of invasion of PDCs in all the grid points in the next 50 years, at
different percentiles (the best estimate value given by the mean, and epistemic uncertainty expressed by 10th
and 90th percentiles, that is, an 80% confidence interval), for Somma-Vesuvius and Campi Flegrei, respectively
and separately. These results are shown for both the end-member assumptions on the distribution governing
H0 (exponential and uniform), and in terms of their statistical mixture (i.e., the ensemble with equal weight,
see previous section 2.3).

Obviously, at any given point the ensemble value lies in between the two end-members, being the model
based on a collapse height drawn from a uniform PDF always providing a higher probability of invasion than
the one based on exponential.
3.2.1. Single Volcano: Somma-Vesuvius
At Somma-Vesuvius, the highest probabilities of PDC arrival are observed over the southern flank of the
volcano, with mean values around 10% in 50 years for the ensemble, extending for about 4 km toward the
southwest (Figure 2). For the model based on the uniform PDF, the highest mean probability around the sum-
mit area is about 15% in 50 years. The shape of Mount Somma is mapped, very neatly, by the northern limit of
the isoline of mean probability corresponding to 8% (Figure 2d). Moreover, the central, most elevated part of
Mount Somma is evidenced by the shape of the 6–8% color contouring toward the north. No point in the map
has a 10th percentile of the PDF describing the frequency of PDC arrival in 50 years above 0.5% (Figure 2a).
In contrast, according to the 90th of such PDF, areas up to 103 km2 are covered by probabilities of PDC arrival,
in the next 50 years, greater than 0.5%. Nevertheless, the probabilities over medial or distal sectors (beyond
∼8 km) are below 5% and confined by the Appenninic topographic over the S-SE and N-NE (Figure 2b).

The values of probability of PDC arrival toward the west must be taken with extreme care: the energy cone
model is not suitable to model PDC propagation over the sea water (e.g., Cordoba, 2007, see also discussion
in section 4.4).

The analysis of differences in the percentile maps indicates that the summit part of Somma-Vesuvius has an
80% confidence interval approximately [0.5%–40%] in 50 years; the same quantities, for PDCs generated from
Somma-Vesuvius invading the city center of Napoli (gray star in Figure 2) are between [0.02%–2%], with a
mean value of 1% (Figure 2).

3.2.2. Single Volcano: Campi Flegrei
At Campi Flegrei, the maximum probability of PDC invasion according to the ensemble model, in the next
50 years, is about 7% (mean value) and ranges between [4%–9%] (80% confidence interval) when epistemic
uncertainty is taken into consideration. For the model based on the uniform PDF, the highest probability is
about 9% in 50 years. These maxima in probability of PDC arrival are located in the Eastern caldera sector,
in particular over the Astroni crater and the Agnano plain (Figure 3d). The general spatial pattern of the
mean probability of PDC arrival shows that values equal to or greater than 3% (in 50 years) are restricted
to the structural boundaries of the calderas formed during the Campanian Ignimbrite and the Neapolitan
Yellow Tuff (e.g., Deino et al., 2004; Fedele et al., 2003, and references therein). Nonetheless, in our maps the
gradient in the mean probability values is not extremely sharp across the caldera’s boundary: for example,
the Posillipo hill (located beyond the Eastern border of the Neapolitan Yellow Tuff caldera, and part of the
municipality of Napoli) has a mean probability of 2–3% to be hit by PDCs from Campi Flegrei. At the city
center of Napoli (gray star in Figure 3), mean probabilities of PDC arrival are around 1% and [0.01%–2%]
considering the aforementioned 80% confidence interval. At farther distances, mean values of probability of
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PDC arrival ≥0.5%, in 50 years (colored contouring), are obtained for grid points up to 10–12 km from the
center of the Campi Flegrei caldera (Figure 3c). When accounting for epistemic uncertainty, in this case the dis-
persion around mean values is much less, due to the quite informative model by Bevilacqua et al. (2016) that
we use to describe the temporal occurrence of eruptions at Campi Flegrei at node 1: as mentioned in section 2,
the 90% confidence interval associated to the mean value, describing the epistemic uncertainty attached to
the probability of eruption in the long term, is much larger for Somma-Vesuvius than for Campi Flegrei. As a
consequence, the differences between maps in Figures 3a and 3b are not so marked as for Somma-Vesuvius,
and probability of PDC arrival can range from maxima less than 5% and confined to the Neapolitan Yellow Tuff
caldera (10th percentile in Figure 3a) to values generally greater than 5% over such caldera and values above
0.5% at distances of about 15 km (northward, for instance) from the center of the caldera (90th percentile in
Figure 3b).

We also test how our probability maps for PDCs invasion change when dropping the assumption of total sup-
pression of explosivity if the vent is submerged and deeper than 10 m. To this end, we rerun our scheme
by assuming that the probability of PDCs generation, in such a case, linearly decreases as in the empirical
model proposed by Tonini, Sandri, & Thompson (2015): for small, medium, and large eruptions, the proba-
bility of PDCs generation starts decreasing when the submarine vent is 10-m deep and becomes null when
the vent is respectively 100, 200, and 300-m deep, considering the empirical data by Mastin and Witter
(2000). We observe that the changes in the final probability maps are negligible, with respect to what shown
in Figure 3.

3.2.3. Multivolcano Hazard Model
In Figure 4, we show the map of the combined PDC hazard calculated for the activity at the two volcanoes,
assumed to erupt independently, based on the single volcanoes’ ensemble models. Thus, the probability of
PDC arrival displayed in this figure corresponds to the probability of PDCs, from at least one of the two vol-
canoes, invading each grid point over the central Campania region. These multisource probability maps are
very similar to the single-source maps (Figures 2 and 3) in the vicinity of each volcano, as far as the PDCs from
one of them are not able to propagate far enough to invade grid points over the proximal sector of the other
volcano, apart from some unlikely cases (Figures 2 and 3). The city of Napoli has its western part located on
the Campi Flegrei caldera and its center and eastern part in between the two volcanoes. The probabilities of
PDC arrival (in 50 years) shown in Figure 4 are obviously greater than the probabilities computed from either
single volcanic source (see equation (3)). In particular, the whole city center is placed over grid points with
mean probability of PDC arrival, in 50 years, of about 2%. These mean values reach 3–4% over the eastern end
of the city and 4–5% over the western areas of the municipality inside the Campi Flegrei caldera (Figure 4a).
According to the 10th percentile of the distribution for the probability of PDC arrival (in 50 years), the city
of Napoli downtown is less than 0.5% probable to be impacted by PDCs in the next 50 years (Figure 4b).
However, if the 90th percentile of the distribution is considered, it is associated with values around 4% in
50 years, while the western sector of the city is about 8% probable to be impacted by PDCs (Figure 4c).

4. Discussion
4.1. PVHA Results
Even though the PDCs from Campi Flegrei tend to be more mobile than the ones from Somma-Vesuvius
(Gurioli et al., 2010; Orsi et al., 2004; Tierz, Sandri, Costa, Zaccarelli, et al., 2016), the summit and southern flank
of Somma-Vesuvius are more likely to experience PDC invasion than any other point along the hazard domain.
This is mostly due to two reasons. First, there is a “dissipating” effect caused by the much larger uncertainty on
the vent position at Campi Flegrei: while the distance between any given grid point within the Campi Flegrei
caldera and the next opening vent is very uncertain (it can range from meters to kilometers with similar proba-
bility, e.g., Bevilacqua et al., 2015; Selva et al., 2012), the points nearby the Somma-Vesuvius summit are highly
likely to be close to the next opening vent, as Somma-Vesuvius summit caldera area concentrates almost all
the probability of vent opening (Figure 1d and Tadini et al., 2017). Second, the predominant topographic struc-
ture of Somma-Vesuvius stratovolcano allows PDCs to propagate, at least, toward the south and west where
there is no barrier. On the opposite, in our simulations, the rough topography of the Campi Flegrei caldera
often stops small PDCs (by far the most likely ones, at least in the case of H0 being sampled from an Expo-
nential distribution) close to their originating vent. In other words, PDCs from Campi Flegrei are entrapped
by neighboring topographic heights at short distances from the point they originate, hence reducing the
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Table 2
Summary of the Probability of PDC Invasion, in the Next 50 years, for Downtown Napoli As Well As the Eastern and Western
Areas of the City, Using the Ensemble Hazard Model for a Single Volcano (Somma-Vesuvius, SV, and Campi Flegrei, CF) or for
Both the Volcanoes (i.e., Multivolcano Hazard Model)

Ensemble SV Ensemble CF Ensemble multivolcano

mean [80% CI] mean [80% CI] mean [80% CI]

Downtown Napoli 1 [0.02; 2] 0.7 [0.02; 2] 2 [0.3; 4]

Eastern Napoli 3 [0.08; 7] 0.2 [0; 0.5] 3 [0.2; 8]

Bay Western border (Posillipo) 0.4 [0.005; 1] 2–3 [0.1; 7] 2–3 [1; 5]

Note. We report both a measure of aleatory uncertainty (mean probability values) and epistemic uncertainty (e.g., 80%
confidence interval, CI, between the 10th and 90th percentiles of the distribution associated with this probability).
All probabilities are expressed in percentages.

probability of PDC invasion over medial/distal sectors from each vent. This is in relative disagreement with
recent PVHA studies carried out at Campi Flegrei (Neri et al., 2015). We further discuss this aspect in section 4.3
and Appendix D.

Furthermore, it is key to analyze how the probability of PDC invasion increases when the novel multivolcano
hazard model is used. This type of approach has been applied to other volcanic hazards (e.g., tephra fallout,
Jenkins et al., 2012) and represents a crucial step forward for volcanic hazard assessment in inhabited areas
threatened by more than one volcano. In Table 2, we compare the PVHA at three different sites in the munic-
ipality of Napoli (downtown, the eastern side, and Posillipo Hill on the western border of the Napoli bay)
achieved by considering the two volcanoes separately and together. As expected, the largest effect is at the
city center of Napoli, lying at the “intersection” of the two hazard sources: here the mean probability doubles
when considering multiple sources. On the contrary, the eastern and western borders of the bay are much
less affected by the corresponding farthest volcanic source. The effect of the multivolcano assessment on the
epistemic uncertainty is less intuitive: on the whole, we see that the 80% confidence intervals are wider in
the multivolcano hazard model, even though the lower bound of the 80% confidence interval (i.e., the 10th
percentile) is about 1 order of magnitude higher than those of the single-volcano hazard models (Table 2).

4.2. Objective Quantification of Spatially Varying Equivalent Sample Size
Our novel approach of quantifying, at each grid point, the equivalent sample size (Λ in Marzocchi et al.,
2008a, 2010) for Node 7, which is based on the simulations of the physical model (instead of deriving it from
expert judgment, e.g., Sandri et al., 2012, 2014; Selva et al., 2010), allows analyzing the spatial patterns in
this BET_VH parameter. Therefore, areas where epistemic uncertainty (in our case, theoretical uncertainty, see
section 2.2.2) is high (i.e., low Λ values; minimum Λ is 1) or low (i.e., high Λ values; maximum Λ shown is
1,000) can be identified and related to the main morphological features of the two volcanoes. In Figure 5, we
show the spatial distribution of log10(Λ) for different eruption sizes from the most probable vent location at
Somma-Vesuvius (central summit crater) and Campi Flegrei (Astroni crater).

At Somma-Vesuvius, the maps are characterized by a region of low uncertainty (yellow ring for medium and
large size, proximal area to the SE for the small size) which is where the three patterns (independent, direct,
and inverse) in the energy cone parameters that define theoretical uncertainty lead to similar output frequen-
cies of PDC arrival (Figures 5a–5c). We interpret this zone as the one having an approximately equal number
of simulations with smaller and larger model parameter values (H0,𝜙). In this view, half of the simulations pro-
duce shorter runouts (or smaller areas of PDC invasion) and the other half produce larger runouts (or larger
areas of PDC invasion). The in-between zone, characterized by frequencies around 50%, is reached with a
similar frequency no matter the relationship between H0 and 𝜙. The location of this zone of minimum epis-
temic uncertainty is size dependent, as observed in Figure 5. For the medium eruption size (Figure 5b), its
northern limit is located at the base of Mount Somma, highlighting the importance of this topographic bar-
rier for medium-size PDCs (e.g., Esposti Ongaro et al., 2008; Neri et al., 2008). In other words, in medium-sized
eruptions the proportion of PDCs able to overcome Mount Somma is more uncertain than the proportion of
PDCs that may reach the base of this topographic barrier. PCDs generated in large-size eruptions are, in turn,
(Figure 5c) less influenced by Mount Somma, and the low-uncertainty yellow zone is located some kilometers
away from the barrier. Additionally, the maps for the small and medium eruption sizes (Figures 5a and 5b) also
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Figure 5. Spatially varying equivalent number of data used to parameterize the Beta probability density functions
(there is one probability density function per each grid point) for Node 7 of the BET_VH model. The displayed values
are computed by exploring theoretical uncertainty via the energy cone model (after Tierz, Sandri, Costa, Sulpizio, et al.,
2016) for three eruption sizes and two volcanoes (Somma-Vesuvius [SV] and Campi Flegrei [CF], in Italy). The maps for
Somma-Vesuvius (a–c) are based upon energy cone simulations starting from the current central crater of the volcano
while those for Campi Flegrei (d–f ) correspond to energy cone simulations starting from the closest vent position to the
Astroni crater.

show a further low-uncertainty zone (i.e., highΛ) at large distances from the central crater due to the fact that
no simulated PDCs (of these sizes) is able to invade those distal grid points.

At Campi Flegrei (Figures 5d–5f ), maps are characterized by a low-uncertainty zone surrounding the Astroni
crater: the larger the eruption size, the wider this zone. We interpret this zone as an effect of topography,
and in particular as the zone invaded by all the PDCs that make it out of the Astroni crater. Inside the crater
itself, the variability is a bit larger (reddish colors) as very small PDCs probably do not invade all of the crater
area. Again, at large distances from the crater, there is a low-uncertainty zone that is where no simulated
PDCs arrive. According to our results, the simulated PDCs are not strongly confined by the presence of the
scarps that delineate the boundaries of the Campi Flegrei caldera (e.g., Orsi et al., 2004; Neri et al., 2015).
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Figure 6. (a) Campi Flegrei topography map, with highlighted a few selected possible vent positions on which we build
the empirical cumulative distribution function of the probability density function (PDF) invaded areas according to our
energy cone simulations. Green, magenta, red, and blue points are respectively northeast border of caldera, Pozzuoli
(caldera center), Astroni vent bottom, and its Western outer border. In (e) we also show the empirical cumulative
distribution function from Neri et al. (2015) both for Epoch III only (dashed black line) and for all Epochs together
(solid black line).

In other words, a certain (albeit small, Figure 3) number of PDCs are able to overcome the caldera boundaries
and invade grid points toward the north. Therefore, the epistemic uncertainty at the caldera boundaries and
beyond is relatively high (Figures 5d–5f ).

4.3. Comparison With Previous PDC Hazard Assessments at the Target Volcanoes
Our final probability maps in Figures 2–4 represent a unique PDC hazard assessment for the city of Napoli
and surroundings, and therefore, they cannot be really compared with previous works, even in the case of a
single volcanic source. That is, for each volcano analyzed (Figures 2 and 3) and for the two volcanoes jointly
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(Figure 4), our maps display the probability of PDC invasion, in a specific time window, from an eruption of
any size and from any possible vent.

Nonetheless, by using BET scheme, we can extract other results from our simulations: maps of PDCs inva-
sion conditional upon the occurrence of an eruption, or to the occurrence of an eruption of a specific size,
or from a specific vent. These further maps can be compared to those from previous studies, as detailedly dis-
cussed in Appendix D. Here we sum up briefly the main outcomes of such comparisons. At Somma-Vesuvius
we observe a statistical consistency between our mean probability map of PDC invasion with the frequency
extracted from field deposits of PDCs (Gurioli et al., 2010), and a broad agreement with the main results by
Neri et al. (2008). At Campi Flegrei, we compare our results with those by Neri et al. (2015). Our expected fre-
quency of PDC invasion given an explosive eruption from the emerged part of the Campi Flegrei caldera (as
in Neri et al., 2015) is generally lower than that computed by Neri et al. (2015) (maximum difference, located in
the Eastern part of the caldera, is approximately 40% and 30%, respectively, when using the exponential and
uniform PDF to describe the collapse height). We interpret such differences as linked to one (or a combination)
of the following causes:

1. The empirical statistical distribution of the areas invaded by PDCs, used by Neri et al. (2015) to construct
their probability maps, is conditional upon the actual position of the eruptive vents in the past; however,
the authors sampled the same statistics to simulate PDC invaded areas associated with any vent position
along the whole (inland) caldera.
To check whether the statistical distribution of the PDC invaded areas is independent on the actual posi-
tion of the vent, we compute the empirical cumulative distribution function (ECDF) of the invaded areas
according to our simulations when considering eruptive vents located in different portions of the Campi
Flegrei caldera (see Figure 6a); in particular we examine vents close to the border or in the center of the
caldera (green and magenta dots, respectively) or vents characterized by different surrounding topography
(e.g., Astroni vent: bottom of the crater or outer border, red and blue dots, respectively). To do so, given the
energy cone simulations from one of these vents, we compute the inland PDC invaded areas in each simula-
tion, and then we compute the ECDF from the given vent by weighting each simulation with the probability
of its eruptive size (we remind that the statistical distribution sampled by Neri et al., 2015, includes all the
eruptions found in the field deposits, regardless of the eruptive size). Afterward, we statistically compare
the ECDF from different vents through a two-sample Kolmogoroff-Smirnov test, rejecting at 5% significance
level the null hypothesis (i.e., the sets of PDC invaded areas from different vents being samples originating
from a common underlying distribution) in all of the cases shown in Figure 6a: in other words, at Campi
Flegrei the simulated PDC invaded area depends on the position of the vent. This is true for simulations from
both end-member assumptions on the collapse height. The most dramatic difference, among the inspected
cases, is when we compare the invaded areas from the center of Astroni vent (red dot in Figure 6a) to those
from a vent just outside its border (blue dot). In the latter case, the invaded areas are much larger than in
the former (Figures 6d and 6e). In this view, the statistical comparison of the ECDF of the PDC invaded areas
in the third epoch, or all the three epochs (shown in Figure 6e as an example), with that extracted from our
simulations, without accounting for the vent position, appears pointless.

2. The largest majority of our simulations provide lower values for the invaded areas with respect to the data
listed by Neri et al. (2015) (see Figure 6e as an example: very small invaded areas are much more likely from
our simulations than in real data). However, the field data used to construct the empirical ECDFs in Neri et al.
(2015) might suffer from underrecording, especially of small-size eruptions (e.g., Rougier et al., 2016)) that
can leave minor erodible PDC deposits (e.g., Druitt, 1998); in this respect, we find interesting to observe that
PDCs formed during many small eruptions at Campi Flegrei have preserved maximum runouts comparable
to the maximum runouts of PDCs formed during medium eruptions (see Figure 7a in Tierz, Sandri, Costa,
Zaccarelli, et al., 2016).

Two final significant differences of our work with respect to previous multivolcano hazard assessments (e.g.,
Alberico et al., 2011; Lirer et al., 2010) are the following. First, we consider all possible eruption sizes and
eruptive vents, combined through the total probability theorem, without selecting a reference size or sce-
nario as in Lirer et al. (2010) and Alberico et al. (2011), who, for example, selected a reference eruption size
(a VEI = 4 for Campi Flegrei) or specific past eruptions (only the PDC deposits from the Avellino, 79 AD and
472 AD Pollena eruptions for Somma-Vesuvius). Further, and more important, our maps provide numerical
values of the probability of PDC arrival in the next 50 years, which can be interpreted as expected frequencies
(Marzocchi & Jordan, 2014) and can be used by decision makers as input for rational decisional protocols (e.g.,
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cost-benefit analysis, Marzocchi & Woo, 2007, 2009) without any subjective discretization made by scientists.
Conversely, in Alberico et al. (2011) and Lirer et al. (2010) the volcanic hazard is dicretized into “low,” “medium,”
and “high” hazard areas, making impossible the application of a sound decision making rooted in quantitative
cost-benefit analysis and implicitly violating the hazard-risk separation principle advocated in other fields
(e.g., Jordan et al., 2014).

4.4. Limits of our Model
Energy cone model postulates a linear loss in the energy of PDCs with distance from the vent, depending sim-
ply on the elevation of the eruption column collapse from which the PDC is originated and on a friction angle
describing its bulk mobility. Obviously, several further parameters influence PDCs mobility, such as particle
volumetric concentration and particle mass flow rate. Being aware of this intrinsic simplicity of the model, we
still make use of the energy cone model in this study for different reasons:

1. In Tierz, Sandri, Costa, Zaccarelli, et al. (2016) it was shown the statistical agreement (see section 1) between
the energy cone outputs, when the model is run in a Monte Carlo scheme with input parameters sampled
from blindly defined parameters’ space, and the observations available at Somma-Vesuvius and Campi Fle-
grei, in terms of invaded area and maximum runout. These are the key observables for producing hazard
maps of PDC invasion;

2. In Tierz, Sandri, Costa, Sulpizio, et al. (2016) the importance of structural uncertainty (i.e., the uncertainty
deriving from all the simplifications of the model itself, or in other words the uncertainty remaining after
having run the model using perfectly known boundary conditions and the “best” parameter values Rougier
& Beven, 2013) was quantified for the case of Somma-Vesuvius, and it appeared to be much less impor-
tant than other sources of uncertainty, such as the theoretical and parametric uncertainty, that have been
included in our PVHA. In other words, in the case of Somma-Vesuvius at least, different assumptions on
model parameters’ mutual relationships (theoretical uncertainty) or on the shape of their probability den-
sity functions (parametric uncertainty) produced much larger differences in the modeled invaded area or
maximum runout, with respect to differences between the best runs of such model and the area and max-
imum runout measured from PDC deposits at the volcano (see Table 9.2 in Tierz, Sandri, Costa, Zaccarelli,
et al., 2016).

A limit in our simulation strategy, in terms of PDC propagation, is that we neglect the presence of the sea
in the propagation of PDCs (similarly to Neri et al., 2015). In other words, when a flow reaches the sea, the
energy cone model propagates as if there was land, which is obviously a rough approximation: previous works
(e.g., Carey et al., 1996; Cordoba, 2007; Dufek et al., 2007) have discussed possible complex and/or transient
PDCs-water interactions (e.g., mixture expansion due to sudden vaporization of sea water, enhancing turbu-
lence and diminishing basal friction; loss of denser particles sinking in the water; and entrainment of water,
cooling the mixture). These processes are clearly too complex to be captured by the simple linear decay in
energy modeled by energy cone. In any case, while the dense basal part of PDCs may lose speed or even sink
at the shore, the upper dilute part may propagate over water. This decoupling of dense to dilute parts, and
consequent propagation of the latter over the sea surface for tens of kilometers, has been witnessed in histor-
ical cases (e.g., Krakatau, 1883; Pompeii 79 AD; Carey et al., 1996; Gurioli et al., 2010). In this view, we highlight
that our probability maps include some simulations from Campi Flegrei in which PDCs flow across the Pozzuoli
Bay or the Gulf of Napoli and a few simulations from Somma-Vesuvius whose PDCs travel over the sea water
of the Gulf of Napoli. As stated above, we are aware that the complexity of the interaction between the sea
and these PDCs is far from being captured by the energy cone model: however, these unrealistic simulations
represent a very small percentage of the total number of simulations run, and hence, they do not significantly
affect the final probability maps.

Another limitation of the energy cone model is that it cannot capture some physical processes relevant for
hazard assessment such as PDC channelization (e.g., Tierz, Sandri, Costa, Sulpizio, et al., 2016): this is especially
relevant for the dense, basal part of PDCs. For example, we might expect that the probability of PDC invasion
computed on the western edge of Mount Somma (where PDCs channelized due to the presence of this bar-
rier might converge, e.g., Esposti Ongaro et al., 2008) represents an underestimation of the true frequency of
such PDCs arriving to this area. Future improvements could nonetheless make use of hierarchical modeling
(e.g., Selva et al., 2010) taking the present PVHA as the hyper-prior model, updating it with the results from
simulations from more sophisticated simulators (e.g., Esposti Ongaro et al., 2008; Patra et al., 2005).
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5. Conclusions

In this study, we take a step forward toward a complete PVHA for PDC invasion over the metropolitan area
of Napoli, in Southern Italy, accounting for both aleatory variability and epistemic uncertainty. To do so, we
introduce some important features in our hazard assessment.

First of all, we consider different (in this case, two) volcanic sources threatening the target area, similarly to the
common practice in probabilistic seismic hazard assessment. Even though this may look useless in the case
of a volcanic emergency, which is usually (and hopefully) caused by a single source at a time, our PVHA is useful
for long-term strategy for risk mitigation, as it is the first step toward a quantitative ranking of (i) the different
sources of PDC hazard at a given location and (ii) the different sources of natural risks in the target area.

Second, we introduce a novel approach to quantify the spatially varying epistemic uncertainty associated
with the modeling of the area of PDC invasion with the energy cone: up to now, such quantification
has been mainly derived from expert judgment (e.g., Neri et al., 2015) or experts’ subjective choice
(e.g., Sandri et al., 2012, 2014). In particular, we focus on the largest source of epistemic uncertainty previously
identified by Tierz, Sandri, Costa, Sulpizio, et al. (2016), that is, the theoretical uncertainty linked to possible
correlation patterns between the column collapse height and the flow mobility, which may arise in particular
fluid dynamical conditions during the collapse.

Finally, to address the issue of parametric uncertainty (related to the unknown PDF of the model parameters),
we propose a final PVHA based on the ensemble of two end-member assumptions on the PDF governing
the collapse height: one based on a uniform distribution (describing a situation of maximum ignorance), and
one based on an exponential PDF (reflecting the general idea that large column collapse heights are by far
less likely than smaller ones, which is a common feature of frequency-size relationships in nature, such as the
Gutenberg-Richter law for earthquakes).

To conclude, we underline the importance of these types of probabilistic volcanic hazard assessment as an
input to rational decision protocols.

Appendix A: Past Vents (22 ka BP) Explosive Eruptions at Somma-Vesuvius

In this appendix we provide in Table A1 the age, some physical parameters and the vent position estimated
for VEI ≥ 3 explosive eruptions at Somma-Vesuvius (Italy) during the last 22 ka of volcanic activity, extracted
from Cioni et al. (2008).

Table A1
Age, Some Physical Parameters, and Vent Position Estimated for VEI ≥ 3 Explosive Eruptions at Somma-Vesuvius (Italy) During the Last 22 ka of Volcanic Activity
(After Cioni et al., 2008)

TF vol. PDC vol. VEIb “Cioni08-size” Vent Long. Vent Lat.

Eruptiona Age (km3) (km3) (UTM m) (UTM m) References

Pomici di Base 22 ka Cal 4.4 0.18 5 5 450371 4518947 Santacroce et al. (2008), Cioni et al. (2008),

and Gurioli et al. (2010)

Greenish pumice 19 ka Cal 0.5 0.02 4 4 450382 4519688 Santacroce et al. (2008), Cioni et al. (2008),

and Gurioli et al. (2010)

Mercato 8.9 ka Cal 1.4 0.23 5 5 451600 4519080 Santacroce et al. (2008), Cioni et al. (2008),

and Gurioli et al. (2010)

Avellino 3.9 ka Cal 1.57 1.04 5 5 449420 4518674 Gurioli et al. (2010), Sevink et al. (2011), and Cioni et al. (2000)

AP1 3.5 ka Cal 0.147 – 4 3 449420 4518674 Santacroce et al. (2008), Cioni et al. (2008),

and Cioni et al. (2000)

AP2 3.5 ka Cal 0.143 – 4 3 449420 4518674 Santacroce et al. (2008), Cioni et al. (2008),

and Cioni et al. (2000)

AP3 2.8 ka Cal 0.15 – 4 1 451600 4519080 Santacroce et al. (2008), Cioni et al. (2008),

and Cioni et al. (2000)
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Table A1 (continued)

TF vol. PDC vol. VEIb “Cioni08-size” Vent Long. Vent Lat.

Eruptiona Age (km3) (km3) (UTM m) (UTM m) References

AP4 – 0.122 – 4 1.5c 451600 4519080 Cioni et al. (2008) and Cioni et al. (2000)

AP5 – 0.084 – 3 1.5c 451600 4519080 Cioni et al. (2008) and Cioni et al. (2000)

AP6 216–217 BC – – 1 2 451600 4519080 Santacroce et al. (2008) and Cioni et al. (2000)

Pompeii 79 AD 2.9 0.83 5 5 452132 4518798 Gurioli et al. (2010) and Cioni et al. (2003)

Santa Maria cycle 172 ADd 0.15 – 4 1.5c 452132 4518798 Cioni et al. (2008) and Johnston-Lavis (1884)

Pollena 472 AD 1.38 0.39 5 4 450769 4520035 Cioni et al. (2008), Gurioli et al. (2010), and Sulpizio et al. (2005)

AS1 512 AD 0.025 – 3 3 451600 4519080 Andronico et al. (1995) and Cioni et al. (2011)

AS2 540 AD 0.04 – 3 2 451600 4519080 Santacroce et al. (2008) and Cioni et al. (2008)

AS3 640 AD 0.12 – 4 2 451600 4519080 Santacroce et al. (2008) and Cioni et al. (2008)

AS4 790 AD 0.01 – 3 2 451600 4519080 Santacroce et al. (2008) and Cioni et al. (2008)

AS5 1410 AD – – 1 2 451600 4519080 Santacroce et al. (2008)

AD1631 1631 AD 1.09 0.2 5 4 451600 4519080 Cioni et al. (2008), Gurioli et al. (2010), and Rolandi et al. (1993)

SO1 1660 AD – – 1 1 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

SO2 1682 AD 0.0056 – 2 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

SAD1 1707 AD 0.0013 – 2 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

FdL 1723 AD 0.008 – 2 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

T1 1730 AD 0.0012 – 2 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

OTV 1779 AD 0.0061 – 2 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

CFM 1794 AD – – 1 1 451600 4519080 Cioni et al. (2008)

AD1822 1822 AD 0.038 – 3 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

AD1906 1906 AD 0.071 – 3 2 451600 4519080 Cioni et al. (2008) and Arrighi et al. (2001)

AD1944 1944 AD 0.066 5.7 ⋅ 10−3 3 2 451600 4519080 Cioni et al. (2008), Pesce and Rolandi (1994),

and Hazlett et al. (1991)

Note. Only eruptions for which the position of the eruptive vent is relatively well constrained are included. The term “Cioni08-size” refers to the classification given
by Cioni et al. (2008): 1 = ash emission (AE), 2 = Violent Strombolian (VS), 3 = Sub-Plinian II (SPl2), 4 = Sub-Plinian I (SPl1), 5 = Plinian (Pl). UTM coordinates correspond
to zone 33N.
aAbbreviations of the eruption names are taken from Cioni et al. (2008). bVEI size is calculated from the total erupted volume, in terms of tephra fallout (TF) and

pyroclastic density currents (PDC) volume. cA value of 1.5 indicates that Cioni et al. (2008) classified the eruption as AE-VS. dThis age denotes the beginning of
the eruptive cycle.

Appendix B: Modeling Procedure
B1. Definition of the Two End-Member Probability Distributions for H0

B1.1. Truncated Exponential Distribution
In this case we adopt the same paradigm as in Tierz, Sandri, Costa, Sulpizio, et al. (2016) and Tierz, Sandri,
Costa, Zaccarelli, et al. (2016). For each eruption size class, we first account for the total column heights derived
from eruption column simulations at Somma-Vesuvius and Campi Flegrei in Sandri et al. (2016). In that work,
column height (HT ) values were calculated from mass eruption rates through the fourth-power relationship
by Mastin et al. (2009), in turn computed after having sampled, from proper PDFs set for the two volcanoes,
values of total erupted mass and eruption duration. Second, we assume that the top of the gas thrust region
top is roughly estimated as 10% of the total height of the eruption column (Wilson et al., 1978). In this way,
the parameter 𝜆 defining the truncated exponential PDF H0 is inferred by assuming that the top of the gas
thrust region marks the 95th percentile of the corresponding nontruncated exponential PDF. The obtained
Exponential PDFs are then truncated and renormalized between H0min

= 20 m and H0max
= 0.1HT .

In our simulation scheme, for each volcano and eruptive size class, we sample 1,000 HT values from Sandri
et al. (2016). For each of these, we retrieve a 𝜆 value and so a truncated exponential distribution, from which
we sample 10 values of H0. Thus, we end up with 10,000 H0 values for each volcano and eruptive size class.
Correspondingly, we sample 10,000 𝜙 values given the volcano and eruptive size class. Finally, we run the
energy cone model 10,000 times (one for each pair (H0, 𝜙)) for every given possible volcano (2), vent position
(441 and 460 for Somma-Vesuvius and Campi Flegrei, respectively) and size class (3 for each volcano), totalling
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104 ×441×3 and 104 ×460×3 simulations for Somma-Vesuvius and Campi Flegrei, respectively. Such a large
number of simulations is necessary to sample correctly the tail of the exponential PDF adopted. In order to
lower the computational time, in the case of the 392 lateral vents at Vesuvius (having very low probability)
we only run 1,000 simulations, so in the end we run energy cone model 104 × 49 × 3 + 103 × 392 × 3 times
(approximately 2.5 ⋅ 106 times). For Campi Flegrei we run 104 simulations for each eruptive vent and eruption
size (approximately 1.4 ⋅ 107 times).

B1.2. Uniform Distribution
In this case, we again account for the total column heights derived from eruption column simulations at
Somma-Vesuvius and Campi Flegrei in Sandri et al. (2016) and assume that the top of the gas thrust region
top is roughly estimated as 10% of the total height of the eruption column (Wilson et al., 1978). In this way,
the uniform distribution is set between H0min

=20 m and H0max
= 0.1HT .

In our simulation scheme, for each volcano and eruptive size class, we again sample 1,000 HT values from
Sandri et al. (2016) and define 1,000 uniform distributions. From each one of these, we sample one value of H0.
Thus, we end up with 1,000 H0 values for each volcano and eruptive size class. Correspondingly, we sample
1,000 𝜙 values given the volcano and eruptive size class. Finally, we run energy cone model 1,000 times (one
for each pair (H0, 𝜙)) for every given possible volcano, vent position and size class. In the case of uniform
distributions the number of samples can be lower as it is not too difficult to effectively sample the whole range
of possible values of H0 (the uniform distribution has no real “tail”).

B2. Energy Cone Simulations
The energy cone model is implemented on MATLAB (MathWorks, 2012) and run on a 40-m DEM using
computing facilities at the Center for Computational Research of the University at Buffalo, NY, USA. For
Somma-Vesuvius, Tierz, Sandri, Costa, Sulpizio, et al. (2016) demonstrated that the use of a 40-m DEM does
not alter the output of the energy cone simulations considerably, with respect to other sources of uncertainty,
compared to a finer DEM (the importance of the theoretical uncertainty, i.e., direct or inverse relationship
between H0 and𝜙, is one to two order of magnitudes larger). For Campi Flegrei we do not have such a system-
atic quantification for all the sources of uncertainty. We are aware that in the case of calderas, the absence of
a predominant topographic structure could give a more relevant role to DEM resolution, compared to other
sources of uncertainty. However, given the overwhelming difference in the importance of theoretical uncer-
tainty with respect to input uncertainty (i.e., DEM resolution) in the case of Somma-Vesuvius, we assume
that for Campi Flegrei the usage of a 40-m DEM influences the results to a lesser extent than theoretical
uncertainty does.

The output of the simulations are then interpolated on a 100-m grid for the PVHA, keeping the maximum
value of frequency of PDC arrival after the interpolation. This reduction is necessary to keep the computational
time of BET_VH model acceptable.

The final domain of PVHA is thus on a 100-m grid with lower left and upper right corners respectively at
(402575,4486891) and (483375,4546091) UTM (zone 33).

Appendix C: Results Obtained by Using Other Evaluation for the Spatial Probability
of Vent Opening

In this study, we made use of the spatial probability of vent opening for Campi Flegrei by Selva et al. (2012)
and we performed a new one for Somma-Vesuvius (section 2.1.1).

In Figure C1 we show the difference in the probability of PDC arrival, given the occurrence of an eruption of
any size and from any vent, when using other maps for the spatial probability of vent opening. In particular,
in Figures C1a and C1b we show (for the two end-member PDF for the collapse height) the difference in the
above conditional probability when using the map recently proposed for Somma-Vesuvius by Tadini et al.
(2017) with respect to the map used in this study. To compute such difference map, we have regridded the
map by Tadini et al. (2017) (their Figure 8) on our coarser grid for Node 4 (section 2.1.1). In particular, to any
given grid cell in our vents’ grid, we assign the sum of the probability values of all their grid points falling
within our given cell. We see from Figures C1a and C1b that using the map by Tadini et al. (2017) results in
conditional probability values which are systematically and significantly lower (more than 30% in some areas)
than using the map proposed in the present paper. This is mostly due to the fact that their vent map is almost
a uniform map over the summit caldera, and this results in a “dissipating” effect similar to the one we observe
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Figure C1. Differences in the probability of pyroclastic density currents (PDF) arrival, given the occurrence of an
eruption of any size and from any vent, when using other maps for the spatial probability of vent opening.
(a) (exponential PDF for the collapse height) and (b) (uniform PDF for the collapse height) show the difference in the
above conditional probability when using the map recently proposed for Somma-Vesuvius by Tadini et al. (2017) with
respect to the map used in this study. Negative values mean that the final Probabilistic Volcanic Hazard Assessment
(PVHA) is underestimated when using the vent map by Tadini et al. (2017), with respect to the one proposed here.
(c) (exponential PDF for the collapse height) and (d) (uniform PDF for the collapse height) show the difference in the
above conditional probability when using the map proposed for Campi Flegrei by Bevilacqua et al. (2015) with
respect to the map used in this study based on Selva et al. (2012). Positive/negative values mean that the final PVHA
is overestimated/underestimated, respectively, when using the vent map by Bevilacqua et al. (2015), with respect to
the one proposed here. Note the difference in the color scale between Somma-Vesuvius panels (a, b) and Campi
Flegrei panels (c, d).

at Campi Flegrei. We believe that these results justify the use of our map here proposed, as the final results
are much more conservatives in terms of PVHA.

Analogously, for Campi Flegrei, in Figure C1c,d we show (for the two end-member PDF for the collapse height)
the difference in the probability of PDC arrival, given the occurrence of an eruption of any size and from
any vent,the conditional probability when using the map recently proposed by Bevilacqua et al. (2015) with
respect to the map used in this study. Since the map by Bevilacqua et al. (2015) is very similar to the one by
Selva et al. (2012) used in this study (both in terms of evidence based to build it, and in the resulting numeri-
cal values), we see that in this case the differences in the conditional probability are limited to a few percent
points (maximum 4%), and do not show a systematic under or over estimation when using either one of the
two. In turn, the use of the two maps in the probability of PDC arrival in 50 years does not change significantly
the results, and the differences are within our final confidence bounds mentioned above.

Appendix D: Comparisons With Previous PDC Hazard Assessments
at Somma-Vesuvius and Campi Flegrei
D1. Somma-Vesuvius
A qualitative comparison of our maps for the probability of PDC invasion in the next 50 years can be made
with the PDC hazard assessment of Gurioli et al. (2010) (based on past PDC deposits) and Neri et al. (2008)
(based on expert elicitation and numerical modeling of PDCs). A comparison of Figure 2 with the most recent
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Figure D1. Maps used to qualitatively compare our results with those by Neri et al. (2008) at Somma-Vesuvius.
(a) and (b) show, respectively, the expected probability of pyroclastic density currents (PDC) arrival, given an eruption
of medium size from the central crater (in %), according to the exponential and uniform models for H0 presented in
this paper. To be compared with Figure 9 by Neri et al. (2008). Gray star points to the downtown of Napoli.

frequency map of PDC deposits around Somma-Vesuvius (Figure 6 in Gurioli et al., 2010) informs that the iso-
line enclosing the area having experienced at least two PDC arrivals in the last 22 ka coincides approximately
with the one with a mean probability of at least 1% in 50 years (Figure 2c). By using our mean probability
value, and assuming a Binomial PDF to model the arrival of PDCs (in n time windows) at a given grid point,
the probability of observing at least two PDC arrivals in that area in 440 time windows of 50 years each (i.e.,
22 ka in total) is about 99%. Accounting for uncertainties in both our model and field data (e.g., possible
incompleteness in the field observations), this crude comparison highlights that our mean probability values
seem statistically consistent with the observed frequency of PDCs reported by Gurioli et al. (2010).

On the other hand, if we compare our ensemble probabilities of PDC arrival (for any size and any vent,
Figure (2)) with the 90% confidence interval provided by Neri et al. (2008) (their Figure 9) for different sec-
tors around Somma-Vesuvius (given an eruption of medium size or “Sub-Plinian I,” as defined by Cioni et al.,
2008), we observe that the spatial pattern is similar: both the study of Neri et al. (2008) and ours confirm the
importance of Mount Somma in hindering PDC propagation toward the north. In terms of probability values,
the comparison with Figure 2 is difficult because the study by Neri et al. (2008) shows elicited probabilities
conditional upon the occurrence of a medium size eruption from the main crater, while we show absolute
probabilities for the next 50 years from any kind of eruption (any size and vent). Nevertheless, our mean prob-
ability of PDC invasion beyond Mount Somma is between 4 and 6%, which is about half the probability on the
opposite southern flank, at a similar distance (between 10 and 12%, Figures 2c and 2d). This spatial pattern is
in agreement with the one for the elicited values by Neri et al. (2008) (e.g., median probabilities of PDC inva-
sion are around 90–95% over the southern, western, and eastern flanks of the volcano, but only 45% on the
northern flank, beyond Mount Somma).

If we compare the results presented by Neri et al. (2008) with the probabilities of PDC arrival, given a
medium-size eruption from the central crater, computed from our two end-member models for the collapse
height (Figure D1), we note that the hazard assessment of Neri et al. (2008) is somehow intermediate between
the two end-member models. Thus, the 50% probability points of the exponential model (Figure D1a) show
a strong influence of the Mount Somma in hindering PDC propagation toward the north, similar to what
proposed by Neri et al. (2008) in their Figure 9, but our maximum runouts are a bit shorter than those pre-
sented by Neri et al. (2008) for the same probability of PDC arrival (green lines in their Figure 9). In contrast,
the 50% probability points of the uniform model (Figure D1b) display maximum runouts that are closer to the
ones given by Neri et al. (2008) over the southern, western, and eastern flanks of the volcano. On the northern
flank, the 50% probability points obtained with the uniform model seem not to be influenced by the pres-
ence of Mount Somma, which is in relative disagreement with the hazard assessment of Neri et al. (2008).
Nevertheless, it could be argued that independently of the proportion of PDCs that are able to overcome the
topographic barrier of Mount Somma (i.e., frequency of PDC arrival beyond it), the ones that actually prop-
agate further northward might reach maximum runouts that are not very different from the ones recorded
over the southern flank (e.g., Baxter et al., 1998; Todesco et al., 2002). Therefore, the probabilities of PDC
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Figure D2. Differences in the mean probability of pyroclastic density currents arrival, conditional upon the occurrence
of an eruption from an inland vent at the Campi Flegrei caldera, computed by Neri et al. (2015) minus those computed
in this study. Positive values (red) indicate that the probability of pyroclastic density currents arrival is greater in Neri
et al. (2015). The differences are expressed in the unit interval: [0, 1]. (a) and (b) are respectively for the exponential and
uniform models for the collapse height.

arrival for large (infrequent) PDCs are less constrained by the presence Mount Somma (Tierz, Sandri, Costa,
Sulpizio, et al., 2016).

D2. Campi Flegrei
In the case of Campi Flegrei, we compare some of our partial results with the ones obtained by Neri et al. (2015).
In particular, in Figure D2, we show the difference between the probability of invasion of PDCs, conditional
upon the occurrence of an eruption of any size from an inland vent of Campi Flegrei caldera, obtained by
Neri et al. (2015) and by our hazard assessment. We show such difference for both end-member assumptions
on the PDF for the collapse height (exponential and uniform).

The differences with Neri et al. (2015) are as follows:

1. always positive, implying that our method produces, systematically, either comparable or smaller probabil-
ities of PDC invasion;

2. particularly large over the Astroni crater and the Agnano plain (absolute values are up to ∼40% and ∼30%
for the exponential and uniform H0 models, respectively);

3. less significant along elevated areas (e.g., Posillipo hill) and the western sector of the caldera, especially in
the case of the uniform model for H0.
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