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The Flow Dynamics and Buttressing of Ice Shelves

MARTIN G. WEARING

In this thesis, I explore the flow dynamics associated with ice shelves confined within

channels and the buttressing they provide to grounded ice. Ice shelves are the floating

extensions of ice sheets and act as the interface between the ice sheet and the ocean.

They form when ice flows out from the interior of the ice sheet towards the coast and

begins to float as the ice thins. Ice shelves are often found within a channel or pinned

in place by stationary bedrock outcrops. The interest in their dynamics is motivated by

the buttressing effect they provide to the grounded ice, which strongly controls the rate

of ice discharge and thereby the contribution to sea-level rise. I use a combination of

mathematical modeling, fluid-mechanical laboratory experiments and geophysical data

analysis to develop an improved understanding of ice-shelf flow dynamics.

Initially, geophysical data in the form of Antarctic ice-surface velocity data is anal-

ysed, producing maps of strain rate, shear rate and strain orientation for Antarctic ice

shelves. This allows the geophysical setting and flow processes to be explored, partic-

ularly by identifying areas where resistance to ice flow is generated and regions of the

shelf that make no contribution to buttressing. Using the geophysical data, I find good

agreement between a theoretical scaling relationship for ice flow at the ice-shelf calving

front and data from Antarctic ice shelves.

I proceed to develop an idealized mathematical model of an ice shelf confined to flow in

a channel. By assuming shear-dominated dynamics within the shelf, analytical solutions

are obtained for steady-state ice-shelf thickness profiles in parallel and diverging channels.

This model is developed further to include both shear and extensional stresses, from

which numerical solutions for steady-state shelves are calculated. The results from these

two models are then compared. It is found that shear stresses dominate the dynamics

throughout the majority of the shelf, with adjustment regions at the upstream and

downstream boundaries where extensional dynamics become important. Output from

these models is also compared with geophysical data and it is observed that there is good

agreement between several features of the thickness profiles and velocity fields.

In addition to the geophysical data, comparisons are made with fluid-mechanical

laboratory experiments designed to simulate the flow of an ice shelf in a channel. The

advantage of performing experiments of this kind is that parameters such as the fluid

rheology can be varied, allowing for direct comparison with a range of parameters in

the mathematical models. From these experiments, surface velocity fields and thickness

profiles are collected, which are used to make comparisons with the models. Clear

differences are observed in the velocity and strain-rate fields produced using fluids with

different rheologies, for which there is qualitative agreement with the output from the

mathematical models.
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Chapter 1

Introduction

Ice sheets are continental-sized glacial ice masses, such as those which presently cover

Greenland and Antarctica. They form due to the accumulation of snow and ice at high

altitude, and usually high latitude, which then spreads under gravity and flows towards

the edge of the continent. They can either terminate before reaching the coast because

of melting, or flow out over the ocean to form a floating ice shelf. These ice shelves can

melt from below if they are in contact with warm ocean waters, and/or sections can

break off at the front of the shelf to form icebergs in a process known as calving.

During the Last Glacial Maximum (LGM), around 21,000 years ago, in addition to

the ice sheets of Greenland and Antarctica, the Laurentide and Fennoscandian ice sheets

covered much of North America and Northern Europe respectively. The formation, ad-

vance/retreat and disappearance of ice sheets plays a key role in the climate system, not

only as a store of freshwater but also affecting: surface albedo (the proportion of solar

radiation reflected by a surface); ocean salinity; atmospheric and oceanic circulation.

The change in mass of these ice sheets has a direct impact on global sea level. Ice sheets

also provide a surface loading, which deforms the underlying and surrounding lithosphere

and has wider implications for regional sea-level rise. For example, when an ice sheet

melts and retreats from a location, the lithosphere there rebounds due to the removal of

loading. This rebound causes a lowering of local sea level despite the volume of water

in the ocean increasing. There is also an effect owing to the gravitational attraction of

the ocean water towards the ice sheet. As mass is lost from the ice sheet, this attraction

is reduced and the local sea level is lowered. In turn, a more pronounced sea-level rise

is observed elsewhere, far from the ice sheet, where there has been no change in surface

loading.

At present, sea-level rise is a threat to many lower-lying communities throughout the

world, with IPCC AR5 projections estimating a global mean sea-level rise of 0.45 - 0.82

m by 2081 - 2100 relative to a mean sea level from 1986 - 2005 (Church et al., 2013).
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This projection is under Representative Concentration Pathways (RCP) scenario 8.5, in

which there is a long term high energy demand and greenhouse gas emissions in absence

of climate change policies (Riahi et al., 2011). There are many factors inducing changes

in sea level, such as the thermal expansion of the ocean water and changes in groundwa-

ter storage. However, projections concerning the contribution from ice sheets remain the

most uncertain owing to a lack of understanding and observations (Church et al., 2013).

It is estimated that between 1992 and 2011, the ice sheets of Greenland and Antarctica

contributed 11.2 ± 3.8 mm to sea-level rise (Shepherd et al., 2012). This is a significant

amount and accounts for approximately 20% of the sea level rise observed in this period

(Church et al., 2013).

The mass loss from the Greenland Ice Sheet is due to a combination of sublimation,

runoff of surface melting and ice flow to the coast. When ice reaches the coast it is

then lost by direct melting of tidewater glaciers in contact with the ocean water, or the

collapse of the ice front, which leads to the formation of icebergs. Different dynamics

dominate the mass balance of the Antarctic Ice Sheet, where atmospheric and ocean

temperatures are on average colder than those in Greenland. The term Equilibrium

Line Altitude (ELA) is used to describe the zone in which there is a transition from an

area that has net accumulation of snow and ice throughout the year, to an area that has

net ablation throughout the year. For Greenland the ELA is found at approximately

1500 m above sea level (depending on location) (Oerlemans and van der Veen, 1984),

however in Antarctica the ELA is located approximately at sea level. As a result, in

Antarctica there is very little surface melting (which often refreezes within the ice if

melt does occur) and once the ice reaches the coast it is able to form a floating ice shelf

rather than a semi-grounded tidewater glacier, as is the case in many areas around the

coast of Greenland. This means that mass loss from the Antarctic Ice Sheet is mainly

due to the flow of ice off the continent into the floating ice shelves. Once the ice crosses

the grounding line, the line at which the ice transitions from being grounded to floating,

the ice has made its contribution to sea level as it displaces the equivalent volume of

water. The extent of the ice shelves is regulated by the viscous deformation of the shelf

along with the processes of submarine melting and iceberg calving at the ice-shelf front.

The two largest ice shelves in Antarctica, the Ross and Ronne Ice Shelves are found

in West Antarctica. Here, large sections of the ice sheet are grounded on bedrock be-

low sea level. This configuration is referred to as a marine ice sheet. The extent to

which this section of the ice sheet is grounded below sea level can be seen in Figure

1.1a, a map of bedrock bathymetry. As this region of the ice sheet is below sea level,

grounding-line retreat would expose more ice to ocean waters, which may act to melt

the ice. This process has the potential to be influenced by changes in ocean heat con-
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tent and circulation. Furthermore, much of the ice sheet in this section of Antarctica

is located on a retrograde slope, meaning the bedrock slopes down in the upstream di-

rection, which is thought to be fundamentally unstable to grounding line retreat for a

one-dimensional flow line approximation of the system. This ‘marine ice sheet instability’

was first proposed by Weertman (1974) and clarified more recently by the work of Schoof

(2007). These two mechanisms for ice-sheet retreat are significant as the west section

of the Antarctic Ice Sheet has the potential to raise sea level by 7m (Fretwell et al., 2013).

Ice shelves around the coast of Antarctica are fed by fast flowing sections of the ice

sheet known as ice streams. Ice in these ice streams flows at up to 1000 m yr−1, while

ice flow in the surrounding areas is less than 50 m yr−1 and typically on the order of 5

m yr−1. This channelized tributary structure of ice flow can be seen in a map of ice sur-

face velocity as shown in Figure 3.1, taken from Rignot et al. (2011a). These ice streams

act to channel and transport 90% of the ice discharged from the Antarctic continent into

the floating ice shelves (Bamber et al., 2000). This rate of ice discharge is controlled by

a number of characteristics.

One factor controlling discharge is the basal conditions of the ice streams, which de-

termines whether the ice slips along a well lubricated bed, or whether the base of the ice

stream is frozen in place and flow is solely due to the deformation of the overlying ice.

These differences may stem from the properties of the materials found at the ice-bed

interface, be it rock or till. In Greenland there is evidence to suggest that there are

seasonal changes in the basal conditions due to surface melt water reaching the bed and

helping to lubricate the interface (Bartholomew et al., 2010). This may lead to the for-

mation of a subglacial drainage system in the form of distributed cavities or interlinking

channels (Hewitt, 2011, 2013), which may evolve during the seasonal cycle depending on

the volume of water and driving pressures. In Antarctica, there are locations where water

is present at the base of the ice streams (Blankenship et al., 1986) but this most likely

forms as a result of frictional shear heating at the ice-bed interface or due to geothermal

heat warming the ice from below rather than input at the surface as in Greenland, where

annual temperatures are greater.

3



(a) (b) (c)

Figure 1.1: Figures adapted from Fretwell et al. (2013) showing the Bedmap2 dataset: (a) bed elevation; (b) surface elevation; (c) ice
thickness.
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When considering the relevant length-scales and timescales for ice-sheet dynamics: 100

m - 100 km length-scales; and 10 - 1000 year timescales, ice flows like a viscous fluid.

However, glacial ice has shear-thinning Non-Newtonian characteristics and is widely

modelled using Glen’s Flow Law (Cuffey and Paterson, 2010). This empirically derived

model for ice rheology is based on a power-law rheological model, where the effective

viscosity of the fluid is proportional to a simple power of the rate of strain. Within the

Glen’s-Flow-Law model there are two parameters, a rate factor or consistency index and

the power-law exponent. These values are empirically derived and may depend on ice

temperature and the deformation history. Further explanation of Glen’s Flow Law and

other rheological approximations for ice are given in later sections.

In Antarctica, most ice streams feed into a floating ice shelf. These ice shelves are of-

ten found in a channel or embayment with bedrock outcrops located along the edges or

within the embayments. These outcrops act to restrict the flow of the shelf. In turn the

shelf exerts a backstress on the grounded ice due to the resistance generated by the de-

formation of the ice shelf. This buttressing effect acts to reduce the rate of ice discharge

from the ice streams. Evidence of this effect can be seen in the speed up and thinning

of glaciers and ice streams following the collapse of an ice shelf downstream. Examples

include the collapse of the Larsen A (Rott et al., 2002) and Larsen B (Scambos et al.,

2004; Rignot et al., 2004) Ice Shelves, in 1995 and 2002 respectively. In the case of the

Larsen B collapse, some glaciers that were former tributaries to the ice shelf sped up

significantly, with one temporarily reaching speeds up to 8 times pre-collapse flow speed,

from approximately 250 m yr−1 to approximately 2000 m yr−1 (Rignot et al., 2004).

Ice-shelf thinning due to atmospheric and ocean melt has also been linked to dynamic

thinning of tributary ice streams (Pritchard et al., 2012), suggesting that small changes

in buttressing can have substantial impacts on discharge.

Therefore, these ice shelves and the buttressing effect they have on the grounded ice

are an important aspect of ice-sheet dynamics and is one factor controlling the rate of

ice discharge and as a consequence the rate of sea-level change. Increasing atmospheric

and ocean temperatures are likely to have an impact on the extent and strength of ice

shelves. The Antarctic Peninsula is an area of particularly rapid warming, warming at a

rate of 3.7 ± 1.6◦C per century (from measurements between 1904 and 2001) (Vaughan

et al., 2003). This warming may lead to the retreat or collapse of ice shelves along the

Antarctic Peninsula, such as the Larsen A and B ice shelves, with empirical relations

suggesting that ice shelves can not withstand average annual temperatures greater than

-5◦ (Vaughan and Doake, 1996).
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Figure 1.2: Antarctic ice-surface speed, figure taken from Rignot et al. (2011a)
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Many ice-sheet models are based on a two-dimensional flow-line geometry that considers

one horizontal dimensional along the flow of the ice sheet and one vertical dimension in

which the ice-sheet thickness varies. In these models, the buttressing effect of the ice

shelves is not inherently included but some parameterization of the effect can be included

in an attempt to capture the dynamics. However, this overlooks the interesting and of-

ten complex dynamics that occur in the shelf. By including an additional horizontal

dimension, the flow within the shelf can be studied and the mechanisms contributing to

buttressing can be investigated. For instance, when the dynamics of an ice shelf are con-

sidered in a model with two horizontal dimensions, it has been shown by Gudmundsson

(2013) that the presence of an ice shelf can help to stabilize a marine ice sheet with a

grounding line situated on a retrograde slope.

This thesis aims to further elucidate the flow dynamics of ice shelves and the mech-

anisms by which they buttress the grounded ice. Simple equations governing the ice

flow are first introduced, with particular attention paid to the ways in which buttressing

can be generated by the shelf and the rheological properties of ice. Geophysical data

from Antarctic ice shelves are then analysed in Chapter 3, in order to develop an under-

standing of the geophysical setting as well as the qualitative and quantitative features

present. An Antarctic-wide velocity dataset is used to investigate the flow dynamics

found in ice shelves, with analysis of the induced deformation. Areas of the ice shelf

are identified that contribute to the buttressing of the grounded ice. In Chapter 4 a

simple relationship is derived for the flow of ice at the front of a ice shelf, which is then

compared with geophysical data. This comparison identifies ice shelves that conform to

the scaling relationship and those that flow faster than expected, owing to weak ice in

the shear margins or an absence of lateral pinning-points.

A set of idealized models for the flow of an ice shelf in a channel are then developed in

Chapter 5, with the aim of developing a fundamental understanding of the controls on

the flow dynamics of the shelf. From these models, analytical and numerical solutions

are obtained for the ice-shelf thickness profile and velocity field. These model results

are then compared with the geophysical data, clarifying the controls on the large-scale

dynamics observed throughout the shelf. In addition to the comparisons with the geo-

physical data, a set of fluid mechanical laboratory experiments are performed to simulate

the flow of an ice shelf confined to a channel. These experiments are described and the

results presented in the penultimate chapter. Both Newtonian and shear-thinning fluids

are used to simulate an ice shelf, with thickness profiles and velocity fields obtained.

Clear differences are observed between the dynamics in each case, and similarities are

identified with the geophysical examples and idealized models.
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Chapter 2

Fundamental Equations for the Flow

of Ice Shelves

2.1 Introduction

In this chapter, I introduce the equations for the Shallow-Shelf Approximation, which

govern the flow of an ice shelf when ice flow is uniform in the vertical. I then use these

equations to outline how resistance to flow or buttressing can be generated for simple

ice-shelf flows. These ideas will be applied to the analysis of geophysical data in Chapter

3.

2.2 Fundamental Equations

An ice shelf spreading under gravity can be modelled using the incompressible Stokes

equations for flows with low Reynolds number. For a typical ice shelf, ice-flow speeds are

of the order of 500 m yr−1, varying over a length scale of approximately 100 km. The

dynamic viscosity is approximately 2 ×1014 Pa s, which leads to a typical Reynolds num-

ber of Re ∼ 10−11. For the flow of an ice shelf, deformation occurs over long timescales.

However, if the ice is forced over a short time period there is an elastic response, such as

when an ice shelf oscillates with tidal forcing (Anandakrishnan and Alley, 1997; Sayag

and Worster, 2013a). The elastic and viscous response of an ice shelf to tidal forcing

have been investigated by Reeh et al. (2003); Gudmundsson (2011) amongst others. Reeh

et al. (2003) saw good agreement between data for tidal displacement of an ice shelf and

results from a viscoelastic beam model. The rheological model used in this work captured

the instantaneous elastic response, delayed elastic response and viscous response. Using

this viscoelastic model and the parameter values listed in the paper (Reeh et al., 2003)

it is apparent that the instantaneous and delayed elastic effects dominate within the two

weeks of an imposed constant loading, with the viscous effects dominating thereafter.
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Figure 2.1: Diagram depicting a floating ice shelf flowing over a dense and inviscid ocean.

The viscoelastic rheological model and parameter values can be found in the Appendix

(Section A) along with a plot of the evolution of the three components of strain and the

total strain rate for this constant imposed stress, Figure A.1.

In this work I focus on the long timescale viscous deformation of an ice shelf over years

to thousands of years and neglect the short-time elastic behaviour.

I now outline the equations for the vertically integrated flow of an ice shelf, as derived

by Pegler (2012) and previously by Di Pietro and Cox (1979) and MacAyeal (1989).

Amongst glaciologists, these equations are known as the Shallow-Shelf Approximation

(SSA).

Consider an ice shelf of density ρ, floating in a dense ocean (ρw > ρ), as shown in

the schematic in Figure 2.1. The force-balance equation for the shelf balances the diver-

gence of the stress tensor with the gravitational body force and we consider the ice to

be an incompressible fluid,

∇.σ = ∇. (−P I + 2µe) = ρgẑ, (2.1)

∇.u = 0. (2.2)

Here σ denotes the (Cauchy) stress tensor, P is the isotropic pressure, I the 3D identity

matrix, µ is the effective (dynamic) viscosity, ρ the ice density, g the acceleration due

to gravity, ẑ the vertically aligned unit vector, u the velocity and e = 1
2

[
∇u + (∇u)T

]
is the rate-of-strain tensor. The derivation below assumes that ice behaves like a gener-

alised Newtonian fluid, with the effective viscosity µ dependent on strain rate. In later
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sections, a Newtonian model and non-Newtonian model will be developed, with the non-

Newtonian model capturing the shear-thinning properties of ice.

Consider the horizontal component of the force balance from the Stokes equation (2.1),

∇̃.σ̃ +
∂

∂z
(ẑ.σ̃) = 0, (2.3)

where all the terms with a tilde (∼) refer to the horizontal component of that term, such

that

∇̃ ≡


∂
∂x
∂
∂y

0

 , (2.4)

σ̃ ≡

(
σxx σxy σxz

σyx σyy σyz

)
. (2.5)

The full force-balance equation is subject to the boundary conditions

σ.n = 0 (z = h), (2.6)

σ.n = ρwgzn (z = −b), (2.7)

= ρwg(−b)n,

where h is the position of the upper surface of the shelf in contact with the atmosphere

and b is the thickness of the shelf below sea level, denoted by z = 0. The vector n is the

outward-pointing unit vector normal to each surface (pointing out from the ice). The

first condition states that there are no stresses acting normal to the surface on the top

surface of the ice shelf, while the second condition gives the normal stress acting on the

lower surface of the ice shelf as a result of the pressure of the ocean water beneath the

ice shelf, with ρw denoting the density of the ocean. It is assumed that there are no

tangential stresses acting on the upper or lower ice interfaces.

Here we assume that the horizontal extent of the shelf is much larger than the shelf

thickness H, so that gradients in thickness (∇H) are small. (A typical ice shelf may be

100 - 500 km long, thinning from up to 1000 m at the grounding line to approximately

200 m at the calving front.) The horizontal component of these boundary conditions can

then be rewritten to leading order in ∇H, where ∇H � 1. Here the surface gradients

are small such that the normal vectors to the surface and the surface gradient vectors can

be approximated as aligned in the vertical z-direction. The surface and base of the shelf

can be given in terms of the shelf thickness; h = (1−ρ/ρw)H and b = (ρ/ρw)H, assuming

from Archimedes Principle that the shelf is subject to an upward body force equal to the
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weight of the fluid displaced. The horizontal component of the first boundary condition,

(2.6), gives

σ̃.ñ = 0 (z = h), (2.8)

⇒ σ̃.ẑ ≈ σ̃.∇̃h ≈ 0,

⇒

(
σxz

σyz

)
≈
(

1− ρ

ρw

)(
Hxσxx +Hyσxy

Hxσyx +Hyσyy

)
≈ 0,

while the horizontal component of the second boundary condition (2.7) gives

σ̃.ñ = ρwg(−b)ñ, (z = −b), (2.9)

⇒ σ̃.ẑ ≈ σ̃.∇̃(−b) ≈ ρwg(−b)∇̃(−b),(
σxz

σyz

)
≈ − ρ

ρw

(
Hxσxx +Hyσxy

Hxσyx +Hyσyy

)
≈ −ρ

2g

ρw
H

(
Hx

Hy

)
.

This implies that vertical shear stresses (σiz with i = x, y) are much smaller, by a factor

of ∇H, than stresses due to horizontal velocity variations (σij with i, j = x, y).

In addition to this, for an ice shelf there are no tangential stresses acting on the top

surface with the atmosphere or the bottom surface with the ocean. (These tangential

stresses are sometimes referred to as tractions.) This implies that the vertical-shear

stresses are negligible in the z-component of the Stokes equation (2.1). The vertical

component of the Stokes equation therefore reduces to

∂σzz
∂z

= ρg. (2.10)

This equation has boundary conditions determined by the vertical stresses acting on

the top and bottom surfaces of the ice shelf. As earlier, under the assumption that the

thickness gradient (∇H) is small, the top and bottom surfaces of the shelf can therefore

be approximated as horizontal surfaces

σzz = 0 (z = h), (2.11)

σzz = −ρg(h+ b) (z = −b). (2.12)

Atmospheric pressure has been set to zero, so there is no normal stress acting on the

upper surface, while the normal stress acting on the lower surface of the shelf is a result

of the hydrostatic pressure of the ice above it. These boundary conditions can be used
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to solve for σzz in (2.1) and produce an equation for the pressure in the ice shelf,

σzz = ρg(z − h) = −P + 2µ
∂w

∂z
, (2.13)

⇒ P = 2µ
∂w

∂z
− ρg(z − h). (2.14)

Returning to the horizontal component of the Stokes equation (2.3) and integrating

across the depth of the flow, ∫ h

−b
∇̃.σ̃dz + [ẑ.σ̃]h−b = 0. (2.15)

Using the boundary conditions (2.8) and (2.9), we obtain∫ h

−b
∇̃.σ̃dz + σ̃.∇̃h− σ̃.∇̃(−b) = −ρ

2g

ρw
H∇̃H, (2.16)

⇒ ∇̃.
∫ h

−b
σ̃dz = −ρ

2g

ρw
H∇̃H, (2.17)

using Leibniz’s rule. Here the term on the right of equation (2.17) corresponds to the

hydrostatic pressure of the ocean acting on the bottom of the ice shelf, while the term on

the left-hand side is the divergence of the depth-integrated horizontal stress. It is now

possible to produce an equation for the depth integrated horizontal stress,∫ h

−b
σ̃dz =

∫ h

−b

(
−P Ĩ + 2µẽ

)
dz, (2.18)

=

∫ h

−b

[(
−2µ

∂w

∂z
+ ρg(z − h)

)
Ĩ + 2µẽ

]
dz, (2.19)

= −1

2
ρg(h+ b)2Ĩ + 2µ(h+ b)

[
(∇̃.ũ)Ĩ + ẽ

]
, (2.20)

= −1

2
ρgH2Ĩ + 2µH

[
(∇̃.ũ)Ĩ + ẽ

]
. (2.21)

The incompressibility condition, equation (2.2), has been used to substitute −∂w
∂z

with

the horizontal divergence of the horizontal velocity ∇̃.ũ. Now taking the divergence of

the depth-integrated horizontal stress,

∇̃.
(
−1

2
ρgH2Ĩ + 2µH

[
(∇̃.ũ)Ĩ + ẽ

])
= −ρ

2g

ρw
H∇̃H, (2.22)

−ρgH∇̃H + 2∇̃µH(∇̃.ũ) + 2∇̃.(µH ẽ) = −ρ
2g

ρw
H∇̃H, (2.23)

∇̃µH(∇̃.ũ) + ∇̃.(µH ẽ) =
ρg′

2
H∇̃H. (2.24)

This is the depth-integrated horizontal force balance for the ice shelf, with a generalised
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Newtonian rheology (i.e. µ has not been specified). Here g′ is the reduced gravity given

by

g′ =

(
ρw − ρ
ρw

)
g. (2.25)

The depth-integrated horizontal force balance determines the flow within the ice shelf.

The ice shelf thickness then evolves subject to the continuity equation

∂H

∂t
+∇.(Hu) = a. (2.26)

The variable a accounts for accumulation or ablation of ice on the surface or base of the

shelf. This may be due to: snowfall; surface or basal melting; or the freeze-on of ocean

water. For the theoretical models developed later in this thesis, I neglect these effects

and focus on the deformation due to flow and therefore set a = 0.

I now briefly consider some of the dynamics for three types of ice flow: purely ex-

tensional flow; shear flow; and radial spreading. This will give an insight into the basic

dynamics before investigating/analysing the ice-shelf flow field from some geophysical

examples in the following chapter. Of particular interest is the variety of dynamics that

may act to provide resistance to the flow of the ice shelf and therefore contribute to the

buttressing of the grounded ice.

2.3 Cartesian Coordinates

In Cartesian coordinates the force-balance equation (2.24) takes the form of a system of

equations,

4
∂

∂x

(
µH

∂u

∂x

)
+ 2

∂

∂x

(
µH

∂v

∂y

)
+

∂

∂y

(
µH

∂u

∂y

)
+

∂

∂y

(
µH

∂v

∂x

)
= ρg′H

∂H

∂x
, (2.27)

4
∂

∂y

(
µH

∂v

∂y

)
+ 2

∂

∂y

(
µH

∂u

∂x

)
+

∂

∂x

(
µH

∂u

∂y

)
+

∂

∂x

(
µH

∂v

∂x

)
= ρg′H

∂H

∂y
, (2.28)

representing the x and y components of the force-balance equation, with u the velocity

component aligned in the x-direction and v the velocity component in the y-direction.

2.3.1 1D Flowline Ice Shelf - Extension Only

Consider a one-dimensional flow-line model for an ice shelf with horizontal flow in the

x-direction only (u = (u(x), 0)) and a thickness profile that varies in the x-direction only,

such that H ≡ H(x, t). The force-balance equation then reduces to

4
∂

∂x

(
µH

∂u

∂x

)
= ρg′H

∂H

∂x
. (2.29)
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This can be integrated in the along-flow, x-direction to give

µ
∂u

∂x
=
ρg′

8
H. (2.30)

Here the term on the left-hand side represents the extensional stresses within the shelf,

while the term on the right denotes the hydrostatic driving pressure. This is the simplest

example of ice-shelf flow, where the hydrostatic driving stress is balanced by only the

extensional stresses within the shelf. In this case I consider there to be no resistance to

the flow of the shelf and therefore no buttressing. This state will be used to compare

whether the dynamics within a shelf provide resistance to flow and therefore make a

contribution to buttressing.

Here it is assumed that the shelf thins in the along-flow direction and ∂H/∂x < 0.

However, if there is an area of compression, such as when a pinning point blocks the

flow of an ice shelf, then this will lead to thickening of the shelf upstream of the pinning

point, and therefore changing the sign of the partial derivative in H. This compression

leads to a reduction in the extensional stress and hence buttressing.

2.3.2 Flow in a Channel - Shear Stresses

Consider the flow of an ice shelf in a long and narrow parallel channel of width W . The

flow of the ice shelf is assumed to be in the along-channel, x-direction only and the shelf

has a uniform cross-channel thickness profile. The magnitude of the velocity can vary

across the width of the channel and the horizontal velocity is given by u = (u(x, y), 0),

with the thickness profile taking the form H ≡ H(x, t). Along the channel walls at y = 0

and y = W , we can prescribe boundary conditions such as no-slip (u = 0) or some form

of Coulomb friction: ∂u/∂y = κu/µ, where κ = ∞ signifies no-slip along the channel

walls and κ = 0 signifies free-slip. For this system, the along-channel component of the

force-balance equation reduces to

4
∂

∂x

(
µH

∂u

∂x

)
+

∂

∂y

(
µH

∂u

∂y

)
= ρg′H

∂H

∂x
. (2.31)

Here the two terms on the left hand side are partial derivatives of the depth-integrated

extensional stress and the shear stress, which balance the along-channel derivative of the

depth-integrated hydrostatic driving stress, given on the right. Here there are two resist-

ing stresses balancing the driving hydrostatic pressure gradient. When compared with

the previous flowline case, which considered only extensional stresses, we see that there

is now additional resistance to flow from this shear stress term (a source of buttressing).
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2.4 Radial Flow - Hoop Stresses

Now consider a flow that is unconfined by lateral walls, the simplest case being an

axisymmetric, radially spreading ice shelf. In cylindrical coordinates with radial flow

denoted by u and azimuthal flow by v, the horizontal strain-rate tensor e has components

err =
∂u

∂r
, (2.32)

eθθ =
1

r

∂v

∂θ
+
u

r
, (2.33)

erθ =
1

r

∂u

∂θ
− v

r
+
∂v

∂r
. (2.34)

The radial component of the force-balance equation (2.24) then becomes

∂

∂r

[
µH

(u
r

+ 2err

)]
+

1

r

∂

∂θ
(µHeθθ) +

µH

r
(err − eθθ) =

ρg′

2
H
∂H

∂r
. (2.35)

If we consider an idealized theoretical case with axisymmetric flow in the radial direction,

as considered by Pegler and Worster (2012), then terms involving partial derivatives in

the θ-direction are set to zero and the radial force balance becomes

∂

∂r

(
µH

(
2
∂u

∂r
+
u

r

))
+ µH

∂

∂r

(u
r

)
=
ρg′

2
H
∂H

∂r
. (2.36)

Here the first term on the left-hand side of the equation represents the radial extension

of the shelf, in a similar manner to the along-flow extension found in the force-balance

equation for the 1D flowline ice shelf in a simple Cartesian system, as considered in

the previous section. In the Cartesian 1-D flowline system, this was balanced by the

hydrostatic driving pressure only, which is the term on the right hand side of (2.36).

This has a negative value due to the decrease in the shelf thickness (H) with radial

(along-flow) distance r. However, for this radial flow there is an additional term on

the left-hand side, which must balance the hydrostatic driving pressure. This additional

term is the hoop stress, which is due to the azimuthal extension of the shelf as the current

spreads radially.

µH
∂

∂r

(u
r

)
. (2.37)

If the hoop-stress term is negative it reduces the influence of the hydrostatic driving

pressure on the extensional stress and effectively acts to resist the flow of the shelf.

Therefore a negative hoop-stress term acts as a source of buttressing. Conversely, if it

is positive then it acts to increase the radial extension.

Physically, positive hoop stress can be thought of as the extensional resistance gen-

erated by azimuthal spreading. A driving pressure is required to induce this spread and
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therefore this reduces the magnitude of the along-flow extension and hence produces

resistance to flow.

From these simple examples of ice flow, it is clear that flow in the shelf is induced

primarily by the hydrostatic driving pressure, which in the simplest case (uni-directional

flow with no transverse gradient) is then balanced by the extensional stress in the shelf.

In addition to this, resistance to flow or buttressing can be generated due to the pres-

ence of shear or hoop stresses. The shear and hoop stresses act to reduce the extensional

strain rate in comparison to the extension-only case.

In the following chapters when analysing shelf velocities I use the term ‘resistance to

flow’ to describe when the extensional stress at a point is less than the extensional stress

expected in the case of basic extensional flow, as described by a 2D flow-line model, with

no buttressing parameterization. This resistance and the reduction in the extensional

stress then make a positive contribution to buttressing.

2.5 Ice Rheology - Glen’s Flow Law

One fundamental parameter that controls the flow of an ice shelf is the ice rheology,

and for ice shelves and glaciers this rheology can often be complex. For the case of ice-

shelf flow, where deformation occurs on relatively long timescales (weeks - 100 years),

the elasticity component of the ice rheology can be neglected and the deformation can

be accurately modelled as purely viscous. In the theoretical and experimental investi-

gations in this thesis, I use a selection of fluids with different rheologies to assess the

effects of rheology on the dynamics. Basic models use a Newtonian rheology, for which

the viscosity is constant. This approximation allows the underlying physical balances to

be understood without complications from temporal or spatial variations in viscosity or

feedbacks between dynamics and viscosity.

However, ice is known to be a shear-thinning fluid, with increased strain rates leading

to a decrease in the effective viscosity. This implies that there is a nonlinear relation-

ship between the strain rate and stress. Figure 2.2a shows a plot of strain rate versus

shear stress for three different rheologies (Newtonian (n = 1), shear-thinning power-law

(n = 3), and perfectly plastic (yield stress =100 kPa)). Here the difference between the

Newtonian and shear-thinning behaviour is clear. There is a linear relationship between

shear stress and strain rate in the case of the Newtonian fluid. However, for the shear-

thinning fluid, an increase in the strain rate leads to a nonlinear increase in the shear

stress, with the increase in shear stress reduced for larger strain rates.
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Ice rheology is often modelled using a power-law model, known as Glen’s Flow Law.

The effective viscosity under this theory takes the form

µ =
1

2
Be

(1−n)/n
II , (2.38)

with B the rate factor, n the flow-law exponent and eII the second invariant of the

strain-rate tensor e. The second invariant of the strain-rate tensor is a measure of the

rate of deformation of the ice and is given by

eII =
1

2
e : e =

[
1

2

(
e2xx + e2yy + e2zz

)
+ e2xy + e2xz + e2yz

]1/2
. (2.39)

Alternatively, the deviatoric stress experienced by the fluid can also be expressed as a

function of the strain rate,

τij = Be
(1−n)/n
II eij. (2.40)

The flow exponent n has been determined from multiple sets of field data and is thought

to take a value between 1.5 and 4.2 (Cuffey and Paterson, 2010). As the value of n is

increased, the effective viscosity is reduced more for the same strain rate. In most mod-

elling studies it is assumed that n ≈ 3 (Cuffey and Paterson, 2010) and in this thesis I

use a power-law rheology with n = 3 to capture the shear-thinning nature of ice. Some

field data from a range of ice shelves used to derive a value of n can be seen in Figure 2.2b.

The rate factor (or consistency index) B encapsulates all dependencies other than the

strain rate. The most important of these is temperature dependence, as the ice softens

with increasing temperature. The two ice temperatures considered in this work are 0◦C

and -10◦C. For these two values the rate factor is B = 7.47 × 107 s1/3 Pa for ice at

0◦C, and B = 1.42 × 108 s1/3 Pa for ice at -10◦C (Cuffey and Paterson, 2010). Other

characteristics which may affect the value of B are: the water content of the ice; the

deformation history and presence of damage, such as fractures or crevasses; the crystal

structure and crystal orientation; ice grain size; and the concentration of impurities.

Therefore the version of Glens Flow Law used in this work, with constant rate factor

B, is most likely to break down in areas with large temperature variations or large-scale

damage in the form of fractures.

In the following chapter, I assess the flow field for Antarctic ice shelves. The ice rheology

becomes particularly important in the margins of the shelves where there are high rates

of deformation.
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Figure 2.2: Figures adapted from Cuffey and Paterson (2010). (a) Plot of strain rate
against shear stress for three rheological models: Newtonian, n = 1; shear-thinning,
n = 3; and perfectly plastic, yield stress 100 kPa. (b) Ice-shelf field data showing strain
rate against stress in log-log space. Circles denote data from the Ross Ice Shelf, and
squares data from five other shelves. Dashed line represents best fit with slope n = 2.5.
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Chapter 3

Ice-Surface Velocity Data for

Antarctic Ice Shelves

3.1 Introduction

Along many parts of the Antarctic coast, ice shelves form the interface between the

continental ice sheet and the ocean. The flow of ice from the interior of the continent

towards the coast occurs mainly in fast flowing ice streams, which feed into the floating

ice shelves. Understanding the flow of ice within an ice shelf is important in order to

determine the scale and spatial distribution of the viscous deformation that is occur-

ring. The viscous deformation of the shelf generates resistance to ice flow and can be

transferred back upstream towards the grounded ice. This leads to buttressing from the

ice shelf that can act to reduce the rate of ice discharge. In this chapter I use geophys-

ical data, mainly ice-surface velocity data, to investigate the flow dynamics present in

Antarctic ice shelves. I concentrate on the large-scale ice dynamics, such as processes

that lead to the buttressing of the grounded ice or lead to the advance of the ice front. In

addition, I consider the flow dynamics associated with fracturing and crevasse formation.

From analysis of the velocity field for a selection of Antarctic ice shelves, I can develop

an understanding of the geophysical system and determine characteristic properties that

will be used in later sections of this thesis to develop idealized models. These models

will provide further insight into the flow dynamics of an ice shelf. One such property is

the geometry of the ice-shelf embayment, and the location and type of pinning points

about which buttressing is generated. From the analysis of the velocity data I am able

to identify the locations of pinning points that are generating local resistance to flow

and thereby may contribute to buttressing. In addition to this, the uniformity of ice

rheology and viscosity can be assessed, with the presence of damaged ice and weak-ice

zones potentially having significant impact on the flow.
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3.2 Ice-surface velocity data

Figure 3.1 shows a map of ice-surface speed for the whole of Antarctica (Rignot et al.,

2011a). It is clear that most of the ice on the continent flows slowly, less than 20 m yr−1,

with fast flow in the ice streams and ice shelves at the coast reaching speeds of over

1000 m yr−1. This velocity data is collected from satellites using a technique known as

Interferometric Synthetic Aperture Radar (InSAR). This method uses radar to identify

features within the ice and uses the displacement of these features between repeat satel-

lite passes, and also the displacement of features when observed on different independent

satellite paths, in order to determine a surface velocity. The ice velocity is assumed to

be parallel to the ice surface (Rignot et al., 2011a). The dataset displayed in Figure

3.1, from Rignot et al. (2011a), gives ice-surface velocity at a 900 m grid resolution for

the entire Antarctic continent. For the following analysis I used the updated 450 m grid

resolution dataset (Rignot et al., 2011b).

The surface-velocity dataset from Rignot et al. (2011b) is a compilation of data from

multiple satellites and was mainly collected between 2007 and 2009, although the com-

plete dataset contains data from 1996 to 2011. In addition to the surface velocity, this

data product also contains an estimate of the error associated with the velocity field.

There are a number of ways errors can enter the data, which have been accounted for in

this error estimation (Rignot et al., 2011b): errors in analysis of displacements; errors

from ionospheric perturbations (affecting radar signal from satellite to target and target

to satellite); errors from averaging over multiple velocity measurements in each location;

errors from weighting of different instruments/satellites in the compilation. A plot of

this error can be seen in Figure 3.2. It is clear that the pattern produced by this error

plot corresponds to the satellite swath coverage across the continent. For locations in

Eastern Antarctica, where there is slow ice-flow, the error in velocity is equivalent to

50-100% of the ice-surface speed, while in the fast-flowing ice streams and ice shelves,

the error is of a similar magnitude but amounts to a relative error of less than 10%.

When using this dataset to analyse the flow and dynamics of ice in Antarctica, it is

important to bear in mind that this dataset contains data from different instruments

collected at different times and has been averaged to provide a continent-wide data

product. When assessing this data I will take derivatives of the velocity field in order

to identify areas where the flow is changing spatially. Spurious results are likely to be

obtained where derivatives are taken across satellite swath patches. (An example of this

is given below for the case of Amery Ice Shelf.) I therefore apply a Gaussian low-pass

filter to the data in order to remove small-scale noise but retain the large-scale dynamics.
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Figure 3.1: Antarctic ice-surface speed, figure taken from Rignot et al. (2011a). Data is
complied from multiple datasets of Interferometric Synthetic Aperture Radar (InSAR)
data, mostly collected between 2007 and 2009.
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Figure 3.2: Estimated error in Antarctic ice-surface velocity-field. Figure taken from
Rignot et al. (2011a).

This ice-surface velocity data with a 450 m grid-resolution is processed using the com-

puter program MATLAB and the low-pass Gaussian filtering is performed using the

MATLAB function imfilter, with the Gaussian filter option. The suitability of the Gaus-

sian filter and the choice of parameter values is assessed using the flow field from Amery

Ice Shelf. Figure 3.3 shows a map of surface speed for the ice shelf (Fig. 3.3a) along with

the associated error from the published data (Fig. 3.3b). Here the error in ice-surface

velocity is estimated to be approximately 1% of the surface speed.

Amery Ice Shelf has a long and narrow geometry and is located in East Antarctica.

In Figure 3.3a, the ice can be seen flowing from inland (left) towards the ocean (right),

bounded on either side by slow-flowing ice. The shelf widens as it approaches the ocean

and protrudes approximately 50 km out into the ocean at the downstream end. The

maximum velocity is found at the centre of the calving front where the ice is flowing at

approximately 1.5 km yr−1. From the error plot (Fig. 3.3b) it is clear that there are a

number of bands running diagonally across the shelf that may contribute to false values

when derivatives are taken.

In a later section of this chapter I will determine the along-flow strain rate for a number

of ice shelves. This is a measure of the component of the strain-rate tensor aligned in

the direction of ice flow at each grid point, and is given in vector notation as û.e.û. Here
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Figure 3.3: Amery Ice Shelf; (a) Ice-surface speed and (b) Estimated error value in ice-
surface velocity, taken from Rignot et al. (2011b). Grounding line and boundary with
the ocean is indicated by a white line.
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û is the unit vector in the flow direction and e is the horizontal strain-rate tensor,

e =

(
exx exy

exy eyy

)
=

 ∂u
∂x

1
2

(
∂v
∂x

+ ∂u
∂y

)
1
2

(
∂v
∂x

+ ∂u
∂y

)
∂v
∂y

 , (3.1)

where u is the velocity component in the x-direction and v is the component in the

y-direction.

Before calculating this strain rate, a Gaussian low-pass filter is applied to the veloc-

ity field data. I tested different values for the filter’s range and standard deviation in

an effort to obtain the best results. The quality of the results is dependent on remov-

ing small-scale noise, whilst retaining the large-scale dynamics that I am interested in

assessing. The strain-rate fields for the range of values used in the Gaussian filter are

given in Figure 3.4. Here the range of the Gaussian filter is 9 km, 18 km or 36 km, while

the standard deviation is 0.9 km, 1.8 km or 3.6 km respectively. The range indicates the

size of the filtering area centred on the target cell. (i.e. a range of 9 km corresponds to

a 9 km × 9 km square, with the target cell at the centre.)

The along-flow strain-rate field obtained without using any filtering of the velocity field

is shown in Figure 3.4a. Here it is clear that the final third of the channel is an area of

mainly positive strain rate, but there are many small-scale strain-rate features through-

out the shelf and surrounding ice. It is apparent that there are some coherent high

strain-rate features that run linearly across the width of the shelf and are aligned paral-

lel to each other. They have the same orientation as bands that run across the shelf in

the error plot, Figure 3.3b. This suggests that these features are artificial and possibly

result from the boundaries between satellite swath patches, or the boundaries between

areas where multiple datasets have been averaged.

Figure 3.4b gives the along-flow strain-rate field when a low-pass Gaussian filter is ap-

plied to the data with a range of 9 km and standard deviation of 0.9 km. In comparison

to the non-filtered strain rate there are far fewer small-scale features but the linear fea-

tures running across the width of the channel are still prominent. There is a clear curve

of negative strain-rate at the boundary between the ocean and the ice that traces the

ice front. This is an artefact of the low-pass Gaussian filter, which samples the zero ice

velocities in the ocean. We have chosen to retain these features rather than masking

them so that the effects of the Gaussian filtering can be seen.

The range of the low-pass Gaussian filter and the size of the standard deviation are

increased to 18 km and 1.8 km respectively in Figure 3.4c. Here the linear features are
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Figure 3.4: Along-flow strain-rate for the final half of Amery Ice Shelf, with different
Gaussian filtering variables applied to the velocity field prior to calculating the strain
rate. (a) No filtering of the velocity field. (b), (c) and (d) Gaussian low-pass filters
applied with ranges of 9 km, 18 km and 36 km and standard deviations of 0.9 km, 1.8
km and 3.6 km respectively. The grounding line and ocean boundary is indicated by
grey curve (Haran et al., 2005).

no longer as prominent, but importantly dynamical features are still clearly visible, such

as the high positive strain-rate found after the ice flows past an island on the right side

of the shelf (facing downstream towards the ocean).

In Figure 3.4d the range of the Gaussian filter has been increased to 36 km and the

standard deviation to 3.6 km. Here, there is no clear evidence of features that derive

from errors in the velocity field. The field is very similar to the previous filter values

(range 18 km and standard deviation 1.8 km) however some (small-scale) features within

the shelf have been blurred out.

I therefore chose to use the second set of parameter values (range 18 km and stan-

dard deviation 1.8 km) as these provide good smoothing of the data to avoid small-scale

noise but retain the larger-scale dynamics.
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3.3 Analysing Ice-Shelf Flow Dynamics

I calculate a strain-rate tensor at each point on the grid, which is used to analyse the

large-scale flow dynamics. The strain-rate tensor is calculated using a shifted grid, which

is aligned halfway between the original grid-points in both horizontal directions (x and y)

and is shown in Figure 3.5. The velocity values at the shifted-grid points are determined

by averaging across the four surrounding points. It is then possible to calculate a strain-

rate tensor at each point in the original grid by taking appropriate derivatives across the

grid point. This two-dimensional strain-rate tensor is

e =

(
exx exy

exy eyy

)
, (3.2)

where

exx =
(uB − uA) + (uC − uD)

2∆x
, (3.3)

eyy =
(vA − vD) + (vB − vC)

2∆x
, (3.4)

exy =
1

2

(
(vB − vA) + (vC − vD)

2∆x
+

(uA − uD) + (uB − uC)

2∆x

)
. (3.5)

Here subscripts correspond to the positions on the shifted grid as shown in Figure 3.5,

and ∆x denotes the spacing between grid points, which is 450 m for this data set.

This shifted grid provides a further smoothing to the velocity data, and is used to

determine a strain-rate tensor that is most representative of the dynamics about the

original grid point.

3.3.1 Making comparisons with other geophysical datasets

When analysing the ice-surface velocity data, it is useful to compare features observed

in the velocity field with ice-surface features, such as crevasses or fractures. In addition

to this, the ice-shelf thickness and thickness gradients are used to assess the features

of the flow dynamics as it is the hydrostatic pressure gradient induced by the ice-shelf

thickness that induces the flow of the ice shelf.

The visual ice-surface data used to make comparisons with the velocity data from Rignot

et al. (2011b) is from the Moderate Resolution Imaging Spectroradiometer (MODIS) and

provides visual data at a resolution of 125 m (Haran et al., 2005). The version used here

was collected between 2003-2004. This data is used to analyse features that arise on the

surface of the ice, and comparisons are made with patterns of flow identified through
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Figure 3.5: Schematic for calculation of strain-rate tensor. Grid and data points for the
original 450 m (∆x) velocity dataset are shown as solid lines and points. The shifted
grid used to calculate the strain rate at point X is depicted using dashed lines and grey
points. Velocities are calculated at points A, B, C and D from the mean of 4 surrounding
original data points. The strain rate at X is determined by averaging appropriate velocity
differences between points A, B, C and D, as shown in equations (3.3) - (3.5) .

analysis of the ice-surface velocity field in the following sections.

Ice-thickness data is available for Antarctica from the Bedmap2 dataset (Fretwell et al.,

2013). This a compilation of all ice-thickness datasets available before 2012 and pro-

vides data gridded at a uniform resolution of 1 km over the entire continent. This

dataset contains data for ice-surface elevation, ice thickness and subglacial and sea-floor

bed elevation. For the floating ice shelves I chose to use the ice-thickness data only. The

original Bedmap2 dataset used mainly surface altimetry data to infer an ice-shelf thick-

ness using the hydrostatic approximation, with an approximation made for firn density

and thickness (Fretwell et al., 2013). This data was then supplemented by direct radar

measurements of ice thickness. This dataset is provided on a 1 km grid. Any direct

calculations using the velocity field and ice thickness are performed on the ice-thickness

grid, with surface velocities calculated by averaging across the surrounding data points

to match to the ice-thickness grid.

These two datasets were not collected at the same time as the velocity field data, but it

is expected that these datasets will be representative of the state of the ice shelf and the

large-scale flow dynamics. We expect the large-scale processes in this system to evolve

slowly and be relatively unchanged over a 10 year period, barring any sudden changes,

such as the collapse of the Larsen B Ice Shelf.
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However, there are some ice shelves that have undergone substantial change over the

past few decades. Pritchard et al. (2012) published an Antarctic-wide dataset detailing

the thickness change of ice shelves between 2003 - 2008. Figure 3.6a shows a plot of the

rate of thickness change in this time interval. It is clear that throughout the majority

of the continent there are only small changes in the thickness of most ice shelves. How-

ever, there are considerable thickness changes for the ice shelves in the Amundsen and

Bellingshausen Sea areas in Western Antarctica (identified by Fig.3 box in Figure 3.6a

and shown in detail in Figure 3.6b), including Pine Island Glacier (PIG) Ice Shelf (-0.53

m yr−1 surface height change) and Getz Ice Shelf (-0.18 m yr−1 surface height change).

Thickness changes for ice shelves in other areas of Antarctica are much less: Amery

(-0.06 m yr−1 surface height change); Fimbul (0.00 m yr−1 surface height change); Ross

(0.01 m yr−1 surface height change); Ronne (0.02 m yr−1 surface height change) (data

has a spatially averaged error across Antarctica of 0.007 m yr−1).

These significant changes in ice thickness for PIG are thought to be caused by the

increased presence of warm ocean water at the base of the ice shelf, which has induced

increased melting (Pritchard et al., 2012; Jacobs et al., 2011; Jenkins et al., 2010). This

thinning of the ice shelf is linked to the acceleration and increased ice discharge rate of

PIG, due to the decrease in buttressing and retreat of the grounding line (Rignot, 2008;

Joughin et al., 2010; Shepherd et al., 2004). The increase in velocity of the ice stream

and ice shelf has been documented by Joughin et al. (2003); Rignot (2008); Joughin

et al. (2010). Plots demonstrating this can be seen in Figures B.1, B.2 and B.3 in the

Appendix.

Despite these rapid and substantial changes for PIG, it can be inferred from the thickness-

change data (Pritchard et al., 2012) that, with the exception of a few ice shelves in the

Amundsen and Bellingshausen Sea areas, most ice shelves in Antarctica are changing

slowly and therefore considering their large-scale flow dynamics to be in steady-state

over the period between the datasets used in this work is a valid assumption.
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(a)

(b)

Figure 3.6: Figures adapted from Pritchard et al. (2012). (a) Rate of Antarctic ice-shelf
thickness change 2003 - 2008, with estimated average sea-floor potential temperatures
around coast. (b) Surface height change for ice shelves and grounded ice in the Amundsen
and Bellingshausen Sea area, 2003 - 2008.
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3.4 Divergence

From this two-dimensional surface velocity field it is possible to calculate the divergence

of the flow at each point to determine whether the surface flow is diverging or converging.

This is determined at each grid point by

∇.u =
∂u

∂x
+
∂v

∂y
, (3.6)

where ∇ is the horizontal component of the divergence and u is the horizontal surface

velocity field. We expect the flow within the ice shelves to be mainly divergent, with

∇.u > 0. This is because the ice is stretched out by the hydrostatic pressure gradient,

which drives the flow within the ice shelf away from the grounding line. There is also

often lateral spreading of the ice as it flows out from a narrow ice stream into a wider ice

shelf. However, there may be some areas where the flow is converging with ∇.u < 0, such

as upstream of pinning points, where the ice is being compressed against a stationary

region of ice, or in areas where there are high shear rates. The effects of basal processes

such as melting and freeze-on may also affect the ice flow, so we should bear this in mind

when analysing the divergence fields. These basal processes will be investigated further

in the following section.

3.4.1 Divergence field for Antarctic Ice Shelves

The ice-surface velocity divergence for Amery Ice Shelf can be seen in Figure 3.7a. Here

convergence of the flow is observed in the narrow upstream section of the shelf, where

there are high shear values and the potential for submarine melting of the thick ice shelf

near the grounding line (∼1500 m). However, as the shelf moves downstream and the

channel becomes wider there is a transition to divergence, with the final 100 km of the

shelf having strong divergence. This is due to the spreading of the ice shelf in the along-

flow and lateral directions.

The divergence field for Getz Ice Shelf can be seen in Figure 3.7b. The upstream section

of the shelf is an area of mainly convergent flow, where there are several large islands

restricting the flow of ice. As the ice reaches the calving front the flow-field is divergent,

with the greatest divergence found at the centre of the calving front.

For Larsen C and Fimbul Ice Shelves, Figures 3.7c and 3.7d, there are mainly divergent

flow fields. This may be because these ice shelves flow in relatively wide embayments and

can therefore spread both laterally and along-flow. In the case of Fimbul Ice Shelf, there
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are two areas of convergence on either side of the main inflow as ice flows into the main

section of the ice shelf. This may be because the ice is slowing and being compressed as

it meets more slow flowing ice in the shelf.

Figure 3.8 gives the ice-surface velocity divergence for Pine Island Glacier (PIG) Ice

Shelf. Here values of convergence and divergence are large relative to the values ob-

served in the other shelves shown here (Figs. 3.7 & 3.9), with a 2.5 - 5 fold increase in

magnitude. For PIG ice shelf there is large divergence at the grounding line and diver-

gent flow throughout the majority of the shelf. There are some locations in both margins

where the flow is convergent, suggesting there is resistance to flow in these regions from

the stationary ice in the margins. However, PIG has been identified as a region where

rapid change is occurring, with high levels of melting and thinning of the shelf and ac-

celeration of the flow, as identified by Pritchard et al. (2012) (melting and thinning) and

Rignot (2008); Joughin et al. (2010) (acceleration).

For both the Ronne and Ross Ice Shelves, as shown in Figure 3.9, there is mainly diver-

gent flow throughout the shelf. This divergence is particularly prominent downstream of

ice rises and islands. There are also prominent linear high-divergence features, which are

identified in the following section and are associated with fractures. Here the presence

of fractures may lead to the weakening of the ice, and in turn it can be deformed more

readily. Where Byrd Glacier meets the Ross Ice Shelf there is high divergence in the

trunk of the inflow area, followed by convergence in the margins as it meets the slower

flowing ice in the shelf and is compressed in the horizontal plane.

The patterns of divergence and convergence here may be the result of the flow dynamics

within the shelf, but they may also be strongly influenced by the interaction between the

ice-shelf base and the ocean, where there may be melting of the ice shelf, thereby reduc-

ing its thickness. Alternatively, the thickness may be increased when ocean water freezes

to the ice-shelf base or there is surface accumulation from snow fall. We investigate this

in the following section.

3.4.2 Detecting the net accumulation and ablation of ice shelves

If we assume a steady-state thickness for an ice shelf, it is possible to infer the net rate of

surface (accumulation/melt) and basal (melt/freeze-on) processes. We use the steady-

state version of the continuity equation with a net accumulation/ablation term to do

this. The general continuity equation is

∂H

∂t
+∇. (Hu) = a, (3.7)
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Figure 3.7: Maps of ice-surface velocity divergence for; (a) Amery, (b) Getz, (c) Larsen
C and (d) Fimbul Ice Shelves.

Figure 3.8: Map of ice-surface velocity divergence for Pine Island Glacier Ice Shelf.

34



Figure 3.9: Maps of ice-surface velocity divergence for; (a) Ronne and (b) Ross Ice
Shelves

so in steady state we set ∂H/∂t = 0 and have

(∇H) .u +H (∇.u) = a, (3.8)

where, H is the ice-shelf thickness, u is the ice-flow velocity and a the net accumula-

tion/ablation. Negative a represents net ablation (melting), while positive a is indicative

of net accumulation (marine-ice forming on the ice-shelf base or surface accumulation

of snow). In the examples below, the ice thickness is taken from the Bedmap2 dataset

(Fretwell et al., 2013), while the velocity field is determined from the Rignot et al. (2011b)

dataset, but interpolated to the Bedmap2 grid. We have made the assumption that the

system is in steady state. However, there are likely to be some transient dynamics result-

ing from inter-annual and seasonal variation, and occasional events such as large iceberg

calving. In addition, these datasets were not collected during the same time period. Here

we have assumed a steady-state ice thickness between datasets, however some small im-

provements could be made if we used measured thickness changes such as those from

Pritchard et al. (2012). Therefore, we can only expect to detect large-scale and persistent

net accumulation/ablation patterns at points in the shelf, which are descriptive of the

parameter a. The resolution of the dataset is also quite coarse, so small-scale features

such as incised basal melt channels will be hard to detect. Instead this analysis is most

relevant for broad-scale features that may effect the large-scale flow of the shelves.

Geophysical Examples

The inferred net accumulation/ablation pattern for Amery Ice Shelf can be seen in Figure

3.10a. Here it is clear that there is a large amount of small-scale noise within the data,
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possibly arising from the coarse spatial resolution of the data and the fact that the ice-

thickness dataset and the ice-surface velocity dataset were not collected simultaneously.

However, on the large scale, there appears to be prominent ablation in the upstream sec-

tion of the shelf, within approximately 100 km of the grounding line, exceeding 5 m yr−1.

This is most likely because of basal melt, as the shelf is very thick in this region (+1000

m) and exposed to relatively warm water at depth. Conversely at the downstream end

of the channel, there is net accumulation covering an area from the left (west) margin of

the shelf, where there is inflow from the Charybdis Glacier, diagonally across the shelf

towards the calving front. Here the rate of accumulation is approximately 2.5 m yr−1.

Both these values of net accumulation/ablation, as well as the approximate size and

location of the areas, agree well with the findings of independent studies focused on the

basal processes (melting and freeze-on) for Amery Ice Shelf; Rignot et al. (2013) using

data, and Wen et al. (2010) using modeling results. Plots from both of these papers can

be found in the Appendix (Figures B.4 andB.5).

This pattern of basal melting upstream, where the shelf is thick, and freeze-on down-

stream, where the shelf is thinner, can partially be explained by the ice-pump mechanism,

as proposed by Robin (1979). Here melt of the ice shelf occurs at depth, where the melt-

ing temperature is reduced due to the increase in pressure with depth. This melting

produces ‘ice-shelf water’ (ISW) that is fresh and buoyant relative to the surrounding

ocean water so rises along the sloping ice-shelf base. As the cold ISW rises the freezing

temperature is reduced and this cold water freezes, producing salty and dense ‘High

Salinity Shelf Water’ (HSSW) in the process. The newly formed ice can then collect on

the base of the ice shelf, while the HSSW sinks and initiates further melting at depth.

Figure 3.10b shows the inferred net accumulation/ablation for Getz Ice Shelf. Here,

net ablation is observed in the upstream sections and the highest ablation values are

found at the grounding line. Accumulation is seen in the more downstream locations.

The pattern observed here is very similar to that observed for the flow-divergence field

(Fig. 3.7b), suggesting that the flow dynamics of this shelf are strongly influenced by

the basal and surface processes that affect the shelf thickness.

For Larsen C Ice Shelf (Fig. 3.10c) there appear to be low levels of net accumulation

across the majority of the shelf. However, over the central section of the shelf the mean

rate of accumulation is 0.5 m yr−1, with a standard deviation of 1 m yr−1, suggesting

that this apparent result may stem from high levels of noise, rather than a true accumu-

lation signal. Large values of net accumulation and ablation are found at the northern

and southern margins of the shelf, which correspond to heavily fractured areas. This

suggests that there are alternating bands of melt and freezing. However, it is most likely
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Figure 3.10: Maps of inferred net accumulation/ablation for; (a) Amery, (b) Getz, (c)
Larsen C and (d) Fimbul Ice Shelves.

that this is due to errors from using two datasets, which poorly sample the area and are

not concurrent. This is especially important in these fractured areas where there are

rapidly changing ice thicknesses and flow speeds, both spatial and temporally.

From Figure 3.10d, the inferred net accumulation/ablation for Fimbul Ice Shelf, there

appears to be no coherent signal. An exception to this may be near the grounding line

where the fast and concentrated ice-flow enters the larger shelf; here there is possibly

some melting of the ice-shelf base. When comparisons are made with the divergence

field, Figure 3.7d, there are very few similar patterns between the plots, suggesting that

the divergence field is a result of the ice-flow and is not impacted greatly by the effects

of melting or freeze-on/surface accumulation.

In contrast to the lack of coherence between the net accumulation/ablation field and

divergence field for Fimbul Ice Shelf, clear comparisons can be made between the net

accumulation/ablation inferred for PIG Ice Shelf (Fig. 3.11) and the divergence field

(Fig. 3.8). In Figure 3.11 high ablation rates are observed at the grounding line of

PIG, where values exceed 30 m yr−1, with high values also found across the rest of the

shelf. However, PIG is experiencing rapid change as highlighted earlier and hence the
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steady-state assumption is not appropriate for this location.

Figure 3.12a, presents the inferred net accumulation/ablation for Ronne Ice Shelf. Net

ablation is observed at the grounding line where the tributary ice streams (Evans and

Rutford particularly) flow out into the shelf. High levels of ablation, most probably

basal melting, are also found across the calving front and approximately 50 km back,

peaking to the east of the calving-front centre where net ablation reaches approximately

5 m yr−1. These results agree well with the observational results of melting and freeze-

on from Joughin and Padman (2003) and Rignot et al. (2013) (Figures B.4 and B.6 in

Appendix). While ablation is prominent in those regions, there is an area in the cen-

tre of the shelf where there is inferred accumulation (basal freeze-on), downstream of

the Henry Ice Rise and at the confluence of the inflow from the Evans and Rutford Ice

Streams. Again these regions are also identified in the previous work of Joughin and

Padman (2003) and Rignot et al. (2013) as freeze-on areas. However, our analysis does

not identify clearly the lower values of accumulation around these locations as detected

previously. (The previous work was focused on detecting melting and freezing patterns

rather than their impact on flow dynamics, which is our focus.) When compared with

the flow-divergence field in Figure 3.9a, we see that the flow is divergent throughout the

majority of the shelf, while there are spatial transitions between areas of net accumula-

tion and ablation. Therefore, it is clear that the flow of the ice shelf is not dominated by

the processes at the surface or base. As with Amery Ice Shelf, the distribution of melt

and freeze-on beneath Ronne Ice Shelf may be a consequence of the ice-pump mechanism.

For the inferred net accumulation/ablation of the Ross Ice Shelf (Fig. 3.12b), there

are few areas with large values. At the eastern end of the calving front there is a region

of ablation, which coincides with convergent flow, as seen in Figure 3.9b. This suggests

that the basal melting of the shelf in this area leads to the formation of a thin section

of ice, which induces a hydrostatic pressure gradient and thereby ice flow into this region.

3.4.3 Summary: Flow Divergence and Ice-Shelf Net Accumu-

lation/Ablation

In the first half of this section the divergence of the ice-flow field was analysed, identi-

fying regions of convergence and divergence. It was observed that for many ice shelves

divergence was present at the grounding line, where a narrow ice stream fed into a wider

shelf. Divergence was also present at the downstream end of the shelf, where the ice

nears the calving front. Here there is a reduction in the lateral resistance from pinning
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Figure 3.11: Map of inferred net accumulation/ablation for Pine Island Glacier Ice Shelf.

Figure 3.12: Maps of inferred net accumulation/ablation for; (a) Ronne and (b) Ross
Ice Shelves (label Evans and Rutford, and Henry Ice Rise)
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points and the shelf begins to spread both laterally and in the along-flow direction.

These patterns of divergence and convergence may result from the flow of the ice shelf

interacting with the changing geometry of an embayment or the resistance from pin-

ning points. However, these dynamics can also be induced by melting and freeze-

on/accumulation at the ice shelf surface or base, which acts to thin or thicken the shelf

and produces a gradient in hydrostatic pressure. Using the steady-state continuity equa-

tion, this net accumulation/ablation could be inferred. In all cases considered here,

melting of the ice shelf was identified at the grounding line. This melting at the ground-

ing line is due to the reduction of the melting temperature of ice with depth. For some

of the shelves, such as Amery and Ronne, freeze-on of marine ice was observed midway

along the shelf, this is most likely due to the ice-pump mechanism. The extent of melting

and freeze-on varies between shelves as each is affected by different oceanographic forc-

ing, which will depend on: location; ocean currents;/ sea-floor bathymetry; sub-glacial

melt and run-off; grounding line depth; basal slope of the shelf and the spatial extent of

the shelf.

Using the Bedmap2 ice thickness dataset (Fretwell et al., 2013) and the velocity field from

Rignot et al. (2011b), we have been able to infer the same large-scale basal processes

as those in more targeted studies on large ice shelves (Amery and Ronne ice shelves

(Rignot et al., 2013; Wen et al., 2010; Joughin and Padman, 2003)). This suggests that

this technique provides valid information about the broad-scale thinning (melting) and

thickening (freeze-on/accumulation) processes.

By making comparisons between the ice-surface flow divergence and the inferred net

accumulation/ablation, it is possible to determine those shelves with flow dynamics af-

fected by these processes. For example the low values of convergence in the upstream

section of Amery Ice Shelf correspond to melting of the ice shelf base, in an area where

the shelf should be accelerating and diverging into a widening channel, with reduced

resistance. Getz Ice Shelf appears to be strongly influenced by sub-ice-shelf processes,

with the divergence field and net accumulation/ablation field having similar structure.

However, it is also clear that in some cases the flow-dynamics within the shelf are not

strongly influenced by accumulation/ablation processes, for example Fimbul, Ross and

Ronne Ice Shelves.

40



3.5 Strain Rate and Shear Rate

3.5.1 Strain Rate in Direction of Flow

The rate of extension or compression in the along-flow direction inferred from the surface

velocity is given by

f1 = û.e.û. (3.9)

This measure of deformation aligned in the direction of ice flow is particularly relevant

near the calving front of ice shelves, where the flow is often aligned perpendicular to the

ice front. Therefore, this strain rate may be descriptive of the extension of the ice in this

region and the possible advance of the calving front position. Alternatively, high strain

rates may lead to the formation of fractures or crevasses. This is a significant process

throughout the entire shelf, but very important near the calving front where it may be

a strong control on the formation of icebergs.

Further upstream towards the grounding line, the flow is often aligned perpendicular

to the grounding line position. Therefore the value of the strain rate in the flow direc-

tion will be informative of the buttressing from the ice shelf, which is transferred across

the grounding line to the grounded ice.

3.5.2 Shear Rate Transverse to Flow

As the ice shelf flows towards the ocean it deforms as it flows past stationary or slow

flowing ice in the shelf margins or near pinning points. A measure of this type of

deformation can be determined using the shear-rate transverse to the flow direction,

which is defined as

f2 = n̂.e.û, (3.10)

where n̂ is the unit vector perpendicular to the flow direction. This lateral shearing

is important in the ice-shelf margins and may be informative about damaged areas of

ice, or the temperature dependent viscosity. The resistance to flow generated by viscous

deformation of the ice as it is sheared past side walls and pinning points acts to buttress

the grounded ice and is therefore important for ice-discharge rates.

Within some of the larger ice shelves there are multiple areas of faster flow, which are

fed by multiple ice streams. These sections of ice from different sources meet within the

ice shelf and merge to flow towards the calving front. The dynamics at this confluence

and the associated deformation can be identified by assessing the transverse-shear rate.

41



3.5.3 Geophysical Examples: Strain Rate in Flow-Direction

and Shear Rate Transverse-to-Flow

Using the strain rate in the direction of flow and the absolute value of the transverse-shear

rate, I investigate the flow dynamics present in Antarctic ice shelves.

Amery Ice Shelf

The strain rate in the flow direction can be seen for the case of Amery Ice Shelf in

Figure 3.13c. Here there is positive strain rate in the tributary ice streams before the

ice crosses the grounding line at the southern end of the shelf. Once the ice flows over

the grounding line and begins to float, the strain-rate value becomes negative. In this

narrow section of the channel, there is resistance to flow from the channel side-walls

and the channel diverges slowly, which may act to slow the flow as the ice spreads lat-

erally to fill the channel and is resisted by stationary ice in the margins. This is an

area where there is known to be high levels of melting at the base of the ice shelf (as

seen in the previous section and the work of Rignot et al. (2013) and Wen et al. (2010)).

This may act to alter the dynamics and reduce the driving hydrostatic pressure gradient.

As the channel begins to widen, about 150 km from the grounding line, there are two

islands located in the margins of the shelf on either side of the channel. Upstream of

these islands there are prominent negative strain-rate features corresponding to the com-

pression of the ice as it approaches these stationary pinning-points. Downstream of these

points there is a positive strain-rate region, where the ice accelerates after passing these

stationary ice areas.

Once the shelf widens there is low strain rate in the middle section of the shelf, which

may be a consequence of the reduced resistance from side walls in this wider section

of the channel. In the final third of the channel the shelf accelerates towards the exit,

which is represented by the large area of positive strain rate. This may be a result of

the shelf widening as it approaches the channel exit and also the absence of strong but-

tressing downstream as the shelf leaves the confinement of the channel. In addition to

these processes, there is also an extra inflow in this final third from the Charybis Glacier

on the western side of the main shelf. This addition of ice may help to accelerate the flow.

Figure 3.13d shows the absolute transverse shear-rate field for Amery Ice Shelf. It is

clear that the most prominent shear rates are found in the upstream section of the shelf,

where there is fast flow confined within a narrow channel. The shear rate decays as the

shelf flows downstream. For the remainder of the shelf the shear rates are low, with

slightly larger values found in the shelf margins as expected. Greater shear-rate values
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Figure 3.13: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for Amery Ice Shelf.

are found on the eastern (lower) margin of the shelf near the channel exit. This cor-

responds to a heavily crevassed region (that is analysed more closely in the following

section (3.6)) and visible in the MODIS imagery. This suggests that the crevassing in

this region has weakened the ice allowing the ice to deform more easily and large shear

rates to be achieved.

Fimbul Ice Shelf

The strain rate in the flow direction for Fimbul Ice Shelf is plotted in Figure 3.14c. For

the main section of the flow, which can be identified in the speed map (Fig. 3.14b),

there are low strain rates with a small negative strain-rate signal after the ice crosses the

grounding line and begins to spread into the much wider shelf. In both margins of the

main flow the strain rates are high. This is especially so in the left (west) margin where

the high strain rates correspond to the presence of crevasses and fractures as shown in

the MODIS image (Fig. 3.14a). These types of feature are less visible in the right (east)

margin where there are slightly lower strain rates. In the right (east) margin there is

evidence of compression upstream of the island located near the ice front. This gives a

clear demonstration of how pinning points act to modify the flow.

The transverse shear-rate can be seen in Figure 3.14d. Here the margins of the main

section of the flow are highlighted by high shear rates. In particular, there are especially

high shear rates in the upstream section of the shelf where the ice crosses the grounding

line and leaves the initial confinement. These high shear rates suggest that the ice is

damaged or severely deformed in this area. As these bands of ice, which have experi-
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Figure 3.14: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for Fimbul Ice Shelf.

enced high shear rates, are advected into the shelf, the high levels of damage may allow

the high shear and strain rates to be attained in the margins of the main flow and aid

the formation of crevasses in the margins.

Getz Ice Shelf

The Getz Ice Shelf is approximately 60 km wide at the calving front and is fed by two

ice streams. The surface flow speed of these ice streams and the ice shelf can be seen in

Figure 3.15b. The shelf is mainly an area of positive strain rate as can be seen in Figure

3.15c. There is an area of negative along-flow strain rates in the upstream section of the

shelf and upstream of an island located on the right (west) of the shelf. Here the ice

is being compressed against pinning points. We see that there are negative along-flow

strain rates as the ice crosses the grounding line. This suggests that this ice is providing

buttressing to the grounded ice. The along-flow strain rate increases in the along-flow

direction with a peak in strain rate seen at the centre of the calving front.

The transverse shear-rate plot identifies the margins of the main flow (Fig. 3.15d),

as well as the boundary between the input from the two ice streams. In comparison to

the shear rates achieved on Fimbul Ice Shelf, the shear rates for Getz are relatively low
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Figure 3.15: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for Getz Ice Shelf.

and uniformly distributed along the margins, suggesting there is little damage to the ice,

which may therefore be able to provide considerable resistance to the flow upstream.

Larsen C Ice Shelf

For the Larsen C Ice Shelf the location of fractures in the ice shelf correspond well to

areas where high along-flow strain rates are found. For example, towards the southern

edge of the shelf there is an island (Gipps Ice Rise) that forms a pinning point on the

calving front of the ice shelf. From this island running towards the centre of the ice shelf

there is a large fracture that can be seen in the MODIS image in Figure 3.16a. A feature

of this size and orientation is also seen in the along-flow strain-rate field, suggesting

that high strain rates in this area have led to the formation of the fractures, or that

the damaged ice has allowed high strain rates to be achieved. Features of this kind are

also present along the northern boundary of the shelf, where there are several ridges of

grounded ice that protrude from the mainland into the shelf. Here there are a number

of large fractures, which correspond with high strain-rate areas.
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Figure 3.16: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for Larsen C Ice Shelf.

PIG Ice Shelf

The Pine Island Glacier (PIG) area is dominated by high along-flow strain rate. This

can be seen in Figure 3.17c, where there is high strain rate both in the grounded ice

stream and in the margins of the shelf. While the ice is grounded, high strain rates are

found across the entire width of the ice stream, with particularly high along-flow strain

rates at the grounding line. However, once the ice begins to float, these high strain rates

are restricted to the margins of the shelf. This indicates that the flow in the grounded

section is accelerating towards the coast, while there is relatively little extensional flow

in the floating shelf.

The margins of both the grounded and floating sections of the ice flow are areas of

high shear rates, which can be seen in Figure 3.17d. Here high strain and shear rates

would lead to low effective viscosity, which in turn would allow higher strain and shear

rates to be achieved. In Figure 3.17d the colour scale is saturated at 0.05 yr−1, which

corresponds to a shear stress of 135 kPa for ice with a Glen’s Flow Law rheology and

a rate factor appropriate for ice at 0◦C. This sits within the range of critical stresses

(90-320 kPa) for crevassing as found in field measurements (Vaughan, 1993). When

compared with the MODIS image in Figure 3.17a, it is clear that large areas of damage
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Figure 3.17: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for PIG Ice Shelf.

are present on PIG ice shelf.

Throughout the main section of the shelf, the along-flow strain rate is low. However,

near the calving front there is a linear feature that runs diagonally across the shelf. It is

unclear whether this is an artefact of the InSAR processing or whether this is a feature

of the flow. If it is a feature of the flow, it may be formed after the shelf passes the

ridge that protrudes into the shelf from the left (west) side of the channel. It is likely

that deformation of the shelf past this ridge produces considerable resistance to flow,

and once the shelf flows past this point the resistance is reduced.

At the grounding line there is large positive strain rate, with low strain rate further

downstream in the shelf. This suggests that the shelf is providing little buttressing to

the grounded ice.
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Ross Ice Shelf

For the majority of the Ross Ice Shelf there are low positive along-flow strain rates, as

is evident in Figure 3.18c. This may be expected; as the shelf flows downstream there is

less resistance from ice ahead of it that must be viscously deformed. Therefore the shelf

accelerates as it approaches the calving front, which can be seen in Figure 3.18b. Here it

is clear that the Ross Ice Shelf is very large and along the approximately 600 km flowline

from the grounding line to the calving front there is a increase in speed from approxi-

mately 300 m yr−1 to 1000 m yr−1. This equates to an average strain rate of 0.0012 yr−1

and hence there are only low strain rates observed in the along-flow strain-rate field in

Figure 3.18c.

Despite the majority of the shelf containing positive along-flow strain rate, there are

some interesting negative along-flow strain rate areas, which give insight into the ice

flow at certain locations. The Byrd Glacier feeds the Ross Ice Shelf from the eastern

part of the grounding line, and can easily be identified in the speed map (Fig. 3.18b)

due to the high ice-surface speed of this inflow. As the ice enters the shelf there is an

area of negative along-flow strain rate as the ice spreads and slows, or is resisted by the

slow flowing ice already present within the shelf. This may act to buttress the inflow

from Byrd Glacier.

Resistance to flow and corresponding negative along-flow strain-rate is also present at

the right (east) end of the Ross Ice Shelf calving front. Here there is a pinning point in

the form of an island that is approximately 100 km wide. Upstream of this pinning point

there is a prominent area of negative along-flow strain rate. From this we can imply that

the island is providing a resistance to the flow of the ice shelf and causing the ice to slow

and possibly being compressed in this region.

As with the Larsen C Ice Shelf, large positive along-flow strain rates are observed on

the Ross Ice Shelf with the same spatial scale and orientation as fractures. From the

MODIS image in Figure 3.18a, a number of large fractures can be seen that are roughly

100 km in length, aligned parallel to the calving front and found within 200 km of the

calving front. These features correspond to coherent positive strain-rate structures with

strain-rate values of over 0.02 yr−1.

There are very few features that can be discerned from the transverse shear-rate plot for

the Ross Ice Shelf in Figure 3.18d. One exception is the shear margins that bound the

inflow from Byrd Glacier. Here these high shear-rate bands coincide with high strain

rates, suggesting a weakened effective viscosity.
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Figure 3.18: MODIS image (a), speed map (b), strain rate in direction of flow (c) and
absolute shear-rate transverse to flow (d) for Ross Ice Shelf.

Summary: Strain Rate and Shear Rate

From these geophysical examples using the strain rate in the direction of flow and the

shear rate transverse to flow, a number of systematic features appear to be present across

most shelves.

Firstly, upstream of the grounding line there is often an area of positive strain rate,

as the ice accelerates towards the ice shelf. Here the resistance to flow is reduced as the

ice thins and the basal drag is reduced. Once the ice crosses the grounding line, there is

often a region of negative strain rate, which may form as the ice spreads to fill (what is

often) a wider channel and consequently the ice slows. Alternatively, this negative strain

rate may be due to the resistance generated by the stationary/pinned or slow-flowing

ice in the shelf. In reality both of these processes are likely to contribute to the negative

strain rates after the ice crosses the grounding line. Close to the grounding line there

is also likely to be some influence from submarine melting that may act to modify the

flow.

From comparison of the along-flow strain-rate field and the MODIS imagery, it is clear
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that major fractures within ice shelves can be identified by strips of high strain rate.

These fractures are usually aligned perpendicularly to the flow, with the maximum strain

rate across them occurring in the flow direction. This suggests that these fractures form

due to sections of the ice shelf being stretched in the along-flow direction. The exten-

sional stresses in the ice then exceed some critical value and the fracture is formed.

Fractures often form near pinning points, where there is a large gradient in flow speed

and therefore high levels of deformation.

Along the margins of tributary ice streams and along the margins of the ice shelves

themselves, there are often high transverse-shear and along-flow strain rate values. Here

high transverse shear-rate values are obtained due to the large gradient in speed across

the margin between the fast and slow flowing ice. This leads to a reduced effective vis-

cosity in these areas due to the shear-thinning nature of glacial ice. The relatively low

effective viscosity means higher shear and strain rates are obtained here, which in turn

leads to further decreased effective viscosities. High rates of deformation may also lead

to the formation of damaged sections of ice that may be unable to withstand the shear

and extensional stresses required to resist the ice flow.

3.6 Principal Axes of Strain

The Principal Axes of Strain define the reference frame in which deformation is described

with no shear component. This is calculated at each grid point, with the 1st Principal

Axis of Strain aligned in the direction of the maximum absolute Principal Strain Rate.

This maximum absolute Principal Strain Rate is defined as the 1st Principal Strain Rate.

Perpendicular to this is the 2nd Principal Axis of Strain. The 2nd Principal Strain Rate is

aligned in this direction and incorporates all other deformation occurring at this point.

Positive Principal Strain Rates correspond to extensional flow, while negative Principal

Strain Rates equate to compressive flow. These quantities may be informative for de-

termining the advance of the shelf, processes leading to the formation of crevasses and

the calving of icebergs, and in addition the deformation occurring around pinning points.

In the frame of reference of the Principal Axes of Strain, the shear components of the

strain-rate tensor are equal to zero. The transformation of the strain-rate tensor into a

reference frame orientated at θ to the original frame is given by(
e′11 e′12

e′12 e′22

)
=

(
cos θ sin θ

− sin θ cos θ

)(
exx exy

exy eyy

)(
cos θ − sin θ

sin θ cos θ

)
. (3.11)
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In the reference frame corresponding to the Principal Axes of Strain e′12 = 0, therefore

we determine the orientation of the Principal Strain Axes θP from

(eyy − exx) sin θP cos θP + exy
(
cos θP

2 − sin θP
2
)

= 0, (3.12)

⇒ θP =
1

2
tan−1

(
2exy

exx − eyy

)
=

{
θPa

θPb
. (3.13)

The two Principal Axes are separated by 90◦, θPb = θPa + 90. I define the 1st Principal

Axis of Strain as aligned in the direction of maximum absolute Principal Strain Rate,

e′11 = max

e′11a =
∣∣exx cos2 θPa + eyy sin2 θPa + exy sin θPa cos θPa

∣∣
e′11b =

∣∣exx cos2 θPb + eyy sin2 θPb + exy sin θPb cos θPb
∣∣ (3.14)

If e′11a is largest then the 1st Principal Axis of Strain is aligned at an angle θPa from the

original axes, however if e′11b is largest then the 1st Principal Axis of Strain is aligned at

an angle of θPb = θPa + 90 from the original axes. We denote this angle as θP . Therefore

the 1st and 2nd Principal Strain Rates are given by

e′11 = exx cos2 θP + eyy sin2 θP + exy sin θP cos θP , (3.15)

e′22 = exx sin2 θP + eyy cos2 θP − exy sin θP cos θP . (3.16)

In the following subsections the 1st and 2nd Principal Axes of Strain along with the Prin-

cipal Strain Rates are used to investigate flow features found in a selection of Antarctic

ice shelves.

3.6.1 Principal Axes of Strain for Typical Flow Dynamics

In order to develop an understanding of the structure of the Principal Axes of Strain for

simple flow dynamics, I have produced a set of basic flow fields with the corresponding

Principal Axes of Strain. The Principal Strain Axes have been projected such that their

length is proportional to the Principal Strain Rate aligned in that direction. Each axis

is also colour coded to give the sign of the strain: red indicates positive 1st Principal

Strain Rate; blue - negative 1st Principal Strain Rate; magenta - positive 2nd Principal

Strain Rate; and green - negative 2nd Principal Strain Rate.

The first example, given in Figure 3.19, is an example of a simple straining flow, with

a fluid source at the centre of the grid, and fluid flowing away from the source in all

directions. Here both 1st and 2nd Principal Strain Rates are positive. The flow is given

by

u = 0.8 ∗ (5− x) v = (5− y), (3.17)
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(a) (b)

Figure 3.19: (a) An example of a pure strain velocity field. (b) Principal Axes of Strain:
Red axes - positive 1st Principal Strain Rate. Magenta axes positive 2nd Principal Strain
Rate.

and hence the 1st Principal Strain Axes are aligned in the y-direction along the largest

gradient in the velocity.

Figure 3.20 gives an example of a shear flow, with the y-component of velocity increas-

ing from left to right in a parabolic manner. Due to this parabolic increase in velocity

there is a left-to-right gradient in the 1st and 2nd Principal Strain Rates, indicated by

the increase in the length of the axes vectors in Figure 3.20b. Here we see that the 1st

Principal Strain Rate is positive and the 1st Principal Strain Axis is aligned at 45◦ to the

y-axis, representing extension diagonally across the square. On the other hand, the 2nd

Principal Strain Rate is negative, indicating compression, with the 2nd Principal Strain

Axis again aligned at 45◦ to the y-axis, but perpendicular to the 1st Principal Strain

Axis.

The velocity fields for the simple strain and shear flow are combined to give the velocity

field presented in Figure 3.21a. The corresponding Principal Strain Axes are shown in

Figure 3.21b. From this it is clear that the 1st and 2nd Principal Strain Axes are aligned

in a similar manner to the shear-only case, with the 1st Principal Strain Rate remaining

fairly constant throughout the grid. However, there is variation in the 2nd Principal

Strain Rate, which is positive in the left half of the square, where there is extension to-

wards the left margin, and negative to the right of the square, where the largest shearing

is found.

Figure 3.22 gives the velocity and Principal Strain Axes for a purely compressional flow,

with the y-component of velocity decreasing linearly in the y-direction. This negative
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(a)

(b)

Figure 3.20: (a) An example of a shear flow velocity field. (b) Principal Axes of Strain:
Red axes - positive 1st Principal Strain Rate. Green axes negative 2nd Principal Strain
Rate.

(a)

(b)

Figure 3.21: (a) An example of a shearing and straining velocity field. (b) Principal
Axes of Strain: Red axes - positive 1st Principal Strain Rate. Magenta axes positive 2nd

Principal Strain Rate. Green axes negative 2nd Principal Strain Rate.
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linear gradient is represented by a uniform negative 1st Principal Strain Rate, which is

aligned with the flow.

The compressional flow is combined with the shearing flow to produce the velocity field

shown in Figure 3.23a. The Principal Strain Axes for this flow are presented in Figure

3.23b. It is evident that the 1st Principal Strain Rate is negative, and while the 2nd Prin-

cipal Strain Rate is positive and increases to the right. This indicates that the dominant

dynamics here are compressional, with some extension perpendicular to this resulting

from the shear flow.

Here regions of negative Principal Strain Rate suggest resistance to flow is being gener-

ated in these areas due to the deformation of the fluid as it moves past slower flowing

fluid or is compressed against stationary objects. Negative Principal Strain Rates imply

a compressive or shearing flow, which both generate resistance to flow. In the case of an

ice shelf, if this resistance generated due to deformation can be transmitted upstream to

the grounding line then it will contribute to the buttressing of the grounded ice.

3.6.2 Dynamics associated with the 1st Principal Axis of Strain

and 1st Principal Strain Rate

The 1st Principal Axis of Strain is aligned in the direction of the maximum magnitude

strain rate in a reference frame oriented to have no shear component. The magnitude of

the strain rate in this direction is given by the 1st Principal Strain Rate. Throughout the

majority of an ice shelf this is positive and indicates where the ice shelf is being stretched

by the driving hydrostatic-pressure gradient. This stretching leads to thinning and flow

within the shelf. In turn this causes the shelf to flow and advance towards the ocean.

However, ice shelves are known to fracture, leading to the formation of crevasses within

the shelf. If this occurs near the ice front this may cause an iceberg to form. I now use

plots of the 1st Principal Axis of Strain and 1st Principal Strain Rate to investigate the

extensional strain and the link between high strain rates and fracture formation both

in terms of the magnitude of the strain and its orientation. I do this on a case-by-case

basis examining some individual ice shelves.
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(a) (b)

Figure 3.22: (a) An example of a purely compressional velocity field. (b) Principal Axes
of Strain: Blue axes - negative 1st Principal Strain Rate.

(a)

(b)

Figure 3.23: (a) An example of a shearing and compressional velocity field. (b) Principal
Axes of Strain: Blue axes - negative 1st Principal Strain Rate. Magenta axes positive
2nd Principal Strain Rate.
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Amery Ice Shelf

Figure 3.24 displays plots of ice-surface speed, 1st and 2nd Principal Axes of Strain, Prin-

cipal Strain Rates and a MODIS image for the final third of Amery Ice Shelf. From the

MODIS imagery (Fig. 3.24b) it is evident that there are several areas that are heavily

crevassed. One such area is along the eastern boundary of the shelf (lower in plot), where

there is flow past an island that protrudes into the main trunk of the shelf (marked as

location (1)). When comparing the location of these features with the plot of the 1st

Principal Axis of Strain and 1st Principal Strain Rate (Fig. 3.24c) it is clear that this is

an area of high strain, though the axes are not orientated perpendicular to the majority

of the fractures. I would expect fractures and the 1st Principal Axis of Strain to be

aligned at right angles if high strain was resulting in crevasse-formation, or weak ice due

to the presence of crevasses was allowing high strain. It appears from the MODIS image

(Fig. 3.24b and zoomed in image in Fig. 3.25) that the fractures are initiated as the

ice flows past the tip of the protruding island. At this point and in the region towards

the centre of the shelf, the crevasses are aligned perpendicular to the 1st Principal Axis

of Strain, with positive values of the 1st Principal Strain Rate. This suggests that the

fractures are first created in this area, where there is high tensile stress leading to high

strain, and then the crevasses are advected with the flow. The presence of these frac-

tures then weakens the ice and allows higher strain rates to occur, which may lead to a

lengthening and an increase in the size of the fractures.

At the centre of the ice front there is a large fracture opening at right angles to the

calving front (marked as location (2)). This is associated with high positive values for

both the 1st and 2nd Principal Strain Rates. It is clear that in this region the 1st Principal

Axis is aligned parallel to the calving front and perpendicular to the fracture, which may

be causing this fracture to open. Here, at the channel exit, the ice shelf is leaving the

lateral confinement of the long channel-like embayment and starting to spread laterally

in addition to the along-flow direction. This results in high strain rates perpendicular to

the flow direction and the formation of fractures perpendicular to the ice front. This style

of fracture is a recurring feature at the calving front of Amery Ice Shelf, with the shape

of the calving front in 1962 suggesting an iceberg had broken off following the propaga-

tion of a fracture similar to the one observed here (Fricker et al., 2002). Following this,

during the Antarctic summer of 1963-64 there was a large calving event that produced

an iceberg of 10,000 km2 (Budd, 1966). Since then the calving front has been advanc-

ing to its current position. It has been suggested that the location of these fractures

perpendicular to the calving front is linked to the boundaries between ice from different

tributaries, which merged hundreds of kilometres upstream (Fricker, 2005). These weak

boundaries then form fractures when the ice begins to spread laterally after leaving the
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Figure 3.24: Plots showing quantities and details near the ice-shelf calving front of Amery
Ice Shelf. (a) Unfiltered ice surface speed. (b) MODIS imagery of shelf surface. (c) The
1st Principal Axis of Strain (red and blue vectors indicate positive and negative 1st

Principal Strain Rates respectively). (d) The 2nd Principal Axis of Strain (magenta and
green vectors indicate positive and negative 2nd Principal Strain Rates respectively). In
each plot the grounding line, location of islands and the ice front are identified. Location
(1) identifies the island protruding into the shelf after which crevasses form as the ice is
stretched as it flows past this stationary ice area. Location (2) is the fracture that has
opened perpendicular to the calving front. Location (3) is positioned where there is an
in-flow into the shelf from the Charybdis Glacier and where a set of parallel fractures
begin that continue towards the calving front.

confinement of the channel. There is also evidence of several other locations along the

calving front where similar but smaller fractures are present (Walker et al., 2015). (See

MODIS image Fig. 3.24b.)

On the Western boundary of the ice shelf (upper boundary in Fig. 3.24a, and identified

as location (3)), there is ice flow into the shelf from the Charybdis Glacier. As this

section of ice merges with the main shelf we see the formation of crevasses perpendicular

to the flow, which are advected and deformed further as ice flows towards the calving

front. From the plot of ice-surface velocity (Fig. 3.24a), it is clear that the ice from

Charybdis Glacier accelerates considerably from approximately 250 m yr−1 to over 1000

m yr−1 within less than 150 km. In this case, we see that the 1st Principal Axis of Strain
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Figure 3.25: MODIS image of crevassing in ice shelf as it flows past an island that
protrudes into the main flow. This area is highlighted in Figure 3.24c

is aligned perpendicular to the fractures, suggesting that the fractures are generated by

stretching of the ice in the along-flow direction. These fractures are advected toward the

calving front by the ice flow. They appear to become more separated as they approach

the calving front. This suggests that the surrounding ice is stretched and thinning as it

approaches the ice front. Alternatively, there may have been a larger separation between

the fractures when they were original formed and the flow has changed slightly over time.

Fimbul Ice Shelf

The 1st Principal Axes of Strain and 1st Principal Strain Rates for Fimbul Ice Shelf are

shown in Figure 3.26c. Moving with the ice-shelf flow (from the bottom of the plot), we

see that as the ice enters the shelf the 1st Principal Strain Rate is positive and aligned

perpendicular to the flow-direction. This indicates the lateral spreading of the ice as

it leaves the lateral confinement of the valley in which the main flow is initially found.

Here the ice is grounded and relatively thin on both sides of the inflow into the shelf,

while the main section of flow into the shelf is thick and fast flowing. There is then a

region of negative 1st Principal Strain Rates on both sides of the main flow. Here the ice

is decelerating and being compressed as it spreads laterally into the surrounding ice to

the sides of the main flow. In this area there is also relatively high positive 2nd Principal

Strain Rates indicating that there is still extension occurring in this region. Moving

further downstream towards the calving front, we see positive 1st Principal Strain Rates

in both margins of the shelf, between the slow-flowing ice that is pinned in place by

islands and the main fast-flowing section, as we would expect.

When comparing the 1st Principal Axis of Strain and Principal Strain Rate with the

surface features shown in the MODIS plot in Figure 3.26b, we see that surface deforma-

tion is mainly localized within the left (west) margin, where there are a series of fractures
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aligned perpendicular to the flow. These correspond to areas of high positive 1st Princi-

pal Strain Rates. However, in contrast to the right (east) margin, the 1st Principal Axes

of Strain don’t share the same exact orientation, but are slightly misaligned and have a

slightly larger magnitude. The heavily crevassed region in the left margin may explain

why the 1st Principal Axes of Strain are misaligned. Where the ice is damaged (frac-

tured) it no longer has a uniform consistency and may be deformed in multiple directions

when a stress is applied, whereas an area with less damage is likely to be deformed in a

more uniform manner, as is observed in the right margin.

In the centre of the main section of ice flow, the 1st Principal Axes of Strain are mostly

aligned perpendicular to the flow direction, suggesting that the main component of strain

in this area is the lateral strain due to the lateral spreading of the shelf as the main section

of the flow becomes wider. This also suggests that there is only a small along-flow thick-

ness gradient present to drive flow, which may also be inferred from the near-uniform

flow observed in the speed plot (Fig. 3.26a).

From Figure 3.27a, a map of ice thickness for Fimbul ice shelf (extracted from the

Bedmap2 dataset (Fretwell et al., 2013)), we can see that there is a central band of

thicker ice that runs from the tributary ice stream towards the calving front. On either

side of this there is thinner ice. This implies that there is a lateral thickness gradient,

which may induce a flow transverse to the main flow direction and hence transverse strain.

Figure 3.27b, shows the along-flow gradient in ice thickness, given by û.∇H. From this

plot it is clear that there is no coherent pattern to the gradient in ice-thickness in the

flow-direction, except near the grounding line, where there is a strong negative signal.

This suggests that the main extensional 1st Principal Strain Rate within the shelf results

from the shearing between the faster flow in the main section of the shelf and the sta-

tionary ice in the margins.

To the left (west) of the main flow, in the upstream section of the shelf, there is a

small region of shelf thickening. This can be seen in Figure 3.27b and is identified as

location (1). Here there is thin ice south of this region (below in the plot), which may

be caused by melting from below, or due to thin grounded ice being transported into the

shelf from the peninsula that extends out into the shelf. This section of shelf, at location

(1), may then thicken as ice diverges away from the thick central flow and thickens the

margins. Alternatively, the flow of the ice in the margin may be towards the central

thick region and is pulled towards the front by shearing with the main flow. This ice

may then be incorporated into the thicker region downstream.

Throughout both margins of the downstream part of the fast-flowing section of the shelf,

59



Figure 3.26: Plots showing quantities and details for Fimbul Ice Shelf. (a) Unfiltered
ice surface speed. (b) MODIS image with fractures present in the left margin of the
main flow in the shelf. (c) The 1st Principal Axis of Strain (red and blue vectors indicate
positive and negative 1st Principal Strain Rates respectively). (d) The 2nd Principal Axis
of Strain (magenta and green vectors indicate positive and negative 2nd Principal Strain
Rates respectively). In each plot the grounding line, location of islands and the ice front
are identified.

Figure 3.27: (a) Ice thickness and (b) ice-thickness gradient in direction of ice flow both
for Fimbul Ice Shelf. Location (1) marks a location of ice thickening.
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there are high positive values of the 1st Principal Strain Rate and negative values of

the 2nd Principal Strain Rate, with the Principal Axes of Strain aligned at 45◦ to the

main flow. This suggests there is resistance to flow generated in these margins, which

is probably a result of the shearing of the ice past pinning points on either side of the

main flow located at the shelf front. To the right (east) this takes the form of a single

island (approximately 20 km wide at its widest point and 40 km long), while the pinning

point to the left (west) is a collection of closely spaced smaller islands, which form a 20

km wide section of stationary ice. Once the shelf passes these pinning points there is no

longer this pattern to the Principal Strain Rates suggesting that this section of the shelf

does not experience any resistance and therefore makes no contribution to buttressing

via shear stresses. Upstream near the grounding line, the 1st Principal Strain Rate is

negative in the margins of the flow, and the 2nd Principal Strain Rate is positive, with

the Principal Strain Axes again aligned at 45◦ to the main flow. This suggests that there

is high shear and compression in these parts of the shelf margin, which will contribute

to resistance of the shelf flow.

Analysis of the velocity-field data such as this can allow the locations of stationary

ice or bedrock outcrops to be identified, which are important to ice-shelf buttressing.

This may then lead to the discovery of previously uncharted pinning points. A velocity-

field from a computational model was implemented by Fürst et al. (2015), where in

addition to inverting for the rheological rate factor, locations could be specified as

grounded/stationary/pinning in order to best fit observations. In doing so, previously

uncharted pinning points (grounded ice) were identified. Similar work has been under-

taken by Berger et al. (2016), where an uncharted pinning point was identified from

analysis of velocity data and then model simulations run to reproduce the velocity field

while varying the spatial extent of the pinning point. In this case (Berger et al., 2016)

the closest match to the observed velocity field was obtained with the full extent of the

pinning point, with more realistic rate factors also obtained.

Ronne Ice Shelf - Berkner Island Margin

A section of the Ronne Ice Shelf is presented in Figure 3.28. Here Berkner Island is lo-

cated to the right (east) of the main shelf and forms a large area of stationary grounded

ice. Ice flow past this is resisted by the viscous shearing against this pinning point. There

is a complex pattern of high positive and negative Principal Strain Rates in the margin

of the shelf. Looking at Figure 3.28c, a plot of the 1st Principal Axis of Strain and 1st

Principal Strain Rate, we see that for the upstream half of the margin with Berkner

Island there is mainly positive strain aligned at approximately 45◦ to the margin and

flow-direction. This suggests an area of high shear and strain. When compared to the

MODIS imagery (Fig. 3.28b and zoomed in view in Fig. 3.29) we see that fractures have
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formed in this area.

Further downstream, there is a transition to negative 1st Principal Strain Rates and

the fractures are no longer present. However, when these two regions are compared

using the 2nd Principal Strain Rates (Fig 3.28c), we see the opposite transition has oc-

curred; from negative values to positive as we move downstream. This suggests that the

dynamics in this margin change as the shelf nears the ocean. Upstream, extension is

most important as the shelf accelerates in the downstream direction. However, compres-

sion becomes more important near the front, with lower values of extension observed.

This may be because there has been a change in the thickness gradient of the shelf,

which is no longer large enough to drive the same flow. Alternatively, the geometry of

the embayment may be an important control. As the ice nears the front, the orientation

of Berkner Island acts to funnel the ice towards the centre of the front, which may lead

to the generation of additional resistance.

The ice thickness in this area is shown in Figure 3.30a. Here we see that the ice thins

as it flows downstream; from approximately 800 m at the upstream end of the Berkner

margin to 250 m at the calving front. There is a narrow band of thin ice, which runs

along the margin of the shelf next to Berkner Island. This narrow band may be the

result of a melt channel on the ice-shelf base or where a thin section of ice has entered

the shelf upstream. This band of thin ice coincides with the area of crevassing identified

above, suggesting that this thinner section is more easily deformed. Looking at the plot

of the gradient of ice thickness in the flow-direction, as shown in Figure 3.30b, we see

that most of the ice shelf has negative thickness gradient as the ice thins in the along-flow

direction. However, in the margin of Berkner Island where the crevassing is found, we

see that there is some variation in the thickness gradient. Whether this is a result of the

fracturing, the cause of fracturing or due to noise from radar scatter from crevasses is

unclear. However, the signal returns to mostly negative downstream where there are no

further crevasses. Near the calving front, the thickness gradient in the direction of flow

is negative and has a similar value to that observed further upstream. This suggests that

the reduction in crevasse formation and the negative 1st Principal Strain Rates is a result

of the geometry of the embayment rather than changes in the ice-shelf thickness gradient.

In contrast to the Principal Strain Rates for Fimbul Ice Shelf, here we observe a transi-

tion downstream from positive 1st Principal Strain Rate to negative 1st Principal Strain

Rate. This suggests that shearing and compression increases downstream and if the ice

rheology remains the same this could result in increased resistance to flow locally. This

could then be transferred upstream generating buttressing at the grounding line.
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Figure 3.28: Plots showing quantities and details for the Ronne Ice Shelf, along the shelf
margin with Berkner Island. (a) Unfiltered ice surface speed. (b) MODIS image with
fracture or crevasse features present in the margin with Berkner Island. Blue dashed
box shows location of zoomed in MODIS image in Figure 3.29. (c) The 1st Principal
Axis of Strain (red and blue vectors indicate positive and negative 1st Principal Strain
Rates respectively). (d) The 2nd Principal Axis of Strain (magenta and green vectors
indicate positive and negative 2nd Principal Strain Rates respectively). In each plot the
grounding line, location of islands and the ice front are identified.

From assessment of Figure 3.28, it is also clear that there is shearing present in the

margin next to the ice rise opposite Berkner Island. Along this margin there is a clear

shearing pattern in the 1st and 2nd Principal Strain Rates, with Principal Strain Axes

aligned at 45◦ to the flow. Further downstream of the ice rise, the 1st Principal Strain

Rate retains similar values but there is a decrease in the 2nd Principal Strain Rate, and

the Principal Strain Axes are no longer aligned at 45◦ to the flow. This indicates that

there has been a change in the style of flow in this region, which has become mainly

extensional.
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Figure 3.29: MODIS image for the Ronne Ice Shelf, zoomed in on crevassed section in
margin with Berkner Island. This section of the shelf is defined in Figure 3.28b.

Figure 3.30: (a) Ice thickness and (b) ice-thickness gradient in direction of ice flow both
for the section of Ronne Ice Shelf adjacent to Berkner Island.
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Ronne Ice Shelf - West Margin

In contrast to the right (east) margin of the Ronne Ice Shelf, the left (west) margin

(Figure 3.31) has uniformly positive 1st Principal Strain Rates, with the 1st Principal

Axes of Strain aligned at approximately 45◦ to the flow. This is due to the high shear

in the margin and can also be inferred from the 2nd Principal Strain Rates (Fig. 3.31d),

which are large and negative within the margin. Here the geometry of the stationary ice

in relation to the direction of ice-flow is close to constant along the length of the shelf.

Therefore, we wouldn’t expect the change in sign of the 1st Principal Strain Rates as

observed on the opposite lateral boundary (Berkner), if this feature is generated by the

funneling effect of a narrowing channel.

We observe from Figure 3.32b that the western margin is an area of near uniform along-

flow ice-thickness gradient, with no features that suggest the presence of crevasses. This

corresponds to the near constant values and orientation of the 1st and 2nd Principal

Strain Rates and Principal Axes of Strain respectively.

Larsen C Ice Shelf

Large fractures are visible on the southern section of the Larsen C Ice Shelf and can be

seen in the MODIS image in Figure 3.33b. They form after the ice shelf has flowed past

a bedrock outcrop that protrudes out into the embayment from the mainland (Kenyon

Peninsula - location (1)). Large strain rates are associated with the flow at this location

and can be seen in Figure 3.33c. These large positive values of strain rate spread in

towards the centre of the ice shelf from the bedrock outcrop for approximately 50 km.

Here the extent of the damage to the ice shelf is large enough to affect the rheology of

the shelf significantly and hence allow such high strain rates to be achieved. In this area

there are some negative 2nd Principal Strain Rates (Fig. 3.33d) suggesting that there is

some local resistance to flow generated by the island located at the ice front (Gipps Ice

Rise - location (2)).

Further crevassing can be seen in the MODIS image following the deformation that

occurs as the ice shelf flows past two islands, which can be seen in the lower left corner

of Figure 3.33b (location (3)). These features are then advected towards the calving

front. Here the 1st Principal Axis of Strain is oriented perpendicular to these crevasses

and may act to open them further as they flow downstream.

Ross Ice Shelf

In Figure 3.34b, a MODIS image of a section of the Ross Ice Shelf, a series of roughly

parallel fractures can be seen. This array of fractures runs from the middle of the shelf
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Figure 3.31: Plots showing quantities and details for the Ronne Ice Shelf, along the
western shelf margin. (a) Unfiltered ice surface speed. (b) MODIS image. (c) The
1st Principal Axis of Strain (red and blue vectors indicate positive and negative 1st

Principal Strain Rates respectively). (d) The 2nd Principal Axis of Strain (magenta and
green vectors indicate positive and negative 2nd Principal Strain Rates respectively). In
each plot the grounding line, location of islands and the ice front are identified.

Figure 3.32: (a) Ice thickness and (b) ice-thickness gradient in direction of ice flow both
for the western margin of the Ronne Ice Shelf.
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Figure 3.33: Plots showing quantities and details for the southern section of the Larsen
C Ice Shelf. (a) Unfiltered ice surface speed. (b) MODIS image. (c) The 1st Principal
Axis of Strain (red and blue vectors indicate positive and negative 1st Principal Strain
Rates respectively). (d) The 2nd Principal Axis of Strain (magenta and green vectors
indicate positive and negative 2nd Principal Strain Rates respectively). In each plot the
grounding line, location of islands and the ice front are identified. In the MODIS image
(b), large fractures can be seen perpendicular to the flow once the ice has passed the
peninsula that protrudes into the shelf, location (1). Buttressing to ice-flow is generated
by Gipps Ice Rise, location (2). Crevasses can also be seen in the lower left corner of the
MODIS image location (3). They appear to be created as the ice is deformed as it flows
past the islands, and are then advected with the flow.

towards the calving front. These fractures appear to form two bands that are aligned

with the flow, which can be seen more clearly in the zoomed-in image shown in Figure

3.35. Between these two bands there are some larger fractures that link the bands to-

gether. Unlike the fracture features observed in the previous examples, these fractures

don’t appear to be associated with deformation close to stationary ice or a pinning point,

but instead are caused by some deformation within the ice. From the plot of the 1st Prin-

cipal Axes of Strain and 1st Principal Strain Rates in Figure 3.34c, the crevasses in the

upstream half appear to be aligned perpendicular to the 1st Principal Axis of Strain.

However, this pattern seems to decay further downstream, where the larger crevasses are

present. This suggests that the crevasses are first formed by stretching in the along-flow

direction in areas of high extensional stress and strain, they are then advected with the
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ice flow. In the upstream half of the plot of 1st Principal Axis of Strain (Fig. 3.34c), to

the left (west) of this band of fractures, there is another separate area of high-magnitude

1st Principal Strain Rates (both positive and negative) but it is unclear whether their

presence or dynamics in this area have any impact on the formation of crevasses in the

adjacent area of ice.

Near the calving front, there are two large fractures aligned parallel to the calving front.

From the plot of the 1st Principal Axis of Strain and the 1st Principal Strain Rates it is

evident that they are associated with high positive strain-rate values. The bigger of the

two fractures may be linked to deformation around Roosevelt Island, which can be seen

on the left side of all the plots in Figure 3.34. However, the fracture is disjointed from

the comparatively small-scale fracturing occurring in the margin. From the speed map

in Figure 3.34a, it is clear that the location and orientation of the crevasse is associated

with a step change in ice-flow speed. These two large fractures therefore appear to be

the result of stretching within the ice shelf exceeding a critical stress leading to the for-

mation of crevasses. The proximity of these fractures to the calving front suggests that

these fractures will allow the formation of large icebergs.

The driving hydrostatic pressure is determined by the ice thickness and thickness gra-

dient. From Figure 3.36a, it is clear that for the Ross Ice Shelf the ice is between 300

and 400 m thick at the calving front, and thins towards the centre of the calving front.

This is comparable to the thickness of the ice at the calving front of the Ronne Ice Shelf

(Fig. 3.30a and 3.32a). However, the Ross embayment does not narrow towards the

calving front, suggesting there is more resistance to flow in the case of the Ronne Ice

Shelf and hence large fractures are not found near the calving front. From the plot of

the ice-thickness gradient in the flow-direction, the gradient is mainly negative, although

there are some positive gradients in the areas that have crevasses, as identified from the

MODIS data. This suggests that abrupt changes in along-flow ice-thickness gradients

may be associated with the formation of fractures. However, these features in thickness

gradient may result from errors/noise in the thickness data in the proximity of fractures.
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Figure 3.34: Plots showing quantities and details for the western section of the Ross Ice
Shelf. (a) Unfiltered ice surface speed. (b) MODIS imagery with fracture or crevasse
features present as the ice flows past an island on the lower boundary of the shelf and
where inflow from a tributary ice stream merges with the flow near the upper boundary.
Blue dashed box shows location of zoomed in MODIS image in Figure 3.35. (c) The
1st Principal Axis of Strain (red and blue vectors indicate positive and negative 1st

Principal Strain Rates respectively). (d) The 2nd Principal Axis of Strain (magenta and
green vectors indicate positive and negative 2nd Principal Strain Rates respectively). In
each plot the grounding line, location of islands and the ice front are identified.
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Figure 3.35: MODIS image for the Ross Ice Shelf, zoomed in on location of two along-
flow bands of crevasses that are connected in places by larger crevasses. The extent of
this image is defined in Figure 3.34b.

Figure 3.36: (a) Ice thickness and (b) ice-thickness gradient in direction of ice flow both
for the western margin of the Ross Ice Shelf.
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Summary: Dynamics associated with the 1st Principal Axis of Strain and 1st

Principal Axis Strain Rate

From the majority of these examples it appears that often fractures are found in areas

of high extensional strain and shear, where there are high rates of deformation, such as

near ice-shelf margins or isolated pinning-points within the shelf. It is likely that the

crevasses are first formed where there are high values of stress within the ice. Once these

fractures are formed, the effective viscosity of the ice is altered and high strain rates

can exist in these areas due to the reduced effective viscosity. These fractures are then

advected by the ice-shelf flow and are associated with high strain. From the Ronne Ice

Shelf margin with Berkner Island, there is evidence that suggests these crevasses can

close up if the 1st Principal Strain Rate becomes negative.

As the fractures open and are advected towards the calving front, they form the lo-

cation of potential iceberg-calving events. It is expected that an iceberg will break off

once the stress within the shelf exceeds some critical value. A fracture will form when

this critical stress is reached, breaking off a section of the shelf or linking together with

other fractures to break off a larger section.

In the case of the Ross Ice Shelf, which is the largest ice shelf in Antarctica, fractures

are formed away from areas of deformation past pinning-points and may instead result

from convergent flow in the middle of the shelf. Here two sections of ice meet with dif-

ferent velocities, leading to shearing and deformation as they merge and the formation

of fractures. Increased stretching and extension can occur near the ice front, where the

ice-shelf flow begins to diverge, leading to further fracturing.

From these datasets, there appears to be no direct relation between the formation of

crevasses near the calving front and the ice-shelf thickness at these locations. We have

seen that for ice shelves with similar thicknesses at the calving front (e.g. Ross and

Ronne) large fractures are found in some cases (Ross) but not in others (Ronne). There

does however, appear to be a link between the ice-thickness gradient in the flow-direction

and the location of crevasses, with ridges of alternating positive and negative thickness-

gradient found in crevassed areas. Here it is likely that high extensional stresses have

led to the formation of bands of thin ice perpendicular to the flow-direction, as the ice

is stretched out in the along-flow direction. In these regions, fractures may then form as

the thinner ice is less able to withstand the high strain. This would then lead to a series

of parallel crevasses and alternating thickness gradients. In bands of thin and damaged

ice, it is likely that further high strain rates will be obtained. It should be noted that

care should be taken when assessing these thickness datasets as the presence of fractures
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and crevasses may lead to the incorporation of errors and noise into the data. Therefore,

before any definite conclusions can be made, thickness data with a higher spatial reso-

lution in the area of these crevasses should be assessed to determine whether thinner ice

is linked to crevasse formation.

From this assessment of the Principal Axes of Strain and Principal Strain Rate fields,

it is not possible to determine whether the calving front is likely to advance or whether

strain rates are likely to exceed a threshold leading to the calving of an iceberg. The

rate of advance of the calving front will be considered further with the addition of some

theoretical ideas in Chapter 4.

3.6.3 2nd Principal Axis of Strain and 2nd Principal Strain Rates

Throughout the majority of ice shelves, the ice flow is predominantly in one direction

and the 1st Principal Strain Rate is positive as the extension and flow of the ice shelf

is driven by the hydrostatic pressure gradient between the floating shelf and the ocean,

which acts to effectively pull the ice shelf towards the ocean. Although this is broadly

the case in the majority of situations, there may be areas where the 1st Principal Strain

Rate is negative, such as where an ice shelf is being compressed against a stationary

bedrock outcrop or island.

Ice shelves are often confined within embayments or pinned in place by islands or ice-

rises. If we consider flow in a parallel-channel geometry, we might expect the flow to be

aligned in the along-channel direction only, with slow flow near the channel boundaries

and faster flow in the centre of the channel. This would lead to a shearing flow across the

width of the channel. As demonstrated earlier for a shear flow, the 1st Principal Strain

Rate is positive and the 2nd Principal Strain Rate negative, with the Principal Strain

Axes aligned at 45◦ to the flow. The negative 2nd Principal Strain Rate corresponds to

compression, which acts perpendicular to the 1st Principal Strain Rate. This compres-

sion is due to the lateral resistance to the flow generated by shear with slow flowing or

stationary ice at the edges of the shelf. If there was no frictional resistance from the

sides of the channel then a shear profile across the channel would not be established and

the flow would be purely extensional with zero 2nd Principal Strain Rate values. Nega-

tive 2nd Principal Strain Rate is indicative of compression or shearing and therefore, as

discussed in Chapter 2, acts to provide resistance to flow.

At the exit of the confinement there is a transition to positive 2nd Principal Strain

Rates as the shelf is able to spread both in the direction of the main flow and transverse

to this. This lateral spreading is due to the removal of resistance at the lateral bound-
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aries and the presence of a lateral hydrostatic pressure gradient that drives the flow. For

a parallel channel some lateral spreading of the shelf is expected just upstream of the

exit, as along-flow extension is greatest in the centre of the channel at the exit, which in-

duces thinning in the centre of the shelf and therefore flow in from the lateral boundaries.

Once this transition from negative to positive 2nd Principal Strain Rate occurs (with

positive 1st Principal Strain Rate throughout), the shelf is spreading in all directions

and no longer experiences shearing against any stationary boundaries such as those that

generated resistance to flow while the shelf was confined. Instead resistance to flow may

be generated by ‘hoop stresses’ within the shelf that act to oppose spreading of the shelf

perpendicular to the flow direction.

3.7 Identifying Ice That Does Not Contribute to

Buttressing

3.7.1 Passive Ice

Fürst et al. (2016) used the term ‘passive ice’ to define sections of an ice shelf that, if

removed, would have no dynamic implications on the remaining ice flow and therefore

must have no effect on buttressing. This passive ice was determined by first calculating

the effective buttressing at each point in the shelf. This process was performed using

a velocity and stress field from a computational model matched to observed velocities,

from which internal stresses could be determined. The buttressing at a point within the

ice shelf is determined by the difference between the depth-integrated stress exerted on

the ice upstream of the point, in the presence of a ice shelf downstream, and the depth-

integrated hydrostatic driving pressure at that point (which would be the stress exerted

in the absence of a shelf downstream of that point). This difference is then normalized

by the depth-integrated hydrostatic driving pressure (Fürst et al., 2016; Gudmundsson,

2013). This buttressing at any point within the shelf is defined to be

K =
N0 − n.σ̄.n

N0

, (3.18)

where N0 =
1

2
ρg′H. (3.19)

Here n is the horizontal normal vector pointing in the direction of the buttressing, σ̄ is

the vertically averaged stress tensor σ = −PI + 2µe, as used in the derivation of the

fundamental equation of ice flow in Chapter 2. N0 is the vertically averaged hydrostatic
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pressure, with ρ the ice density, ρw the ocean density, g′ the reduced acceleration due to

gravity

g′ =

(
ρw − ρ
ρw

)
g. (3.20)

and H the shelf thickness.

This method considers the stress field in the simple case in which the point being consid-

ered is at an imaginary calving front, with planar flow perpendicular to the front and no

transverse gradients in thickness, and compares it to the modelled stress field produced

with the remaining ice shelf further downstream. Differences between the two stresses

are then due to the presence of the ice shelf downstream, which may change if part of the

shelf is removed. In a situation with no shelf downstream of the point being considered,

and the flow aligned perpendicular to the ice front (in the x-direction) with no shear,

then we have no buttressing and the flow would be determined by

4
∂

∂x

(
µH

∂u

∂x

)
= ρg′H

∂H

∂x
, (3.21)

corresponding to the extension-only regime considered in the previous chapter. However,

when an ice shelf is present, resistance may be generated by shear or hoop stresses.

The maximum buttressing at a point is obtained when the normal stress is aligned

in the direction of the Principal Axis of Strain corresponding to the smallest Principal

Strain Rate. This is because K is largest when n.σ.n is minimised (it can be negative

when there is compression in the normal direction ).

Fürst et al. (2016) then used contours to split the ice shelf into regions with the same

maximum buttressing. If the maximum buttressing is in the direction of the smallest

Principal Strain Rate, then contours of maximum buttressing must be aligned along the

Principal Strain Axes in the direction of the largest Principal Strain Rate. To test which

of these contours denotes the boundary of the passive ice, sections of the ice shelf are

removed in the computational model along the maximum buttressing contours. If there

is no substantial change in the flow of the ice shelf then the removed section is consid-

ered passive. This process is repeated, first removing the smallest area of floating ice,

until the boundary of passive ice is found when the ice flow changes considerably after a

section is removed.

In this work Fürst et al. (2016) rely on a model output to determine which areas are

Passive Ice. However, I hypothesis that given error-free/smooth data of sufficient reso-

lution it should be possible to determine those areas that are contributing to buttressing
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and in turn those which provide no contribution to the buttressing.

3.7.2 Compressive Arch

Doake et al. (1998) used the idea of a curve within an ice shelf referred to as a ‘com-

pressive arch’ to explain the collapse of the Larsen A ice shelf in 1995 and assess the

stability of the Larsen B Ice Shelf prior to its subsequent collapse in 2002. The curve,

referred to as the compressive arch, identifies the boundary within an ice shelf upstream

of which the 2nd Principal Axis of Strain is always negative. Here it is assumed that

the 1st Principal Axis of Strain is positive throughout the whole shelf, and hence the

‘compressive arch’ identifies the curve across which there is a transition from negative

(compressive) 2nd Principal Strain Rate to positive 1st and 2nd Principal Strain Rates.

Doake et al. (1998) hypothesised that the location of this boundary or ‘compressive arch’

and the shelf as a whole would be stable to a calving event downstream of the compres-

sive arch. However, if the arch was breached by a calving event then the calving front

would undergo irreversible retreat.

This theory was tested by Doake et al. (1998) using model simulations of the Larsen

A and B ice shelves to determine the 1st and 2nd Principal Axes of Strain. They ob-

served that in the case of Larsen A, the compressive arch was located closely behind the

initial calving front in 1989. After this, subsequent calving events moved the calving

front back behind the compressive arch, before the rapid collapse of the ice shelf during

1995. Conversely, in this time period the calving front for Larsen B remained down-

stream of the compressive arch, despite a retreat of the calving front.

Following this study by Doake et al. (1998), the Larsen B Ice Shelf collapsed rapidly

in 2002. It should be noted that there are numerous hypotheses that endeavour to ex-

plain the collapse of the Larsen B Ice Shelf, which include both forcing from atmospheric

(Scambos et al., 2003; van den Broeke, 2005) and oceanic (Holland et al., 2015) effects

in addition to ice-shelf dynamics.

As with the work of Fürst et al. (2016), the analysis of Doake et al. (1998) was under-

taken using model output, however it should be possible to make a similar assessment

from velocity field data, such as that gathered by Rignot et al. (2011b). I now apply the

ideas of passive ice and compressive arches to an analysis of some Antarctic ice shelves,

using the data obtained through calculation of the 2nd Principal Axis of Strain value and

its orientation.
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3.7.3 Analysing Buttressing using Principal Strain Rates

Amery Ice Shelf

The value of the 2nd Principal Strain Rate and the orientation of the 2nd Principal Axis

of Strain can be seen in Figures 3.37b and 3.37d for the Amery Ice Shelf. Here we

observe that along the ice-shelf margins and upstream the 2nd Principal Strain Rate is

mainly negative. However, there is a transition at the exit where the 2nd Principal Strain

Rate becomes positive in addition to the positive 1st Principal Strain Rate. This area

of positive 2nd Principal Strain Rate occurs mainly once the shelf has left the confines

of the embayment in which it is situated. By assessing the orientation of the Principal

Axes of Strain, as shown in Figures 3.37c and 3.37d, we see that as the ice approaches

the calving front the 2nd Principal Axis of Strain becomes orientated perpendicular to

the calving front, aligned in the flow direction, while the 1st Principal Axis of Strain is

aligned parallel to the calving front. This indicates that here the lateral spreading of the

shelf is the dominant dynamical effect once the shelf leaves the lateral confinement, but

there is also extension in the along-channel direction.

Where there are negative 2nd Principal Strain Rates along the channel margins this

is due to shearing and the local resistance created by ice flow past stationary grounded

ice. This resistance can be transferred upstream to provide buttressing to the flow.

Once there is a transition to both positive 1st and 2nd Principal Strain Rate there is

no further resistance generated by shearing. This boundary between negative and pos-

itive 2nd Principal Strain Rate identifies the compressive arch proposed by Doake et al.

(1998), and is highlighted in the Figure 3.37 by a dashed black curve. Here we can see

that this region extends upstream a considerable distance, approximately 75 km. This

is a larger region than might have been expected given the slowly diverging geometry

of the channel and the distance to the calving front, but indicates that there is lateral

spreading of the shelf as the channel slowly widens, and the presence of a region in the

centre of the shelf where there is no shearing.

Larsen C Ice Shelf

Figure 3.38 provides plots of the 2nd Principal Axis of Strain and the 2nd Principal Strain

Rate for the Larsen C Ice Shelf. This is a large ice shelf fed by multiple glaciers and

ice streams around the embayment, and therefore differs from the channel-like geometry

previously considered in the case of Amery Ice Shelf. From Figure 3.38b it is clear that

between the inflows from the tributary ice streams there are areas of negative 2nd Prin-

cipal Strain Rate, as the flow is resisted by shearing with slower flow in the surrounding

shelf. In the central section of each of these tributaries both the 1st and 2nd Principal
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Figure 3.37: Plots showing quantities and details near the ice-shelf calving front of Amery
Ice Shelf. (a) Unfiltered ice surface speed. (b) Map showing value of 2nd Principal Strain
Rate. (c) The 1st and 2nd Principal Axes of Strain (red and blue vectors indicate positive
and negative 1st Principal Strain Rates respectively, while magenta and green vectors
indicate positive and negative 2nd Principal Strain Rates respectively). (d) The 2nd

Principal Axis of Strain (magenta and green vectors indicate positive and negative 2nd

Principal Strain Rates respectively). In each plot the grounding line, location of islands
and the ice front are identified. The black dashed curve indicates the approximate
position of the compressive arch.
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Strain Rate are positive, which suggests that the shelf is spreading in both the along-flow

and transverse-to-flow directions.

Both the 1st and 2nd Principal Axes of Strain are shown in Figure 3.38c, with the magni-

tude of the Principal Strain Rates denoted by the length of the axes. From the magnitude

of the vectors it is evident that throughout the majority of the shelf the 1st Principal

Strain Rate dominates the flow dynamics. However, there is an area near the centre of

the calving front where the 2nd Principal Strain Rate starts to become comparable. This

region can be seen more clearly in Figure 3.38d, with high 2nd Principal Strain Rates

found near the centre of the calving front. Here the axes appear to have no preferred

orientation and indicates that the shelf is spreading both along-flow and laterally as the

shelf exits the embayment.

Negative 1st and 2nd Principal Strain Rates are observed close to the island at the south-

ern end of the calving front (Gipps Ice Rise). This suggests that there is compression of

material against this pinning point and that it is crucial for providing buttressing to the

rest of the shelf.

The approximate location of the compressive arch has been identified by a dashed black

line. Here it is evident that there is a large section of the shelf where the ice is spread-

ing in all directions and therefore not providing any resistance to flow via shear stress.

The shape of the compressive arch mirrors the shape of the Larsen C embayment and

suggests that the interaction between the tributary inflows as they enter the main body

of the shelf is crucial for providing resistance to flow.

Ross Ice Shelf

Plots for the large Ross Ice Shelf are given in Figure 3.39. Here there appears to be a

complex pattern of positive and negative 2nd Principal Strain Rates (Fig. 3.39b), with

lots of relatively small-scale variation.

On the large scale, at the calving front, there appears to be an area of mainly positive

2nd Principal Strain Rate, which spans the width of the shelf and continues upstream

for approximately 100 km. This region can be identified in Figures 3.39c and 3.39d,

where the orientation of the 2nd Principal Axis of Strain is aligned parallel to the calving

front, implying that the shelf is spreading laterally in this area. This may be due to the

lack of pinning points downstream of this location. The shelf is effectively unconstrained

laterally in the final 100 km as it flows towards the ocean. The positive 1st and 2nd

Principal Strain Rates imply that this section of the ice shelf contributes nothing to the

buttressing of ice upstream via shearing. The boundary of this spreading region provides
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Figure 3.38: Plots showing quantities and details for the Larsen C Ice Shelf. (a) Un-
filtered ice surface speed. (b) Map showing value of 2nd Principal Axis of Strain. (c)
The 1st and 2nd Principal Axes of Strain (red and blue vectors indicate positive and neg-
ative 1st Principal Strain Rates respectively, while magenta and green vectors indicate
positive and negative 2nd Principal Strain Rates respectively). (d) The 2nd Principal
Axis of Strain (magenta and green vectors indicate positive and negative 2nd Principal
Strain Rates respectively). In each plot the grounding line, location of islands and the
ice front are identified. The black dashed curve indicates the approximate position of
the compressive arch.
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Figure 3.39: Plots showing quantities and details near the ice-shelf for the Ross Ice Shelf.
(a) Unfiltered ice surface speed. (b) Map showing value of 2nd Principal Axis of Strain.
(c) The 1st and 2nd Principal Axes of Strain (red and blue vectors indicate positive and
negative 1st Principal Strain Rates respectively, while magenta and green vectors indicate
positive and negative 2nd Principal Strain Rates respectively). (d) The 2nd Principal Axis
of Strain (magenta and green vectors indicate positive and negative 2nd Principal Strain
Rates respectively). In each plot the grounding line, location of islands and the ice
front are identified. The black dashed curve indicates the approximate position of the
compressive arch.

the location of the compressive arch. Again due to the abundance of small-scale varia-

tions, it is difficult to determine an exact location for the compressive arch. However, it

indicates that as the shelf widens near the calving front there is little resistance to flow

provided by shear stresses.

Further upstream, the 2nd Principal Strain Rate (plotted in Figure 3.39d), is large and

negative with the 2nd Principal Axis of Strain orientated perpendicular to the flow di-

rection. This suggests that this region of ice may provide buttressing for ice further

upstream. If this area is assessed in relation to the speed of ice in the area (Fig. 3.39a),

it is clear that ice is converging from multiple tributary flows within the shelf. Therefore,

as these sections of relatively fast flow meet and are funnelled towards the calving front,

there is likely to be some viscous deformation thereby generating resistance to flow.
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Ronne Ice Shelf

A similar style of dynamics to the Ross Ice Shelf is observed for the Ronne Ice Shelf

in Figure 3.40. Again near the calving front, positive 2nd Principal Strain Rates are

present, spanning the width of the shelf and 100 km upstream from the calving front. In

this region the shelf is spreading both in the along-flow and transverse-to-flow directions,

as illustrated by the 1st and 2nd Principal Axes of Strain and Principal Strain Rates in

Figure 3.40c. It is possible to determine an approximate location for the coompressive

arch, as shown in Figure 3.40 as a dashed black curve. Again this has a similar structure

to the compressive arch that was determined for Ross Ice Shelf, with the compressive

arch extending upstream in the direction of the prominent inflow from the Evans Ice

Stream (and in the case of Ross the inflow from the tributary to the south of Roosevelt

Island).

Along the left (west) margin of the shelf there is an area of pronounced negative 2nd

Principal Strain Rate (Fig. 3.40b). This is likely to be due to the high shear rates found

in this margin, where fast flowing ice moves past stationary grounded ice. This indicates

that there is local resistance to flow generated here. On the left (west) of the plot in

Figure 3.40 there is an inflow of ice from the Evans Ice Stream. As this ice flows into

the shelf, there are positive 2nd Principal Strain Rates in addition to the positive 1st

Principal Strain Rates values, which implies that the ice is spreading both along-flow

and laterally as it enters the main body of the shelf.

In the centre of the ice shelf there is an area of negative 2nd Principal Strain Rates,

where ice flow from the two sides of the ice shelf converges. In a similar manner to the

negative 2nd Principal Strain Rates observed on the Ross Ice Shelf, here the 2nd Principal

Axis of Strain is orientated perpendicular to the flow direction, indicating compression

and therefore resistance generated between the two sections of the flow.

3.7.4 Hoop Stresses

In Chapter 2, we considered the fundamental equations that govern the flow of an ice

shelf with uniform flow in the vertical. Whilst doing so, it was highlighted that resistance

to the flow of the shelf can be produced by compression or shearing within the shelf,

or hoop stresses when the shelf spreads radially. From consideration of the values of

the Principal Strain Rates it is possible to determine whether compression or shear are

present in the flow, as detailed above. When both Principal Strain Rates are positive,

there is no contribution to buttressing from compression or shear, but there may be a

contribution from hoop stresses. The force-balance equation for an axisymmetric radial
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Figure 3.40: Plots showing quantities and details near the ice-shelf for the Ronne Ice
Shelf. (a) Unfiltered ice surface speed. (b) Map showing value of 2nd Principal Axis
of Strain. (c) The 1st and 2nd Principal Axes of Strain (red and blue vectors indicate
positive and negative 1st Principal Strain Rates respectively, while magenta and green
vectors indicate positive and negative 2nd Principal Strain Rates respectively). (d) The
2nd Principal Axis of Strain (magenta and green vectors indicate positive and negative
2nd Principal Strain Rates respectively)). In each plot the grounding line, location of
islands and the ice front are identified. The black dashed curve indicates the approximate
position of the compressive arch.

82



flow, as shown in equation 2.36 in Chapter 2, takes the form
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As identified earlier, hoop stresses provide no positive contribution to buttressing in

locations where
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≥ 0. (3.23)

This partial derivative can be split into two parts allowing an insight into the dynamics

of the flow
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where the first term in the brackets is the radial extension and the second term is the

azimuthal extension. Therefore, it is clear that a positive contribution to buttressing is

achieved when the azimuthal extension is greater than the radial extension.

To determine whether hoop stresses are contributing positively or negatively to but-

tressing within the shelf I calculate ∂/∂r(ur/r) at each point in the domain. However,

in order to determine the total contribution to buttressing from hoop stresses, these

hoop stress terms should be integrated back to the grounding line. A similar approach

was taken by Pegler and Worster (2012) when considering an idealized system with an

axisymmetric radially spreading shelf. In that work the hoop stress was integrated from

the nose or calving front of the current to the grounding line, giving a total buttressing

from hoop stresses. Here I consider only the potential contribution to buttressing at each

point and whether it is making a positive or negative contribution. In these geophysical

cases, the shelf geometry is complex and therefore this idealized approach needs to be

adapted for a Cartesian coordinate system, partly by considering the contribution for

hoop stresses at each point within the shelf.

At each point in the velocity field I consider a coordinate system aligned so that the

r-coordinate points in the flow direction and denote ur as the flow in the r-direction,

which is given by the flow speed at that point. I define rc as the radius of curvature

at each point. This is calculated from the angle of divergence between neighbouring

velocity vectors. At each point in the original grid, angles of divergence are calculated

between the velocity vectors in the shifted grid (same shifted grid as presented earlier for

calculating strain rates). The largest angle of divergence (calculated from the divergence

of the velocity vectors between neighbouring points on the shifted grid) is chosen to rep-

resent the divergence at the original grid-point, and corresponds to the shortest possible

radius of curvature. Flow throughout most of the shelf is likely to be close to uniform

with only small values of divergence. Therefore it is likely that the largest change in
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divergence angle will be for those sets of vectors with the largest angles of divergence.

Figure 3.41 shows two diagrams detailing how the angles of divergence and corresponding

radius of curvature are calculated, for point X in the original grid. In the first diagram

the angle of divergence is calculated between vectors at shifted-grid points B and C.

This process is repeated for: A-B, C-D and D-A, with the largest angle being used in

the following calculations. The angle of divergence is given by

θ =

∣∣∣∣arctan

(
ui
vi

)
− arctan

(
uj
vj

)∣∣∣∣ , (3.25)

where u and v denote the x and y velocity components respectively (in the Cartesian

coordinate system) and subscripts i and j indicate the two grid points being considered

(i, j = A, B, C, D). The corresponding radius of curvature is then estimated by

rc ≈
1
2
∆x

sin
(
θ
2

) , (3.26)

where (1/2)∆x = 225 m is half the spacing between the grid points, as shown in the

second diagram. As the angles of divergence in the geophysical examples are likely to

be small, this approximation for the radius of curvature is likely to provide an accurate

estimate. The radius of curvature is then used along with the speed at each location

to define the quantity ur/rc. Spatial derivatives of this quantity are then taken in the

Cartesian coordinate system and projected in the direction of flow at each point to give
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where u is the velocity vector in the Cartesian coordinate system. This quantity de-

termines whether there is a positive or negative contribution to buttressing within the

shelf: negative ∂/∂r(ur/rc) leads to positive buttressing; positive ∂/∂r(ur/rc) leads to

negative buttressing, which acts to pull the ice downstream. In the following section,

this methodology is applied to three basic test examples where the flow is divergent.

However, when applied to geophysical data, in additional to calculating the sign of the

hoop stress, it must also be ensured that the flow is divergent in these locations where

a hoop stress is calculated. This is because a positive contribution to buttressing from

a hoop stress can only arise when the flow is divergent. For a convergent flow, local

resistance to ice flow is generated by compression, which will be identified by negative

1st and/or 2nd Principal Strain Rate. Therefore a mask is applied to the hoop-stress

buttressing data, with areas of convergent flow represented by zero values of hoop stress.

An analysis of the variation in the flow angle for Antarctic ice flow was undertaken by
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(a) (b)

Figure 3.41: Schematic detailing the methodology for calculating: (a) the angle of di-
vergence, θ; and (b) the radius of curvature, rc, for two velocity vectors at shifted-grid
points B and C. This is applied to the four sets of vectors about the original-grid point
X; A-B, B-C, C-D, D-A.

Ng (2015) in which a measure of convergence/divergence was used to investigate the

structure of ice flow across the Antarctic Ice Sheet. In this work, regions of different

ice flow could be determined by the pattern created when spatial derivatives of the

flow angle were taken. This measure of convergence/divergence was denoted by C, with

C = ∂θ/∂n, and θ the flow angle at each grid point. Here n is pointing left-perpendicular

to the flow. Regions with relatively slow ice flow (< 20 m yr−1) where said to be ‘chaos

regions’, due to the large variations in C on small spatial scales, of the order of several

kilometres or less. Furthermore, the term ‘streaming region’ identified areas where the

value of C varies over much longer distances and the ice flow was greater than 20 m yr−1.

For the ice shelves considered in this work, the ice flow is much greater than 20 m yr−1

and therefore these areas would be considered streaming regions. The methodology used

here to determine the sign of the hoop stress differs from that of Ng (2015), however it

is still concerned with the change in flow angle throughout the shelf.

Examples

Below I present some idealized flows, which are used to demonstrate typical flow fields

from a point at x = 0, y = 0 and the sign of the hoop stress that arises from them.

Each example is calculated for a 10 × 10 square region, with unit grid cells. Central

differencing is used to calculate the divergence and hence is presented in a 8 × 8 grid,

the angle of divergence and radius of curvature are also calculated on the 8 × 8 grid.

The ∂/∂r(ur/rc) term is calculated (as outlined above) using the radius of curvature and

central differences and is therefore given on a 6 × 6 grid, representing the values in the

6 × 6 square at the centre of the original 10 × 10 grid.
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Figure 3.42: Example 1

Example 1

In this case the flow is given by

u = 100− (10− x)2, (3.28)

v = 100− (10− y)2, (3.29)

with u the velocity in the x-direction and v the y-direction component. For this flow,

the speed, divergence, angle of divergence (θ) and ∂/∂r(ur/rc) are given in Figure 3.42.

Here we observe the flow is from the lower left corner predominantly diagonally across

the region, accelerating in the flow direction. The divergence and divergence angle

are reduced diagonally across the square. This leads to negative values of ∂/∂r(ur/rc)

throughout the area and hence a positive contribution to buttressing from the hoop

stress.

Example 2

Here the flow is given by

u = x2, (3.30)

v = y2. (3.31)
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Figure 3.43: Example 2

The corresponding plots for this flow are given in Figure 3.43. In a similar manner to

the previous example, the flow is predominantly from the lower left corner diagonally

across the square, and accelerating in the flow direction. However, in this case the

divergence of the flow is increasing in the flow direction, while the angle of divergence is

decreasing, suggesting that the increase in divergence is due to radial extension. This flow

leads to positive ∂/∂r(ur/rc) throughout the region, with similar values found along the

diagonals. Therefore, the hoop stresses in this region are making a negative contribution

to the buttressing and act to pull the fluid in the flow direction.

Example 3

For the third example the flow is

u = 200 + (x− 5)3, (3.32)

v = 200 + (y − 5)3. (3.33)

In this case there is a plateau in the velocity field in the centre of the domain, which

corresponds to an area of zero divergence and zero divergence angle, as shown in Figure

3.44. This velocity field leads to a varying sign for the hoop stress, initially negative

in the lower left corner, corresponding to positive buttressing, and then positive hoop

stress in the upper right corner, corresponding to negative buttressing.
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Figure 3.44: Example 3

3.7.5 Geophysical examples: ∂/∂r(ur/rc)

The methodology outlined in the previous section was used to assess the sign of the

hoop stresses within Antarctic ice shelves, using the ice-surface velocity dataset (Rignot

et al., 2011b). As earlier, a low-pass Gaussian filter was applied to the data. However

in this case, the range and standard deviation of the filter was increased to 27 km (60

grid points) and 5.4 km (12 grid points) respectively. This was so that the hoop stresses

associated with the large-scale dynamics could be assessed, rather than small variations

in the velocity field producing a noisy data field with small-scale variation in divergence

angle.

Plots showing the value of ∂/∂r(ur/rc) for Amery and Larsen C ice shelves can be seen

in Figure 3.45. Here we observe that in both cases the values range between −1× 10−6

and 1× 10−6 m−1 yr−1. For the final downstream third of Amery Ice Shelf, the ice has

a typical thickness of 400 m and a typical viscosity of 2.42× 1014 Pa s (at -10◦C), which

implies a maximum hoop stress in this region of 3 kPa. For Larsen C ice shelf, with

a typical thickness of 275 m and viscosity 2.02 × 1014 Pa s (at 0◦) the maximum hoop

stress, corresponding to a ∂/∂r(ur/rc) value of 1 × 10−6 m−1 yr−1, is 1.8 kPa. These

values of stress are much less than those that are likely to cause fracturing or crevasse-

formation, which are of the order 100 kPa (Vaughan, 1993). These hoop stresses may

appear to be insignificant, but the integrated hoop stress across the entire shelf may
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contribute significantly to the buttressing transferred across the grounding line. In the

case of Amery Ice Shelf, if we assume an average value of the partial derivative at every

point in the shelf of −1×10−8 m−1 yr−1, viscosity corresponding to ice -10◦C, an average

ice thickness of 400 m and an ice-shelf length of 500 km then the total contribution to

buttressing from hoop stresses at the grounding line would be of the order 1012 kPa.

This is probably an overestimation of the total buttressing from hoop stresses as the

average value of the partial derivative is likely to be less that −1× 10−8 m−1 yr−1. How-

ever, this does highlight the potentially large contribution that could be made by hoop

stresses. It also indicates that although the major contribution to buttressing may be

from shear stresses, in some areas there may be little shearing and hoop stresses provide

a substantial contribution to buttressing.

For Amery Ice Shelf, the upstream section of the shelf contains low values of the partial

derivative ∂/∂r(ur/rc), but there are some small-scale features where there is a change

in sign of the partial derivative in the along-flow direction. One particularly interesting

feature is the change in sign that occurs as the shelf passes an ice rise. This is marked

as location (1) in Figure 3.45a. Moving with the ice flow, there is initially a negative

value of the partial derivative, implying there is positive buttressing generated from hoop

stresses here. However, there is then a transition to positive values, as the ice passes the

ice rise and spreads more rapidly. Earlier it was observed that positive buttressing was

generated via hoop stresses when the partial derivative was negative, and this occurs

when the azimuthal extension is greater than the radial extension. At location (1), it

appears that there is initially a slight widening of this section of flow due to the orien-

tation of the ice rise, which leads to increased azimuthal spreading and hence positive

buttressing. As the ice reaches the end of the ice rise there is a reduction in the resistance

to flow from shear stresses and hence there is an increase in flow speed. This leads to

increased extension in the flow-direction (radial-direction) and therefore a transition to

negative buttressing.

As the shelf widens rapidly in the final third of the channel downstream of location

(2), (from approximately 100 km wide at location 2, to approximately 200 km at the

calving front) there are more prominent values of the partial derivative. Upstream of

this widening the partial derivative is positive, and positive values span the width of the

channel. This may be due to the slight narrowing of the shelf at location (2), which

leads to compression in the azimuthal direction and hence a positive value of the partial

derivative.

Downstream of location (2), after the onset of divergence, there are negative values of

the partial derivative across the entire width of the shelf (Fig. 3.45a). This is also true
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for the additional ice entering the shelf from the Charybdis Glacier (location (3)).This is

because there is significant lateral spreading of the ice, which is greater than the along-

flow extension. As the ice approaches the calving front and begins to become unconfined

laterally, the partial derivative becomes positive and therefore this region does not con-

tribute to the positive buttressing of the shelf via hoop stresses. This may be because

there is a decrease in resistance from the side walls as the shelf leaves the confines of

the channel, and therefore an increase in along-flow (radial) extension, which becomes

greater than the azimuthal extension.

As the ice approaches the calving front there is a transition from the dominant com-

ponent of extension being aligned with the flow, while laterally confined, to a region

where the dominant extension is aligned transverse to the flow. These features are iden-

tified in the 1st Principal Strain Axes plot in Figure 3.24. At the calving front there

is positive buttressing from the hoop stresses (∂/∂r(ur/rc) < 0), as the values of the

1st and 2nd Principal Strain Rates become comparable, but the dominant Strain Rate is

transverse to flow. However, this region at the front of the shelf may be disjoint from

other sections of the ice shelf further upstream that are contributing to buttressing.

Therefore, the hoop stresses in this region may not contribute to the overall buttressing

generated by the shelf. The areas of the ice shelf contributing to total buttressing are

identified in the next section.

The geometry of the Larsen C Ice Shelf, is very different to that of Amery Ice Shelf

and as a consequence the ∂/∂r(ur/rc) plot in Figure 3.45b produces a considerably dif-

ferent pattern and structure. There is significant structure to the field as ice enters the

main body of the shelf in the form of tributary ice shelves, which are supplied by ice flow

from separate ice streams. As these tributary ice shelves flow out from the confinement

of lateral pinning-points and enter the main body of the shelf, they begin to spread lat-

erally. This structure is particularly clear along the northern margin of the shelf, where

the locations of inflowing ice have been identified by markers (1), (2) and (3) in Figure

3.45b. (These locations, and the inflow of ice from tributaries can also be seen in the

surface speed plot in Figure 3.47 where they are marked with grey numbers.) In these

three locations, it is clear that as the ice approaches the final lateral pinning-points and

begins to spread laterally, there are positive values of the partial derivative indicating

negative buttressing. This is because the along-flow extension is large as the lateral re-

sistance from pinning points is reduced. Once this ice enters the body of the main shelf

the partial derivatives become negative, corresponding to positive buttressing, as the

lateral (azimuthal) extension is increased and the along-flow extension reduced. These

features coincide with an increase and then reduction in the 1st Principal Strain Rate at

the tributary ice flows (labelled 1-3 in Figure 3.45b), which can be seen in Figure 3.38.
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Throughout the main section of the shelf the 1st and 2nd Principal Strain Rates are low

and correspond to low values of ∂/∂r(ur/rc).

From assessment of the plots of ∂/∂r(ur/rc) for Amery and Larsen C ice shelves it

is clear that the geometry of the embayment and pinning points leads to a distinctive

structure in the sign of the hoop stress. As lateral pinning points are removed or a

tributary section of the ice shelf moves past lateral pinning-points into the main section

of the shelf, there is initially an area of negative buttressing, represented by positive

values of ∂/∂r(ur/rc). This corresponds to the increasing rate of along-flow extension

as the lateral resistance is reduced. After this, or in an area where the channel widens,

there is then a region of positive buttressing (negative ∂/∂r(ur/rc)) as the rate of lateral

(azimuthal) spreading becomes larger than the along-flow (radial) extension. These re-

gions span the width of the confinement. In order for the resistance to ice flow generated

locally by hoop stresses to contribute to buttressing of the grounded ice, regions where

resistance is generated must be linked together and the resistive stresses transferred back

to the grounding line. This issue is now addressed by considering the areas of the ice

shelf that contribute to buttressing via shear and hoop stresses.
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Figure 3.45: Plots showing the value of ∂
∂r

(
ur
rc

)
for: (a) Amery Ice Shelf; (b) Larsen C Ice

Shelf. For Amery Ice Shelf: location (1) identifies the position of an ice rise (just above
(1)) that initially diverts the flow of the shelf and generates resistance from hoop stresses
(blue) and once the ice flows past this point, resistance to flow is reduced and the shelf
accelerates making a negative contribution to buttressing; location (2) indicates an area
where the channel initially narrows leading to negative hoop stress, this is followed by
a positive contribution to buttressing from hoop stresses as the channel widens further
downstream; location (3) is positioned where there is an inflow into Amery Ice Shelf from
the Charybdis Glacier. For the Larsen C Ice Shelf locations (1), (2) and (3) indicate
where there is an inflow into the main body of the shelf from tributary ice flows, ice
flowing from left to right at each location. Each inflow is contained within a lateral
confinement of pinning points. At the end of these confinements there are positive values
of the partial derivative as there is extensional in the radial component of the flow as
the resistance to flow is reduced. This is followed by a positive buttressing contribution
from buttressing as the dominant compotent of extension is lateral spreading.
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3.7.6 Geophysical Examples: Contributions to buttressing

It is clear that resistance to the flow of the ice shelf can be generated locally by compres-

sion, shear stresses and hoop stresses. An aim of Fürst et al. (2016) was to identify areas

of ice shelves that did not contribute to buttressing of the grounded ice. If these sections

of ice broke away, such as during a calving event, then there would be no feedback on the

flow of the ice in the remaining shelf and further upstream. This ice was then defined

as passive ice. I hypothesise that by identifying areas where there is compression, shear

stress and hoop stresses it is possible to determine those sections of the ice shelf that are

contributing to the total positive buttressing of the ice shelf. Then as a consequence of

this, the remaining sections of the shelf provide no buttressing or contribute negatively

to buttressing (acting to pull the shelf downstream).

Areas where there is local resistance to flow due to compression or shear stress can

be identified by negative values of the 1st and/or 2nd Principal Strain Rate. Elsewhere,

both 1st and 2nd Principal Strain Rates are positive and the ice is spreading in all direc-

tions. In these situations additional resistance to flow can be generated by hoop stresses,

as detailed above. I therefore identified areas with ice that is potentially contributing

to buttressing either by compression, shearing or hoop stresses, which can be seen for

the case of Amery Ice Shelf in Figure 3.46. Areas potentially contributing to buttressing

are marked in red (1) and areas not contributing, or in the case of the hoop stresses

potentially providing negative buttressing, marked in blue (0).

From Figure 3.46b, it is clear to see that shear buttressing is found throughout the

narrow upstream section of the shelf, and in the channel margins along the entire length

of the shelf, with the buttressing margins being approximately 50 km wide. As the chan-

nel becomes wider an area of no-shear-buttressing appears in the centre of the channel,

which widens and becomes more pronounced in the downstream direction. In the final

third of the shelf, there is a region approximately 100 km wide in the centre of the

channel, which widens in the along-flow direction and provides no shear buttressing. At

the calving front there is a no-shear-buttressing region spanning the width of the entire

front. This region corresponds to that bounded by the compressive arch in the previous

section and is marked by a dashed grey curve in Figure 3.46b.

There is a less coherent pattern and structure to the plot for contributions to but-

tressing from hoop stresses, as shown in Figure 3.46c. Here there are no contributions

to buttressing from hoop stresses in the upstream section of the shelf. However, as the

shelf becomes wider there are patchy contributions to buttressing from hoop stresses,

particularly where the shelf widens two thirds of the way along its length at location (1),
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as identified in the previous section and owing to the increased rate of lateral (azimuthal)

extension. Comparing the shear-buttressing and hoop-stress-buttressing plots it is clear

that the dominant resistance is due to the shear stresses, but hoop stresses are influential

near the exit.

The total buttressing plot for Amery Ice Shelf (Fig. 3.46d) shows the combined con-

tributions to buttressing from shear and hoop stresses. From this plot, it is possible to

identify areas where the ice is making no contribution to positive buttressing and in turn

ice that is providing buttressing. There are some small isolated sections of ice, near the

calving front, that appear to make a positive contribution to buttressing. These areas

may in fact have little or no impact on the total buttressing as they only counteract

the much larger areas upstream that make a negative contribution to buttressing. The

total buttressing is found when the contributions to buttressing are integrated back to

the grounding line. Near the calving front, these positive buttressing contributions are

due to hoop stresses, and the magnitude of the partial derivative (∂/∂r(ur/rc)) is similar

throughout the calving front area (although there are regions making positive or nega-

tive contributions) and there is an approximately uniform effective viscosity. However,

the shelf thickness will decrease in the flow direction, reducing the value of the inte-

grand when the total buttressing from hoop stresses is calculated (see equation (3.22)).

Therefore, I consider these regions to have little influence on the total buttressing. On

these grounds I estimate the effective extent of non-buttressing ice, as identified by the

yellow dashed curve. I hypothesise that this area of the shelf can be removed without a

significant reduction in the total buttressing.

An estimate of the area of non-buttressing ice for Amery Ice Shelf has been identi-

fied in Figure 3.46d by a dashed yellow curve. Here the region has been determined by

visual assessment of the plot showing the contribution to total buttressing, with areas of

no or negative buttressing forming a connected region near the calving front. This region

forms an arched feature across the front of the shelf that begins near the final lateral

pinning-points on both sides of the channel. This can be compared with the region of

positive 1st and 2nd Principal Strain Rates, which extends further upstream in the centre

of the shelf. This region is marked by a dashed grey curve in Figure 3.46b (and dashed

black curve in Fig. 3.37) and corresponds to the compressive arch suggested by Doake

et al. (1998). It is clear that the consideration of buttressing from hoop stresses acts to

reduce the area of non-buttressing ice in the centre of the shelf, where there is consid-

erable lateral spreading. This suggests that there is ice downstream of the compressive

arch that makes a contribution to buttressing and therefore if calved may significantly

influence the flow of the ice.
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Figure 3.46: Plots for Amery Ice Shelf showing: ice-surface flow speed; areas of ice that
contribute to buttressing via shearing; positive buttressing from hoop stresses; and the
combined buttressing from shear and hoop stresses. The solid grey curve identifies the
boundaries between grounded ice, the shelf and the ocean. Location (1) identifies where
the channel begins to diverge. The grey dashed curve highlights the boundary of the area
where both Principal Strain Rates are positive - the compressive arch. The dashed yellow
curve identifies the approximate extent of the ice that is not contributing to buttressing.

95



Similar plots for the Larsen C Ice Shelf can be seen in Figure 3.47. As noted earlier the

geometry of the embayment and the consequent structure of the flow varies considerably

from that of Amery Ice Shelf. This is in evidence in the plot showing the contribution to

buttressing from shear stresses, Figure 3.47b. Here bands of shear-buttressing are found

in the margins of the flow as ice enters the main body of the shelf while the central

sections of these inflows make no contribution. These features are particularly clear at

locations (1), (2), (3) and (4), as labelled by yellow numbers in Figure 3.47a and 3.47b.

Buttressing from shear stresses is observed along the margins of the lateral pinning-

points and into the main body of the shelf as the tributary ice-flows merge. As identified

in the previous section, buttressing from hoop stresses is negative in the regions where

the tributary ice shelves approach the end of the lateral confinement and along-flow ex-

tension is large. After this, there is a region of positive buttressing as can be seen by the

red regions in Figure 3.47c. As the shelf approaches the calving front the contribution

to positive buttressing from hoop stresses is reduced, particularly away from the centre

of the shelf where there is negative or no buttressing. From the plot for total buttressing

contributions (Fig 3.47d), it is clear that in the centre of the tributary ice shelves as they

enter the main body of the shelf there is no positive contribution to buttressing, due to

the absence of shear stresses in this area and the increase in along-flow extension, which

leads to negative buttressing from hoop stresses. At the calving front there is a clear

concave region that provides no buttressing. This is highlighted by a yellow curve. As

with Amery Ice Shelf, this region is smaller than the region that would be identified as

passive if we only considered the region where both Principal Strain Rates were positive.

This demonstrates that the hoop stresses are an important dynamical process controlling

the stability of the ice shelf.

For Fimbul Ice Shelf the main section of the flow forms a fast flowing plug that is

bounded by slow flowing ice on either side, with two confining pinning points near the

calving front. This flow structure could be inferred from the plot showing the areas con-

tributing to buttressing via shear stresses in Figure 3.48b. Here there is no contribution

to buttressing from the ice in the centre of the main flow, identified by blue regions

in the plot, while there are approximately 30 km wide margins either side of the main

flow, where buttressing is generated. There is a less well defined structure for the plot

showing buttressing due to hoop stresses, Figure 3.48c. However, it is clear that there

is resistance to flow generated by hoop stresses when the shelf is not confined laterally

by pinning points, which can be seen in the centre of the shelf (marked as location (1))

and contrasted with the confined region further downstream, where there is negative or

no buttressing from hoop stresses. This is because the transverse (azimuthal) extension

of the shelf controls the magnitude of the hoop stress.
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Figure 3.47: Plots for Larsen C Ice Shelf showing: ice-surface flow speed; areas of ice
that contribute to buttressing via shearing; positive buttressing from hoop stresses; and
the combined buttressing from shear and hoop stresses. The solid grey curve identifies
the boundaries between grounded ice, the shelf and the ocean. Yellow locations (1),
(2), (3), (4) identify where there is substantial buttressing in the margins of the inflow
from shear stresses. Grey locations (1), (2), (3) identify inflow where clear structures in
hoop stresses are observed as the inflow spreading into the main body of the shelf. The
dashed yellow curve identifies the approximate extent of the ice that is not contributing
to buttressing.
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The combined contribution to buttressing is given in Figure 3.48d, where it is possi-

ble to identify a region of non-positive-buttressing in the centre of the shelf between the

two final pinning points. This region is approximately equal in size to the area down-

stream, which makes a positive contribution to buttressing, therefore counteracting the

positive buttressing. The non-buttressing region has been identified by a yellow curve in

the plot. This is much smaller than the region of positive Principal Strain Rates, which

can be inferred from the shear buttressing plot, and the boundary of which would define

the compressive arch. This compressive arch is marked by a grey dashed curve in Figure

3.48b.

The flow of Getz Ice Shelf is funnelled into a parallel channel, which extends approxi-

mately 40 km to the calving front. The upstream section of the flow provides buttressing

to the grounded ice due to compression and shear stresses, as is evident in Figure 3.49b.

In the final section of the shelf, there is a central region where there is no contribution to

buttressing from shear stresses, as the shelf spreads both laterally and along-flow. The

boundary of this region marks the compressive arch as proposed by Doake et al. (1998)

and is marked as a dashed grey curve in Figure 3.49b. Throughout most of the shelf

there is no positive contribution to buttressing from hoop stresses. This may be be-

cause the channel is either parallel or narrowing and hence the effective radial extension

(∂ur/∂r) is greater than the azimuthal extension. Near the calving front there is a re-

gion of positive buttressing due to hoop stresses, which spans most of the channel width.

Here there is some lateral spreading of the shelf as it approaches the calving front. The

combined contribution to buttressing can be seen in Figure 3.49d. As expected, this plot

is very similar to the plot showing the contributions to buttressing from shear stresses,

with some additional buttressing near the calving front due to hoop stresses as the shelf

begins to spread laterally. Again a small concave region at the calving front can be iden-

tified where the ice is non-positive-buttressing. In these plots (for the relatively small

Getz Ice Shelf) the effect of the filtering of the velocity field leaves artefacts along the

ice-ocean boundary, and hence in this case there appears to be some artificial buttressing

found at the calving front.

Plots for the large Ross Ice Shelf are given in Figure 3.50. As with the previous ex-

amples, inflow into the main shelf can be inferred from the plots of ice contributing to

buttressing from shear stresses. As ice enters the shelf from locations (1) and (2) there

are distinctive shear margins where buttressing is generated, while the central section

of the inflow is an area that makes no contribution to buttressing from shearing, as

indicated by the blue areas in Figure 3.50b. From the plot of buttressing generated by

shear stresses, it is also apparent that there is a large area at the front of the shelf that is

non-buttressing. The boundary of this region determines the location of the compressive
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Figure 3.48: Plots for Fimbul Ice Shelf showing: ice-surface flow speed; areas of ice that
contribute to buttressing via shearing; positive buttressing from hoop stresses; and the
combined buttressing from shear and hoop stresses. The solid grey curve identifies the
boundaries between grounded ice, the shelf and the ocean. The dashed yellow curve
identifies the approximate extent of the ice that is not contributing to buttressing.
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Figure 3.49: Plots for Getz Ice Shelf showing: ice-surface flow speed; areas of ice that
contribute to buttressing via shearing; positive buttressing from hoop stresses; and the
combined buttressing from shear and hoop stresses. The solid grey curve identifies the
boundaries between grounded ice, the shelf and the ocean. The dashed yellow curve
identifies the approximate extent of the ice that is not contributing to buttressing.

arch and is marked by a grey dashed curve in Figure 3.50b. However, further resistance

is generated by hoop stresses, the distribution of this buttressing can be seen in Figure

3.50c. Here it is clear that there is little large-scale structure to the hoop-stress field,

which may be because there is little large-scale divergence of the flow field, as flow is

mainly parallel or convergent from tributary ice streams within the shelf. However, the

buttressing from hoop stresses does have an influence on the size and shape of the non-

positive-buttressing region at the ice-shelf front. Here the region is not clear cut, but

is likely to be concave and spanning the width of the calving front, except for a narrow

margin near the final lateral pinning point and extends approximately 100 km upstream

at the centre of the calving front.

100



Figure 3.50: Plots for Ross Ice Shelf showing: ice-surface flow speed; areas of ice that
contribute to buttressing via shearing; positive buttressing from hoop stresses; and the
combined buttressing from shear and hoop stresses. The solid grey curve identifies
the boundaries between grounded ice, the shelf and the ocean. Locations (1) and (2)
identify regions where there is inflow to the shelf, with shear margins that contribute to
buttressing.
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3.7.7 Summary: Identifying non-positive-buttressing ice

From this analysis it is clear that buttressing due to shear stresses and compression are

the most significant forms of buttressing and there is a clear structure to this type of

buttressing, determined by the embayment geometry and flow field. It has been observed

that, along channel margins and as ice enters the main body of the ice shelf, there are

shear margins which make a positive contribution to buttressing. There is often little

shear within the centre of these inflows and as a consequence less buttressing is gen-

erated in these regions. These features are observed both when there are a number of

tributary ice flows flowing into the main shelf, and also when a section of flow is con-

fined in a channel. Shear margins that contribute to buttressing are also found close

to the final lateral pinning-points of ice shelves, which are often located at the calving

front. However, across the majority of the calving front the shelf is spreading in all

directions and there is no buttressing generated from shear stresses. This leads to the

formation of large concave regions at the front of ice shelves, where both Principal Strain

Rates are positive. The upstream boundary of this region of positive Principal Strain

Rates determines the location of the compressive arch as proposed by Doake et al. (1998).

Hoop stresses make a positive contribution to buttressing when the azimuthal exten-

sion is greater than the radial extension and hence this often occurs when there is a

widening of the embayment in which the shelf is located. As the ice nears the end of

the lateral confinement there is a reduction in resistance to flow from shearing with side

walls, and hence the flow accelerates, leading to negative buttressing. Once the shelf

leaves the channel, it is able to spread laterally leading to large values of azimuthal ex-

tension and hence positive buttressing. This positive buttressing can then be transferred

upstream. Positive buttressing from hoop stresses may also occur as multiple tributary

ice flows enter the main shelf. Where the ice shelf flows through a narrower section

of channel the azimuthal extension may become negative and hence lead to a negative

contribution to buttressing, but this may be counteracted by decreasing radial extension

and large values of shear stress. When the combined fields of contributions to positive

buttressing from shear and hoop stresses are used to identify which regions of the shelf

make a positive contribution to buttressing, often a concave region near the front of the

shelf is identified that makes no positive contribution to buttressing. Therefore, if this

section of shelf were to be removed, then there would not be a rapid acceleration of ice

flow as the total positive-buttressing would not have been reduced. Estimates for the

extent of these areas have been highlighted in the figures, using the fields of combined

buttressing from shear and hoop stresses. These regions are often smaller than those

identified by the compressive arch, suggesting that if the compressive arch is used to

identify non-buttressing ice, which could be removed with little feedback, then this over-
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looks the influence of hoop stresses and will overestimate the area that can be removed.

One aim of Fürst et al. (2016) was to identify areas of ‘passive ice’, that if removed

would have no feedback on the flow upstream. Here I identified similar regions of the ice

shelves that are non-positive-buttressing, as can be seen in the comparison plots in Figure

3.51. I hypothesise that if these regions are removed, then there will be no acceleration

of the flow. It should be noted, when comparing the non-positive-buttressing regions,

that Fürst et al. (2016) used modelled velocity field rather than data, and therefore are

able to produce much smoother data fields.

From Figure 3.51 showing the location of the non-positive-buttressing ice and passive

ice, as derived by the technique outlined above and by Fürst et al. (2016) respectively,

it is clear that there is broadly good agreement between the two methods, with regard

to the location and size of the non-buttressing regions. For Amery, Fimbul and Getz

there is very good agreement for these shelves that are confined within a narrow embay-

ment. There are some differences in shape for the non-buttressing ice areas on Larsen

C and Ross ice shelves, but the size and shape of the regions are similar. This suggests

that there is more complex flow in these shelves. Both of these shelves feature ice from

multiple sources that merges in the shelf and therefore may be inherit features from

deformation upstream, which lead to complex flow and buttressing.

The process detailed above does not distinguish between non-buttressing and negative-

buttressing. Therefore, the ice flow upstream may decelerate following the removal of

some of these areas of the shelf, if they contain areas of significant negative buttress-

ing. More accurate estimates of the total buttressing contributions could be made if the

ice-shelf thickness and effective viscosity were known at a resolution comparable to the

InSAR velocity data. Using data of this resolution would mean the magnitude of the

buttressing could be calculated along flow lines, and used to determine automatically

where there is a transition to non-positive-buttressing ice. An accurate assessment could

then be made of the magnitude of the total buttressing and the boundary after which

calving events would have a significant impact on the rate of discharge.

This analysis of non-positive-buttressing ice holds so long as there is not a significant

rearrangement of the flow after a section of shelf is removed. On first impressions a rear-

rangement of the flow may be expected if a large section of shelf were removed. However,

this analysis of the strain-rate field has shown that if a section ice were removed down-

stream of the dashed yellow curve (indicating the boundary of non-positive-buttressing

ice), then there would be no loss of resistance to flow. The newly formed calving front

will continue to flow with dynamics determined by a balance between the hydrostatic
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(a)

(b)

(c) (d)

(e)

Figure 3.51: Comparison between the passive ice (left) and non-positive-buttressing
(right) regions of a selection of ice shelves as determined by Fürst et al. (2016) and the
technique outlined in this section. Plots to the left are adapted from Fürst et al. (2016).
From top to bottom the ice shelves are: (a) Amery; (b) Larsen C; (c) Fimbul; (d) Getz;
(e) Ross.
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driving pressure and the extensional resistance within the shelf.

3.8 Conclusion

In this chapter I have used an Antarctic-wide ice-surface velocity dataset to investigate

the flow dynamics of ice shelves. Comparisons have been made between flow features

present in the velocity data and features present in both visual MODIS imagery and

ice-thickness data. It was assumed that most shelves are evolving slowly and despite the

approximate 5 year span of the data, large-scale features and dynamics should remain

fairly unchanged. Of the example ice shelves analysed, Pine Island Glacier Ice Shelf is

an exception, where there are rapid large-scale changes occurring. A low-pass Gaussian

filter is applied to the velocity dataset in order to smooth the small-scale noise present

due to processing of the original data product, but the filtering preserves the large-scale

flow dynamics that are of interest.

From the divergence of the surface velocity, there is a broad pattern present in ice

shelves, with convergence in the upstream section and divergence further downstream

near the ice front. This can be exampled by the changing geometry of the embayment

in which the ice shelf is found and the reduction in resistance as the shelf flows down-

stream. However, there may also be an influence from surface and basal processes, which

lead to accumulation or ablation. The net effect of these processes was determined us-

ing the steady-state continuity equation with an accumulation-melting term, along with

the ice-surface velocity and ice-thickness datasets. From analysis of the net accumula-

tion/ablation field, it is found that often there is an area of significant melting near the

grounding line. As the melting temperature increases with depth, this leads to melt-

ing at the base of the shelf and the formation of ocean circulation and melting/freezing

processes associated with the ice-pump mechanism. This process causes ice to freeze

to the base of the shelf further downstream, where the shelf is thinner. These features

are particularly prominent for Amery Ice Shelf. The values and distribution of the ac-

cumulation and ablation of the shelves inferred here, agreed well with those from other

studies. There are shelves, such as Fimbul Ice Shelf, where it appears that the flow of

the shelf has little or no influence from surface or basal processes.

The strain rate in the direction of flow and the shear rate transverse-to-flow, where

calculated from the velocity field. From comparison with the MODIS data, it was clear

that often fractures and crevasses are linked to areas of high strain rate, and are often

aligned perpendicular to the flow direction. Crevasses and fractures often form near

pinning points, where there is a large gradient in speed. In the shelf margins there are

high strain and shear values, these lead to weak effective viscosity and may be associated
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with areas of damaged ice.

Another tool utilized to analysis the ice-shelf flow field and deformation was the Principal

Strain Rate and Axes. Here the 1st Principal Strain Axis is aligned in the direction of

largest magnitude strain rate and such that there is no shear component in the reference

frame aligned with the Principal Strain Axes. For the majority of an ice shelf the 1st

Principal Strain Rate is positive as the main component of the flow is due to the hydro-

static pressure gradient within the shelf, which induces flow towards the calving front.

From the plots of the 1st Principal Strain Rate and Axes, it is clear that the crevasses

are found in areas of high strain rate and are aligned perpendicular to the 1st Principal

Strain Axes. They often form near pinning points but may also form when two tributary

sections of ice flow merge with different speeds, leading to deformation of the ice.

In the final part of this section I have used the Antarctic-wide velocity data to de-

termine sections of the ice shelf that make a positive contribution to buttressing of the

grounded ice. In doing so, the areas making no contribution or a negative contribution

have also been identified. These regions can be removed from the shelf and there will

not be an acceleration of ice flow within the shelf, or the grounded section. If negatively

buttressing ice is removed, this may even lead to a reduction in ice flow.

The most prominent component of buttressing is generated by compression and shear

stresses. Areas that contribute to buttressing in this way can be identified by negative

values of one or both of the Principal Strain Rates. The boundary between this area

and the section of the shelf where both Principal Strain Rates are positive was defined

as the compressive arch by Doake et al. (1998) and it was proposed that the compressive

arch would be unstable to calving events that breached the arch. However, here I have

shown that there may be significant areas of the shelf downstream of the compressive

arch, where hoop stresses are important and play a key role in determining the amount

of buttressing generated by the ice shelf. A point-wise measure of the hoop stress is

calculated, where a positive contribution to buttressing is made when the azimuthal

(lateral) extension is greater than the radial (along-flow) extension.

By analysing the ice-shelf velocity fields, calculating Principal Strain Rates and the

sign of the hoop stress component, I have been able to determine those areas that con-

tribute to the positive buttressing of the ice upstream. In doing so, I have also made an

estimate of the area and location of non-positive-buttressing ice, which could be removed

without significant change to the flow of ice upstream. These regions most often form a

concave shape at the calving front, which spans the majority of the shelf width, except

some narrow regions near the final lateral pinning points. In the case of the larger ice
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shelves, such as Ross and Amery, these non-positive buttressing regions can extend 100

km upstream. It has been shown that these areas are usually smaller than those that

would be identified by considering the location of the compressive arch only. These es-

timations agree broadly with those of Fürst et al. (2016), where an ice sheet model was

used to determine the location of buttressing ice.
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Chapter 4

Assessment of Ice Flow Dynamics in

the Zone Close to the Calving Front

4.1 Introduction

If the resistance to flow produced by an ice shelf decreases, such as when an ice shelf

breaks up, there can be a dramatic increase in the speed of the glaciers and ice streams

flowing into the former shelf. This phenomenon was observed following the collapse of

the Larsen A ice shelf (Rott et al., 2002) and also the collapse of the Larsen B ice shelf,

where ice streams flowing into the former shelf accelerated up to eight times their pre-

vious speed (Rignot et al., 2004) and experienced substantial thinning (Scambos et al.,

2004).

There are a number of factors that may determine the magnitude (and mechanics) of

the buttressing produced by the floating shelf: the ice-shelf rheology; conditions at the

grounding line (such as ice flux and thickness); the geometry of the shelf; and the geom-

etry of the embayment in which it is located.

The ice-shelf geometry is partially determined by the extent of the ice shelf and the

calving-front position. This results from a combination of processes causing calving-

front retreat, such as iceberg calving, and shelf advance due to the flow of ice at the

calving front. While there has been much focus on the dynamics of calving (Alley et al.,

2008; Bassis and Jacobs, 2013; Benn et al., 2007), there has been relatively little work

on the flow of ice at the calving front.

Alley et al. (2008) proposed an empirically derived calving law, using data from 10 ice

shelves known to have near-stationary calving-front positions. This relationship takes
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the form

c ∝ wεH, (4.1)

with c the calving rate, w the shelf width, ε the strain-rate normal to calving front and

H the ice thickness, with all values measured at the calving front. Given that shelves

with stationary calving fronts were considered, the calving rate was inferred from the

speed of ice flow at the calving front. Therefore, this data-derived relationship could be

interpreted as a way to predict the speed of ice flow at the calving front for ice shelves

that retain a near constant front position. If the relationship is written in terms of the

flow speed it would take the form u ∝ wεH, with u being the flow speed at the calving

front.

Alley et al. (2008) interpreted the dependence on the various parameters through con-

sideration of how each parameter would affect the calving rate. For example, one control

on calving may be the rate at which fractures open transverse to flow. It is expected that

this process is strongly influenced by the rate of extension in the along-flow direction,

and hence suggests a proportionality between calving rate and along-flow strain rate.

In addition to this, it was observed from the dataset that calving rate was reduced for

narrower shelves. Alley et al. (2008) hypothesized that this may be the result of shear

with lateral boundaries causing fractures to rotate, such that they are no longer aligned

transverse to flow. The rotated fractures may then close up, or prompt the creation of

smaller icebergs.

However, if this relationship did provide insight into the calving process it would also

suggest an instability in the calving front position: a small retreat would move the calv-

ing front into an area of thicker ice, with greater strain rate (once balanced with the

hydrostatic pressure of the ocean), which would lead to further retreat. Alternatively,

when written in terms of the flow speed at the calving front, a retreat would lead to an

increase in flow speed and a re-advance of the calving front.

Figure 4.1, taken from Alley et al. (2008), shows data points corresponding to individual

ice-shelf locations and the linear regression used to derive the empirical relationship.

The dataset used is made up of 18 data points from 10 ice shelves (the names of which

can be found in the caption of Fig. 4.1). A number of shelves have multiple data points

corresponding to different locations on the ice shelf. The dataset is a compilation of

data from numerous sources, with no apparent systematic methodology for sampling

parameter values, especially with regards to along-flow strain rate.

A relationship for the viscous flow of ice at the calving front was derived by Hindmarsh
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Figure 4.1: Figure adapted from Alley et al. (2008). Reprinted with permission from
AAAS. Plot showing ice-shelf velocity at the calving front against the product of shelf
width, strain rate and thickness, for 10 ice shelves: Amery (A), Filchner (F), Riiser (I1,
I2), Jakobshavn (J1, J2, J3), Larsen B (L1, L2), McMurdo (M), Nivlisen (N), Ronne
(O1, O2, O3), Pine Island (P), Ross (R1, R2, R3).

(2012) using a scaling analysis. The relationship takes the form u ∝ w(εH)3/4. This

scaling analysis is based on the physical balances and scalings that govern the viscous

flow of an ice shelf as it approaches the calving front. The ice shelf is assumed to have a

uniform shear-thinning rheology given by Glen’s Flow Law, with constant flow law pa-

rameter B and flow exponent n. The shelf is situated in a parallel channel with a no-slip

condition at the lateral boundaries. Ice flows in the along-channel direction (x-direction)

only, with the along-flow strain rate given by ε = ∂u/∂x. The channel is of width w and

has a width-averaged thickness H. Despite the potential for complex ice-shelf geometry

and flow upstream, flow is close to unidirectional in the region close to the calving front,

which is the area of interest in this work.

The derivation of this scaling law can be summarized briefly as follows. (For a more

detailed derivation see Hindmarsh (2012).)
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The force balance equation for the along-channel flow is given by

4
∂

∂x

(
µH

∂u

∂x

)
+

∂

∂y

(
µH

∂u

∂y

)
= ρg′H

∂H

∂x
, (4.2)

where g′ = g(ρw − ρ)/ρw is the reduced gravity. Here ρ is the density of ice, ρw is the

density of sea water and g the acceleration due to gravity. The effective viscosity µ is

given by

µ = B′ e
(1−n)/n
II , (4.3)

eII =
(
e2xx + e2xy

)1/2
, (4.4)

with B′ the consistency index (related to the flow law parameter B, where B′ = B/2),

eII the second invariant of the strain-rate tensor and n the exponent from Glen’s Flow

Law. The second invariant is given in reduced form as there is no vertical shear within

the floating shelf and flow is in the along-channel (x-direction) only.

Assuming that in the zone close to the calving front, of aspect ratio 1, the magni-

tude of the transverse-shear stress is equal to the magnitude of the extensional stress

(Hindmarsh, 2012), then the force balance equation (4.2) implies that the characteristic

length scale in the along-flow direction (L) scales linearly with characteristic length scale

in the transverse-to-flow direction (Y )

L ∼ 2Y ∼ w. (4.5)

Here the characteristic length scale transverse-to-flow is equal to half the channel width.

At the calving front, x = xf , the extensional stress in the shelf balances the hydrostatic

pressure of the ocean

µ
∂u

∂x

∣∣∣∣
x=xf

=
ρg′

8
H, (4.6)

If equation (4.6) is evaluated along the centre line of the ice shelf, where ∂u/∂y = 0, it

becomes (
∂uc
∂x

)1/n

=
ρg′

4B
H, (4.7)

with uc being the centre line velocity. Furthermore, by combining this with the scaling

from the force balance equation (4.5), we can derive a scaling for the velocity at the front

uc ∼ w

(
ρg′

4B′

)n/(n+1)(
H
∂u

∂x

)n/(n+1)

. (4.8)
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Model A B C Fit:R2

u ∝ (wεH)A 0.87 ±0.13 - - 0.93

u ∝ wA (εH)B 0.83 ±0.13 0.75 ±0.19 - 0.94
u ∝ wAεBHC 0.79 ±0.25 0.89 ±0.26 0.64 ±0.68 0.95

u ∝ w (εH)A 0.98 ±0.08 - - 0.98

Table 4.1: Adapted from Hindmarsh (2012): Multiple regression models applied to
dataset from Alley et al. (2008).

This is for the case of a general Glen’s Flow Law rheology with flow exponent n and flow

law parameter B′. Assuming a constant B′ between ice shelves and approximating the

Glen’s Flow Law exponent as n = 3, gives the proportionality

uc ∝ w(εH)3/4. (4.9)

Hindmarsh (2012) attempted to confirm this relationship using the dataset from Al-

ley et al. (2008). Numerous multiple regression models were applied to the data. The

four models with the highest R2 values are presented in Table 4.1. From these results it

is clear there is some ambiguity as to which model represents the data most accurately.

Each model in the table has a large R2 value but there is little agreement between the

regression parameters (when the range is disregarded). For example, the highest R2

value (0.98) is achieved using the regression model u ∝ w(εH)A (with A = 0.98). Simi-

lar regression-model values could be obtained using the other regression models, such as

the first model u ∝ (wεH)A, however the resulting regression parameter for this model

(A = 0.87) is substantially different.

This ambiguity may be due to the relatively small number of shelves used in the anal-

ysis (18 data points from 10 ice shelves), or the fact that some data points were from

locations away from centre lines. In addition, the data points corresponding to Jakob-

shavn and Pine Island Glacier have very high speed values in comparison to the other

ice shelves in the dataset. It is reasonable to suggest that these shelves have experienced

large scale damage, leading to a reduced effective ice viscosity and therefore a decrease

in the resistance provided to the ice-shelf flow. Consequently they achieve much greater

flow speeds.

In order to clarify the previous work (Alley et al. (2008) and Hindmarsh (2012)) and de-

termine a relationship for the flow at the calving front, it is necessary to compile a large

dataset using a systematic method to determine values for shelf width, thickness, speed

and strain rate. The details of this process are given in the following section, where data
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is collected from 22 Antarctic ice shelves ranging in size, aspect ratio and not limited to

shelves with near-stationary calving front positions. Values are sampled systematically

at points corresponding to central calving-front locations. The newly compiled dataset

is then analysed to determine a relationship for ice-flow speed at the calving front. I

initially assess the data using a Robust Regression procedure applied iteratively to the

dataset (see Data Analysis section for details) before the ice shelves are classified de-

pending on their geophysical characteristics in order to establish a suitable regression for

the dataset.

4.2 Data Collection/Compilation

Data was complied for 22 Antarctic ice shelves, ranging in size from the large Ross and

Ronne ice shelves to the smaller Cook and Dolleman (Las Heras) Glacier ice shelves.

Data for ice-shelf thickness was obtained from the Bedmap2 dataset (Fretwell et al.,

2013), which provides ice-thickness measurements on a 1 km grid. The widths of the

ice shelves were taken from the MODIS Mosaic of Antarctica (MOA) Image Map (Ha-

ran et al., 2005), with values measured using the computer software ArcGIS. Here the

shelf width is defined as the straight-line distance between the final two lateral pinning

points, which are identified from the MOA grounding line and coastline outlines. This

shelf-width definition is used for all shelves even when the shelf protrudes past the final

pinning points.

4.2.1 Ice-Shelf Speed and Strain Rate

Measurements of the ice speed and the strain rate at the calving front were obtained

using the 450 m resolution ice surface velocity dataset from Rignot et al. (2011b). As

described in the previous chapter the surface velocity was smoothed using a low-pass

Gaussian filter. From this velocity field the along-flow strain rate was calculated, û.e.û,

again as detailed in the previous chapter. It is assumed that the flow at the calving

front is perpendicular to the calving face, and therefore the strain-rate in the direction

of flow should be equivalent to the strain-rate normal to the calving-front. After visual

assessment of the angle at which the streamlines meet the calving front, it is clear that

this assumption is broadly true. An artefact resulting from this filtering process is the

presence of large negative values of strain at the boundary with the ocean. These values

are not representative of strain rates close to the calving front, with valid strain rates
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beginning 9 km back from the original calving front.

4.2.2 Representative Values for Strain Rate, Speed and Thick-

ness

For each ice shelf, a series of 20 flow lines spaced about the approximate centre of the

shelf, trace the path taken by ice as it flows from the main body of the shelf towards the

calving front. Along these flow lines, values of thickness, speed and strain rate can be

sampled. In the scaling analysis of Hindmarsh (2012), equations were evaluated along

the centre line of the ice shelf. In order to extract comparative values from the data, the

flow line with maximum speed at the calving front is determined and then values are

sampled along this. Theoretically, the maximum speed should be achieved on the centre

line at the calving front.

The strain-rate field for Getz Ice Shelf along with the flow line of maximum velocity

can be seen in Figure 4.2a. Strain-rate values extracted along the maximum speed flow-

line are shown in Figures 4.2b and 4.2c. From these plots it is clear that despite the

smoothing effect of the Gaussian filter there is still a large range of strain-rate values as

the ice approaches the calving front. This range in strain rate can also be observed in the

plan-view plot of strain rate (Fig 4.2a), where there is spatial variability in the strain-

rate value. This may be a feature of the ice flow or the result of ice damage (crevassing),

which may lead to a reduced effective viscosity of the ice and corresponding high strain

values. Alternatively the high spatial variability may be due to errors in the velocity field.

To determine a representative strain rate systematically for the range of ice shelves

used in this study, the mean strain rate over the final 20 km of the maximum-speed

flow-line is used (exceptions; McMurdo: mean calculated over final 10 km due to gap in

data and Publications: mean calculated over final 15 km as it is a small shelf). For all

shelves, apart from Robert Glacier Ice Shelf and Venable Ice Shelf, 20 km is less than

half the width of the shelf (see Table C.1 in Appendix for shelf-width details). Therefore,

this suggests that this mean strain rate may be representative of the strain rate in the

frontal region of the shelf. Here we are aiming to clarify the large scale dynamics and

test the scaling argument of Hindmarsh (2012), therefore it is necessary to use values

which are representative of the large-scale dynamics.

This 20 km section begins 9 km back along the flow-line from the original calving front,

to account for the 9 km range of the Gaussian filter. Values of ice thickness and speed
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Figure 4.2: The process of calculating strain rate at calving front, Getz Ice Shelf: a)
Along-flow strain-rate (yr-1), with flow line of maximum velocity along which values of
strain rate, speed and thickness are sampled. The large negative values at the calving
front are an artefact of applying the low-pass filter to the velocity field; valid strain rate
values begin 9 km back from the original calving front; b) Values of strain rate (yr-1)
(blue) and speed (m yr-1) (orange) along flow line of maximum velocity. Bold green line
indicates mean strain rate over final 20 km; c) Values of strain rate (yr-1) (blue crosses)
sampled along final 20 km of maximum-velocity flow line, with mean strain rate (bold
green) and standard deviation (dashed red).
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are also collected on the maximum-speed flow line at this newly defined calving-front

position. The process of calculating the mean strain rate is shown in Figures 4.2a, 4.2b

and 4.2c for the case of Getz Ice Shelf. The mean strain-rate value (bold green line)

is shown in Figure 4.2b in relation to the values along the maximum-velocity flow line,

while in Figure 4.2c the final 20 km section is shown in detail. The mean strain rate for

Getz ice shelf is calculated to be 0.01 yr-1, with a standard deviation of 0.005 yr-1; most

strain values along this 20 km transect are included within one standard deviation of the

mean, with the exception being some higher values at the downstream end of the section.

The process of sampling ice thickness, speed and strain rate at the centre of the ice-

shelf calving front is repeated for 22 Antarctic ice shelves and paired with data for the

ice-shelf width. A table listing all data compiled can be found in the Appendix, Table

C.1. Plots for all 22 ice shelves used to compile the dataset set, such as those from

Getz Ice Shelf in Figure 4.2, can be found in the Appendix C and is also available at

www.repository.cam.ac.uk/handle/1810/247061.

4.3 Data Analysis

From the work of Alley et al. (2008) and Hindmarsh (2012), we expect a relationship

of the form u = Aw (εH)B (with B = 1 in the case of Alley et al. (2008) and B = 3/4

in the case of Hindmarsh (2012)), to relate the variables at the ice-shelf calving front.

A relationship of either form should produce a linear trend in log-log space. Data from

the 22 Antarctic ice shelves is plotted in log-log space in Figure 4.3. From this plot we

can see that there is a broadly positive correlation between the variables, u/w and εH.

However, there is a large degree of scatter in the data. Visual assessment suggests that

Pine Island Glacier, Fimbul and Dolleman Ice Shelves may be outliers.

Figure 4.3 also shows error values associated with the data points, with u/w plotted

against εH in log-log space. Mean values of strain rate are calculated over the final

20 km of the shelf, while point measurements of speed are used. Horizontal error bars

indicate the standard deviation (σ) in the strain rate (strain rate calculated from filtered

velocity field) over the final 20 km of each shelf (log((ε−σ)H) to log((ε+σ)H)). Vertical

error bars give the standard deviation in speed over the same 20 km transect, away from

the mean speed value. This mean speed value is calculated and given in Table C.1 in

the Appendix, but not shown in the figure. However when plotted the mean values are

located very close to the point measurement values. From the plot in Figure 4.3 it is ev-

ident that the standard deviation in speed is relatively small, which suggests confidence
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Figure 4.3: Full dataset of 22 Antarctic ice shelves, plotting speed divided by shelf
width (u/w) against strain rate multiplied by shelf thickness (εH) in log-log space.
Vertical error-bars (green) denote standard deviation in speed from mean speed, plotted
about point measurement of speed. Horizontal error-bars (dashed blue) denote standard
deviation in strain rate.

in the accuracy of the speed values. When comparing the standard deviation in speed

calculated here, with the error in flow speed provided as part of the original data product

(Rignot et al., 2011a), (see Table C.1 for details) we see that the standard deviation is of

the same order of magnitude or higher, indicating that the original errors in the velocity

field are not very significant for this analysis.

The standard deviation in strain rate is much larger, which is expected given the high

spatial variability in strain rate observed in the previous data-compilation section. Val-

ues with large strain rate appear to have smaller standard deviations, but this may be

because data points with low strain rate values have large relative standard deviations.

From Figure 4.3 it is clear that there is a large degree of scatter to the data and some

uncertainty in the horizontal position of data points.

As part of an initial assessment we apply a Robust Regression procedure iteratively to the

full dataset, with the aim of identifying a linear trend in log-log space. A Robust Regres-

sion is similar to a Least-Squares regression but with data points re-weighted depending

on the size of their residual until an optimum regression model is achieved. Here we use

the MATLAB robust fitting option for a linear regression model with a bisquare weight

function. The Robust Regression procedure is outlined in Holland and Welsch (1977).

Using the Robust Regression method the most outlying data point can be identified, and

removed from the dataset. If this process is then repeated, more outlying data points

can be identified and removed until a threshold R2 value is achieved indicating that a
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regression model has been obtained with a good fit to the remaining data. I choose a

threshold R2 value of 0.8, which is exceeded for this dataset once 9 ice-shelf data points

have been removed. This regression model takes the form log(u/w) = A + B log(εH),

with slope B = 0.64 and R2 = 0.83 (see Figure C.1 in Appendix). Here all outliers are

positioned above the regression line, suggesting a fundamental difference between the

outlying and included shelves. Although this procedure allows outliers to be removed

and a linear trend to be identified in log-log space, it assumes an underlying linear trend

is present in the majority of the data and there is no physical premise or understanding

used to determine which shelves are removed.

In the scaling analysis of Hindmarsh (2012), two assumptions were made in order to

obtain the scaling relationship. First it was assumed that the shelf was laterally con-

fined between pinning points. Secondly, the ice shelf was assumed to be modelled using

a Glen’s Flow Law rheology, with constant flow law parameters B and n. This en-

sures comparable rheology in the ice-shelf margins and along the centre line of the shelf.

Preliminary assessment of the ice shelves in this dataset shows that some are not lat-

erally confined at the calving front and there are some which may have non-uniform

ice-rheology. I therefore look to make a classification of the geophysical characteristics

of the shelves in relation to their confinement and rheology.

4.3.1 Classification of the geophysical characteristics of ice shelves

Assessment of ice-shelf confinement is undertaken using visual MODIS data and maps

of the surface velocity field to identify whether the calving front is laterally confined. I

define the calving front to be laterally confined if a section of the ice shelf less than half

the shelf width protrudes past the final pinning point into the open ocean. The MODIS

data is used to identify the extent of the shelf, while the velocity field can be utilized to

locate pinning points and stationary ice along the ice-shelf margins.

The second assumption, concerning uniform ice-shelf rheology, is addressed through anal-

ysis of MODIS imagery to identify the presence of ice damage in the form of fractures

and crevasses, which may lead to a reduction in the effective ice viscosity. In addition to

this, the transverse-shear field (n̂.e.û, with n̂ the unit vector normal to flow direction)

is calculated to determine whether a threshold transverse-shear value is exceeded in the

margins of the shelf. I use a threshold value of 0.05 yr-1.

This threshold strain-rate value corresponds to a shear stress of 130 kPa; assuming
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a Glen’s Flow Law rheology as in equation (4.3), with n = 3 and B = 1.42 × 108 s1/3

Pa (B value at -10◦C from Cuffey and Paterson (2010)), and approximating the sec-

ond invariant of the strain-rate tensor with the transverse-shear value divided by two

(eII ≈ (n̂.e.û)/2). This shear stress is greater than the 70 kPa critical stress value used

by Albrecht and Levermann (2012) when simulating the evolution of fractures on the

Ronne and Filchner ice shelves. However, it sits within the estimates for maximum stress

derived from field measurements, which give values of 90 - 320 kPa (Vaughan, 1993).

Comparisons can also be made with values of basal shear stresses for grounded ice, which

rarely exceed 70 kPa over large areas (Joughin et al., 2004).

Where regions of high shear rate are identified using this 0.05 yr-1 threshold, there are

often places of higher shear rate contained within these regions. Therefore this critical

shear stress represents a minimum stress in these areas and it is likely that there are

locations where the shear stress is higher. Including the other two components of the

strain-rate tensor, the along-flow and perpendicular-to-flow strain, in the calculation of

the second invariant will also contribute to increasing the value of shear stress. This

suggests that these areas of high shear rate, greater than 0.05 yr-1, correspond to re-

gions where fractures and crevasses form. Once this damage has occurred the ice can no

longer be described using constant flow law parameters (B and n in Glen’s Flow Law),

and therefore the Hindmarsh (2012) scaling relation breaks down.

The links between weak ice, damage (crevasses and fractures) and areas of high shear

were considered in the work of Sandhäger (2003) and Vieli et al. (2006) when reconstruct-

ing the flow field for the pre-collapse Larsen B Ice Shelf. Sandhäger (2003) compared an

ice-shelf model with uniform rheological parameters to one adjusted to account for weak

viscosity in areas of high shear stress and areas with ice advected from areas of high shear.

In doing so, it was observed that the adjusted model more accurately reproduced the

flow field. This mechanical effect was attributed to ice damage in the form of fractures

and crevasses sustained after undergoing high shear. High shear areas were identified

by determining whether the modelled shear stress had exceeded a critical value. Vieli

et al. (2006) hypothesized that high shear could lead to heating and weakening of the

ice, while the formation of crevasses would allow surface melt to penetrate more deeply

and warm the ice in these regions, leading to further softening. Vieli et al. (2006) iden-

tified weak ice margins as playing a dominant role in controlling the flow of the Larsen

B Ice Shelf, and were able to locate weak ice zones by inverting for the flow law parame-

ter B. This technique provided a better fit to observations than a model with uniform B.

Using the criteria for lateral confinement and weak ice margins, each shelf is allocated to

one of three groups: YES - ice shelves which conform to the assumptions of the scaling
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analysis being laterally confined with uniform rheology; NO - ice shelves that are not

laterally confined and/or they have non-uniform rheology; MAYBE - shelves where it is

unclear whether the assumptions are valid.

4.3.2 Examples of geophysical characteristics and classification

Here I show two examples of the geophysical classification of ice shelves, depending on

their lateral confinement and rheology. (Plots used for the geophysical classification of

all shelves can be found in the Appendix C and are also available at

www.repository.cam.ac.uk/handle/1810/247061.)

Plots for Fimbul Ice Shelf are shown in Figures 4.4a (MODIS imagery), 4.4b (veloc-

ity field), 4.4c (strain-rate field) and 4.4d (shear-rate field). From visual assessment of

the MODIS image, Figure 4.4a, it is clear that the calving front is not laterally confined

with a large section of the shelf, approximately one shelf-width long, protruding out past

pinning points. The velocity field, Figure 4.4b, shows high speed values of approximately

700 m yr-1 in the main body of the ice shelf, but slow-moving sections of ice (possibly

grounded) are observed further upstream prior to the unconfined section. It is clear

that the calving front has moved past these pinning points to form an ice tongue. The

MODIS image shows some fracturing along the left margin of the shelf, which appears to

correspond with high positive along-flow strain (Fig. 4.4c), rather than high transverse

shear (Fig. 4.4d). This ice shelf should therefore be included in the NO group.

Figures 4.5a, 4.5b, 4.5c and 4.5d, show MODIS imagery, velocity field, strain-rate field

and shear-rate field for Pine Island Glacier (PIG) Ice Shelf. From the MODIS (Fig.

4.5a) and velocity-field (Fig. 4.5b) plots it is clear that the ice shelf is confined laterally

between sections of slow moving ice. However, in the MODIS data it is evident that there

is a large amount of crevassing and fracturing in the ice shelf. Assessment of the velocity

field indicates a large gradient in speed between the main body of the ice shelf, flowing

at over 3500 m yr-1, and the near stationary margins. This feature is clearly evident in

the plot of transverse shear-rate, Figure 4.5d, where high values of shear are observed in

the shelf margins, saturating the colourscale, which is limited by the 0.05 yr-1 threshold

criterion for uniform rheology. It is also clear that the margins and grounding line of

the shelf are areas of high positive strain rate, Figure 4.5c. Based on the presence of

numerous fractures and the high shear values in the shelf margins, we classify Pine Island

Glacier Ice Shelf as having weak margins.

Table 4.2 lists all 22 ice shelves, their geophysical characteristics and their classification.
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Figure 4.4: Plots for Fimbul Ice Shelf: a) MODIS image; b) Velocity field (m yr-1); c)
Along-flow strain rate field (yr-1), with maximum-velocity flow line; d) Transverse-shear
rate (yr-1). Note: artefacts due to the filtering of the velocity field are present near the
ice-ocean boundary for the along-flow strain and transverse shear rates. All plots include
grounding line, islands and coast outline. This is an example of a NO ice shelf as the
calving front has past the lateral pinning points.
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Figure 4.5: Plots for Pine Island Glacier (PIG) Ice Shelf: a) MODIS image; b) Velocity
field (m yr-1); c) Along-flow strain rate field (yr-1), with maximum-velocity flow line; d)
Transverse-shear rate (yr-1). Note: artefacts due to the filtering of the velocity field are
present near the ice-ocean boundary for the along-flow strain and transverse shear rates.
All plots include grounding line, islands and coast outline. This is an example of a NO
ice shelf due to the high shear values exceeding 0.05 yr-1 in the shelf margins.
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Not laterally confined?
Shelf (MODIS) (Speed field) Damage? High shear? Comment Assumptions Apply?
Amery ? ? × × Possible non-confined MAYBE
Borchgrevinkisen ? ? ? × Possible non-confined/some damage MAYBE
Cook ? ? X × Possible non-confined/some damage MAYBE
De Vicq A × × × × - YES
De Vicq B × × × × - YES
Dolleman × ? X ? Possible non-confined/some damage MAYBE
Filchner × × × × YES
Fimbul X X ? × Non-confined NO
Getz × × × × - YES
Jelbart × × ? × - YES
Larsen C × × × × - YES
McMurdo × × × × - YES
Ninnis X X X X Non-confined with damage NO
PIG × × X X Damage NO
Publications ? X X X Non-confined with damage NO
Ronne × × × × - YES
Robert Glacier X X X X Non-confined with damage NO
Ross × × × × - YES
Shackleton X X X X Non-confined with damage NO
Stange × × × × - YES
Venable × × ? ? Possible damage MAYBE
West A ? ? X × Possible non-confined/some damage MAYBE

Table 4.2: Table showing classification of ice shelves in terms of the lateral confinement of the calving front and the presence of damage
in ice shelf margins or high shear values (≥0.05 yr-1) in margins.
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4.3.3 Analysis of Laterally Confined and Uniform Rheology

Shelves

Using the geophysical classification, I now investigate relationships between the variables

for the YES category of ice shelves; those that are laterally confined and have uniform

rheological parameters. Data from this subgroup of 10 ice shelves are plotted in log-log

space in Figure 4.6. A Least-Squares linear regression is then applied to the data, which

produces a model of the form, log(u/w) = 1.60 + 0.72 log(εH), with an R2 value of 0.92.

The linear fit can be seen in Figure 4.6, which includes the 95% confidence interval for

the regression along with the excluded data points from the full dataset. This linear

regression suggests the proportionality u ∝ w(εH)0.72 which is close to the relationship

Hindmarsh derived from the scaling analysis (u ∝ w(εH)0.75).

This regression model can also be plotted in linear space, as seen in Figure 4.7. Here we

observe that the regression model provides a good fit to the data. A number of points

are clustered close to the origin, but using a regression in log-log space enables the non-

linear trend through these points to be clearly identified. Again the data points for the

excluded ice shelves are included in this plot and it is clear that they mostly lie above the

curve, indicating that the speed at the calving front for the excluded shelves is greater

than expected for the laterally-confined shelves. This is probably a consequence of the

reduced resistance to flow due to the absence of lateral pinning points, or the presence

of weak/damaged margins.

4.4 Discussion and Conclusions

In this chapter I have aimed to build on and clarify the work of Alley et al. (2008) and

Hindmarsh (2012) concerning the ice-flow dynamics in the zone close to the ice-shelf

calving front, primarily by compiling a larger dataset to compare with a relationship

derived from a scaling analysis. From this dataset of 22 Antarctic ice shelves, I have

observed that there is a positive correlation between the speed of ice at the calving front

and the product of shelf width, strain rate and ice thickness. However, there is a large

degree of scatter to the data when looking for trends.

In the process of analysing the data I have identified a subgroup containing those

ice shelves that are laterally confined and have close to uniform rheological parame-

ters. Applying a Least-Squares regression model to this data gives the proportionality

u ∝ w(εH)0.72, with an R2 value of 0.92. This is close to the scaling analysis relationship

derived by Hindmarsh (2012), u ∝ w(εH)3/4. Possible explanations for this variance
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Figure 4.6: Scatter plot of u/w against εH in log-log space. Shelves that are laterally-
confined and have close to uniform rheological parameters are identified in the key, with
a Least-Squares linear regression applied to the data, shown by the red line. The blue
dashed curves bound the 95% confidence interval for this regression model. Data points
from the full dataset that are not included in the regression are denoted by purple crosses.

Figure 4.7: Scatter plot of u/w against εH. Least-Squares regression model calculated
in log-log space, but plotted here in linear space, shown by red curve. Data points
excluded from the regression model due to non-lateral confinement and/or weak margins
are denoted by purple crosses. Two excluded data points are outside field of view: PIG
at (1.45, 90.4) and Publications (9.1, 14.8).
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away from the theoretical value are: small spatial variations in rheological parameters

(B and n) not considered in the scaling analysis; the Glen’s Flow Law exponent n may

differ slightly from 3; non-parallel lateral boundaries at the calving front, allowing ex-

tension laterally; asymmetric or varying ice flux from upstream; effects of submarine

melting or freeze-on; errors in the data and data compilation.

When comparing laterally-confined and non-damaged ice shelves, with the remaining

shelves in the dataset, it is clear that the remaining shelves have greater ice-flow speeds

at the calving front. This may be explained by the reduced resistance to flow these

shelves experience due to the absence of lateral pinning-points, or weak rheology in the

shelf margins.

It is clear that the spatial variation in flow law parameters plays an important role

in controlling the flow dynamics of the ice shelf. Additional features pertaining to ice

rheology that could be considered in future theoretical assessments of ice flow at the

calving front could include: spatially varying rheological parameters such as the flow law

parameter, B, and the Glen’s Flow Law exponent, n; spatially varying ice-temperature

field; or considering the ice deformation history (strain and shear history).

A more thorough assessment of the spatial variation in ice-shelf rheological parame-

ters could be undertaken by inverting for the flow law parameter B. This would allow

a quantitative measure of weakening in the ice-shelf margins to be used when making a

geophysical classification of the ice shelves.

For some shelves in the NO and MAYBE groups, the effective ice rheology appears to

be close to uniform (undamaged), however data from these shelves can not be compared

to the scaling relation because the calving front is located on ice which protrudes past

the final lateral pinning points. Additional data could be included from these shelves

by taking values of speed, strain rate, ice thickness and width at the final pinning point

of the shelf. This would only be valid for shelves where the final pinning points form a

parallel section of the channel. Once ice flows past this final pinning point the ice tongue

section of the shelf theoretically exerts little buttressing on the confined shelf. However,

if the unconfined section is large there may be significant hoop stresses. Therefore the

dynamics at the pinning point should remain fairly unchanged regardless of the pres-

ence of the ice tongue. This location could be determined by constructing a straight

line between the two final lateral pinning points and finding where this line intersects

the flow-line of maximum velocity. Alternatively, the Principal Axes of Strain could be

calculated. The 2nd Principal Axes of Strain could then be used to determine where

there is a transition from negative (upstream and confined) to positive (downstream and
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unconfined) strain-rate values. This transition from negative 2nd Principal Strain Rate

to positive 2nd Principal Strain Rate should define where the ice has started to spread

laterally as it leaves the confines of pinning points.

When the dataset presented here is compared to the dataset of Alley et al. (2008), we

see that for most of the ice shelves included in both datasets (Amery, Filchner, Ronne

and Ross) the data is mostly consistent (exceptions McMurdo and PIG). If the ice-shelf

data points from Alley et al. (2008) are plotted alongside this new dataset they can be

found on or above the regression line we determine after geophysical interpretation.

The empirical law derived by Alley et al. (2008) was designed to be descriptive of calv-

ing. Although the work presented here is not informative of calving, the newly compiled

dataset gives values of strain rate close to the calving front and could suggest a criteria

for critical strain rates that can be sustained for ice shelves with a certain flow speed,

thickness and width. By inverting the plots of u/w against εH, it is clear that the

regression curve provides an upper bound on the product of strain rate and thickness

for the range of shelves. This bounding curve was found using the mean strain rate

over the final 20km of the shelves, so it is expected that higher strain rates would be

plotted if the maximum strain rate along the flow line were considered, and therefore

increasing the values of this bounding curve. For the non-confined shelves, values of

shear and transverse strain, in addition to along-flow strain, may be informative of the

deformation occurring at the calving front. These values may be useful in determining

the material properties of ice at the calving front and helpful for predicting calving events.

From this investigation we have determined that the scaling analysis of Hindmarsh

(2012) agrees well with the data collected for ice shelves that are laterally confined

and have close to uniform rheological parameters. However, this scaling breaks down

when the shelves are no longer confined and are able to spread in both the along-flow and

transverse-to-flow directions, or when weak ice in the shelf margins results in reduced

resistance to flow.
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Chapter 5

Idealized Models for Laterally

Confined Ice Shelves

5.1 Introduction

From analysis of the flow fields of Antarctic ice shelves in the previous two chapters, it is

clear that most ice shelves are confined in an embayment, a channel or between lateral

pinning-points that act to channel the main flow of the shelf. Therefore, in this chapter

I develop some simple idealized models focused on understanding the flow of ice shelves

confined laterally within a channel. Using idealized models allows a range of physical

processes to be investigated. Parameters can be tested systematically without the com-

plexities that arise from attempting to model a geophysical situation, where there are

large numbers of variables and physical processes occurring, which are often not fully

understood.

These idealized models can then be compared with geophysical data, with the aim of

elucidating the large-scale flow dynamics and buttressing of ice shelves. I focus on com-

parisons with Amery Ice Shelf, which has a long thin channel geometry and is slightly

diverging.

Initially I consider the flow of shelves in parallel and slowly diverging channels of infinite

length. Using this geometry, similarity solutions can be formed for the shelf thickness

profiles. Although direct comparisons can not be made with the geophysical data, some

qualitative comparisons can be made and the solutions provide mathematical complete-

ness for the development of later models.

Sections 4 and 5 form the main focus of this chapter, in which steady-state solutions

for shelves in finite-length channels are developed. First, shear-dominated dynamics are
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assumed throughout the shelf, allowing an analytical steady-state to be obtained for the

thickness profile. The effects of varying parameters, such as viscosity, can be investigated

using these solutions by assessing the impact on the shelf thickness and dynamics. Fur-

ther comparisons can be made directly to the geophysical data. Secondly, a numerical

model is developed and used to assess the impact of including both shear and exten-

sional dynamics in the shelf. Comparisons are then made with the shear-only case and

the geophysical example.

Within this Chapter I produce analytical solutions for Newtonian shelves in parallel

channels. These solutions match those of Pegler (2012), however I have developed the

theoretical work further to include general power-law rheologies and diverging channels.

5.2 Considering Shear-Dominated Dynamics

As observed in the previous two chapters many ice shelves are confined within a channel

geometry. While confined within a channel, and especially far from the channel exit, the

flow dynamics within the shelf are dominated by the shear stresses between the lateral

side-walls (Pegler, 2012; Kowal et al., 2016).

When an ice shelf is confined in a channel, the dominant flow is in the along-channel

direction, as seen in the analysis of the ice-surface velocity data in Chapter 3. This flow

is induced by gradients in shelf thickness in the along-channel direction as detailed in

Chapter 2. Any lateral flow must be due to gradients in thickness that are transverse to

the channel direction. Observations suggest this lateral flow is much less than the along-

channel flow and flow is unable to penetrate the side-walls of the channel. Therefore, I

assume a uniform cross-channel thickness that produces no cross-channel flow.

5.3 Similarity Solution

The horizontal force-balance equation for a two-dimensional ice shelf with no vertical

shear is given by

∇µH (∇.u) +∇. (µHe) =
ρg′

2
H∇H. (5.1)

For the case of an ice shelf confined to a narrow channel with the shear stress between

the two no-slip side walls providing the dominant stress and controlling the dynamics of

the shelf, this force balance equation reduces to

∂

∂y

(
µH

∂u

∂y

)
= ρg′H

∂H

∂x
, (5.2)
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where the channel is aligned in the x-direction and the y-coordinate designates the

transverse position. This equation is subject to boundary conditions along the channel

walls. Here I assume a no-slip condition at the channel walls, such that u = 0 at y = 0

and y = w.

5.3.1 Parallel Channel

In the case of a parallel channel of fixed width w, the force-balance equation (5.2) can

be integrated and the no-slip side wall boundary conditions imposed to give an equation

for the along-channel velocity of the shelf. The shelf thickness H is assumed to be

uniform across the width of the channel, and is given as a function of x and time t,

H ≡ H(x, t). The velocity can be integrated horizontally across the channel width and

vertically through the thickness of the shelf to give an equation for the flux q. For a shelf

with Newtonian rheology, with constant dynamic viscosity µ, the kinematic viscosity is

denoted by ν = µ/ρ and the velocity and flux are

u(x, y) =
g′

2ν

∂H

∂x
(y2 − wy), (5.3)

q = − g′

12ν
w3H

∂H

∂x
. (5.4)

For a power-law rheology the effective viscosity is given by

µeff = B′e
(1−n)/n
II . (5.5)

Here eII is the second invariant of the strain-rate tensor and B′ is the consistency index,

determined by the rate factor B, such that B′ = B/2. In this case, where the flow

dynamics are controlled by the shear between the channel walls, the effective viscosity

takes the form

µeff =
B′

2(1−n)/n

∣∣∣∣∂u∂y
∣∣∣∣(1−n)/n . (5.6)

Therefore, the velocity of the shelf and the flux are given by

u = (−w)n+1 2−2n

n+ 1

(
ρg′

B′

)n(
∂H

∂x

)n [(∣∣∣∣1− 2y

w

∣∣∣∣)n+1

− 1

]
, (5.7)

q = (−w)n+2 2−2n

n+ 2

(
ρg′

B′

)n
H

(
∂H

∂x

)n
. (5.8)

I continue by considering the generic case with a general power-law rheology. The value

of n can be chosen later to consider different fluid rheologies, be that Newtonian (n = 1)

or Glen’s Flow Law (n = 3).
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The continuity equation is then given by

w
∂H

∂t
+

2−2n

n+ 2

(
ρg′

B′

)n
∂

∂x

[
H

(
∂H

∂x

)n
(−w)n+2

]
= 0, (5.9)

where the effects of accumulation and ablation have been neglected, so that a = 0. From

equations (5.8) and (5.9), scaling relationships for this system can determined. We have

two length-scales, along-channel length [x] and shelf thickness [H], and one time scale

[T ]. There are two equations linking these three scales, which means it is possible to

determine a similarity solution for the ice-shelf thickness profile. The equations for the

shelf flux and evolution of the shelf thickness give

q0 ∼ (−w)n+2 2−2n

n+ 2

(
ρg′

B′

)n
[H]n+1

[xn]
, (5.10)

[H]

[T ]
∼ wn+1 2−2n

(n+ 2)

(
ρg′

B′

)n
[H]n+1

[x]n+1
, (5.11)

(5.12)

where I have assumed a constant input flux q = q0. From this

[x]n ∼ wn+2

q0
γ[H]n+1 and [H]n ∼ −γ−1w−(n+1) [x]n+1

[T ]
, (5.13)

where γ = (−1)n
2−2n

(n+ 2)

(
ρg′

B′

)n
. (5.14)

This can be rearranged further to give

⇒ [x] ∼
(
wγqn0 [T ]n+1

) 1
2n+1 , (5.15)

⇒ [H] ∼ −
(
qn+1
0 [T ]n

γw2n+2

) 1
2n+1

. (5.16)

Here we can see that the front of the shelf propagates at a rate proportional to t(n+1)/(2n+1),

which in the case of n = 1 gives t2/3 and in the case of n = 3 gives t4/7. The thickness

of the shelf increases like tn/(2n+1). From this scaling relationship it is clear that there is

a similarity solution of the form,

x =
(
γwqn0 t

n+1
) 1

2n+1 η, (5.17)

H = η
n+1
n

N

(
qn+1
0 tn

γw2n+2

) 1
2n+1

Φ

(
η

ηN

)
. (5.18)
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with χ = η/ηN . Substituting the similarity solution variables into the continuity equation

gives an ODE for the function Φ(χ).

∂H

∂t
= −γwn+1 ∂

∂x

[
H

(
∂H

∂x

)n]
, (5.19)

⇒ n

2n+ 1
Φ(χ)− n+ 1

2n+ 1
χ
∂Φ

∂χ
= − ∂

∂χ

[
Φ(χ)

(
∂Φ

∂χ

)n]
. (5.20)

This ODE is subject to boundary conditions at the source and at the nose of the current.

At the source I impose a constant input flux into the shelf, while at the nose the thickness

of the shelf goes to zero and the advance of the front is equal to the mean speed at the

front. These boundary conditions take the following form

wn+2γH

(
∂H

∂x

)n
= q0 at x = 0, (5.21)

⇒ η
2n+1

n
N Φ(χ)

∂Φ

∂χ
= 1 at χ = 0. (5.22)

H = 0 at x = xN , (5.23)

⇒ Φ(χ) = 0 at χ = 1. (5.24)

∂x

∂t
=

q

H
= wn+1γ

(
∂H

∂x

)n
at x = xN , (5.25)

⇒
(
∂Φ

∂χ

)n
=

n+ 1

2n+ 1
at χ = 1 . (5.26)

The ODE can be solved numerically using these boundary conditions for various values

of the flow exponent n.

For a Newtonian shelf, with power-law flow exponent n = 1 the ODE and boundary

conditions become

1

3
Φ(χ)− 2

3
χ
∂Φ

∂χ
= −

(
∂Φ

∂χ

)2

− Φ(χ)
∂2Φ

∂χ2
, (5.27)

η3NΦ(χ)
∂Φ

∂χ
= 1, at χ = 0, (5.28)

Φ(χ) = 0, at χ = 1, (5.29)

∂Φ

∂χ
=

2

3
, at χ = 1. (5.30)

This can be solved numerically to determine a thickness profile for the shelf, as shown in

Figure 5.1. This is the solution for a laterally-confined Newtonian gravity current (such
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Figure 5.1: Similarity solution for a Newtonian shelf in a parallel channel. From top to
bottom: thickness profile; speed plot; along-channel strain rate. Along-channel distance
is given in terms of similarity variable χ. Values of speed and strain rate are not shown
as these plots should be assessed qualitatively, rather than quantitatively.

as in a vertical Hele-Shaw cell) as determined previous by Huppert (1986) and Pegler

et al. (2013). From Figure 5.1 it is clear that the thickness profile is almost linear, with

a slight increase in thinning in the downstream direction. Here the speed and strain-

rate maps do not show numerical values as I am concerned with the qualitative features

rather than making direct quantitative comparisons with geophysical examples. The

speed plot has a parabolic profile across the width of the channel, with no-slip along the

channel walls and a peak in velocity at the centre of the channel. There is acceleration

and positive along-channel strain rate throughout the shelf, with the greatest strain rate

at the centre of the front of the shelf.

This process can be repeated for a power-law shelf, with flow exponent n = 3 as shown

in Figure 5.2. Here the similarity solution again gives an approximately linear thickness

profile, with even less curvature than the Newtonian case. It is also clear that there

are significant differences in the structure of the velocity plot, with a central section of

fast flow and margins with high shear and reduced effective viscosity. There is little

acceleration of this central section along the length of the channel as can be seen in the

along-flow strain rate plot, although there are some higher values towards the end of the

shelf.

Comparison with Geophysical Data

Simple comparisons can be made between the thickness profiles, speed plots and strain-

rate plot obtained from these similarity solutions and the corresponding geophysical data
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Figure 5.2: Similarity solution for a power-law n = 3 shelf in a parallel channel. From
top to bottom: thickness profile; speed plot; along-channel strain rate. Along channel
distance is given in terms of similarity variable χ.

for Amery Ice Shelf, which can be seen in Figure 5.3. Here it is clear that away from the

upstream end (approximately 150 km downstream from the grounding line) the thickness

profile is approximately linear, which agrees with the structure of the thickness profiles

determined from the similarity solutions in both the Newtonian and n = 3 case. When

comparisons are made between the speed plots, it is evident that in the middle part of

Amery Ice Shelf there is ‘plug like’ flow across the width of the channel with narrow shear

margins, which agrees qualitatively with the n = 3 speed plot. As Amery approaches the

channel exit, the flow reaches the maximum speed of the confined section of the shelf,

forming a maximum in the centre of the channel. Peaks of this nature are not found at

the front of the shelf in the similarity solutions, but are instead stretched out over half

the length of the shelf. Therefore, this must be due to the finite length of the channel

and the boundary condition at the channel exit.

From the strain-rate plot for Amery it is clear that there is negative strain rate up-

stream and positive downstream, but in the similarity solutions for parallel channels,

positive strain rates are observed throughout. However, Amery Ice Shelf is confined

within a diverging channel.

5.3.2 Diverging Channel

Now consider the flow of a power-law fluid ice shelf in a narrow diverging channel, with

width varying like w = αx. In a similar manner to the previous section, the velocity and
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Figure 5.3: Plots for Amery Ice Shelf to be compared with model results. From top
to bottom: width-averaged thickness profile; speed plot; along-channel strain rate. For
Amery Ice Shelf the shelf thickness varies by less than 100 m across the width of the
shelf.
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flux take the form

u = (−αx)n+1 2−2n

n+ 1

(
ρg′

B

)n(
∂H

∂x

)n [(∣∣∣∣1− 2y

αx

∣∣∣∣)n+1

− 1

]
, (5.31)

q = (−αx)n+2γ′H

(
∂H

∂x

)n
, (5.32)

where γ′ =
2−2n

n+ 2

(
ρg′

B

)n
. (5.33)

The continuity equation becomes

∂H

∂t
= −γ′ 1

αx

∂

∂x

[
H

(
∂H

∂x

)n
(−αx)n+2

]
. (5.34)

From this we are able to obtain scaling relationships, which indicate the existence of

similarity solutions with

x =
(
−αγ′qn0 tn+1

) 1
2n η, (5.35)

H =

(
1

(−α)n+1γ′t

) 1
n

Φ(χ). (5.36)

The propagation of the shelf front is therefore proportional to t(n+1)/2n. This is in con-

trast to the parallel channel case, where the rate of propagation for the shelf front was

t(n+1)/(2n+1). In the case of a Newtonian shelf we see that the front now propagates

linearly in time, compared with t2/3 in the parallel channel case. For an n = 3 shelf, the

front advances like t2/3 and hence slows as it advances. However, the deceleration is not

as large as the parallel channel case, which propagates like t4/7.

This can be explained by considering the relationship between the shelf thickness and

the total shear stress produced in each case. For a parallel channel the shelf thins in the

along-channel direction. There is a balance between the hydrostatic pressure generated

by the thickness gradient and the shear stress with the side walls. As the front of the

shelf advances and the shelf becomes thicker the total shear stress increases, slowing the

rate of advance of the shelf front. For a diverging shelf, there is a balance between the

driving hydrostatic pressure due to the thickness gradient, the shear stress against the

side walls and lateral spreading of the shelf as the channel becomes wider. This lateral

spreading is constant in a wedge-shaped diverging channel with fixed angle of divergence

and acts to thin the shelf. Therefore, as the shelf advances the shelf thickens at a slower

rate than the parallel case, due to the lateral spreading and associated thinning that

also occurs. The increase in total shear stress is therefore reduced in comparison to the

parallel case, and the rate of advance of the shelf front therefore decreases at a reduced
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rate in comparison to the parallel case.

Substituting the similarity variables into the continuity equation gives

− 1

n
Φ(χ)−

(
n+ 1

2n

)
χ
∂Φ

∂χ
=

1

χ

∂

∂χ

[
χn+2Φ(χ)

(
∂Φ

∂χ

)n]
, (5.37)

which determines the thickness profile of the shelf. As before the boundary conditions

take the form

(−αx)n+2γ′H

(
∂H

∂x

)n
= q0 at x = 0, (5.38)

⇒ χn+2Φ(χ)

[
∂Φ

∂χ

]n
= η2N at χ = 0, (5.39)

H = 0 at x = xN , (5.40)

⇒ Φ(χ) = 0 at χ = 1, (5.41)

∂x

∂t
= (−αx)n+1γ′

(
∂H

∂x

)n
at x = xN , (5.42)

⇒ n+ 1

2n
= χn

[
∂Φ

∂χ

]n
at χ = 1. (5.43)

The ice-shelf thickness profile, speed and strain-rate plot for Newtonian rheology can be

seen in Figure 5.4. It is clear that for this diverging geometry there is initially rapid thin-

ning of the shelf as the shelf flows away from the point source. The point source forms a

singularity at x = 0 with the thickness profile having the form 1/x near the source. The

rate of thinning decreases in the along-channel direction leading to a concave profile.

In the downstream half of the shelf the thinning is very gradual. From the speed plot

there is little variation in the speed along the length of the channel. However, from the

negative strain rates in Figure 5.4, it is evident that there is a reduction in the flow speed

along the length of the channel. This is due to the widening geometry of the channel,

which forces the shelf to slow as it fills the wider section of channel downstream. Figure

5.5 shows the same data, but includes only the region downstream of χ = 0.3 away from

the point-source, which is more relevant geophysically. This highlights that the concave

thickness profile persists along the whole length of the shelf. It also shows the negative

strain rates, which form a minimum at approximately χ = 0.45 and then increase in

value as the shelf spreads and thins in the downstream direction. This minimum may be

because there is a peak in resistance from shear stress at this point in the shelf, where

the channel is relatively narrow, the shelf is thick, but the thickness gradient has reduced

from that further upstream. As the shelf flows downstream, the channel widens, while
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Figure 5.4: Similarity solution for a Newtonian shelf in a diverging channel. From top to
bottom: thickness profile; speed plot; along-channel strain rate. Along-channel distance
is given in terms of similarity variable χ.

Figure 5.5: Similarity solution for a Newtonian shelf in a diverging channel. From top to
bottom: thickness profile; speed plot; along-channel strain rate. Along-channel distance
is given in terms of similarity variable χ. Plot shows area downstream of χ = 0.3,
allowing comparison with widening channel geometry such as Amery Ice Shelf.
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the thickness and thickness gradient decrease, leading to reducing shear stress.

Similar features to the Newtonian case are observed in the thickness profile for the

shear-thinning case with an n = 3 power-law rheology in Figure 5.6. However, here

there is more rapid thinning in the upstream section of the shelf. Again the source forms

a singularity but the thickness profile now takes the form 1/x2, near x = 0. This leads

to a pronounced along-channel gradient in speed, which can be clearly seen in the speed

and strain-rate plots, with high speed near the source and large negative strain rates as

the shelf decelerates downstream. A major difference from the Newtonian example is

that there is a transition to positive strain rate at χ = 0.5. The value of the positive

strain rate increases in the downstream direction towards the front of the shelf. Here

the shear-thinning rheology may lead to a reduced effective viscosity and therefore less

resistance to flow is generated by shear stresses and the lateral spreasding of the shelf,

so the shelf can accelerate towards the front as in the parallel channel case.

A separate plot showing the features downstream of χ = 0.3 is shown in Figure 5.7.

The thickness plot in this figure has similar profile to that for Amery Ice Shelf with

an almost linear slope, but here the thickness profile for the similarity solution thins to

zero thickness at the front of the shelf, whereas the front of Amery retains a substantial

ice thickness. The strain-rate plot also shows similar characteristics to the geophysical

example with negative strain rate in the upstream section that transitions to positive

strain rate in the downstream direction. Near the shelf front there is also a large region

of large positive strain rate, which is similar to the region of high positive strain rate

observed in the final third of Amery.
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Figure 5.6: Similarity solution for a n = 3 power-law shelf in a diverging channel. From
top to bottom: thickness profile; speed plot; along-channel strain rate. Along-channel
distance is given in terms of similarity variable χ.

Figure 5.7: Similarity solution for a n = 3 power-law shelf in a diverging channel. From
top to bottom: thickness profile; speed plot; along-channel strain rate. Along-channel
distance is given in terms of similarity variable χ, where the section of the channel
presented here begins at 0.3.
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5.4 Steady-State Solutions - Finite Length Channel

In the previous two sections, ice-shelf thickness profiles and velocity fields were deter-

mined for the case of infinitely long channels. Similarity solutions could be obtained

in these cases as the increasing shear stress generated as the shelf propagates along the

channel is balanced by the increasing pressure gradient produced as the ice shelf becomes

thicker. However, this is not the case in geophysical examples, where channel geometries

and the locations of pinning points create confined shelves of finite length. Therefore I

now consider the case of a finite channel, with a source of fluid/ice at one end, x = 0, and

an open ocean at the other, x = xc. Once the shelf leaves the confines of the channel,

there is no longer any lateral resistance acting on the unconfined shelf and I assume that

this section of the shelf provides no resistance to the flow further upstream. Therefore, a

steady-state can be achieved where the total lateral resistance in the confined section of

shelf balances the driving pressure gradient from the hydrostatic pressure at the source.

5.4.1 Parallel Channel

From the previous sections in this chapter we know that for the shear-dominated flow of

a general power-law fluid shelf in a parallel channel of width w, we have

u = (−w)n+1 2−2n

n+ 1

(
ρg′

B′

)n(
∂H

∂x

)n [(∣∣∣∣1− 2y

w

∣∣∣∣)n+1

− 1

]
, (5.44)

q = (−w)n+2 2−2n

n+ 2

(
ρg′

B′

)n
H

(
∂H

∂x

)n
, (5.45)

ū = (−1)nwn+1 2−2n

n+ 2

(
ρg′

B′

)n(
∂H

∂x

)n
, (5.46)

∂H

∂t
= − 1

w

2−2n

n+ 2

(
ρg′

B′

)n
∂

∂x

[
H

(
∂H

∂x

)n
(−w)n+2

]
, (5.47)

which represents the shelf velocity (given by equation (5.7)), shelf flux (given by equation

(5.8)), width-averaged velocity (ū) and the continuity equation respectively.

Following the work of Pegler (2012) and Kowal et al. (2016), consider a steady-state

shelf in a narrow parallel channel of finite length. The channel ends and the shelf flows

into an open ocean at x = xc, where there is no additional resistance to flow generated

by the shelf once it has left the channel. Using the width-averaged velocity, ū, in the

steady form of the continuity equation we have

∂

∂x
(Hū) = 0 ⇒ Hū =

q0
w
, (5.48)
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where q0 is the input flux. The flux remains constant throughout the shelf to ensure a

steady state, wHū = q0. Therefore, equation (5.46) gives

q0
Hw

=(−1)n+2wn+1 2−2n

n+ 2

(
ρg′

B′

)n(
∂H

∂x

)n
, (5.49)

⇒ H =

[
−
(
n+ 1

n

)
4(n+ 2)

1
n q

1
n
0

w
n+2
n

(
B′

ρg′

)
x+ A

] n
n+1

, (5.50)

gives an equation for the steady-state thickness profile, where A is a constant of inte-

gration. A can be determined by imposing a boundary condition at either the upstream

source (x = 0) or the exit of the channel x = xc. Mathematically, I could impose a con-

stant input thickness at x = 0, however this artificially imposes a grounding-line depth

and location. It is more likely that the grounding-line depth and hence location is due

to the condition at the channel exit and the dynamics within the floating shelf (Pegler,

2012; Kowal et al., 2016). I therefore choose to impose a boundary condition at the chan-

nel exit, balancing the width-averaged extensional stress with the hydrostatic pressure

of the ocean. This is under the assumption that any section of the shelf downstream

of the channel exit exerts no resistance to flow on the confined section. Therefore, this

boundary condition along with the buttressing within the shelf of length xc, determines

the thickness of the shelf at the grounding line.

The boundary condition takes the form

∂ū

∂x
=
ρg′

8µ̄
H, (5.51)

where µ̄ is the width-averaged viscosity given by

µ̄ = µ̃

(
1

2

∣∣∣∣∂u∂y
∣∣∣∣
)(1−n)/n

and (5.52)∣∣∣∣∂u∂y
∣∣∣∣ = (−1)nwn2−2n

(
ρg′

µ̃

)n(
∂H

∂x

)n
. (5.53)

Therefore the constant of integration A can be calculated to be

A =

(
n+ 1

n

)
4(n+ 2)1/nq

1/n
0

w(n+2)/n

(
B′

ρg′

)[
xc +

√
2wn

(n+ 2)1/2(n+ 1)(n+1)/(2n)

]
. (5.54)
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Given this constant of integration the equation for the thickness profile becomes,

H =

[
−
(
n+ 1

n

)
4(n+ 2)1/nq

1/n
0

w(n+2)/n

(
B′

ρg′

)(
x− xc −

(
2

n+ 2

)1/2
nw

(n+ 1)(n+1)/(2n)

)]n/(n+1)

(5.55)

Steady-State Newtonian Shelf (n = 1)

For a Newtonian (n = 1) shelf the steady-state thickness profile takes the form

Hn=1 =

[
−24q0B

′

w3ρg′

(
x− xc −

w√
6

)]1/2
, (5.56)

as determined previously by Pegler (2012). This analytical solution can be used to es-

timate the thickness profile and speed map for the final two thirds of Amery Ice Shelf,

which forms a near-parallel channel. Appropriate values for Amery Ice Shelf are: a chan-

nel length of 280 km; a width of 100 km; an ice thickness of 600 m; and a width-averaged

velocity of 200 m yr−1. The latter three are used to prescribe the input flux. This steady-

state thickness profile has been plotted in Figure 5.8 along with the corresponding speed

and strain-rate plot. Here it is clear that the rate of thinning increases downstream to

produce a convex profile. Whereas, the similarity solution (Fig. 5.1) and steady-state

shelves have a similar profiles in the upstream half of the shelf, in the case of the steady

shelf in a finite channel, the slope increases as the shelf approaches the channel exit.

This is due to the extensional-stress boundary condition at the channel exit, which acts

to thin the shelf at the exit.

From the speed and strain-rate plots in Figure 5.8 we see that the dynamics are broadly

similar to those in the similarity solution. However, the peak in speed does not extend as

far upstream. This is a result of the extensional-stress boundary condition at the channel

exit, which produces high strain rates and fast flow as the shelf exits the channel. This

also leads to the increased thinning at the downstream end of the shelf.

This shear-dominated analytical solution captures many of the structural features ob-

served in Amery Ice Shelf, such as the slightly convex thickness profile, and increase in

velocity as the shelf approaches the calving front. Quantitatively there is fairly good

agreement, with the shelf thinning from approximately 700 m to 200 m over the length

of the channel, and a maximum flow speed of 600 m yr−1 is achieved at the exit. For

Amery Ice Shelf the upstream thickness is 600 m, while flow speed at the exit is approx-

imately 900 m yr−1. However, the area of large positive strain rate does not extend as

far upstream as the geophysical example and forms a central peak rather than spanning

the width of the channel.
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Figure 5.8: Thickness profile, speed plot and strain-rate plot for a steady-state Newtonian
shelf in a parallel channel. Parameter values are chosen to approximate the roughly-
parallel final two thirds of Amery Ice Shelf.

Steady-State n = 3 Power-Law Shelf

The steady-state thickness profile for a power-law fluid with n = 3 is

Hn=3 =

[
−16

3

(
5q0
w5

)1/3
B′

ρg′

(
x− xc − 4−2/3

(
18

5

)1/2

w

)]3/4
. (5.57)

I use the approximate geometry and characteristics of Amery Ice Shelf in Figure 5.9,

with the same variables as in the Newtonian case, and the additional rate factor for a

power-law rheology appropriate for ice at 0◦C, B = 7.47× 107 Pa s1/3.

The qualitative features are broadly similar to those of the similarity solution but there

is an isolated peak in speed and strain rate in the final section of the shelf. This acts

to modify the thickness profile near the exit, causing it to thin more rapidly, but this

difference is not as distinctive as in the Newtonian example.

The thickness profile plot in Figure 5.9 shows a thinner shelf than in the Newtonian

case for the same input flux. At the source the shelf is approximately 500 m thick, which

is approximately 100 m thinner than Amery Ice Shelf. At the channel exit a maximum

speed of approximately 800 m yr−1 is achieved, while strain rates increase in the down-

stream direction. In the final 100 km of the shelf there is a large area where values

range between 1 and 4 ×10−2 yr−1 reaching a maximum value of 8 × 10−2 yr−1 at the

145



Figure 5.9: Thickness profile, speed plot and strain-rate plot for a steady-state n = 3
power-law shelf in a parallel channel. Parameter values are chosen to approximate the
roughly-parallel final two thirds of Amery Ice Shelf.

channel exit. These values are similar to those found for Amery Ice Shelf, where there

is a maximum speed of approximately 900 m yr−1 at the channel exit and strain rates

of between 0.5 and 2 ×10−2 yr−1 in the final third of the channel.

5.4.2 Diverging Channel

In the case of a narrow diverging channel of width w = αx, the width-averaged velocity

for a general power-law ice shelf is

ū = (−1)n+2(αx)n+1 2−2n

n+ 2

(
ρg′

B′

)n(
∂H

∂x

)n
. (5.58)

The steady-state continuity equation and the condition of constant flux can be used to

determine the steady-state thickness profile

H =

[
2(n+ 1)(n+ 2)1/n

α(n+2)/n
q
1/n
0

(
B′

ρg′

)
x−2/n + A

]n/(n+1)

, (5.59)
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where A is determined by imposing the extensional-stress boundary condition at the

channel exit. In this case the width-averaged viscosity µ̄ is∣∣∣∣∂u∂y
∣∣∣∣ =

(−αx)n2(1−2n)

(n+ 1)

(
ρg′

B′

)n(
∂H

∂x

)n
, (5.60)

⇒ µ̄ = B′
(
−αx

4(n+ 1)n
ρg′

B′
∂H

∂x

)1−n

. (5.61)

Therefore the boundary condition becomes

− 2(αxc)
2n

(n+ 2)(n+ 1)(1−n)/n
∂2H

∂x2
= H. (5.62)

Here I assume that the angle of divergence α is small and the shelf flows out from the

channel exit as a parallel current of width αxc. In order to make the notation less

cumbersome I write the equation for the shelf thickness profile in the form

H =
[
Cx−2/n + A

]n/(n+1)
, (5.63)

in this notation the partial derivatives of H are,

∂H

∂x
=− 2

n+ 1
Cx−(2+n)/n

[
Cx−2/n + A

]−1/(n+1)
, (5.64)

∂2H

∂x2
=

2(2 + n)

n(n+ 1)
Cx−2(1+n)n

[
Cx−2/n + A

]−1/(n+1)
(5.65)

− 4

n(n+ 1)2
C2x−2(2+n)/n

[
Cx−2/n + A

]−(n+2)/(n+1)
. (5.66)

These partial derivative are then used in equation (5.62) to determine the constant of

integration A. This produces a quadratic equation with coefficients

D1A
2 +D2A+D3 = 0, (5.67)

D1 = 1, (5.68)

D2 = 2Cx−2/nc

[
1 +

2α2

(n+ 1)1/n

]
, (5.69)

D3 = Cx−4/nc

[
C +

4α2

(n+ 1)1/n
C − 8α2

(n+ 2)(n+ 1)(1+n)/n

]
. (5.70)

Therefore A can be determined using the quadratic formula,

A =
−D2 ±

√
D2

2 − 4D1D3

2D1

. (5.71)

147



Steady-State Newtonian Shelf

Using this solution for a general power-law shelf, solutions can be obtained for specific

values of the flow exponent n. I initially consider the Newtonian case with n = 1 and

divergence angle α = 0.1. The geometry of the channel is chosen so that the downstream

section of the channel approximates that of Amery Ice Shelf. From the point source, the

channel is 1000 km long, widening to 100 km at the channel exit, similar to the parallel

channel examples in the previous section and appropriate for the exit of Amery Ice Shelf.

The input flux is chosen to be similar flux of ice in Amery Ice Shelf, and is calculated

based on a shelf width of 50 km, with thickness 600 m and width-averaged speed 200 m

yr−1. These values are similar to those found approximated 150 km downstream of the

grounding line for Amery Ice Shelf. Initially I impose a viscosity of µ = 2 × 1014 Pa s,

which is an appropriate Newtonian approximation for the viscosity of an ice shelf. The

corresponding solution is plotted in Figure 5.10.

The top plot in Figure 5.10 shows the shelf thickness profile along the length of the

channel, with the shelf fluid entering the channel at a point source at x = 0. In contrast

to the steady-state, parallel-channel case, here the shelf takes a concave profile. In the

upstream section of the shelf this is qualitatively similar to the similarity solution. How-

ever, the rate of thinning reduces significantly downstream and in the second half of the

channel there is almost no change in thickness. This implies that in this final section

there must be slow flow, as for shear-dominated flow the velocity is dependent on the

thickness gradient. As the shelf widens but maintains a near constant thickness, there

is a reduction in speed that can be seen in the speed map in Figure 5.10.

As with the similarity solution, negative strain rate is observed throughout the shelf

(Fig. 5.10). In contrast to the steady-state, parallel-channel cases, there is no positive

strain rate observed at the channel exit resulting from the extensional-stress boundary

condition. This is because the extensional strain-rate is partially dependent on the ratio

of the shelf thickness and the viscosity at the exit. For this shelf this ratio is not large

enough to induce positive strain in comparison to the resistance from the shear between

the channel walls and the deceleration (negative strain rate) as the shelf reduces in speed

to fill the widening channel.

Comparing the results from these plots with Amery Ice Shelf, it is clear that the an-

alytical shelf is much thicker; approximately an order of magnitude too thick. As a

consequence the flow speed of the shelf is much less than the geophysical example. This

may be due to the high resistance generated by shear stress in the upstream section of

the channel, where the shelf is very narrow. I expect the magnitude of the resistance to
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Figure 5.10: Thickness profile, speed plot and strain-rate plot for a steady-state Newto-
nian shelf in a diverging channel with α = 0.1 and viscosity µ = 2× 1014 Pa s.

Figure 5.11: Thickness profile, speed plot and strain-rate plot for a steady-state Newto-
nian shelf in a diverging channel with α = 0.1 and viscosity µ = 2× 1013 Pa s.
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be dependent on the viscosity of the shelf. In order to investigate this and the conse-

quences for the shelf thickness profile and flow dynamics I reduced the viscosity by an

order of magnitude.

Figure 5.11 presents the results for a steady-state shelf in a diverging channel with

Newtonian viscosity, µ = 2× 1013 Pa s. This reduction in viscosity has led to a decrease

in the shelf thickness and an increase in the flow speed. Qualitatively the features are

broadly the same as the previous case. However, the strain-rate map has a minimum

that is separate from the point source, implying the greatest resistance to flow from shear

stress is generated away from the source, where the second derivative of the shelf thick-

ness, which is proportional to the strain rate for a shear-dominated flow, has reached a

maximum and the channel remains relatively narrow.

The shelf viscosity is reduced further in Figure 5.12 to µ = 2× 1012 Pa s. From Figure

5.12a it is clear that there are distinctive changes to the speed and strain-rate maps. The

thickness profile has become much thinner and the shelf continues to thin towards the

exit. From the speed map it is evident that there is a central region of fast flow along the

entire length of the shelf, which was not observed in earlier cases. The strain-rate map

shows that there is positive strain rate throughout the shelf, with a peak in strain rate

observed at the channel exit. These dynamics at the exit are similar to those observed

in the parallel channel case and are due to the extensional-stress boundary condition

and the decrease in negative strain rates as the shelf spreads laterally. As this shelf has

reduced viscosity, there is less resistance generated as the shelf spreads laterally, and

therefore the shelf behaves like it is confined in a parallel channel. The reduction in vis-

cosity also means that the shear stress has reduced and there is no longer the requirement

to have a very thick shelf to provide a large hydrostatic driving pressure to overcome the

large shear stress. The thickness of the shelf has reduced, leading to a decrease in the

area of shelf in contact with the channel wall and in turn a further reduction in shear

stress allowing faster flow speeds to be achieved. The reduced viscosity and shear stress

also leads to high extensional strain rates at the channel exit, where the channel-exit

boundary condition strongly influences the flow.

In this case, speed and thickness values are obtained that are of the same order of

magnitude as the geophysical example. I therefore modify the plots in Figure 5.12b, to

include the last 500 km of the channel, so a direct comparison can be made between the

dynamics observed here and those of Amery Ice Shelf. Here we observe that the struc-

ture of the shelf thickness profile is similar, but is much thinner than the geophysical

example. Fast flow is observed at the exit, as in the geophysical case, but this extents

further upstream than is observed geophysically.
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(a)

(b)

Figure 5.12: (a) Thickness profile, speed plot and strain-rate plot for a steady-state
Newtonian shelf in a diverging channel with α = 0.1 and viscosity µ = 2 × 1012 Pa s.
(b) Thickness profile, speed plot and strain-rate plots beginning 500 km from the point
source.

From these plots and the comparison with the geophysical data, it is clear that although

there are similarities in the structure of the thickness profiles, speed and strain-rate maps,

the values are very sensitive to viscosity. This suggests that the quantitative features

observed geophysically can not be captured in this model using Newtonian rheology. In

the next section I consider a shear-thinning power-law rheology.
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Steady-State n = 3 Shelf

Figure 5.13 shows the thickness profile, speed and strain-rate maps for an n = 3 power-

law shelf, with rate factor appropriate for ice at 0◦C (B = 7.47 × 107 Pa s1/3). Here

the thickness profile is very similar to the most viscous Newtonian example, but thins

more rapidly at the source, as was observed when comparing the Newtonian and shear-

thinning similarity solutions. After the initial thinning, the shelf is much thicker than

anything that would be expected geophysically, at least by an order of magnitude. This

may be because initially there is a relatively high flux in a very narrow channel. There-

fore, the shelf must be thick in order to provide a large enough hydrostatic pressure to

overcome the large shear stresses that act on the shelf.

From the speed map in Figure 5.13 it is clear that near the source there is fast flow,

which reduces in the along-channel direction to approximately 25 m yr−1 at the channel

exit. This reduction in speed is also identified in the strain-rate map, where there are

negative strain rates throughout the shelf. These values are much smaller than those

observed geophysically.

The rate factor is reduced to a fifth of its former value in Figure 5.14, to B = 1.49× 106

Pa s1/3. This leads to a reduction in the effective viscosity of the fluid and more geophys-

ically appropriate values for the shelf thickness. On this occasion the shelf continues to

thin as it approaches the channel exit. The flow dynamics have a similar structure to

the previous example but the values of the flow speed have increased.

More comprehensive changes to the flow dynamics are evident when the rate factor is

reduced further to B = 7.47 × 106 Pa s1/3 (an order of magnitude smaller than the

original value). In Figure 5.15a the most striking difference is that now there are both

negative and positive strain rates, with negative strain rates filling the upstream section

of the shelf and positive strain rate in the region near to the channel exit. This is similar

to the results for the shear-thinning and diverging similarity solution, while acceleration

in the downstream region was also observed in the Newtonian case, when the viscosity

was reduced substantially. Reducing the rate factor or viscosity leads to a reduction

in resistance-to-extension at the channel exit (resistance from shear stress and lateral

spreading), where the extensional-stress boundary condition is applied.

Figure 5.15b presents the final 500 km of the channel. In this interval, the width of the

shelf increases from 50 km to 100 km. In the upstream section there are negative strain

rates, which agrees with the negative strain observed in the narrow upstream section of

Amery Ice Shelf. The magnitude of the strain rate decreases in the downstream direction
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Figure 5.13: Thickness profile, speed plot and strain-rate plot for a steady-state n = 3
power-law shelf in a diverging channel with α = 0.1 and rate factor B = 7.47 × 107 Pa
s1/3.

Figure 5.14: Thickness profile, speed plot and strain-rate plot for a steady-state n = 3
power-law shelf in a diverging channel with α = 0.1 and rate factor B = (1/5)×7.47×107

Pa s1/3.

153



(a)

(b)

Figure 5.15: (a) Thickness profile, speed plot and strain-rate plot for a steady-state n = 3
power-law shelf, with reduced rate factor B = 7.47× 106 Pa s1/3, in a diverging channel
with α = 0.1. (b) Thickness profile, speed plot and strain-rate plots beginning 500 km
from the point source.
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until there is a transition to positive strain rate approximately 175 km upstream from

the channel exit. A similar transition is observed for Amery Ice Shelf and indicates a

reduction in resistance from shear stress and lateral spreading. The flow in the final

section is similar to that in the parallel channel cases, suggesting that the transition is

mainly due to the reduction in resistance to flow from lateral spreading.

5.4.3 Summary: Steady-State Shear-Dominated Shelves

As with the similarity solutions, stark differences in the thickness profiles for parallel

and diverging channels are found for the steady-state shear-dominated shelves. The

shear-dominated parallel channel approximations provide a good estimate for the flow

dynamics and thickness profile for the final two thirds of Amery Ice Shelf. Slight im-

provements in the agreement are observed when the n = 3 power-law rheology is used.

One exception to this good agreement is near the channel exit, where the peak in positive

strain rates is slightly larger than observed geophysically.

For the diverging shelves, high shear in the upstream section, where the channel is

narrow, leads to thick and slow-flowing shelves. This thickness is needed to provide

the hydrostatic pressure to drive against the high shear stress. For realistic viscosities

and rate factors the downstream shelf is much thicker, by an order of magnitude, than

Amery Ice Shelf. However, in these models the dynamics and thickness downstream (in

the area with appropriate geometry for comparison with Amery) are often determined

in the narrow upstream section of the channel, where there is large resistance to flow

from high shear stress. These narrow sections are not representative of geometries seen

geophysically, but are a mathematical tool for exploring the dynamics in these types of

geometry. By reducing the viscosity or rate factor this leads to thinner shelves that flow

faster, giving more geophysically realistic values.

The influence of the extensional-stress channel-exit boundary condition is dependent

on the viscosity and thickness at the channel exit. For diverging shelves hydrostatic

pressure balances shear stress and lateral spreading, hence strain rates are almost al-

ways negative upstream. As the shelf thins, a transition to positive strain rates may

occur if the viscosity is low enough, as shown in Figure 5.15. If the effective viscosity is

reduced, the negative extensional stress due to lateral spreading decreases and the shelf

begins to behave like a shelf in a parallel channel, such that there are positive strain rates.

From theses examples, it is clear that, on the whole, the parallel-channel models provide

the best estimate for shelf thickness and flow in the final two thirds of Amery Ice Shelf.

However, when positive strain rates are observed in the diverging channel cases, there is
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a large area of high positive strain rate that extends upstream, in a similar manner to

the strain rate of Amery Ice Shelf.

5.5 Shear and Extensional Dynamics

In previous sections I have considered the flow of an ice shelf confined to a channel of

finite length, where the dynamics of the flow are dominated by the shear stresses between

the lateral no-slip boundary walls. I now include the extensional stress terms in the force

balance equation derived in Chapter 2 and given by equation (2.27). I assume the shelf

has uniform thickness across the channel width, and there is flow in the along-channel,

x-direction only. The shear-only dynamics are expected to be a good approximation far

from the source and channel exit. Therefore, when extensional terms are included, I

expect additional dynamics to arise in regions close to the input and exit. Numerical

calculations will allow an investigation of whether the inclusion of extensional terms has

an influence on the dynamics and the thickness profile throughout the shelf or only at

the ends of the shelf. In the case of a non-Newtonian ice rheology, the inclusion of ex-

tensional stresses may lead to interesting feedbacks. For example, increased extension

within the shelf would lead to reduced effective viscosity, which in turn would reduce the

resistance to flow and allow further extension. In the equation for the power-law ice rhe-

ology, I now include both the shear and extensional components of the strain-rate tensor,

leading to additional variations in effective viscosity, different from those observed in the

shear-only case.

5.5.1 Equations

Consider the same parallel geometry as considered in the previous sections: a parallel

channel of width w and length xc. The ice shelf flows in the along-channel (x) direction

only, with no-slip side walls at y = 0 and y = w. At the upstream boundary I impose a

constant input flux, as in the shear-only case. When extensional terms are included, it is

required to impose a further condition at the source. This additional boundary condition

is a constant input thickness, H = H0 at x = 0. This implies that the input velocity is

also kept constant. At the channel exit, where the shelf leaves the confines of the chan-

nel, the extensional stress within the shelf balances the hydrostatic pressure of the ocean.

The x-component of the full force-balance equation, with a uniform cross-channel thick-

ness, H ≡ H(x, t),

4
∂

∂x

(
µH

∂u

∂x

)
+

∂

∂y

(
µH

∂u

∂y

)
= ρg′H

∂H

∂x
, (5.72)
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was solved to determine the along-channel velocity. In the case of a power-law rheology,

the effective viscosity is given by

µ = B′e
(1−n)/2n
II with eII =

(
e2xx + e2xy

)
=

[(
∂u

∂x

)2

+
1

4

(
∂u

∂y

)2
]
, (5.73)

with consistency index B′ = B/2 (B the rate factor), and eII the second invariant of the

strain-rate tensor.

Using the force-balance equation, I determine the velocity field for a given thickness

profile. This velocity field can then be used to calculate a width-averaged velocity ū for

the current thickness profile. This is then used in the continuity equation,

∂H

∂t
+

∂

∂x
(Hū) = 0. (5.74)

to evolve the thickness profile forward in time, where I am again assuming there is zero

net accumulation or ablation. As in the previous idealized models in this chapter, the

continuity equation assumes no interaction with the ocean or atmosphere in the form

of melting or accumulation. The shelf thickness profile was then evolved in time, with

the velocity field and width-averaged velocity updated for each iteration of the thickness

profile. Equations (5.72) and (5.74) were solved iteratively until a steady-state thickness

profile was achieved.

5.5.2 Numerical Model

Discretization of equations

The reduced force-balance equation (5.72) can be discretized in terms of derivatives in

the velocity to give

4

(
∂µ

∂x
H + µ

∂H

∂x

)(
um+1,n − um−1,n

2d

)
+ 4µH

(
um+1,n − 2um,n + um−1,n

d2

)
+

(
∂µ

∂y
H + µ

∂H

∂y

)(
um,n+1 − um,n−1

2d

)
+ µH

(
um,n+1 − 2um,n + um,n−1

d2

)
= ρg′H

∂H

∂x
.

(5.75)

Here partial derivatives in µ and H represent the partial derivatives at node points (m,n)

and are determined using central differences of the µ and H fields

∂H

∂x
=
∂H

∂x m,n
=
Hm+1,n −Hm−1,n

2d
and

∂H

∂y
=
∂H

∂y m,n

=
Hm,n+1 −Hm,n−1

2d
, (5.76)

∂µ

∂x
=
∂µ

∂xm,n
=
µm+1,n − µm−1,n

2d
and

∂µ

∂y
=
∂µ

∂ym,n
=
µm,n+1 − µm,n−1

2d
. (5.77)
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The variable d denotes the spacing between nodes, which is an equal distance in the x and

y directions. Here as before, I assume that the shelf has a uniform thickness across the

width of the channel (Hm,n = Hm ∀ n = 1...N) and hence ∂H/∂y ≡ 0. Successive Over

Relaxation (SOR) is used to determine the velocity field for a given thickness profile, H.

At each iteration (iterations denoted by superscript i) of the velocity field the updated

velocity field is given by

ui+1
m,n =(1− r)uim,n +

r

10µH

[ [
2d

(
∂µ

∂x
H + µ

∂H

∂x

)
+ 4µH

]
uim+1,n

+

[
d

2

(
∂µ

∂y
H + µ

∂H

∂y

)
+ µH

]
uim,n+1 +

[
4µH − 2

d

(
∂µ

∂x
H + µ

∂H

∂x

)]
uim−1,n

+

[
µH − d

2

(
∂µ

∂y
H + µ

∂H

∂y

)]
uim,n−1 − d2ρg′H

∂H

∂x

]
. (5.78)

Here the value of r can be varied depending on the style of relaxation required;

0 <r < 1 under-relaxation, (5.79)

r = 1 Gauss-Seidel, (5.80)

1 <r < 2 over-relaxation, (5.81)

r > 2 unstable. (5.82)

The Successive Over Relaxation (SOR) part of the my code was tested to ensure the

scheme converges to a steady velocity field. Different values of r were chosen to test

for the rates of convergence. Convergence was measured by the maximum absolute dif-

ference between the velocity at grid points on consecutive iterations. Results from the

SOR code used to calculate the velocity field (from a field of zeros to the final velocity

field) for the shear-only steady-state thickness profile, with both shear and extensional

stresses considered in the dynamics, is given in Table 5.1 below. Convergence was said to

occur once the difference at each grid point between consecutive iterations was less than

0.05 m yr−1. For the Newtonian case with shear and extensional stresses considered,

the average velocity value was approximately 110 m yr−1, and therefore in this case the

absolute error was equivalent to a relative error of 4.5 × 10−4.

The main purpose of this SOR scheme was to determine the velocity field corresponding

to the updated thickness profile at each timestep. It was expected that the changes in

thickness profile between timesteps would be relatively small, and therefore changes in

the velocity field would be small too. The most computationally expensive use of the

SOR code was to determine the initial velocity field, corresponding to the initial thickness

profile. After this, the previous velocity field was used as a starting point to calculate the
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r value i
0.5 5955
1 3134

1.5 1430

Table 5.1: Rates of convergence for Successive Over Relaxation using different values of
r to obtain velocity field for the shear-only steady-state thickness profile.

velocity field for the evolved thickness profile. I found that just one iteration of SOR was

needed to determine an accurate velocity field, and therefore chose to use r = 1. Despite

this being slightly more computationally expensive for the first iterations of the velocity

field, once the shelf thickness was evolving slowly it was expected that the velocity field

would evolve slowly too, and therefore there was no need to employ an r value greater

than 1.

The velocity field was solved on an M by N grid. Boundary conditions were imposed on

the velocity field along the four boundaries: two lateral walls; source edge; and channel-

exit edge. At the upstream boundary there was a constant input flux (Q0) and input

thickness (H0). Therefore, I imposed a constant input velocity, given by the analytical

solution for shear dominated flow of a Newtonian shelf

u(0, y) = −Q0

H0

6

w2

(
y2 − wy

)
, (5.83)

⇒ ui1,n = −Q0

H0

6

w2

(
(nd)2 − wnd

)
. (5.84)

This form of the input condition was chosen as it provides a simple structure to the

input flow with no flow at the boundary walls and the maximum flow in the centre of

the channel.

Flow along the side-walls was set to zero

u(x, 0) = u(x,w) = 0, ⇒ uim,1 = uim,N = 0. (5.85)

At the channel exit the extensional stress balances the hydrostatic pressure of the ocean

∂u

∂x
=
ρg′

8µ
H ⇒ uiM+1,n = uiM−1,n + 2d

ρg′

8µ
H t
M . (5.86)

Here I invoked an imaginary row of grid points in the velocity field beyond the channel

exit, denoted by subscript M + 1. I used these imaginary points to impose the channel

exit boundary condition. The corresponding imaginary point in the width-averaged ve-

locity was then used in the central differencing scheme to determine the evolution of the
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thickness at the M node point.

For a given thickness profile, once the velocity field had converged, the width-averaged

velocity (ūt, where superscript t denotes timestep in evolution of thickness profile) was

determined and used to evolve the thickness profile. At each time-step the thickness

profile was calculated explicitly

H t+1
m = H t

m −∆t

(
H t
m+1ū

t
m+1 −H t

m−1ū
t
m−1

2d

)
. (5.87)

During this evolution of the thickness profile the input-thickness boundary condition was

maintained, with H = H0 at x = 0.

Central-differencing was used to evolve the thickness profile, as can be seen in equa-

tion (5.87). This method provides second-order accuracy. At the upstream boundary

the thickness is imposed, and hence an (previous) imaginary node (H−1) is not needed

at the upstream boundary. However, at the channel exit an imaginary node was needed

and the shelf thickness at the imaginary node (M + 1) was determined by extrapolating

the thickness gradient linearly by one grid spacing: i.e. H t
M+1 = 2H t

M −H t
M−1.

Model details

The model domain was chosen to have an aspect ratio appropriate for the final two thirds

of Amery Ice Shelf, which forms an approximately parallel section and is about 100 km

wide and about 280 km long. The domain has 140 nodes in the along-channel direction

and 50 across the channel. The spacing between the nodes is equal in both the x and y

direction and was chosen to be 2 km.

The time step for evolving the thickness profile was chosen so that the process of evolv-

ing the profile was stable, but also so that it made efficient use of computational time.

The continuity equation given in equation (5.74) is solved explicitly for a given width-

averaged velocity. This equation is hyperbolic and, to ensure stability in the numerical

scheme, I controlled the Courant number C. This prevents a fluid particle moving more

than one grid-spacing in a timestep. For this 1D explicit scheme, stability should be

achieved with a Courant number of 1 or less

C =
û∆t

d
≤ 1, (5.88)

⇒ ∆t ≤ d

û
, (5.89)

∆t ≤ 2000m

1000m yr−1
= 2yr. (5.90)
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Here û is the maximum expected velocity of the shelf, which I have chosen to be 1000

m yr−1. Therefore, the timestep was set to be less than 2 years. In the model runs

given below the timestep is ∆t = 0.1 yr. This ensures stability in the evolution of the

thickness profile as it is less than 2 years, but also ensures the stable evolution of the

flow and effective viscosity fields, which rely on effective viscosity fields from the previous

timestep.

Initial conditions

Each run of the model was initiated from a uniform thickness profile with the thickness

equal to the input thickness imposed at the upstream end of the channel.

Accounting for the Non-Newtonian Rheology

When a power-law rheology is used, the effective viscosity is dependent on the values of

along-flow strain rate and shear rate. This was addressed by calculating the effective-

viscosity field from the previous velocity field. This effective viscosity was then used in

the next set of iterations of the Successive Over Relaxation scheme, using the updated

thickness profile. Gradients in the effective viscosity field were also updated so that the

correct partial derivatives could be used to calculate the velocity field.

5.5.3 Model runs

I performed a number of runs of the model, primarily with variations in the ice-shelf

rheology. The first set of runs used a Newtonian approximation for ice rheology with

a constant effective viscosity µ = 2 × 1014 Pa s (as in earlier sections). Comparisons

were then made between the steady-state results and those obtained from the shear-only

model, in addition to comparisons with geophysical data from Amery Ice Shelf.

Secondly, a power-law rheology was used, with a rate factor (consistency index) corre-

sponding to ice at 0◦C. Again the results from this numerical calculation were compared

to the analytical results of the shear-only case and the geophysical data. It should be

noted here that the formulation of the second invariant of the strain-rate tensor (used in

the equation for the power-law rheology) varies between the shear-only case and that with

extension; when extensional stresses are included in the dynamics, the extensional strain

component was also included in the second invariant. This differs from the shear-only

case, where only the shear component was included.
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5.5.4 Steady States

Newtonian - n = 1

Input Thickness Corresponding to Shear-Only Flow

Figure 5.16 presents the results for a Newtonian shelf with shear-and-extensional dynam-

ics in steady-state calculated using the numerical code detailed in the previous section.

Here the input flux and input thickness have been fixed to equal those in the analyti-

cal shear-only case approximating Amery Ice Shelf. From the thickness plot in Figure

5.16, it is evident that the profiles produced in the shear-only and shear-and-extension

cases are very similar, with the shear-only profile denoted by a solid blue curve and the

shear-and-extension shelf by a dotted red curve. However, the shear-and-extension shelf

is slightly thinner than the shear-only shelf. This difference can be seen more clearly in

Figure 5.17, which shows the difference in thickness between the shear-only and shear-

and-extension shelves for this case. There is a maximum thinning of approximately 35

m or approximately 7% of the shear-only thickness at that point.

The shelf is thinner in the shear-and-extension case because the effect of the extensional

stress boundary condition at the channel exit propagates further upstream when ex-

tensional dynamics are considered. The influence of the extensional dynamics acts to

stiffen the shelf and effectively pull the shelf towards the exit, which results in thinning.

This increase in strain rate upstream from the channel exit can also be detected in the

strain-rate plot in Figure 5.16, which compares the value of the along-channel strain rate

along the shelf centreline in the shear-only (red) and shear-and-extension (blue) cases.

It is clear that throughout the shelf, with the exception of at the exit, the strain rate

is larger in the shear-and-extension case. This is because the inclusion of extensional

dynamics in the calculation allows extensional stresses to be transferred through the

shelf, propagating the effect of the extensional strain at the exit. The strain rate is

greater at the channel exit in the shear-only case because the shelf is thicker than the

shear-and-extension case.

The speed map in Figure 5.16 has a similar structure to the shear-only case. However,

here the speed contours are stretched in the along-channel direction due to the influence

of the extensional stresses. This leads to a slightly increased speed at the channel exit.

The effect of the extensional dynamics is also evident in the strain-rate plot. At the up-

stream end of the channel there is an increase in strain rate as the shear-and-extensional

shelf thins after leaving the source, resulting in increased flow speed and strain rate in

comparison to the shear-only case. At the channel exit, the area of high strain rate spans

the width of the channel rather than just the central section as in the shear-only case.
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Figure 5.16: Thickness profile, speed map, strain-rate map and centreline strain rate
for a steady-state Newtonian shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state. Here the channel geometry and input flux
have been set to approximate the final two thirds of the Amery Ice Shelf, which forms
an approximately parallel channel. The input thickness is set to equal that of the input
thickness of the equivalent shear-only shelf.

Figure 5.17: Plot showing difference in thickness between shear-only and shear-and-
extension steady-state thickness profiles. Difference equals shear-only minus shear-and-
extension. Therefore it is clear that the shear-and-extension shelf is thinner throughout
the length of the channel.
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Figure 5.18: Plot showing the evolution of the shelf thickness at equally spaced points
along the shelf. The Newtonian shelf evolves from a uniform thickness towards a steady-
state. Dashed lines provide estimate of the time taken to adjust to a thickening of 50
m at the calving front, motivated by the retreat of the calving front following a large
calving event - approximately 200 years.

When comparing the shear-and-extension steady-state thickness profile, speed and strain-

rate maps with those of Amery Ice Shelf we see that the main characteristics are broadly

similar. However, one of the clear differences is that Amery is approximately 200 m thin-

ner and the flow is faster, with flow at the channel exit approximately 400 m yr−1 faster.

These features are linked as the flux through the shelf must be conserved. This may be

the result of the shear-thinning properties of ice, which are not captured in this model.

For a shear-thinning rheology we might expect a region of faster flow in the centre of the

shelf, with narrow margins of high shear along the channel walls. Faster flow would then

result in a thinner shelf. Additional thinning may be caused by basal melting. From the

work in Chapter 3 this melting could amount to 2 - 5 m yr−1 in the upstream section

of the shelf with less melting further downstream, but this could significantly affect the

shelf profile. The effects of a shear-thinning rheology are investigated in the next section.

The evolution of the shelf thickness at five points along the shelf is shown in Figure 5.18.

This shows the evolution of the thickness from a uniform slab, with thickness equal to

the input thickness of the shear-only steady-state shelf, to the steady-state shear-and-

extension shelf profile. From this it is clear that the most pronounced changes occur

at the channel exit, at 280 km. It is also apparent that at 70 km there is initially a

thickening of the shelf for the first 200 years. This is because the shelf downstream from
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this point is much thicker than in the final steady-state configuration. Therefore, there

is more shear stress acting to resist the flow, which causes the upstream section of the

shelf to thicken. It is evident that at the channel exit 90% of the adjustment occurs

within the first 300 year. However, this adjustment time is longer at locations further

upstream; at 70 km from the source it takes approximated 1000 years to adjust to 90 %

of the steady-state value. This model captures the evolution of the shelf from a slab of

uniform thickness. Geophysically it is likely that any adjustments in thickness, such as

following a calving event, would involve much smaller changes in shelf thickness. From

Figure 5.18 we can estimate that if a large calving event increased the thickness of the

calving front by 50 m (from approximately 300 m in steady state to 350 m) for a shelf

of approximately characteristics of Amery, it would take approximately 200 years for a

new steady-state to be achieved.

Varying Input Thickness

From the previous example it is clear that the input thickness determined by the analyt-

ical solution for the shear-only shelf is larger than that observed geophysically for Amery

Ice Shelf. It is also observed from the geophysical data that the shelf thins substantially

upstream before entering the roughly parallel section that is considered in this model.

From the model thickness plots it was clear that for the shear-and-extension shelf, there

is an area of substantial thinning as the shelf leaves the source. I investigate the impact

of varying the input thickness, on the steady-state thickness profile and the shelf flow

dynamics by adjusting the input thickness of the shelf while retaining the same input

flux; firstly by increasing the input thickness by 200 m and secondly by reducing the

input thickness by 200 m. The numerical scheme was then run to steady-state, to de-

termine the final thickness profile in each case.

Figure 5.19 shows the resulting plots for a shelf with input thickness 200 m greater

than the analytical shear-only steady-state. When compared with the plots for the orig-

inal shelf (Fig. 5.16) it is apparent that for the majority of the shelf the thickness profile

and dynamics remain unchanged. However, near to the upstream boundary there are

substantial differences. Within the first 20 km of the shelf there is a rapid adjustment of

the shelf thickness, which thins by 200 m, resulting in rapid acceleration of the shelf flow

and high positive strain rates. These strain rates reach a maximum of 0.0075 yr−1, which

is larger than the maximum strain rate at the channel exit in the shear-and-extension

case. Downstream of this adjustment region the shelf remains unchanged, highlighting

how the steady state is mainly determined by the channel-exit boundary condition and

the shear dynamics throughout the majority of the shelf. At the upstream boundary

there is then a extensionally controlled adjustment region as the shelf adapts to the

shear-dominated dynamics from the imposed input thickness.
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Figure 5.19: Thickness profile, speed map, strain-rate map and centreline strain rate
for a steady-state Newtonian shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state. The input thickness is set to be 200 m
thicker than the input thickness of the equivalent shear-only shelf.

The input thickness is reduced by 200 m from the shear-only input thickness in Fig-

ure 5.20. As in the previous case with an increased input thickness, the only changes

here are in a small region just downstream of the source. On this occasion the shelf slows

as it leaves the source as the shelf must thicken in order to flow against the resistance

from shear stresses that are present throughout the shelf. This leads to negative strain

rates for the first 25 km of the shelf. Again, the dynamics in the shelf are controlled by

the extensional boundary condition at the channel exit and the shear stresses throughout

the majority of the shelf, leaving a small adjustment region at the upstream end of the

shelf, where extensional dynamics control the adjustment.

Summary: Newtonian Shelves with Shear and Extensional Dynamics

When comparisons are made between the shear-only and shear-and-extension steady-

states, the main features of the flow and thickness profile remain the same. There is a

small difference in the thickness profiles between the shear-only and shear-and-extension

shelves that can be seen in Figure 5.21. When the same input thickness is used, the shear-
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Figure 5.20: Thickness profile, speed map, strain-rate map and centreline strain rate
for a steady-state Newtonian shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state. The input thickness is set to be 200 m
thinner than the input thickness of the equivalent shear-only shelf.

and-extension shelf initially thins after leaving the source. This is due to the presence of

a thinner shelf downstream that provides less resistance to flow from shear stresses due

to the reduced contact area with the lateral walls. The reduced thickness of the shelf is

due to the inclusion of extensional stresses in the calculation, which act stiffen the shelf

and propagate the effects of the extensional boundary condition upstream, acting to pull

the shelf towards the exit. This feature can be seen in the centreline plots of strain

rate, where there is increased positive strain rate throughout the shelf when extensional

dynamics are included, with the exception of the final 20 - 30 km. In this final section of

the shear-only shelf, the shelf is relatively thick at the exit, which induces higher strain

rates. This leads to thinning at the exit and a large gradient in thickness, as seen in

Figure 5.21, which drives relatively fast shear-flow and hence leads to high strain rates

near the exit. The extensional effect of this boundary condition can propagate upstream

in the shear-and-extension case.

Varying the input thickness had the effect of creating an extensional adjustment zone

near the upstream boundary, where the thickness of the shelf adjusted to the mainly

shear-dominated dynamics in the downstream part of the shelf and the extensional stress
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Figure 5.21: Plot comparing the steady-state shelf thickness for shear-only (blue dashed)
and shear-and-extension dynamics. A range of different input thickness are used in the
shear-and-extension cases: (i) same input thickness as shear-only steady-state - red curve;
(ii) 200 m less that shear-only input thickness - yellow curve; (iii) 200 m greater than
shear-only input thickness - purple curve.

boundary condition at the channel exit. This adjustment region can be seen for the two

examples in Figure 5.21 and occurs within 30 km of the source, which is much less than

the channel width (100 km).

When comparisons are sought between the geophysical example of Amery Ice Shelf and

the Newtonian steady-states produced here the basic structure of the flow and thickness

profiles are similar. However, there are some quantitative discrepancies, which may be

expected given the shear-thinning properties of ice and the effects of basal melting that

are not accounted for in this assessment. From this Newtonian approximation, is it pos-

sible to identify that the inclusion of extensional dynamics leads to increased positive

strain rate upstream of the channel exit as observed geophysically. In addition, we have

observed that there may be adjustment regions just downstream of the source where

the shelf adapts to the thickness determine by the shelf dynamics downstream. For

Amery Ice Shelf there is a clear change in thickness gradient approximately 120 - 150

km downstream of the grounding line. If this was associated with an adjustment to the

dynamics further downstream I would expect this to be associated with positive strain

rate, as observed in Figure 5.19. However, in the geophysical case the strain is negative,

suggesting that this change in slope is not descriptive of an adjustment region, but is

due to the widening of the channel and/or the effects of melting. Negative strain due to

a widening channel was observed for the diverging channel cases considered earlier.
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Power-Law - n = 3

I now investigate the changing dynamics that arise with the inclusion of extensional terms

for power-law rheology shelves. In comparison with the shear-only case, here additional

differences arise as the extensional component of the strain-rate tensor is included in

the second invariant of the strain-rate tensor, which is used to calculate the effective

viscosity.

Input Thickness Corresponding to Shear-Only Flow

The results for a steady-state, n = 3 power-law shelf with shear-and-extensional dynam-

ics considered are shown in Figure 5.22. The thickness profile has changed very little from

the shear-only case. The difference in the thickness can be seen in Figure 5.23, where it

is clear that the change is small, with a maximum difference of 7 m. This is in contrast

to the Newtonian case, where the inclusion of extensional terms in the force-balance

equation led to a decrease in thickness throughout the shelf, with a maximum decrease

of 37 m. For the power-law case, we observe that there is both thinning and thickening

of the shelf when extensional terms are included, in comparison to the shear-only case:

in the first 50 km of the shelf, the shelf with extension is thinner than the shear-only

shelf; throughout the middle section of the shelf the shear-only case is thinner; while in

the final 60 km the shear-and-extension shelf is thinner. These differences contrast to

those in the Newtonian case, where there was significant thinning throughout.

From the speed map in Figure 5.22 there is a slight difference in the along-channel struc-

ture of the flow, with contours stretched further along the channel with the inclusion

of extension. This may be expected as the inclusion of extensional terms acts to stiffen

the shelf. In comparison with the shear-only case, there is a change in the structure of

the strain-rate field, as can be seen in Figure 5.22. Upstream there is an area of adjust-

ment, where the flow adjusts from that imposed by the input condition, to that further

downstream. From 100 km downstream there is an increase in strain rate in a similar

manner to the shear-only case, with speed map contours stretched in the along-channel

direction. At the channel exit there are peaks in strain rate in the channel margins. This

is very different from the shear-only case, where there was a central maximum. These

peaks in the margins are located where there is high shear between the channel walls and

the fast flow in the centre of the shelf. There is also high extensional strain rate as the

channel exit boundary condition is imposed here. This leads to a large second invariant

of the strain-rate tensor and in turn a relatively low viscosity. Low viscosities may then

lead to a feedback with increased shear and strain rates. Features of this nature are

not prominent in the strain-rate plot for Amery Ice Shelf in Figure 5.24. However, this

style of dynamics may explain the high positive strain-rate features found: along the
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Figure 5.22: Thickness profile, speed map, strain-rate map and centreline strain rate for
a steady-state n = 3 power-law shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state.

Figure 5.23: Plot showing difference in thickness between shear-only and shear-and-
extension steady-state thickness profiles. Difference equals shear-only minus shear-and-
extension.
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Figure 5.24: Strain-rate plot for Amery Ice Shelf. Numbers mark locations of high
strain rate, which may be explained by the feedback between high shear and strain rates
leading to weak viscosity that allows further high shear and strain rates. (1) Western
shear margin of main flow. (2) Shear margin following inflow from Charybdis Ice Stream.
(3) Shear margin past island protruding into main flow.

western boundary (upper boundary in Fig. 5.24) of Amery Ice Shelf in the final third of

the channel; in the margin of the flow where the tributary ice shelf from the Charybdis

ice stream merges with the main flow; and on the eastern boundary (lower boundary in

plot) where an island protrudes into the main section of the flow. These features are

labelled in Figure 5.24.

From the centreline strain rate (Fig. 5.22) it is clear that there is an area of nega-

tive strain rate in the upstream part of the shelf as the flow adjusts from the imposed

input flow (parabolic across the channel) to the flow downstream. Throughout the ma-

jority of the shelf, from 60 km to 230 km, the centreline strain rates for the shear-only

and shear-and-extension shelves are very similar, with slightly larger values in the shear-

and-extension case, due to the channel exit boundary condition being able to propagate

further upstream, although this is felt to a lesser extent than in the Newtonian case. As

observed in the strain-rate map, the largest strain rates are found in the margins at the

channel exit, and in comparison to the shear-only case the strain rate is much reduced

along the centreline at the channel exit. This suggests that the viscosity is relatively

large in the centre of the channel.

The evolution of the shelf thickness at points along the shelf can be seen in Figure

5.25. From this figure it is clear that the most rapid change occurs at the channel exit.

Initially there is a large hydrostatic pressure gradient at the exit, which leads to a large

and positive extensional stress that acts to thin the shelf rapidly. Meanwhile, at 70 km

along the channel (red curve) there is little change in thickness over the first 100 years
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Figure 5.25: Plot showing the evolution of the shelf thickness at equally spaced points
along the shelf. The n = 3 power-law shelf evolves from a uniform thickness towards a
steady-state. Dashed lines provide estimate of the time taken to adjust to a thickening
of 50 m at the calving front, motivated by the retreat of the calving front following a
large calving event - approximately 100 years.

as the thick shelf downstream provides resistance to flow. At the channel exit 90% of

the adjustment to steady state is achieved within 150 years, this is much shorter than in

the Newtonian case (300 years). Further upstream, at 70 km from the source, after 400

years the shelf is very close to its steady-state thickness profile. This can be compared

with the time taken to reach an equivalent stage for the Newtonian case (Fig. 5.18)

which was 1000 years. These long adjustment times may be due to the relatively high

viscosity of the Newtonian shelf, which remains unchanged throughout the evolution.

However, in the shear-and-extension power-law case, as the shelf evolves from the initial

state, it is likely that high strain rates and shear rates are generated. This then leads to

reduced viscosities, which produce a feedback to generate higher strain and shear rates,

and higher velocities. This enables the power-law shelf to evolve more quickly towards

its steady state.

For a calving event increasing the shelf thickness at the calving front from approxi-

mately 200 m (in steady state) to 250 m, it will take approximately 100 years for the

shelf to re-adjust to steady-state, as shown in Figure 5.25. This is half the time required

for a Newtonian shelf.
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Figure 5.26: Thickness profile, speed map, strain-rate map and centreline strain rate for
a steady-state n = 3 power-law shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state. The input thickness is set to be 200 m
thicker than the input thickness of the equivalent shear-only shelf.

Varying Input Thickness

As with the Newtonian shelves, I examined the impact of varying the input thickness of

the shelf.

In Figure 5.26 the input thickness imposed is 200 m greater than the input thickness

for the steady-state shear-only shelf, while the input thickness is reduced in Figure 5.27.

Qualitatively the dynamics are the same as those observed in the Newtonian case only

affecting the flow and thickness profile within the first part of the channel. This sim-

ilarity with the Newtonian case suggests that there is little impact from the feedback

between strain/shear rates and effective viscosity in this region.

Summary: n = 3 Power-Law Shelves with Shear and Extensional Dynamics

In the case of the Newtonian shelf, the inclusion of extensional terms led to a thinning

of the shelf along its entire length in comparison to the shear-only case. This can be

explained by considering the stiffening of the shelf when extensional terms are included.

The stiffening leads to the influence of the channel-exit boundary condition propagating

upstream, acting to pull the fluid downstream and thin the shelf. In contrast, when

extensional terms are included in the power-law case, there was both thinning and thick-

ening of the shelf, although the magnitude of the change was reduced from the Newtonian
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Figure 5.27: Thickness profile, speed map, strain-rate map and centreline strain rate for
a steady-state n = 3 power-law shelf, with dynamics controlled by shear and extension.
For thickness plot: solid blue curve represents shear-only steady state; dashed red curve
represents shear-and-extension steady state. The input thickness is set to be 200 m
thinner than the input thickness of the equivalent shear-only shelf.

case. As with the Newtonian case, the inclusion of extensional terms in the force balance

should act to stiffen and thin the shear-and-extension shelf. However, there must also

be a consequence of including the extensional term in the definition of the power-law

rheology. This would act to reduce the effective viscosity of the shelf, reducing stiffness

of the shelf and the effectiveness to propagate the exit boundary condition upstream. On

the other hand a reduction in effective viscosity may lead to reduced resistance to flow

from shear stresses, which would influence the thickness profile. There are also likely to

be spatial variations in the effective viscosity that will impact the flow dynamics and

thickness profile. In the following section I address the influence of these two components

on determining the steady-state shelf for a shear-and-extension power-law shelf.

5.5.5 Investigating Changes Between Shear-Only and Shear-

and-Extension with Power-Law Rheology

In the previous section the two types of steady-state power-law ice shelf were compared:

shelves with shear-only dynamics and shelves with shear-and-extensional dynamics. In

doing so two features of the problem were changed. Extensional stresses were included

in the force-balance equation, and in addition the extensional strain rate was included

within the rheological model. As two features were varied it is difficult to determine the

influence of each on the subsequent dynamics and thickness profile. Therefore, I devel-
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oped a model that allows the influence of the extensional terms to be varied separately

in the force-balance equation and in the rheological model. I used the variables C1 and

C2 to change the importance of the extensional terms in the force-balance equation and

rheological model respectively. Their values can range between 0 and 1. A value of 0

means the extensional terms have no influence and 1 that these terms have full influence.

The equations for the force balance and effective viscosity become
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Flow Dynamics for Fixed Thickness Profile

To determine the influence of each term I initially chose to keep the thickness profile

constant, as the shear-only steady-state profile and then performed a Successive Over

Relaxation (SOR) calculation to determine the corresponding velocity field, for a range

of C1 and C2 values. To test this methodology I first performed the SOR with small

values of C1 and C2, as this should replicate the shear-only case for which I have an

analytical solution.

Figure 5.28 shows plots for C values of C1 = 0.001 and C2 = 0.001. The top right

plot in Figure 5.28 shows the difference between the speed for the analytical steady-

state solution and the solution obtained using SOR with C1 = 0.001 and C2 = 0.001

(speed from analytical shear-only steady-state minus speed from SOR). We see that there

is very little difference in the velocity field, with maximum differences of approximately

± 0.25 m yr−1 in areas where the flow speed is approximately 800 m yr−1, implying a

relative error of less than 0.05 %. These slight differences are at the channel exit, but

this may be due to the implementation of the channel exit boundary condition, which is

imposed on the width-averaged thickness and velocity in the analytical case, but here is

imposed directly on the velocity field. Differences that emerge along the centreline are

due to the low shear-rates that occur here. In the analytical case these shear rates are

zero and lead to an area of infinite viscosity, however when a numerical method is used

in this situation it is not possible to obtain an infinite viscosity.

In Figure 5.29 C1 = 0.1 and C2 = 1, these values imply that the extensional stresses

in the force-balance equation have been set to have a small influence, while the exten-

sional component of the strain-rate tensor has been included in the power-law rheological

model. We observe that for the new speed field (with C1 = 0.1 and C2 = 1) there is a

region of faster flow in the centre of the channel bounded by regions of slower flow, as
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Figure 5.28: Speed, difference in speed from steady-state shear-only (shear-only minus
new), effective viscosity and strain rate for C1 = 0.001 and C2 = 0.001, for shear-only
steady-state thickness profile. Extensional terms have a minimal influence in both the
force-balance and rheological model.

Figure 5.29: Speed, difference in speed from steady-state shear-only (shear-only minus
new), effective viscosity and strain rate for C1 = 0.1 and C2 = 1, for shear-only steady-
state thickness profile. Extensional terms only fully influence the rheological model.
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shown in the difference plot in Figure 5.29. This suggests that there is a considerable

change to the cross-channel velocity profile, moving from a ‘plug-flow’ like structure in

the shear-only case to a more parabolic profile when extension is included in the power-

law rheology. This is because the shear components of the strain-rate tensor have a less

dominant role controlling the spatial structure of the effective viscosity. This also leads

to a marked change in the effective viscosity field, where the viscosity has decreased by

nearly an order of magnitude throughout the shelf. There is a change in the structure of

the strain-rate field near the channel exit. The strain rate has increased in the margins

of the shelf at the channel exit. This is due to the inclusion of extensional terms in the

rheological model, which act to reduce the effective viscosity, leading to peaks in strain

rate forming in these areas. There is also an arch of high strain rate that connects these

two regions across the channel that was not evident in previous cases. Despite this,

the strain rate in the centre of the shelf at the exit remains fairly unchanged from the

shear-only case.

The influence of the extensional strain rate on the effective viscosity is reduced in Figure

5.30 with the full force-balance equation used, such that C1 = 1 and C2 = 0.1. We now

observe that the shelf velocity at the channel exit has been reduced by approximately

50 m yr−1. In contrast to the previous choice of C values, there is now a reduction in

velocity in the centre of the channel at the exit, while in the margins the flow is faster.

Here there is a spatial structure to the effective viscosity field across the width of the

shelf at the channel exit due to the variation in shearing across the channel width. This

leads to a central region of high effective viscosity bounded by weaker viscosities. At

the channel exit the flow is determined by the extensional stress boundary condition,

which is implemented pointwise along the boundary in this model. The model assumes

a uniform shelf thickness across the channel width. Therefore in areas with weak vis-

cosity (margins), the resulting strain rates are high, leading to fast flow. Whereas, in

the centre of the shelf the effective viscosity is high and therefore the flow is slower.

The analytical shear-only solution, implements the channel-exit boundary condition on

the width-averaged speed using the width-averaged effective viscosity. This leads to the

spatial variation in speed between the two models. The inclusion of extensional terms

in the force-balance equation allows these effects at the boundary to propagate further

upstream than in the shear-only case, leading to a slight increase in flow speed upstream

from the exit. The high strain rates in the margins can be seen in the strain-rate plot

in Figure 5.30. These areas appear to be linked by an arch of high strain rates that

traverses the channel within the final 40 km of the channel.

Figure 5.31 shows the case where the extensional terms have full influence in both the

force-balance and rheology (C1 = 1 and C2 = 1). Here we observe that the speed at
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Figure 5.30: Speed, difference in speed from steady-state shear-only (shear-only minus
new), effective viscosity and strain rate for C1 = 1 and C2 = 0.1, for shear-only steady-
state thickness profile. Extensional terms only full influence force-balance.

Figure 5.31: Speed, difference in speed from steady-state shear-only (shear-only minus
new), effective viscosity and strain rate for C1 = 1 and C2 = 1, for shear-only steady-
state thickness profile. Extensional terms are included fully in both rheological model
and force-balance.
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the channel exit is slightly reduced from the shear-only case, a result of the inclusion

of the extensional term in the force-balance equation. The cross-channel contours in

speed are slightly flattened in the centre of the channel and are stretched a little in the

along-channel direction. This is due to the inclusion of extension in both terms. In

the force-balance equation the extensional term acts to stiffen the shelf pulling the fluid

towards the channel exit. On the other hand, the inclusion of the extensional term in

the rheological model means the value of the effective viscosity is not solely dependent

on the shear rate. Therefore, as strain rates tend to be greater in the centre of the shelf

the variation in effective viscosity across the channel width becomes less pronounced,

reducing the prominence of the narrow shear margins and preventing the formation of a

central plug-flow region.

When considering the difference in speeds between the shear-only case and this case,

with shear-and-extension in all terms (Fig. 5.31b), it is clear that there are two different

effects. Firstly, at the immediate channel exit the difference in speed takes the same

form as when extensional terms are included in the force balance equation. There is a

reduction in speed in the centre of the shelf and an increase in the margins. Secondly,

back from the exit there is an increase in speed along the centre of the channel and a

decrease to either side. This is similar to what is observed when extension is included in

the rheological model. The effective viscosity map (Fig. 5.31c) has a similar structure

and magnitude to the case when extension is included in the rheological model as would

be expected, while the strain-rate field (Fig. 5.31d) has a similar structure to the case

when extensional stresses are considered in the force-balance equation.

Evolving the shelf thickness profile for a range of different models

Following the approach in the previous section, I used the same model to determine

the velocity field and then evolved the ice-shelf thickness profile towards a steady-state,

iterating for a new velocity field at each time step in the evolution of the shelf thickness.

Figures 5.32a and 5.32b show the steady-state thickness profile and dynamics respec-

tively for C parameter values of C1 = 0.1 and C2 = 0.1. Here we see that the shelf

has thickened slightly in comparison to the shear-only case. This thickening is almost

uniform along the entire length of the shelf. In response to this thickening and in order

to maintain a constant flux through the shelf, the flow speed is reduced, reaching a peak

of over 600 m yr−1 at the exit of the channel. The reduction in speed can be seen in the

speed-difference plot in Figure 5.32b. As both C values are reduced we would expect

the results to be similar to the shear-only case, but there are some differences. One

substantial difference are the peaks in strain rate found in the margins of the shelf at

the exit. These features are not found in the shear-only cases, where there is a central
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maximum. This may be due to the different methods used to implement the boundary

condition in the two cases: using the width-averaged effective viscosity and strain rate

for the analytical solution for the shear-only shelf; but implementing the condition point-

wise for this numerical model. The broad scale changes to the shelf thickness and speed

suggest that C values of 0.1 are not small enough to completely reduce the influence of

the extensional terms. However, varying the values of the C parameters does provide a

useful method for determining the different influences from inclusion of the extensional

terms in the force-balance and rheological model separately.

The influence of the extension in the force-balance equation is reduced in Figures 5.33a

and 5.33b, where C1 = 0.1 and C2 = 1. From Figure 5.33a we see that the inclusion of

the extensional component of the strain rate in the power-law-rheology model leads to a

slight decrease in shelf thickness in comparison to the shear-only case. The difference in

speed is given in Figure 5.33b. Here it is clear that at the channel exit there is a central

region where the shelf is flowing faster (approximately 100 m yr−1 faster) than the shear-

only case. In the channel margins there is a slight reduction in flow speed. This central

region of faster flow extends back from the channel exit, along the centre of the shelf.

This increase in centreline velocity is due to the reduction in the effective viscosity, which

can be seen in the effective viscosity plot (Fig. 5.33b) showing an approximate halving

in viscosity from the shear-only case. The decrease in effective viscosity in the centre

of the shelf allows shear to increase in this region and the central plug region found in

the shear-only case is no longer present. As identified in the early example with a fixed

thickness profile (Fig. 5.29) the strain-rate plot has peaks in the margins of the shelf at

the exit, where there is weak effective viscosity. These regions are then connected by an

arc of high strain rates that spans the width of the shelf.

In contrast to the previous example (C1 = 0.1 and C2 = 1, Fig. 5.33a and 5.33b),

when extensional terms are included to their full extent in the force-balance equation

but reduced in the rheological model, with C1 = 1 and C2 = 0.1, (in Fig. 5.34a and

5.34b) we observe that there is a slow down in the flow in the centre of the channel at

the exit. This is associated with a thickening of the shelf, from 50 km downstream to

the exit. With the inclusion of the extensional term in the force-balance equation, this

leads to a stiffening of the shelf, particularly along the centre of the shelf where there is

relatively high effective viscosity. An exception to this is in the margins of the shelf at

the exit, where there is again high strain due to the weak effective viscosity in this area

of high shear. The spatial distribution of the effective viscosity can be seen in Figure

5.34b and contrasted with that in the previous example (Fig. 5.33b) and the case where

both C values are small (Fig. 5.32b). From these plots it is clear that the inclusion of

extension in the force-balance equation leads to stiffening and in areas of high viscosity
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(a)

(b)

Figure 5.32: (a) Steady-state thickness profile for shelf with extensional parameter values
C1 = 0.1 and C2 = 0.1 (red dashed curve) and shear-only shelf (blue solid curve). (b)
Corresponding plots for C value thickness profile: Speed; Shear-only speed minus C
value speed; effective viscosity; and strain rate.
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(a)

(b)

Figure 5.33: (a) Steady-state thickness profile for shelf with extensional parameter values
C1 = 0.1 and C2 = 1 (red dashed curve) and shear-only shelf (blue solid curve). (b)
Corresponding plots for C value thickness profile: Speed; Shear-only speed minus C
value speed; effective viscosity; and strain rate.
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a reduction in the strain rates (and shear rate). This leads to an increase in the effective

viscosity, forming a high viscosity area near the channel exit that is not observed in

previous examples. High effective viscosity at the channel exit suggests reduced shear

in this region, which is clear from the speed map. This high effective viscosity reduces

the magnitude of the strain rate generated due to the imposed channel-exit boundary

condition. As the strain rate at the channel exit is reduced so is the speed of the flow,

which leads to a thickening of the shelf.

Both extensional terms in the force-balance equation and rheological model are included

in Figures 5.35a and 5.35b, with C1 = 1 and C2 = 1. From the thickness profile plot

in Figure 5.35a there is a slight thinning of the shelf in comparison to the shear-only

case. This thinning is similar to the change observed in the Newtonian case, when ex-

tensional terms are considered. The shelf dynamics and effective viscosity are shown in

Figure 5.35b. From the speed-difference plot, comparing the shear-only and shear-and-

extension speed maps, it is clear that in the centre of the channel at the channel exit

the shear-only shelf has faster flow in a 10 - 15 km region back from the exit, while in

the margins the flow is slower for the shear-only case. This may be due to the imple-

mentation of the boundary condition in the shear-only analytical calculation. At the

channel exit there is a large spatial gradient in the effective viscosity across the width

of the shelf because in the centre of the shelf there are relatively low shear rates, but

high shear in the margins. Therefore, there is a spatial variation in the effect of the

channel-exit boundary condition, which uses a uniform shelf thickness across the width

of the channel. Where effective viscosity is low (margins) the induced strain rate will be

larger than in areas with high effective viscosity (centre). This is observed in the strain

rate map, with peaks in the margins and relatively low strain rates in the centre of the

shelf at the exit.

The inclusion of extensional terms in the force-balance equation also has an impact

on the flow speed at the channel exit, as observed in Figure 5.34b with C1 = 1 and

C2 = 0.1. This acts to stiffen the shelf and allows the effects of the channel-exit bound-

ary condition to propagate further upstream. However, as the shelf is stiffer there is

additional resistance to the flow, as the section of shelf at the channel exit must pull on

the shelf further upstream, which acts to slow the flow at the exit. Upstream from the

channel exit, we observe an increase in flow speed in the central section of the flow for

the shear-and-extension case. Again this is due to the stiffening of the shelf with the

inclusion of extensional terms in the force-balance equation. The stiffening acts to slow

the flow at the exit, but in turn pulls the upstream section of the shelf towards the chan-

nel exit. In the shear-only case the effect of the extensional stress boundary condition

is only felt in a small region close to the channel exit. However, with the inclusion of
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(a)

(b)

Figure 5.34: (a) Steady-state thickness profile for shelf with extensional parameter values
C1 = 1 and C2 = 0.1 (red dashed curve) and shear-only shelf (blue solid curve). (b)
Corresponding plots for C value thickness profile: Speed; Shear-only speed minus C
value speed; effective viscosity; and strain rate.
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(a)

(b)

Figure 5.35: (a) Steady-state thickness profile for shelf with extensional parameter values
C1 = 1 and C2 = 1 (red dashed curve) and shear-only shelf (blue solid curve). (b)
Corresponding plots for C value thickness profile: Speed; Shear-only speed minus C
value speed; effective viscosity; and strain rate.
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extensional terms in the force balance the effect of the channel-exit boundary condition

can propagate further upstream. From the speed-difference plot I can infer that, in the

shear-only case, the information from the channel-exit boundary condition influences the

flow in the final 10 - 15 km of the channel. However, in the shear-and-extension case,

this information propagates further upstream leading to an increase in speed of approx-

imately 25 - 50 m yr−1. Consequently there is a thinning of the shelf in comparison to

the shear-only case.

Including extensional terms in the rheological model prevents the formation of a promi-

nent central plug-flow as the effective viscosity along the centre of the shelf has been

reduced. This leads to a more parabolic-like cross-channel speed profile and contributes

to the increase in speed in the centre of the shelf as observed in Figure 5.35b. As in the

early strain-rate plots, here there are peaks in strain rate in the margins at the exit and

an area of relatively high strain rate that spans the width of the channel at the exit.

Summary

From the set of model runs in the previous section, where the influence of the extensional

terms in the force-balance equation and rheological model are varied, it is evident that

the effects of adjusting these two components are complex. One key difference between

the two appears to be the effect at the downstream end of the channel versus further

upstream. When extension is included in the force-balance equation, this leads to a slow

down in speed in the centre of the shelf at the channel exit. This is because including

extension acts to stiffen the shelf and there is therefore more resistance to flow at the

exit due to the slower flow upstream, which resists some of the extension at the front.

When extension is included in the rheological model there is a decrease in the effec-

tive viscosity throughout the shelf by approximately 50%. The effect is most prominent

along the centreline of the shelf, as there is no longer a central plug-flow region, but a fast

flowing central peak that flows faster than the same region in the shear-only steady state.

In both cases, there are differing effects between the central region of the shelf and

the margins. Throughout most of the length of the shelf margins there is little change as

the influence of extensional terms is varied. However, there are some prominent changes

at the channel exit. When extension is included in the rheological model, the cross-

channel velocity profile is changed from plug flow to a more even near-parabolic profile.

Therefore, there are no longer areas of such high shear in the margins at the exit, which

increases the effective viscosity it those regions, reduces the strain rate at the exit and in

turn the flow speed. In contrast, when extension is included in the force-balance equation,
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there is an increase in speed in the margins. This is partly due to the pointwise imple-

mentation of the channel-exit boundary condition. However, there is also an increase in

shear in the margins as there is a wide central region of fast flow due to the increased

stiffness in the shelf which resists deformation in the central section of the shelf. This

increase shear in the margins leads to reduced effective viscosity and therefore faster flow.

The individual effects of the inclusion of extensional terms can be seen when both are

included in Figure 5.35b, with decreased flow in the centre of the shelf at the channel

exit, but increased flow in the centre further back from the exit. The magnitude of these

differences is partly dependent on the rate factor, which determines the magnitude of

the effective viscosity and therefore the stiffness of the shelf when extensional terms are

included in the force-balance equation.

5.6 Conclusion

5.6.1 Thickness profile

For an ice shelf in a parallel-channel, with dynamics dominated by the lateral shear

between the channel walls, a similarity solution for the shelf thickness produces an al-

most linear profile, which is slightly convex. This profile becomes more convex at the

downstream boundary for the steady-state shear-only shelf. In the steady-state case, an

extensional-stress boundary condition is imposed at the exit, which balances the exten-

sional stress in the shelf with the hydrostatic pressure of the ocean. The shelf thickness

profile is determined by the boundary condition at the channel exit and the shear dy-

namics in the shelf, which balance the imposed input flux.

Including extensional dynamics in the shelf model allows different input thicknesses to be

imposed upstream. However, the majority of the thickness profile remains unchanged,

with a small extensionally controlled region near the source, where the shelf thins or

thickens rapidly, to adjust to the downstream thickness profile. The inclusion of exten-

sional dynamics acts to stiffen the shelf. This can lead to thinning of the shelf as the

extensional stress from the channel-exit boundary condition can propagate upstream.

If the shelf has a large viscosity the resistance to extension is increased and the shelf

thickens.

For shelves in a diverging channel, the thickness profile takes a concave profile, with

rapid thinning near the source. The similarity solution implies the shelf thins like 1/x in

the Newtonian case and more rapidly, like 1/x2, in the case of an n = 3 power-law. The

thickness profile is dependent on balancing the hydrostatic pressure, with the resistance
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from shear stresses and the lateral spreading of the shelf. In the upstream section, where

the shelf is narrow, there are high shear stresses which can lead to the formation of a

very thick shelf.

5.6.2 Shelf Flow Dynamics: Speed and Strain Rate

For a diverging shelf, there is a large gradient in thickness at the upstream end of the

channel as the shelf leaves the source, and as shear-dominated flow is dependent on the

thickness gradient (∂H/∂x) this results in fast flow. Upstream the shelf is narrow and

thick, generating resistance from shear stresses and the lateral spreading of the shelf.

As the shelf leaves the source it slows, leading to negative strain rates. The dynamics

are dependent on the effective viscosity, with low effective viscosities leading to positive

strain rates in the downstream regions as the resistance to flow is reduced. For low

effective viscosities, the resistance to flow from lateral spreading is reduced and the flow

dynamics appear similar to those in the parallel channel case.

For the parallel cases the shelf thins in the downstream direction and, in order to main-

tain constant flux, there must be acceleration of the flow. The similarity solution and

shear-only steady-state shelves produce parabolic (n = 1) or plug-flow (n = 3) cross-

channel profiles. However, these are modified with the inclusion of extensional dynamics.

The consideration of extensional dynamics acts to stiffen the shelf so that flow is reduced

at the channel exit, due to the resistance from slower flow upstream. However, this stiff-

ening also acts to increase the flow speed in the upstream sections of the shelf. The

magnitude of this effect is dependent on the value of the effective viscosity.

When the extensional component is included in the rheological model it acts to de-

crease the effective viscosity throughout the shelf, but the most pronounced change is

along the centre of the shelf where there are the highest strain rates. Therefore, this leads

to an increase in flow speed along the centre of the shelf. When the extensional-stress

boundary condition is implemented pointwise along the channel exit, there is an increase

in the strain rate in the margins of the shelf. Here there is high shear and therefore

weak viscosity, which enables high strain rates to be obtained in these regions. With

the inclusion of extensional terms, there are peaks in strain rate at the channel exit in

the margins and high strain rate across the channel width, similar to that observed for

Amery Ice Shelf.

5.6.3 Comparison to Amery Ice Shelf

The steady-state shear-only shelves confined to parallel channels produce shelf thickness

profiles and speed fields that are broadly similar to those in the final two thirds of Amery
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Ice Shelf. The Newtonian case provides a good estimate, but the structure of the veloc-

ity field is much improved when a shear-thinning rheology is used. Quantitatively, the

steady-state n = 3 power-law shelf, with shear-dominated dynamics, provides a good fit

to Amery. The shelf thins from approximately 550 m to 200 m over the 280 km length

of the shelf, achieving a speed of 800 m yr−1 at the channel exit.

These shear-only, parallel-channel models produce isolated peaks in strain rate at the

centre of the channel exit. When a diverging channel model is used, with a low effective

viscosity, there is often a large area of high positive strain rates near the channel exit.

Qualitatively, this region looks like the region of high positive strain observed in the final

third of Amery Ice Shelf.

With the inclusion of extensional dynamics, slight improvements are made to the model

fit to Amery Ice Shelf, particularly with regard to the strain-rate field, which no longer

has a central peak at the channel exit, but rather a central region with strain-rate values

of approximately 0.005 yr−1, with larger values in the margins, where there is high shear

and weak effective viscosity.
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Chapter 6

Fluid-Mechanical Experiments

Simulating the Flow of an Ice Shelf

6.1 Introduction

I performed a series of experiments designed to simulate the flow of an ice shelf in a

parallel channel. For each experiment the rheology of the fluid used to simulate the ice

shelf was varied. A Newtonian rheology was used along with two shear-thinning power-

law fluids consisting of different concentrations of Xanthan gum. This collection of fluids

had power-law flow exponent values of n = 1, n ≈ 6 and n > 6. Comparisons can then

be made with idealized models and geophysical data. Here there is also potential to vary

many parameters systematically such as: shelf rheology; input flux; channel geometry,

to assess the impact on the shelf thickness profile and flow dynamics.

6.2 Experimental Set Up

A set of experiments were performed simulating the flow of an ice shelf confined within

a parallel channel. From these experiments, surface velocities and the evolution of the

shelf-thickness profiles were measured to make comparisons with idealized models and

geophysical data. A side-view and plan-view schematic of the experimental set up is

shown in Figure 6.1.

The viscous fluid representing the ice shelf was confined to flow within a parallel chan-

nel formed from two wall sections each 1 m long and 6 cm tall. One channel wall was

opaque, while the other was transparent so that images of the current profile could be

taken through the channel wall with an SLR camera, thereby capturing the evolution

of the shelf thickness during the experiment. These channel walls were placed within

a large shallow tank (width 1 m, length 2 m and depth 5 cm), and were positioned at
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the centre of the shorter (1 m) wall, so that they were placed against the end of the

tank. The channel therefore occupied half the length of the tank. An end-plate was

placed between the walls to form a sealed end and to keep the channel width fixed. An

additional bracket was placed across the top of the two side-walls mid-way along the

channel, which ensured a fixed channel width. (This bracket did not interfere with the

internal geometry of the channel.) For the set of experiments presented here the channel

width was held constant at 10 cm.

The large tank was filled to a depth of 2-3 cm (depth set specifically for each experiment)

with a dense salt solution that represents the ocean. For the Xanthan gum solutions,

which have a density of 1×103 kg m−3, the ocean consisted of a brine solution of sodium

chloride, with a density of 1.1 × 103 kg m−3. In contrast, for the denser Golden Syrup

currents (density 1.44×103 kg m−3) the ocean was a potassium carbonate solution, with

density 1.54 × 103 kg m−3. This density ratio of shelf current to ocean was set to be

approximately 0.9, which matches the geophysical case.

Above the closed end of the channel was placed a reservoir of viscous fluid, which was

kept at a constant depth by the immersion of a plastic block that displaces the equivalent

volume of fluid that has left the reservoir. The position of the plastic block was con-

trolled manually while the experiment was running. The fluid flowed from the reservoir

into a vertical cylindrical pipe and was deposited in the centre of the channel, next to

the end-plate, onto the surface of the dense salt solution. This arrangement acted as a

gravity-feeding system for the supply of fluid at a constant rate into the channel. The

flow of fluid from the reservoir was initiated by the removal of a rubber bung from the

end of the delivery pipe. The viscous fluid was then free to spread on the surface of the

salt solution within the channel and flow towards the exit. Once the fluid shelf leaves

the confines of the channel there was no further confinement until it met the end of the

large tank.

The flow of the ice shelf within the final 40 cm of the channel was filmed from above

by a video camera that captured 5 frames per second. White tracer particles of 1-2 mm

diameter were deposited randomly on the surface of the ice shelf current (dyed dark blue)

close to the input pipe. The particles were dropped from a chute onto a sieve, which

distributed the particles randomly across the surface of the shelf. The flow rate of the

particles from the chute was adjusted so that there were approximately 3-4 particles per

square centimetre.

The evolution of the flow was also monitored from a side viewing camera, which captured

the evolution of the shelf thickness profile, through the transparent wall.
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(a)

(b)

Figure 6.1: Schematic depicting the experimental set up used to simulate the flow of an
ice shelf in a parallel channel. Side view (a) and plan view (b). The large shallow tank
in which the parallel channel is situated is filled to a set depth with a dense salt solution,
the surface of this salt solution is denoted by z = 0. Less dense viscous fluid flows from a
reservoir at a constant rate to the sealed end of a parallel channel. This fluid is then able
to spread under gravity. Tracer particles are deposited on the surface of the current from
a hopper through a sieve to distribute the particles. These particles and the current is
filmed from above so that a surface velocity field can be inferred. Images of the profile
of the current are captured from a side viewing camera while the current is confined in
the channel.
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All the experiments where undertaken in the same basement laboratory, with an ap-

proximately constant temperature of 20 ◦C. The mixing of the Xanthan solutions and

running of the corresponding experiment was performed within 8 hours in all cases, in

order to minimize any degrading of the Xanthan solution. Once the large tank was

filled with salt solution (representing the ocean), it was left for at least an hour be-

fore the experiment was run to ensure the salt solution was at room temperature. The

Golden Syrup and Xanthan solutions were also stored at room temperature prior to the

experiment.

6.3 Data Processing

6.3.1 Processing Thickness Profile Data

Side-view images of the sheet-shelf system were captured every 4 seconds during the

experiment through the clear channel wall with an SLR camera. These images were

then processed with MATLAB to determine the elevation of the current above the dense

salt solution. An example image from the SLR camera is shown in Figure 6.2. The

image was first cropped to include only the length of sheet/shelf confined within the

channel above the water line and approximately 50 cm upstream from the exit. Image

processing in MATLAB was used to identify the extent of the current above the water

line by identifying the change in colour between the cross-section of the current against

the transparent wall and the surface of the current, which is covered in tracer particles.

This boundary can be seen clearly in Figure 6.2. The vertical extent of the current

at each pixel point along the length of the channel was then used to determine the

elevation of the current above the water line. This point-wise elevation was smoothed

using a low-pass Gaussian filter, and converted to elevation measurements in millimetres

and along-channel distance in centimetres. The elevation of the current above the ocean

level is calculated for each experiment and shown in the sections below. The location of

the grounding line can be determined by the point at which there is a change in the slope

of the upper surface, with the grounded section being much steeper than the floating

shelf. For both the Newtonian and shear-thinning shelves, a steady-state is not achieved

within the time frame of the experiment and the thickness profiles continue to evolve,

with the grounding line advancing along the channel.

6.3.2 Processing PIV data

Images of the surface of the current were captured every fifth of a second from a camera

mounted above the experiment. Particle Image Velocimetry (PIV) was calculated from

the deformation and translation of tracer particles distributed on the current surface
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Figure 6.2: Image used to calculate the elevation of the current above the water line
for a 1.5% Xanthan current. The blue fluid, representing the sheet-shelf, flows in the
channel from the source on the right towards the channel exit on the left. The dense salt
solution can be seen in the foreground and forms a line along the length of the channel
above which I calculate the elevation of the sheet-shelf. Each mark on the scale bar at
the left end of the channel indicates one centimetre. The red dashed line added to the
original image identifies the level of the dense salt solution representing the ocean, while
the yellow dashed line indicates the surface of the sheet-shelf current.
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using the computer software DIGIFLOW. Velocity vectors were calculated on a grid

with a 4 mm spacing, with velocities calculated from the deformation and translation of

sets of particles between consecutive frames within an 8 mm square centred on the grid

point. The velocity was then interpolated onto a 0.5 mm grid. This PIV processing was

performed for a number of short intervals for all the experiments run.

As part of the analysis of this surface-velocity data, some further processing was made

to the PIV data in MATLAB. Firstly, the velocity field was averaged over a 4 second

interval, with the aim of removing small scale noise. Typical velocities for these flows

were between 2 and 5 mm s−1 and therefore it was expected that there would be very

few changes to the flow in the four seconds over which the average was calculated. In

addition to this, a low-pass Gaussian filter was applied to each velocity field, in a similar

manner to the spatial filtering (smoothing) of the geophysical data in Chapter 3. Here

again, the aim was to reduce noise in the data, but also to smooth the velocity field

between areas where there are differing distributions of tracer particles, leading to errors

in the velocity field where there were insufficient particles. This low-pass Gaussian filter

had a standard deviation of 4 mm and a range of 10 mm. The filtering was performed for

individual time steps during the experiment, these were then used to calculate a time-

averaged velocity field, over a four-second interval, which could be directly compared to

the time averaging of the original PIV velocity field.

6.3.3 Assessing Experimental Data

In the following sections, results from the fluid-mechanical experiments simulating the

flow of an ice shelf within a parallel channel are given. I chose to perform experiments

with Golden Syrup, as this is a Newtonian fluid with constant viscosity (at fixed tem-

peratures), and also two shear-thinning fluids of differing Xanthan concentrations. Here

I choose 1% and 1.5% concentrations. Work by Sayag and Worster (2013b), using a

1% Xanthan solution, mixed in a similar manner to the method used here, found the

flow exponent to be n ≈ 6, with a consistency index µ̃ ≈ 10 Pa s1/n (µ̃ = B/2). Lower

concentrations of Xanthan would produce a flow exponent closer to n = 3, as would be

appropriate for ice, but the consistency index would not be large enough for the fluid to

be considered viscous in this situation. The main aim of using these fluids was to iden-

tify the differing dynamics between Newtonian and shear-thinning fluids in this set up,

and to determine whether the increase in Xanthan concentration makes an appreciable

difference.

A plot showing the evolution of the shelf-elevation profile in each case is given, which

is derived from side-view images. In addition to this, surface velocity data is presented
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for a number of time intervals for each experiment. Two different plots of along-channel

velocity are presented:

• The first is the initial PIV data, inferred from the deformation and translation

of groups of particles between frames and calculated using the computer software

DIGIFLOW.

• Secondly, a low-pass Gaussian filter was applied to the PIV data, in a similar

manner to that applied to the geophysical data in earlier sections.

For each method a snapshot velocity-field is given, calculated from the displacements

between two consecutive frames, along with an average velocity-field, calculated over a

4-second (20 frame) interval. From this an average velocity field and a strain-rate plot

are given along with a transect of velocities along the sheet-shelf centreline. None of the

currents shown here reach a steady-state during the experimental run and therefore the

thickness profiles and velocity fields shown here represent transient states.

6.4 Results

6.4.1 Newtonian: Golden Syrup

Elevation Profile

Figure 6.3 shows a plot of the evolution of the elevation profile for a Golden Syrup ice

sheet-shelf system above a 2 cm deep salt solution. The system is flowing from right to

left. In Figure D.2 in the Appendix an example of the image processing and subsequent

smoothing of the profile can be seen. From this it is clear that the maximum variation

of the smoothed profile away from the smoothed profile is 0.5 mm. These variations are

mainly due to the varying presence and absence of tracer particles on the surface of the

current leading to errors in determining the position of the surface. The smoothing of

the profile reduces the significance of these errors.

From Figure 6.3 we see that the early-time profile in this plot has a sloping sheet to

the right that transitions into a long shelf. For this first profile it is difficult to determine

the exact location of the grounding line from the processed data, as there isn’t a sharp

change in the slope of the sheet-shelf surface, but it appears to be between 21 and 35

cm back from the channel exit. Here the most likely location of the grounding line is ap-

proximately 33 cm back from the channel exit, at the base of the linear sloping grounded

section. This inaccuracy is partly due to the presence of a surface bulge between 15 and

20 cm, which is present at the same location throughout the experiment. This surface

undulation is identified in the original images that can be seen in Figure D.1 in the
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Appendix, where it is evident that the bulge is found midway along the channel between

15 and 20 cm back from the channel exit. I hypothesise that the presence of this bulge is

due to flow in the initial stages of the experiment, where a thick section of shelf formed

at the nose of the current, following the initiation of the input flux from the gravity

feeder with the removal of the rubber bung. This thick nose may have made contact

with the channel wall at this location, leaving a residual mark on the wall. At early

times, before the grounding line has entered the field of view this bulge is present in an

otherwise thin shelf, as shown in Figure D.1a. As this undulation is present throughout

the experiment it is clear that it is not a dynamic feature, but instead masks the true

location of the current surface. I therefore use dashed lines in Figure 6.3 to indicate the

approximate location of the true surface, from visual assessment and comparison with

the original images (Fig. D.1).

As the system evolves in time, the grounded section of the current thickens and the

grounding line advances from 33 cm to approximately 19 cm back from the channel exit,

over the final five intervals shown here; covering a period of 10 minutes and 40 seconds.

There is a distinctive difference between the slope of the current when grounded, which

is close to linear, and the slope once the current is floating. For the floating shelf, there

is at first an almost-flat section near the grounding line before the shelf thins towards the

channel exit. The elevation of the shelf at the exit appears to increase with the evolution

of the system. This is expected as the shelf evolves and may be due to the advance of

the grounding line and the corresponding evolution of the flow within the shelf as lateral

shear increases for a thicker shelf.

From this set of profiles, characteristic features of the system can be identified, from

right to left: a steep and linearly sloping grounded sheet, which thins to the grounding

line and thickens in time; downstream of the grounding line there is a gently sloping,

almost flat region of floating shelf with dynamics controlled mainly by shear stresses;

and in the final 10 cm (one channel-width) of the channel the shelf thins rapidly with a

nonlinear convex slope, where extensional dynamics become important.

When comparisons are made with the thickness profiles for ice shelves determined in

the earlier theoretical work (Chapter 5), a distinctive difference between Newtonian and

shear-thinning shelves was the more convex profile for Newtonian shelves, while shear-

thinning shelves thinned in a more linear manner. From this experiment it is clear, for

this Newtonian shelf, that the rate of thinning does increase towards the exit leading to

a convex profile.

There are some small-scale undulations present in the elevation profiles, which appear
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fixed in position. This is most likely due to the presence of tracer particles that have

become stuck to the channel walls and remain fixed in position for extended periods of

time. These particles therefore give the impression that there is an undulation in the

sheet-shelf surface when the image is processed. Many of these undulations have an

amplitude smaller than 0.5 mm.

It is observed visually during the experiment, that there is little variation in the elevation

of the shelf across the width of the channel, implying that the along-channel elevation

profile derived from the elevation along the side wall is representative of the elevation

across the entire channel width. The presence of only small variations in the current

elevation across the channel width is confirmed by the cross-channel velocity field, an

example of which can be seen in Figure D.3 in the Appendix, for this Golden Syrup

experiment. It is evident that there are only small cross-channel velocity values along

the length of the channel, except near the channel exit, where there is slow flow away

from the walls and towards the centre of the current as the shelf nears the exit of the

channel. It is expected that variations in the shelf elevation/thickness across the width of

the channel will induce lateral flow, as variations in thickness lead to varying hydrostatic

driving pressures.

Interval 1

For the first interval of this experiment, 130 seconds after the first tracer particles leave

the channel exit, there is a large section of floating shelf with the grounding line found

approximately 35 cm from the channel exit. This is shown in the velocity field plots

in Figures 6.4 and 6.5. Within the channel, there is a parabolic cross-channel profile in

Figure 6.3: Elevation profile for the second Golden Syrup current in a parallel channel.
Different coloured curves represent profiles at a series of times corresponding to the time
after the first tracer particles left the channel exit.
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velocity, which is suggested by the velocity fields in Figures 6.4a, 6.4b, 6.5a and 6.5b, and

confirmed by the cross-channel velocity profiles, in Figure 6.6, where quadratic curves

have been fitted to the data. In the channel margins of the speed plots there is a noisy

signal, where I would expect a smooth transition to the no-slip boundary condition, as

shown in the initial velocity field in Figure 6.4a. However, this is improved when a time

average is taken (Fig. 6.4b) and improved further when the Gaussian low-pass filter and

time averaging are applied (Fig. 6.5b). This noise is likely to be due to the insufficient

density of particles in these margins, where there is relatively slow flow and also the

proximity of the channel walls, which limit the size of the window that can be used in

the PIV processing to determine a velocity for these areas. This noisy velocity signal

within the margins leads to falsely high strain-rate values, as can be seen in Figures 6.4c

and 6.5c.

From the cross-channel profiles in Figure 6.6, it can be inferred clearly that while the

shelf is confined there are no-slip boundary conditions along the channel walls, which re-

sults in a parabolic cross-channel profile for this Newtonian fluid. This parabolic profile

is also consistent with a uniform cross-channel thickness, as assumed in the theoretical

work in Chapter 5. In contrast to the profiles within the channel, once the shelf has left

the channel there is an almost uniform cross-shelf velocity profile, as shown by the cross-

channel profile at 400 mm in Figure 6.6. This indicates a clear distinction between the

dominant dynamics controlling the flow in the channel, where there is lateral resistance

from the channel walls resulting in shear flow, and once the shelf leaves the channel

this lateral resistance is removed (no shear) and the flow is controlled by extensional

dynamics only.

At the upstream end of the the strain-rate plots (Figs. 6.4c and 6.5c) there is a band of

negative strain rate followed by a band of positive strain rate that both transverse the

width of the channel. These are positioned close to the location of the grounding line,

however are difficult to interpret fully as they are found at the edge of the image used to

calculate the velocity field. These features will be addressed more directly at the next

time interval for this flow, when the grounding line has advanced further into the field

of view.

In the upstream section of the shelf, there is a gradual acceleration of the flow in the

downstream direction, corresponding to an along-flow strain rate of approximately 0.0025

s−1. At 10 cm back from the channel exit there is a prominent acceleration in the current,

which continues to the channel exit. Here, the along-flow strain rate has increased to

approximately 0.01 s−1. This zone is of aspect ratio 1, as the channel width is also 10

cm. This area of acceleration can clearly be identified in the along-channel strain-rate

plots, Figures 6.4c and 6.5c, and the centreline transects Figures 6.4d and 6.5d. This
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Figure 6.4: Original PIV data: Golden Syrup, Interval 1. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.5: Gaussian filtering of PIV data: Golden Syrup, Interval 1. From right to left:
speed plot calculated from displacement between two consecutive frames, with low-pass
Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds; along-
channel strain rate field; centreline transect of time-averaged velocity. Red dashed lines
indicate location of grounding line and yellow dashed line channel exit.
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Figure 6.6: Cross-channel profile of along channel velocity at a three points in the channel
(100 mm, 200 mm, 300 mm) and one point outside the channel (400 mm), during the
first time interval of the Golden Syrup Experiment. Blue curve indicates Gaussian low-
pass filtered and time-averaged PIV data. Dashed red curve indicates fitted parabolic
profile for those sections within the channel. Purple curve denotes PIV data outside the
channel and spanning the field of view.

transition from gradual acceleration to increased acceleration in the final section of the

channel, corresponds to the rapid thinning of the shelf observed in the final 10 cm of

the channel, following the gradual thinning further upstream, as shown in the elevation

profile in Figure 6.3.

The flow reaches its maximum velocity at the centre of the channel exit. After this

point, the shelf is no longer laterally confined, which means that there is no longer any

resistance to flow provided by the side walls, but also that the shelf can now spread

laterally in addition to the along-channel direction. This lateral spreading of the shelf

and the increase in the transverse velocity causes the along-channel component of the ve-

locity to be reduced after it leaves the channel. The hydrostatic driving pressure induces

flow in both directions once the shelf is unconfined.

Interval 2

The second interval of velocity data for this Golden Syrup experiment is 11 minutes af-

ter the first and corresponds to the 800-seconds (after tracer particles first leave channel

exit) elevation profile shown in Figure 6.3. The grounding line has advanced by approxi-

mately 14 cm in this time and is now found midway along the section of channel, shown

in Figures 6.7 and 6.8, approximately 19 cm from the exit. In both the grounded and

floating sections of the current there appears to be a parabolic cross-channel profile, until
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the shelf leaves the confines of the channel, as confirmed by the cross-channel profiles in

Figure 6.9.

Upstream of the grounding line there is a band of negative strain rate, which spans

the width of the channel. This can be seen in the strain-rate plots in Figures 6.7c and

6.8c. This deceleration is also apparent in the centreline velocity transects. From these

transects we observe that upstream of the grounding line there is little variation in ve-

locity along-flow, but at the grounding line there is a sudden dip in the velocity. This

is followed by a uniform acceleration of the floating shelf towards the channel exit. This

is different from the along-channel acceleration at the previous interval, where there

was an area of gentle positive strain rate downstream of the grounding line, followed by

prominent positive strain rate in an aspect ratio 1 area at the exit. In this case there is

prominent strain rate (approximately 0.075 s−1) throughout the whole shelf. This may

be because there is a steeper thickness profile in comparison to the earlier interval (see

Fig. 6.3), which would result in faster flow for a shear-dominated flow. The shelf is also

thicker in the downstream region near the exit when compared with the previous time

interval considered. This would produce greater hydrostatic driving pressure and in turn

increased extensional stress.

Once the shelf leaves the channel, it is no longer confined and begins to spread laterally.

This spreading leads to a reduction in the along-channel component of the velocity as is

evident in all the velocity plots.

From the cross-channel velocity profiles in Figure 6.9, it is clear that while the sheet-

shelf is confined there is a close-to parabolic cross-channel profile. This supports the

assumption of no-slip lateral boundaries and suggests that in this geometry the grounded

current is thick enough that the shear stress from the lateral boundaries has a strong

control on the dynamics. Here, the grounded current is approximately 2.6 cm thick

(0.6 cm elevation in a 2 cm salt solution, 45 cm back from the channel exit) so we

would expect this lateral shear to influence the flow approximately 2.6 cm in from each

side wall of the 10 cm wide channel. This may not be true at earlier times when the

grounded section of the flow is less thick and therefore the dynamics may be dominated

by the vertical shear. Once the shelf leaves the channel, there is no longer any transverse

shearing of the flow, as is clear in the transect at 400 mm in Figure 6.9, which shows an

almost uniform velocity across the width of the shelf.
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Figure 6.7: Original PIV data: Golden Syrup, Interval 2. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.8: Gaussian filtering of PIV data: Golden Syrup, Interval 2. From right to left:
speed plot calculated from displacement between two consecutive frames, with low-pass
Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds; along-
channel strain rate field; centreline transect of time-averaged velocity. Red dashed lines
indicate location of grounding line and yellow dashed line channel exit.
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Figure 6.9: Cross-channel profile of along channel velocity at a three points in the channel
(100 mm, 200 mm, 300 mm) and one point outside the channel (400 mm), during the
second interval of the Golden Syrup Experiment. Blue curve indicates Gaussian low-pass
filtered and time-averaged PIV data. Dashed red curve indicates fitted parabolic profile
for those sections within the channel. Purple curve denotes PIV data outside the channel
and spanning the field of view.

Fitted profiles

It is clear from the cross-channel profiles in velocity, shown in Figures 6.6 and 6.9, that

while the shelf is confined in the channel a shear-dominated (parabolic) cross-channel

profile provides a good fit to the PIV data. I now apply this idea to the full PIV dataset

with the aim of smoothing the data and attempting to resolve the flow field within

the narrow boundary layer, where poorly resolved velocity data leads to erroneous high

strain rates in the shelf margins.

In the earlier theoretical modelling chapter (Chapter 5) I derived the cross-channel ve-

locity profile for a laterally confined shelf with shear dominated dynamics. For a general

power-law rheology this takes the form

u = (−w)n+1 2−2n

n+ 1

(
ρg′

µ̃

)n(
∂H

∂x

)n [(∣∣∣∣1− 2y

w

∣∣∣∣)n+1

− 1

]
. (6.1)

Here x is the along-channel coordinate and y the cross-channel coordinate. Using the PIV

data I fit a cross-channel profile of this form to each cross-channel profile of observations

using a nonlinear regression. The nonlinear regression takes the form

u = A

[(∣∣∣∣1− 2y

w

∣∣∣∣)n+1

− 1

]
, (6.2)
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where A is dependent on the along-channel position and w is the known channel width.

If this technique provides a good fit to the data then the inferred value of A could be

used to determine the thickness gradient of the shelf at each point along the channel

(compare equations 6.1 and 6.2). For this Golden Syrup experiment with a Newtonian

rheology I use n = 1. The regression to each cross-channel profile uses the weighted

observations from neighbouring cross-channel profiles. For this a Gaussian weighting is

given to the neighbouring cross-channel profiles; four profiles upstream and four down-

stream, in addition to the data from the profile being considered.

This method is only valid for the floating and confined section of the shelf in these

experiments. However, in the figures below the whole dataset is considered, with the

grounded and unconfined sections identified by a transparent mask. This approach also

provides a test of whether it is possible to identify areas where the shear-dominated

assumption may break down, such as near the exit of the channel where the extensional

stresses become important. There is also potential for extension to become important

near the grounding line, where there may be an extensional adjustment region with a

relatively thick sheet adjusting to a thinner shelf.

The fitted velocity field for the first interval of the Golden Syrup experiment is given

in Figure 6.10a, along with the strain rate field and centreline velocity transect. The

velocity plot provides a smooth field with well resolved flow in the margins. The relative

difference between the original PIV data and fitted model is given in Figure 6.10b. Here

it is clear that throughout the central section of the confined shelf there is good agree-

ment and a small relative difference. In the shelf margins the relative difference changes

sign intermittently, suggesting that this is due to the uneven distribution of particles

in the margin, which leads to poorly resolved velocities in some locations, rather than

a consistent under or over estimation. From the strain-rate plot in Figure 6.10)a)iii) it

is now clear that the large strain-rate values are found in a region of aspect ratio one

at the end of the channel and the margins of the channel are areas of relatively low

strain rate. It is evident from the relative difference plot, Figure 6.10b that there is a

change in the dynamics once the shelf leaves the confines of the channel (masked region in

plot), as this shear dominated profile now provides a bad fit to the PIV data as expected.

Similar results are found for the fitted velocity field for the second interval, in Fig-

ure 6.11. Again a smooth velocity field is produced, which agrees well with the original

PIV data in the central regions of the shelf. The velocities within the margins of the

shelf appear to be overestimated in the fitted model. However, when compared with the

original velocity field in Figure 6.7a it is clear that the PIV data is patchy in the margins

206



(a) (b)

Figure 6.10: Results of fitting shear-dominated velocity field to PIV observations for
Golden Syrup experiment, Interval 1: (a) shear-dominated profile fitted to PIV data,
with along-channel strain rate and centreline transect; (b) relative difference plot, original
minus fitted velocity.

(a) (b)

Figure 6.11: Results of fitting shear-dominated velocity field to PIV observations for
Golden Syrup experiment, Interval 2: (a) shear-dominated profile fitted to PIV data,
with along-channel strain rate and centreline transect; (b) relative difference plot, original
minus fitted velocity.
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and does not produce a smooth profile. These features in the margins of the original PIV

are smoothed when a time average is taken (Figure 6.7b), suggesting that this patchiness

is due to insufficient distribution of tracer particles in the margins. When the relative

difference plot is analysed without the masking of the grounded and unconfined regions

(Figure D.4 in Appendix), it is clear that in both regions the parabolic cross-channel

profile underestimates the velocity in the margins and overestimates in the centre of the

current. This implies that in those regions there is a more uniform cross-channel profile

of velocity, and that cross-channel shear is not the dominant mechanism controlling the

flow. While grounded the vertical shear plays a dominant role and once unconfined the

dynamics are controlled by extensional stresses.

6.4.2 1% Xanthan

Thickness Profile

The second experiment, presented here, uses a 1% Xanthan solution to simulate the

ice sheet and shelf. The elevation profile of the sheet-shelf above a 2 cm deep ocean is

given in Figure 6.12, with profiles displayed at 40 second intervals. As with the Golden

Syrup current, an example of the image processing and plots of the elevation profile be-

fore smoothing can be seen in the Appendix; Figure D.5. Again there are mainly small

differences between original and smoothed elevation profiles, but in this case there are

some points with larger differences at the upstream end of the channel. This may be

because there is a variation in the distribution and density of tracer particles along the

length of the current.

From Figure 6.12 we observe the thickening of the grounded current and the advance

of the grounding line, from 40 cm to 5 cm back from the calving front in a 160 second

time period. The slope of the grounded current remains fairly constant as it thickens.

However, the slope of the shelf is almost zero and it is difficult to resolve given that there

are changes in thickness of less than a millimetre over the length of the shelf. This lack

of thickness change along the length of the shelf suggests there is little deformation of

the shelf section of the flow.

As with the previous experiment using Golden Syrup, there are some undulations in

the surface of the sheet and shelf resulting from the presence of tracer particles on the

surface of the current. In contrast to the Golden Syrup experiment here the grounding

line advances much quicker and the grounded section of the current has a steeper slope,

with a gradient of -0.038, in comparison to the -0.015 slope in the Golden Syrup case.
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Interval 1

In Figures 6.13 - 6.14 the grounding line is approximately 16 cm from the channel exit,

and corresponds to 160 seconds after the first tracer particles exited the channel. As the

fluid crosses the grounding line there is a sharp increase in the along-channel velocity.

There is then a further more gradual acceleration as the shelf moves along the channel.

This can be seen in the velocity plots in Figures 6.13a, 6.13b, 6.14a and 6.14b and also

in the centreline velocity transects, in Figures 6.13d and 6.14d.

As in the previous case, the grounding line is highlighted by consecutive bands of large

negative and positive strain rate. In this case the bands appear to be arched/curved

across the channel, suggesting that the grounding line forms an arc across the channel

width, rather than forming a linear feature across the channel width. This feature is

most clear in the strain-rate field calculated from the Gaussian low-pass filtered velocity

as the surrounding small-scale noise has been smoothed out (Fig 6.14c). This zone of

high positive strain rate downstream of the grounding line suggests an adjustment region

between the grounded sheet and shelf in which extensional dynamics are important. This

may be similar to the areas identified in the numerical modelling in Chapter 5, where

there is an extensionally-controlled adjustment zone for a relatively thick sheet joining

a shear-dominated shelf downstream, where the thickness is controlled by the balance

between shear dynamics and the input flux rather than the input thickness.

Once the flow has advanced past the grounding line there is a constant acceleration

of the flow, which continues past the channel exit rather than slowing as is observed in

the Newtonian case. This similarity in dynamics between the confined and unconfined

Figure 6.12: Elevation profile for the 1% Xanthan current in a parallel channel. Different
coloured curves represent profiles at a series of times after tracer particles first leave the
channel exit.
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shelf suggests that there is little lateral resistance to the flow while confined in the chan-

nel and therefore the shelf must slip along the side walls. However, it is clear from the

original PIV data in Figure 6.13 that the narrow boundary layers along the channel walls

are poorly resolved.

Cross-channel profiles of along-channel velocity are shown in Figures 6.15 and 6.16,

at intervals along the channel (100, 200, 275 and 350 mm). Here the profiles represent

the Gaussian low-pass filtered and time-averaged version of the velocity field. For the

profiles in Figure 6.15 a velocity profile for the flow of a shear-dominated shelf with an

n = 5 power-law rheology has been fitted to the data. Here it is clear that the data is

matched well in the centre of the channel, but there is a mismatch in the margins, where

there is a sharp gradient in the profiles. This sharp gradient from fast flow in the centre

to stationary flow on the wall has been smoothed by the filtering, suggesting that the

original PIV data did not resolve a boundary layer of slow flow if one is present. Figure

6.16 shows the same velocity data, however in this case a n = 7 power-law rheology is

used. Here it is evident that there is only a slight improvement in the fit, and again the

margins are poorly resolved. This suggests that the mismatch is due to the slip of the

fluid along the side walls, rather than the inability of the model to simulate the power-

law rheology correctly. It is also clear that the cross-shelf profiles within the channel

(100, 200, 275 mm) have the same features as the profile for the section of unconfined

shelf (350 mm). This implies that the sheet and shelf experience little lateral resistance

while confined in the channel and slip along the channel walls.

Figure D.6 in the Appendix, shows the original velocity data for the experimental cur-

rents determined by the PIV software and calculated from the displacement of particles

within 8 mm squares, before any further interpolation, Gaussian filtering or time averag-

ing is performed. Here the entire image from the video camera is analysed with the PIV

software, including the channel walls and ocean bordering the shelf once it is unconfined.

In these areas there are no tracer particles, and therefore should be zero velocities. It is

clear that in the case of the 1% Xanthan current, shown in Figure D.6 c and d, there is

little change in the cross-shelf velocity profile from the confined to unconfined section of

the shelf. There is a drop-off in flow speed at the edges of the current in a 5 - 10 mm

interval, the exact location of which varies along the length of the shelf. This profile

can be contrasted to the data from the Golden Syrup experiments (Figure D.6 a and b),

where there is a smooth transition to zero velocity at the channel walls while the current

is confined. However, there is a distinctive difference once the shelf is unconfined, with

a sharp reduction in speed at the edge of the flow, in a similar 5 - 10 mm interval at the

edge of the current.
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Figure 6.13: Original PIV data: 1% Xanthan, Interval 1. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.14: Gaussian filtering of PIV data: 1% Xanthan, Interval 1. From right to left:
speed plot calculated from displacement between two consecutive frames, with low-pass
Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds; along-
channel strain rate field; centreline transect of time-averaged velocity. Red dashed lines
indicate location of grounding line and yellow dashed line channel exit.
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Interval 2

Between the first and second interval there is a 34 second gap, with the second interval

occurring 195 seconds after the first tracer particles leave the channel. Plots for this

interval can be seen in Figures 6.17 and 6.18. Here the grounding line has advanced

further down the channel and is approximately 70 mm from the exit. Again the ground-

ing line is associated with bands of negative followed by positive strain rate, which form

curved structures across the channel width. It is difficult to discern any further features

from the velocity-field and strain-rate maps. However, the centreline transects shown in

Figures 6.17d and 6.18d, show constant low acceleration in the grounded sheet, followed

by an area of rapid adjustment at the grounding line, with deceleration and then high

acceleration. This high acceleration suggests an area of rapid extension of the flow as it

thins and adjusts to the dynamics in the shelf. Following this, there is then again uniform

acceleration in the floating shelf at a similar rate to the acceleration in the grounded

sheet. There is no change in acceleration as the shelf leaves the channel, supporting the

idea that the walls exert no resistance on the shelf.

As in the previous time interval, there is also little or no cross-channel gradient in

velocity, especially in the shelf, implying that there is slip along the channel walls or

the velocity is not resolved sufficiently in the margins of the shelf. From the theoretical

modelling in the previous chapter, for a power-law rheology with shear-dominated dy-

namics away from the ends of the channel I expect margins with high shear and close

to uniform flow in the centre of the channel. However, here there appear to be no shear

margins, or they are too narrow to be resolved.

Once the shelf leaves the confines of the channel, there is no evidence of lateral spreading

of the shelf, from the widening of the current, as was observed in the Golden Syrup

experiment. This suggests that the lateral hydrostatic driving pressure is not large

enough to induce significant lateral flow. However, if this is the case, there should

also be insufficient along-channel hydrostatic driving pressure, to drive flow and cause

deformation. We would therefore expect the flow in the unconfined section to be due

to deformation upstream that is transferred through the shelf and acts to push it along.

However, low along-channel acceleration is observed from the grounding line all the

way along the floating shelf, from the centreline transect plots Figures 6.17d and 6.18d.

From the plot of the transverse velocity component and the cross-channel strain rate

in Figure D.7 in the Appendix, there is no appreciable change in the magnitude of the

cross-channel strain rate between the confined section of the shelf and the unconfined

section. This implies that there is little lateral spreading of the shelf once it leaves the
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Figure 6.15: Cross-channel profile of along channel velocity at a three points in the
channel (100 mm, 200 mm, 275 mm) and one point outside the channel (350 mm),
during the first interval of the 1% Xanthan Experiment. Blue curve indicates Gaussian
low-pass filtered and time-averaged PIV data. Dashed red curve indicates fitted cross-
channel profile for shear-dominated flow with n = 5 power-law rheology for those sections
within the channel. Purple curve denotes PIV data outside the channel and spanning
the field of view.

Figure 6.16: Cross-channel profile of along channel velocity at a three points in the
channel (100 mm, 200 mm, 275 mm) and one point outside the channel (350 mm),
during the first interval of the 1% Xanthan Experiment. Blue curve indicates Gaussian
low-pass filtered and time-averaged PIV data. Dashed red curve indicates fitted cross-
channel profile for shear-dominated flow with n = 7 power-law rheology for those sections
within the channel. Purple curve denotes PIV data outside the channel and spanning
the field of view.
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Figure 6.17: Original PIV data: 1% Xanthan, Interval 2. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.18: Gaussian filtering of PIV data: 1% Xanthan, Interval 2. From right to left:
speed plot calculated from displacement between two consecutive frames, with low-pass
Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds; along-
channel strain rate field; centreline transect of time-averaged velocity. Red dashed lines
indicate location of grounding line and yellow dashed line channel exit.
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channel. This suggests that the rheology of the Xanthan solution is allowing some along-

flow deformation, but not lateral deformation once the shelf leaves the confines of the

channel. This may be due to the deformation history of the fluid, which is constrained to

deform in the along-channel direction only while in the channel, deforming significantly

in the proximity of the grounding line, and leads to preferential weakening in the along-

channel direction. It may also be true that as the deformation in this case is occurring

on such small scales, then this may not be accurately captured by the PIV technique.

6.4.3 1.5% Xanthan

Thickness Profile

Figure 6.19 shows the evolution of the elevation profile for a 1.5% Xanthan sheet-shelf

confined to a parallel channel of width 10 cm. The salt solution representing the ocean

is set to a depth of 2.5 cm. In Figure 6.19, elevation profiles are given every 64 seconds

(the non-smoothed thickness profiles can be seen in Figure D.8). Initially there is no

grounded section within the field of view, (at 64 seconds) but rather a long shelf, which

appears to have close to uniform thickness along the length of the channel, thinning

marginally with a change in elevation of approximately 1.5 mm over 35 cm. A grounded

sheet then forms at the upstream end of the channel (right end in plot). As the system

evolves, the grounding line advances downstream and the grounded sheet thickens, re-

taining a linear thickness profile as observed in the two previous experiments. Here the

slope of the grounded current is approximately -0.065, which is steeper than both the

1% Xanthan solution (-0.038) and the Golden Syrup sheet (-0.015).

After 160 seconds the grounding line has advanced to approximately 13 cm back from

the channel exit. Downstream of this a floating shelf is found with an elevation of ap-

proximately 4 mm at the grounding line, thinning to approximately 2 mm at the exit.

Here it is assumed that the rapid thinning in the final centimetre of the channel is an

error from the processing of the side-view images. Within the shelf the thinning is almost

linear, with the possibility of some increased thinning near the channel exit.

Interval 1

Figures for the velocity field from the first interval using the 1.5% Xanthan solution can

be seen in Figures 6.20 - 6.21. Here the grounding line is positioned close to the edge of

the frame of view at the top of the channel, and corresponds to an elevation profile 160

seconds after the first tracer particles exit the channel. After passing the grounding line,

there is a band of high positive strain rates and the shelf accelerates rapidly downstream

before the rate of acceleration is reduced, as can be seen in the centreline transect in

Figures 6.20d and 6.21d. There is a slight reduction in flow speed between the snapshot
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velocity fields in Figures 6.20a and 6.21a, and the time average velocity fields in Figures

6.20b and 6.21b. This suggests that there is a reduction in the velocity in the 4 second

interval over which the time average velocity field is calculated.

From the centreline transects, Figures 6.20d and 6.21d, it is evident that there is signif-

icant acceleration just downstream of the grounding line. This suggests the presence of

an extensionally dominated adjustment region, which in this case is approximately 5 cm

long (half a channel width). Throughout the length of the channel there is a decrease in

the acceleration along the centreline, which continues into the unconfined section of the

shelf. This slow decrease in acceleration may be due to the gradual decrease in the shelf

thickness downstream and therefore a decrease in the hydrostatic driving pressure. De-

spite there being evidence for an extensional adjustment region near the grounding line,

there is no evidence of a similar region near the exit, where we would expect a transition

from shear dominated flow in the confined shelf to extensional flow in the unconfined

shelf. This suggests that there is little or no shearing within the channel and the shelf

is sliding along the lateral walls with the flow controlled by deformation upstream and

the local extensional dynamics. This is confirmed by the original PIV data, as shown in

Figure D.6 e, where again there is little change in the cross-shelf profile as the current

transitions from confined to unconfined. The only change is the magnitude of the central

peak.

As with the previous 1% Xanthan current, here there is little evidence of lateral spread-

ing of the shelf once it leaves the confines of the channel, as can be seen in Figures 6.20

and 6.21. Here the shelf appears to widen slightly but this is mainly due to the absence

Figure 6.19: Elevation profile for the 1.5% Xanthan current in a parallel channel. Dif-
ferent coloured curves represent profiles at a series of times.
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Figure 6.20: Original PIV data: 1.5% Xanthan, Interval 1. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.21: Gaussian filtering of PIV data: 1.5% Xanthan, Interval 1. From right
to left: speed plot calculated from displacement between two consecutive frames, with
low-pass Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds;
along-channel strain rate field; centreline transect of time-averaged velocity. Red dashed
lines indicate location of grounding line and yellow dashed line channel exit.
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of tracer particles in the margins of the confined shelf near the channel exit, which gives

the impression of lateral spreading.

Interval 2

In the 58 second period between the first and second interval, the grounding line has

advanced further down the channel, so that it is now positioned approximately 21 cm

back from the channel exit, corresponding to an elevation profile at 218 seconds. Similar

dynamics to the previous case are present throughout the majority of the sheet-shelf

system, but there has been a reduction in the average velocity of roughly 1 mm s−1. This

is because the current has thickened in this time interval potentially leading to increased

lateral shear-stress against the channel walls. A similar flux can also be maintained due

to the increased thickness of the current. One feature that is particularly different is

the constant acceleration of the flow throughout the entire length of the floating shelf

after the adjustment region near the grounding line. This can be observed in the strain-

rate field inferred from the filtered velocity, Figure 6.23c, and in the centreline transect

plots, Figures 6.22d and 6.23d. This difference can be related to the evolution of the

shelf elevation profile, Figure 6.19, where at early times there is very little variation in

thickness along the length of the shelf. However, as the shelf evolves and the grounding

line advances, there is an increased thickness gradient within the shelf, which would drive

flow and deformation within the floating section of the current.

6.5 Summary/Analysis

6.5.1 Newtonian vs Power-Law

From the experiments presented here it is clear that there are differences between the

dynamics associated with the Newtonian and power-law fluids. While the currents are

grounded, both fluids produce an approximately linear sloping sheet. However, this

slope is increased for the power-law fluids in comparison to the Golden Syrup case, and

there is a further increase for the higher concentration of Xanthan, corresponding to a

larger value of n. For both fluids, the location of the grounding line can clearly be identi-

fied from the elevation plots due to the sharp change in slope between the sheet and shelf.

For the Newtonian shelf, we see that there is a convex thickness profile. The up-

stream section of the shelf has a fairly flat profile, but the shelf thins more rapidly

as it approaches the channel exit, in a region one channel-width back from the exit.

This thinning at the channel exit was identified in the theoretical work in the previous

chapter and is associated with the extensional stresses that become important near the

channel exit. Similar features are not observed for the Xanthan elevation profiles, where
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Figure 6.22: Original PIV data: 1.5% Xanthan, Interval 2. From right to left: speed
plot calculated from displacement between two consecutive frames; time-averaged speed
calculated over 4 seconds; along-channel strain rate field; centreline transect of time-
averaged velocity. Red dashed lines indicate location of grounding line and yellow dashed
line channel exit.

Figure 6.23: Gaussian filtering of PIV data: 1.5% Xanthan, Interval 2. From right
to left: speed plot calculated from displacement between two consecutive frames, with
low-pass Gaussian filter applied; time-averaged filtered-speed calculated over 4 seconds;
along-channel strain rate field; centreline transect of time-averaged velocity. Red dashed
lines indicate location of grounding line and yellow dashed line channel exit.
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there is little thinning of the shelf along its length and the thinning that is present is

approximately linear. This suggests that for the Xanthan case there is not a transition

to extensional dynamics at the mouth of the channel, as in the Newtonian experiment

and the theoretical models.

From the velocity field data for the Newtonian experiments it is clear that a parabolic

cross-channel profile can be fitted to the data, such that there is no-slip along the channel

walls and the peak velocity is found in the centre of the channel. This style of dynamics

breaks down once the Golden Syrup shelf leaves the confines of the channel, where there

is then uniform flow across the width of the shelf, due to the stress-free lateral boundary

conditions.

For both of the power-law fluids considered here, the velocity data indicates that there

is roughly uniform flow across the width of the channel, and little variation between the

confined and unconfined velocity profiles. The uniform velocity across the channel width

can be seen clearly in the cross-channel profiles in Figure 6.15, where the smoothing

of the Gaussian filter gives the impression of narrow boundary layers. These boundary

layers are poorly resolved by the PIV processing. However, it is clear from this data

and the centreline transects of along-shelf velocity that there is little change in the shelf

dynamics between the confined and unconfined sections, which implies that the shelf

must slip along the channel walls.

From the centreline transects of along-channel velocity and the strain-rate plots it is

clear that there are compressional and extensional features associated with the ground-

ing line, in both Newtonian and power-law sheet-shelf systems. In all cases negative

strain rates are found upstream of the grounding line and are followed by extensional

strain once the shelf has formed. These features traverse the width of the channel and

are each 25 - 50 mm long in all cases. For the 1% Xanthan experiment it was observed

that these features formed arched shapes across the channel width, suggesting that the

grounding line was not a linear feature in this case and furthermore that lateral shear

may partly govern the dynamics of the grounded sheet.

In the Newtonian case, extensional regions were found at the channel exit, where the

extensional stresses become important as identified in the theoretical work. However,

this is not the case for the power-law currents, which implies that these shelves do not

transition from shear dominated dynamics to extensional dynamics, but rather are only

governed by extensional stresses along the length of the channel. These power-law shelves

experience no lateral resistance from friction with the side walls and do not satisfy the

no-slip condition assumed in the theoretical work.
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A measure of the deformation within the shelf can be taken from the along-flow strain-

rate plots, which show that away from the grounding line for the Golden Syrup shelf

the highest strain rates are between 0.01 and 0.015 s−1, while for the Xanthan shelves

along-flow strain rates are less than 0.005 s−1. This indicates that there is much more

deformation in the Newtonian shelves, arising due to the no-slip conditions along the

channel walls and the thinning of the shelf in the along-channel direction.

Once the shelf leaves the channel it is expected that the shelf will spread laterally due to

the hydrostatic pressure difference between the shelf and the salt solution on which it is

floating. This occurs in the Golden Syrup current and can be identified by the widening

of the current as it leaves the channel. However, in the case of the 1% and 1.5% Xan-

than solutions this spreading does not appear to occur. This indicates that the effective

viscosity of the power-law fluid is high and acts to resist extension due to the driving

hydrostatic pressure. For these power-law shelves there are low levels of deformation,

which leads to high effective viscosity and in turn resistance to further deformation.

6.5.2 Gradient of grounded current

During this set of experiments it was observed that the thickness gradient of the grounded

section of the current is increased as the flow exponent n was increased, with a slope

of approximately 0.015 in the Newtonian case increasing to 0.065 for the 1.5% Xanthan

case. This increase in slope with increasing n agrees with the numerical results of Longo

et al. (2015), where they considered the flow of a grounded non-Newtonian power-law

viscous gravity current in a channel. A plot from this work demonstrating the increasing

slope of the current with increasing n can be seen in Figure D.9 the Appendix. It is

found that away from the front of the gravity current (the area applicable for the sheet

in this case) the slope is increased for larger values of the power-law flow exponent n.

6.5.3 Shelf thickness profile

Newtonian

Based on the idealized models developed in Chapter 5 and the parabolic fit to the cross-

channel profile in velocity for the Golden Syrup experiment, I would expect to see a

mainly shear-dominated thickness profile, with an adjustment zone within one channel-

width of the exit. This adjustment region signifies where the extensional stresses become

important to the dynamics. Figure 6.24, shows the shelf thickness profile (red curve)

inferred from the elevation profile for the floating shelf section of the system, correspond-

ing to the 320 second elevation profile shown in Figure 6.3. Figure 6.24 also presents
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Figure 6.24: Shelf thickness profiles for a Golden Syrup shelf: red curve represents
the extent of the shelf inferred from the image analysis of the current at 320 seconds;
blue and purple curves represent numerical calculations for steady-state shelf thickness
profiles with shear-only dynamics (solid blue curve) and shear-and-extensional dynamics
(purple dashed curve). Here each curve represents the surface and base of the shelf, as
calculated from Archimedes Principle, given the densities of the Golden Syrup shelf and
Potassium Carbonate solution ocean. This plot gives the shelf thickness divided by the
grounding line thickness on the vertical axis against the distance back from the channel
exit in terms of channel-widths.

the theoretical thickness profile for a steady-state Newtonian shelf, as developed in the

previous chapter for both a shear-only shelf (blue curve) and shelf with shear and ex-

tension (purple dashed curve). Here we see that all profiles have a similar shape despite

the experiment not reaching a steady state. It is clear that they have a convex thickness

profile and thin to approximately 0.4 times the grounding line thickness at the exit. This

indicates that for the Golden Syrup shelf the flow of the shelf is governed by the shear

stresses throughout the majority of the shelf.

For the majority of the sheet and shelf, it was observed that there was very little variation

in the cross-channel thickness, implying that the assumption of uniform cross-channel

thickness (as assumed in the theoretical modelling) is applicable for this geometry. How-

ever, in the region immediately upstream of the channel exit, there was found to be a

relatively small cross-channel flow, with fluid flowing towards the centre of the channel

(Fig. D.3). This flow must be induced by variations in the cross-channel thickness. In

this region extensional dynamics are important as the shelf approaches the exit. How-

ever, extensional stresses will be felt most strongly in the centre of the channel away

from the resistance at the side walls (see strain-rate plots in Figure 6.28) and therefore
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Figure 6.25: Ice thickness for the Ross Ice Shelf in the region close to the calving front.
The calving front is indicated by the white outline running along the bottom of the plot,
with the outline of islands shown on the left and right of the plot. An area of relative
thin ice can be seen at the centre of the ice front extending back into the shelf.

lead to the most pronounced thinning in the centre of the shelf. As a consequence of this,

a gradient in thickness is produced transverse to the main flow (and main component of

extension), which induces flow towards the centre of the channel. Once the shelf leaves

the channel, there is no longer the shear resistance and the extensional dynamics lead to

the spreading of the shelf in the along-channel and transverse directions. A geophysical

example with similar characteristics is Ross Ice Shelf, where relatively thin ice is found

at the centre of the calving front, relative to the thicker ice found in the margins, this

area forms a concave region across the front of the shelf at the exit of the embayment as

shown in Figure 6.25. This indicates how a significant cross-channel component of the

ice-shelf flow can develop near the end of a confinement, due to high strain and thinning

in the centre of the shelf.

Power-Law: Xanthan

From the experiments using Xanthan solutions, it is evident that the shelf slips along the

side walls of the channel. Therefore, I would not expect a thickness profile calculated for

a shear-dominated shelf to match well or have the same features as the thickness profile

from the experimental data. However, the thickness profile from the experiment may

have similar characteristics to a profile for an extensionally dominated shelf. I therefore

calculate the shelf thickness profile for purely extensional dynamics. In this case, the
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power-law rheology is determined by the along-shelf strain rate and takes the form

µ = B′
∣∣∣∣∂u∂x

∣∣∣∣(1−n)/n . (6.3)

As in the earlier modelling work, I consider a uniform cross-shelf thickness, such that

the force balance and continuity equations are

∂

∂x

(
µH

∂u

∂x

)
=
ρg′

4
H
∂H

∂x
, (6.4)

∂H

∂t
+

∂

∂x
(Hu) = 0. (6.5)

I solve for the steady-state thickness profile (H ≡ H(x)), for a given constant input flux

Q0 and fixed input thickness H0. Although the shelf in the experiment may not be in

steady state, considering a steady-state shelf enables the identification of key character-

istics of the shelf-thickness profile and velocity field, and allows for direct comparison

with the steady-state shear-dominated dynamics considered in the modelling work in

Chapter 5.

If we assume that the along-flow strain rate in the shelf is always positive, given that

the hydrostatic driving pressure induces flow in one direction only, then the rheological

model can be incorporated into the force-balance equation to give

∂

∂x

(
B′H

(
∂u

∂x

)1/n
)

=
ρg′

4
H
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, (6.6)
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ρg′

8B′
H

)n
. (6.7)

This equation along with the constant flux throughout the shelf in steady state, Q0 =

UH, can be used in the steady-state continuity equation to determine the shelf thickness

profile,

∂H
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= 0, (6.8)

∂H

∂x

Q0

H
+H

(
ρg′

8B′
H

)n
= 0, (6.9)

⇒H =

(
n+ 1

Q0

(
ρg′

8B′

)n
x+ A

)−1/(n+1)

, (6.10)
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where A is a constant of integration. This is determined by considering the shelf-thickness

boundary condition at the upstream boundary; H = H0 at x = 0. Therefore

H =

(
n+ 1

Q0

(
ρg′

8B′

)n
x+H

−(n+1)
0

)−1/(n+1)

, (6.11)

u =
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0 (n+ 1)

(
ρg′

8B′

)n
x+H

−(n+1)
0 Qn+1

0

)1/(n+1)

. (6.12)

Figure 6.26 shows the shelf-thickness profile, speed and strain-rate plots for a purely

extensional shelf with the model parameters chosen to be appropriate for the fluids used

in the 1% Xanthan experiment, with n = 6, µ̃ = 10 Pa s1/3, input thickness H0 = 27.5

mm and input speed u0 = 5 mm s−1. Here it is evident that there is little thinning of the

shelf along the length of the channel. There is some acceleration of the flow within the

160 mm channel, from 5 mm s−1 at the grounding line to approximately 5.15 mm s−1

at the channel exit. The strain rate decreases slightly along the length of the shelf from

5×10−4 s−1 to 4.25×10−4 s−1. This style of thinning and flow is similar to that observed

in the experimental data, as shown in comparative plots in Figure 6.27. In these plots

from the experimental data it is clear that small undulations in the surface of the shelf,

due to errors determining the position of the surface, correspond to larger variations in

the total thickness of the shelf. It is also apparent that there is an adjustment region

just downstream of the grounding line, where there is high along-flow strain, within the

first 40 mm of the shelf. These dynamics are not captured in the analytical model, but

the flow within the final 120 mm of the shelf shows good agreement with the theoretical

solutions, both qualitatively and quantitatively. The adjustment region is addressed in

a later section.

If the power-law exponent is decreased, this analytical solution provides a profile that

thins more rapidly in the along-channel direction compared with the n = 6 case shown

here. Consequently, the flow in the shelf is increased along with the strain rate. Plots

for purely extensional Newtonian (n = 1) and n = 3 power-law shelves can be found in

Figures D.10 and D.11 in the Appendix.
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Figure 6.26: Shelf thickness, speed and strain rate (top to bottom) for a purely exten-
sional shelf, with n = 6 power-law rheology and consistency index µ̃ = 10 Pa s1/6.

Figure 6.27: Shelf thickness, speed and strain rate (top to bottom) for the first interval
of the 1% Xanthan shelf section of the current. Here the fluid flows from left to right,
with an adjustment region near the grounding line, which can be identified by a sharp
increase in speed and high strain rates in the first 40 mm of the shelf and is indicated
by a dashed orange line.
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6.5.4 Extensive adjustment regions

At the channel exit of the Newtonian experiments, there was found to be an area of high

extensive strain rate approximately one channel-width long and spanning the width of

the channel. In this region I expect there to be a transition from the shear dominated

dynamics upstream far from the channel exit, to the extensional dynamics that control

the flow of the shelf once it leaves the channel. From the idealized models presented

in Chapter 5, it was observed that the along-flow strain rate increased in the region

near the channel exit. Figure 6.28 presents the strain-rate field for the steady-state

shelf considered in the idealized model, where both shear and extensional dynamics are

considered throughout the shelf, alongside the strain rate from the first interval of the

Golden Syrup experiment. A completely direct comparison with the experimental data

is not possible, as the experimental systems do not reach a steady-state. However, from

comparison between these two plots it is clear that high strain rate is found at the

channel exit in a region of aspect ratio one. The highest strain rates are found in the

centre of the channel and are associated with the thinning of the shelf in the centre and

the induced flow from the channel walls, as suggested in the previous section. From

Figure 6.28 it is clear that strain rates in this area immediately upstream of the channel

exit are the largest throughout the whole shelf.

Figure 6.28: Strain-rate maps for: a modelled Newtonian ice shelf with shear and exten-
sional dynamics in steady state (region shown is confined within the channel), shown on
the left; and on the right the first interval of the Golden Syrup experiment, where both
the confined and unconfined sections of the shelf are shown, with the unconfined section
masked. In both cases high strain rates are found in a region of aspect ratio one in the
mouth of the channel.
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Figure 6.29: Diagram showing the transition across the grounding line from vertical
shear flow in the grounded sheet to vertical plug flow in the shelf. There is a decrease
in the surface speed but an increase at depth.

6.5.5 Compressive and extensive dynamics at grounding line

For both the Newtonian and power-law experiments, prominent strain-rate features are

found at the grounding line that span the width of the channel. Upstream of the ground-

ing line is found an area of compression or deceleration. This may be due to the transition

from vertically sheared flow in the grounded section, to uniform flow in the vertical in

the shelf once the basal resistance is removed, as shown in the diagram in Figure 6.29.

From the PIV data, we have a measure of the surface velocity, however there are likely to

be complex vertical variations in velocity at this point. If we consider the grounding line

to be temporarily fixed, then the volume flux must be conserved across the grounding

line, but the vertical profile of the velocity must change from a vertical-shear profile to

plug flow in the shelf (Fig. 6.29). Therefore we should expect a reduction in the surface

velocity, which will be represented by negative along-flow strain rates in this PIV data.

The positive along-flow strain rate found downstream of the grounding line may partly

be due to the removal of basal resistance from the current as it begins to float. This

reduction in resistance leads to increased extension. In addition to this, there may be an

adjustment of the fluid to the thickness of the shelf downstream. Features of this kind

were found in the development of numerical models for an idealized shelf in a parallel

channel in Chapter 5. There was found to be an area of extension and rapid thinning

of the shelf as it adjusts to the dynamics within the shelf, which can be seen in Figure

6.30. Figure 6.30 presents a confined Newtonian shelf in steady state, with parame-

ters chosen to approximate a geophysical ice shelf. In this example the thickness of the

current at the grounding line is much larger than that in the shelf, where the thick-

ness is determined by the shear and extensional dynamics in the downstream section of

the shelf. Therefore thinning and extension occur downstream of the grounding line as

this adjustment is made. This is indicated by high strain rate at the upstream boundary.

Similar regions of high extension near the grounding line are found for purely exten-
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Figure 6.30: Upper plot shows thickness profile for a steady-state Newtonian shelf con-
fined within a parallel channel, with shear and extensional dynamics (solid red curve),
where the thickness of the shelf at the grounding line is much greater than the thickness
of the shelf which is governed by the shear and extensional dynamics within the confined
shelf. There is therefore rapid thinning downstream of the grounding line. The dashed
blue curve indicates the shear-only shelf profile. The lower plot shows the along-flow
strain rate corresponding to the shear-and-extension shelf. High positive strain is found
at the upstream end of the shelf, where the shelf thins rapidly. This strain is even larger
than the strain rate found at the channel exit.

sional shelves when the input thickness exceeds the thickness of the shelf downstream.

This can be seen in Figure 6.31 for a power-law (n = 6, µ̃ = 10 Pa s1/6) shelf, where the

input thickness is 55 mm, however there is little thinning in the majority of the shelf and

the thickness at the exit is approximately 30 mm. This leads to rapid thinning and high

strain in a region close to the grounding line. The difference in dynamics resulting from

this thicker fluid at the grounding line can be identified by comparing Figures 6.26 and

6.31, which have the same rheology and same input flux but different input thicknesses.

Clearly there is increased strain upstream, by approximately two orders of magnitude

when the input thickness is increased.

6.5.6 Lateral spreading

From the Golden Syrup PIV plots (Figs. 6.4 - 6.8) it was clear that after the shelf left

the confines of the channel there was some lateral spreading of the current. For the first

interval the along-flow velocity component remained constant after leaving the channel,

while there was a decrease in velocity for the second interval, this suggests there was

little spreading of the shelf in the along-channel direction once it left the channel. The
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Figure 6.31: Shelf thickness, speed and strain rate for a purely extension shelf, with
n = 6 power-law rheology and consistency index µ̃ = 10 Pa s1/6. For comparison with
Figure 6.26, here the input flux has been held constant but the input thickness has
been doubled to 50 mm, leading to rapid thinning and high strain near the upstream
boundary.

lateral spreading once the shelf leaves the confinement is due to the lateral hydrostatic

driving pressure, which induces a flow. This flow is prohibited while the shelf is confined

by the presence of the channel walls. This lateral spreading is not observed in the case

of the power-law fluids. In Figure 6.32 I present cross-channel profiles in along-channel

velocity, taken 40 mm downstream of the channel exit, with the approximate location of

the edge of the shelf marked by red dashed lines. From these plots it is evident that there

is considerable lateral spreading of approximately 22 mm (over the 40 mm interval) in the

case of the Golden Syrup shelf, but no evidence for spreading in the two power-law cases.

The spreading of viscous power-law fluids on a dense inviscid layer has been studied

analytically by Pegler et al. (2012). For a 2D geometry with the viscous power-law fluid

spreading in one dimension perpendicular to the vertical layer thickness H, the rate of

change of the layer thickness is given by

DH

Dt 2D
= −H

(
ρg′H

8µ̃

)n
. (6.13)

However, if a 3D geometry is considered in which the layer can spread in the plane

perpendicular to the vertical, then the rate of change of the layer thickness is

DH

Dt 3D
= −2H

(
ρg′H

12µ̃

)n
. (6.14)
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Figure 6.32: Cross-shelf profiles for along-channel velocity, for Golden Syrup, 1% and
1.5% Xanthan solutions. Profiles are taken 40 mm from the channel exit (of width 100
mm), with red vertical dashed lines marking the approximate location of the edge of the
shelf.

Both of these equations come from the work of Pegler et al. (2012). From the experi-

mental data we have observed that there is little along-channel deformation of the shelf

once it leaves the channel and therefore it is reasonable to approximate the lateral de-

formation as 2D spreading.

The rate of thickness change of the Golden Syrup shelf once it leaves the channel during

the first interval can be determined from the 2D lateral spreading of the shelf as the

along-channel velocity remains constant throughout the floating shelf, implying little

along-channel spreading/deformation (see Fig. 6.5d). It is therefore suitable to consider

a vertical cross-section through the unconfined shelf, perpendicular to the flow, which

has a constant area as the shelf flows away from the channel exit, as shown in Figure

6.33. The thickness of the shelf is known as it leaves the channel (H1), from the confined-

shelf elevation profile and the channel has a set width of 100 mm. Therefore, assuming

a constant cross-sectional area and uniform cross-shelf thickness, the shelf thickness can

be calculated at any point downstream, given the width of the shelf at that point from

the PIV data. Using the shelf width at 40 mm from the channel exit, (W2) as shown in
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Figure 6.33: Diagram depicting the idealized spreading of a shelf as it leaves the con-
finement of a channel, with two cross-sections identified at the channel exit (H1, w1)
and 40 mm downstream of the channel exit (H2, w2). Under the assumption that there
is no further along-flow extension (as observed in the first interval of the Golden Syrup
experiment) the cross-sectional area is constant between cross sections. Approximating
the shelf to have a uniform cross-channel thickness, it is possible to estimate the rate of
thinning and lateral spreading.

Figure 6.32, the shelf thickness at the exit and 40 mm downstream are,

H1 =

(
ρw

ρw − ρ

)
h1 = 15.2× 0.5 = 7.6 mm, (6.15)

H2 =
H1 × 100

W2

=
7.6× 100

122
= 4.23 mm. (6.16)

Here we have ρw = 1.54×103 kg m−3 the density of the inviscid dense ocean, ρ = 1.44×103

kg m−3 the density of the Golden Syrup shelf, h1 the elevation of the shelf at the channel

exit. This can then be used to estimate the rate of thickness change of the unconfined

shelf due to lateral spreading
DH

Dt exp
≈ H2 −H1

T2 − T1
, (6.17)

where T2 − T1 is determined by calculating the travel time of the fluid from the channel

exit to the cross-section 40 mm downstream. The speed is given by the along-channel

velocity u, which in this case is u = 2.1 mm s−1, so T2− T1 = 19.05 s. Therefore, in this

case
DH

Dt exp
≈ −0.0719 mm s−1. (6.18)
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If we assume 2D spreading and use equation (6.13) above, the rate of thickness change

is

DH

Dt 2D
= −H1

(
ρg′H1

8µ̃

)
, (6.19)

= −
(
7.6× 10−3

)
× 1.44× 0.65× 7.6

8× 77
(6.20)

= −8.78× 10−5 m s−1 = −0.088 mm s−1. (6.21)

With g′ = g(ρw − ρ)/ρw = 0.65 the reduced gravity, n the power-law exponent for this

Newtonian fluid (n = 1) and the consistency index B′, which is equal to the dynamic

viscosity; B′ = µ = 77 Pa s. This value of the shelf thinning is only slightly greater than

that estimated from the data and lies within the bounds of experimental error.

This theoretical assessment can be improved slightly by considering the average thick-

ness of the unconfined section of the shelf, which can be estimated as earlier from the

rate of spreading observed in the experimental data. This approach leads to a thinning

rate of -0.0728 mm s−1, which provides even better agreement with the estimate derived

from the experimental data, with a difference of less than 2%.

If the shelf was considered to be spreading in both the along flow and transverse di-

rections, as might be expected theoretically due to the presence of a hydrostatic driving

pressure in the along-flow and lateral directions, then the 3D analytical solution would

be more appropriate, for this experiment

DH

Dt 3D
= −2H̄

(
ρg′H̄

12µ̃

)n
= −0.097 mm s−1, (6.22)

which exceeds the rate of thinning observed in the experimental data. This result is some

what expected, as from the experimental data it is apparent that there is no change in

the along-flow velocity once the shelf leaves the confines of the channel, indicating there

is no extension in this direction and the only extension occurs laterally.

For the case of the two Xanthan experiments no measurable lateral spreading of the

unconfined shelf was observed. From the analytical assessment of Pegler et al. (2012),

for the 1% Xanthan solution (interval 1), with n = 6 and µ̃ = 10 Pa s1/n (taken from

Sayag and Worster (2013b)) we would expect rates of thinning of

DH

Dt 2D
= 0.026 mm s−1, (6.23)
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and
DH

Dt 3D
= 0.0045 mm s−1, (6.24)

in the 2D and 3D spreading cases respectively. Here there is considerably reduced thin-

ning in the case of 3D spreading due to the resistance to spreading generated by hoop

stresses. The rates of thinning calculated here would correspond to lateral spreading of

0.73 mm over the 40 mm section downstream of the exit in the 2D case for this experi-

ment, while extension in all directions in the horizontal plane would result in spreading

of approximately 0.13 mm. It is therefore clear that in the 1% Xanthan case using this

experimental set up it is difficult to detect spreading over the 40 mm section. However,

spreading may be evident if a longer section of unconfined shelf was considered. For

the 1.5% Xanthan solution, the fluid is likely to have a larger value of n and a larger

consistency index µ̃, this will therefore lead to lower rates of thinning and consequently

less lateral spreading.

From this assessment of the lateral spreading it is clear that there are distinctive differ-

ences between the Golden Syrup and 1% Xanthan shelves once they leave the confinement

of the channel, which is seen both in the experimental data and the theoretical model.

For the Golden Syrup shelf, the deformation is mainly lateral after exiting the channel,

and a 2-dimensional model approximation of this gives good agreement. From the the-

oretical model for the 1% Xanthan shelf, it is clear that lateral spreading of <0.73 mm

is expected over the 40 mm section of unconfined shelf, which is in stark contrast to the

22 mm of spreading in the Newtonian case. This small-scale spreading of the Xanthan

shelf can not be accurately measured from this experimental set up.

6.5.7 Comparison with geophysical examples

Scaling relationship at channel exit

In a similar manner to the geophysical cases considered earlier in this thesis, in Chapter

4, I now use the data from the fluid-mechanical experiments to test whether the scaling

relationship for the flow speed at the centre of the shelf front, as developed by Hindmarsh

(2012), holds for these laboratory scale models. For a general power-law fluid with flow

exponent n, this relationship takes the form uc ∝ w(εH)n/(n+1).

To assess the experimental data, I sampled the flow speed, along-flow strain rate, and

shelf thickness at the channel exit, which is kept at a constant width of 100 mm for all

experiments. As with the geophysical data, the data gathered from the experiments con-

tains some noise, I therefore applied a Gaussian low-pass filter to the PIV data and time

average over a four second interval, as detailed in the previous sections in this chapter.

234



Figure 6.34: Data points from all experiments, plotting speed at exit divided by channel
width, against strain rate at exit multiplied by shelf thickness at exit. The key denotes
the shelf fluid.

As the fastest speeds are expected in the centre of the channel at the channel exit, the

flow speed is sampled on the centreline of the shelf, at the point of fastest along-channel

flow before the shelf leaves the confines of the channel. From inspection of the data, this

falls within the final 2 cm of the channel in all cases. The strain rate is then calculated

as an average over a 5 cm interval along the centreline back from the point at which

the speed is sampled. This average is therefore calculated over half the region with high

strain-rate that has aspect ratio one, as identified earlier. The thickness is determined

by the elevation profiles from the side-viewing camera, and sampled in the same location

as the speed. Data is gathered from the experiments presented earlier in this chapter

along with additional data from other PIV intervals for the same experiments and some

repeat experiments.

Data collected in this manner is presented in Figure 6.34 (and in Table D.1 in the

Appendix), with each of the different fluids identified by a different coloured marker. In

the lower left corner there is a cluster of data points corresponding to the Golden Syrup

Experiments. Here these currents have a low speed at the channel exit, and the product

of the strain rate and shelf thickness is also low. On the other hand, there is a much more

expansive scatter for the Xanthan solution data points, with the 1% solutions spanning

a wide range of εH values. From the earlier analysis it was clear that the Xanthan

shelves slip along the side walls and therefore the theoretical scaling relationship should

not provide a fit to the data, as it assumes no slip at the lateral boundaries.

However, there is evidence to suggest that the no-slip lateral boundary condition holds

in the case of the Golden Syrup shelves. In Figure 6.35 I present the results from the

Golden Syrup experiments plotted in log-log space. A linear fit to the data is expected
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of the form

log10(uc) = log10(Cw) +
n

n+ 1
log10(εH). (6.25)

with C a constant and n the flow exponent, to be calculated from the slope of the linear

regression to the data. For this data the linear regression provides a fit with a slope

of 0.1, implying a flow exponent of n = 1/9, which is significantly different from the

true value. Here the data points are collected at a range of time intervals during two

experiments with the same parameter values. If more data points were used as part of

this assessment, from a wider range of parameter values, such as varying the width of the

shelf and the input flux, then this may lead to a linear regression with a more suitable

slope.

In addition to the linear regression to the data points, Figure 6.35 also features the

plot of the full scaling relationship

u ∼ w

(
ρg′

4B

)n/(n+1)

(Hε)n/(n+1) , (6.26)

with these parameters values allocated to be suitable for this experiment (and ε =

∂u/∂x). Here we observe that the data points lie above the line of the scaling relation-

ship implying that the flow at the centre of the channel exit is faster than expected.

In the geophysical analysis in Chapter 4, behaviour of this kind was explained by the

reduced lateral resistance due to weak ice or absence of lateral pinning points. It may be

the case here that there is some slip along the channel walls, possibly only in the region

near the channel exit, where the shelf is thin. Furthermore, it was observed earlier in

this section that there was a transverse component in velocity immediately upstream

of the channel exit, which was induced by lateral variations in thickness, as a result of

thinning and high values of extension in the centre of the channel. These dynamics may

further act to increase the rate of fluid flow at the channel exit and are not considered

in the development of this scaling relationship.

Figure 6.36 shows the data points for the Xanthan shelves, plotted in log-log space

with the scaling relationship evaluated appropriately for the 1% Xanthan shelf. Here, as

expected, we see that the data points are all above the line for the scaling relationship,

confirming that the shelves experience little resistance from the channel walls.
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Figure 6.35: Data points for Golden Syrup experiments, plotting speed at exit divided
by channel width, against strain rate at exit multiplied by shelf thickness at exit in
log-log space. A linear regression to the data points is given by the yellow line. In
addition the theoretical scaling relationship amended for to the experimental parameters
(u = w(ρg′/4B)n/(n+1)(Hε)n/(n+1)) is given by the purple line.

Figure 6.36: Data points for Xanthan experiments, plotting speed at exit divided by
channel width, against strain rate at exit multiplied by shelf thickness at exit in log-log
space. The theoretical scaling relationship with values appropriate for the 1% Xanthan
fluid (u = w(ρg′/4B)n/(n+1)(Hε)n/(n+1)) is given by the purple line.
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6.5.8 Principal Strain Rates and Principal Strain Axes for Ex-

perimental Velocity Fields

I now use the Principal Strain Rates and Principal Strain Axes to analyse the velocity

fields for a selection of the experiments. The Principal Strain Rates and Axes are cal-

culated using the time-averaged and Gaussian-filtered velocity fields as displayed in the

previous sections. The complete Principal Strain Rate field is given, but only a sample of

the Principal Strain Axes are shown, with axes sampled every 50 pixels (approximately

1.5 cm).

Golden Syrup: Interval 1

For the first interval of the Golden Syrup experiment there is a large section of floating

shelf confined within the channel. Here there are low values of the 1st Principal Strain

Rate in the upstream sections of the shelf, as shown in Figure 6.37 a) i). As the current

nears the exit, there is an area one channel-width upstream from the exit where there is

an increase in the value of the 1st Principal Strain Rate, representing increased extension

of the shelf as it nears the exit and extensional dynamics become important in governing

the flow. These values decrease again as the shelf leaves the confinement of the channel.

On the other hand, the 2nd Principal Strain Rate (Fig. 6.37 a) i)) is negative throughout

the final 10 cm of the channel, except at the centre of the shelf near the channel exit

where there is an area of positive 2nd Principal Strain Rate. The boundary of this region

forms an arced curve across the exit of the channel. From this point forward, into the

unconfined section of the shelf, the 1st and 2nd Principal Strain Rates are positive, im-

plying that the shelf is spreading in all directions. This feature is similar to the positive

1st and 2nd Principal Strain Rates found in the geophysical examples as a shelf leaves an

area of lateral confinement, such as for Amery Ice Shelf.

There is a clear distinctive pattern made by the 1st Principal Strain Axes in the fi-

nal confined section of the shelf, as shown in Figure 6.37 b) i) (location (1)). As the

shelf accelerates towards the channel exit there is shearing with the lateral boundaries,

as indicated by the orientation of the 1st Principal Strain Axes; at approximately 45◦ to

the channel walls in the margins of the shelf, pointing downstream. This corresponds

with negative 2nd Principal Strain Rates, with the 2nd Principal Strain Axes aligned at

45◦ upstream. This suggests that there is resistance to flow generated in this area due

to the shearing with the side walls in addition to the extensional stresses induced by

the hydrostatic driving pressure. As identified earlier, in the region close to the channel

exit there may also be a component of the velocity flowing in towards the centre of the

channel from the margins, which may act to enhance the lateral extension.
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In the centre of the channel in this end region, the 1st Principal Strain Axes are aligned

in the flow-direction. At the channel exit, there is a change in the orientation of the 1st

Principal Strain Axes, which are now aligned perpendicular to the channel; location (2).

This continues for the remaining unconfined shelf. There is a corresponding change in

the orientation of the 2nd Principal Strain Axes in this area. Before exiting the channel,

the 2nd Principal Strain Rate is negative (implying some resistance to flow is being gen-

erated) and the 2nd Principal Strain Axes are aligned perpendicular to the flow along the

centre of the channel; location (3). From the channel exit downstream, the 2nd Principal

Strain Rate becomes positive, and the 2nd Principal Strain Axes are aligned in the flow

direction. This is evidence that once the shelf leaves the confines of the channel it is

spreading in both directions, with the lateral spreading being most dominant.

1% Xanthan: Interval 1

Figure 6.38a shows plots of the 1st and 2nd Principal Strain Rates for the 1% Xanthan

solution experiment during the first interval. As previously identified by the along-flow

strain rate plot in the previous section, there are bands of negative and positive strain

rate at the grounding line. In the 1st Principal Strain Rate plot there are no other clear

features of the flow, with the margins producing large strain rates that switch sign in-

termittently along the length of the channel. Similar features are found in the margins

of the current in the plot of the 2nd Principal Strain Rate. This is a result of the poorly

resolved velocity field in the margins of the shelf. In the 2nd Principal Strain Rate plot,

there are negative strain-rate values either side of the grounding line, with a noisy signal

throughout most of the sheet and shelf.

From the Principal Strain Axes, shown in Figure 6.38b, the plot is dominated by the

noisy signal from the margins of the shelf. However, just upstream of the grounding

line, downstream of location (1), the negative 1st Principal Strain Rate Axes are aligned

transverse to the flow, while the positive 1st Principal Strain Rate Axes, downstream

of the grounding line, are aligned with the flow for approximately 5 cm. This lateral

orientation of the negative 1st Principal Strain Rate Axes upstream of the grounding line

may be due to the curved shape of the grounding line, which can be inferred from the

curved strain-rate features at the grounding line.
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(a)
(b)

Figure 6.37: Principal Strain Rates (a) and Principal Strain Axes (b) for the first interval
of the Golden Syrup experiment. For Principal Strain Axes; red and magenta represent
positive strains, blue and green represent negative strains. Location (1) identifies the
start of the extension region as the shelf approaches the channel exit, with axes aligned
at 45◦ in the margins and with the flow in the centre of the chanel. Location (2) marks
the unconfined section of the shelf where there is predominantly lateral spreading of
the shelf. Location (3) highlights the changing orientation of the 2nd Principal Strain
Axes while the shelf is confined, with diagonal axes in the margins and axes aligned
perpendicular to the flow in the centre of the channel.

(a) (b)

Figure 6.38: Principal Strain Rates (a) and Principal Strain Axes (b) for the second
interval of the 1% Xanthan experiment. For Principal Strain Axes; red and magenta
represent positive strains, blue and green represent negative strains.
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Summary: Principal Strain Rates and Axes for Experimental Velocity Fields

From the assessment of the experimental data using the Principal Strain Rates and Axes,

there is a clear difference between the dynamics observed for the Golden Syrup and Xan-

than currents. Very few features can be inferred from the Principal Strain Rates and

Axes plots for the Xanthan systems, indicating that there is very little deformation of the

current. However, there are clear dynamical features at the grounding line, where there

is a transition from vertically shear dominated flow to extension flow in the shelf. These

features are identified in the 1st Principal Strain Rate plot, and the 1st Principal Strain

Axes plot where upstream of the grounding line there is predominantly compression

aligned perpendicular to the flow, which is followed by positive strain rates downstream

of the grounding line that are orientated with the flow, suggesting extension of the shelf

as it adjusts to the dynamics downstream.

The plots for the Golden Syrup experiment provide features which are comparable with

those observed in the geophysical data. Shear margins are clearly identified with Prin-

cipal Strain Axes aligned at 45◦ to the channel walls, and negative 2nd Principal Strain

Rates imply resistance to shelf flow is being generated here. At the centre of the channel

exit, both the 1st and 2nd Principal Strain Rates become positive, which provides evi-

dence that the shelf is spreading in all directions. The Principal Strain Rates continue

to be positive throughout the unconfined shelf, indicating that this spreading continues.

In the unconfined section of the shelf, the 1st Principal Strain Axes are aligned perpen-

dicular to the main flow of the shelf and illustrate that the lateral spreading of the shelf

is dominant. These features are similar to those found on Amery Ice Shelf as the shelf

leaves the confinement of pinning points.

6.6 Conclusion

In this Chapter, I have presented results from fluid-mechanical laboratory experiments

designed to simulate the flow of an ice shelf in a parallel channel. The main aim of this

work was to make comparisons between the dynamics arising from the use of Newtonian

and power-law fluids. Analysis was undertaken of the surface-velocity field inferred from

PIV tracking of tracer particles distributed on the current surface, along with current

thickness profiles captured by a side-viewing camera.

From the experimental results it was clear that the grounded-sheet section of the current

has a nearly linear thickness gradient, which remains constant as the grounding advances

and the current thickens. This is true for both the Newtonian and power-law currents.

Comparing experiments with different fluids we observe that the slope of the grounded
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section is increased for increasing values of the power-law flow exponent n. This result

agrees with the numerical modelling of Longo et al. (2015) who considered power-law

gravity currents that were grounded and confined to a channel. This comparison was

made for the section of the grounded gravity current upstream from the nose, which is

relevant to the upstream section of the flow being considered in this case.

For all experiments the location of the grounding line was associated with bands of

negative followed by positive along-flow strain rate or 1st Principal Strain Rate, which

span the width of the channel. This negative strain rate is due to the adjustment of the

flow from vertically shear-dominated flow while grounded, to vertical plug flow when the

current is floating. As a consequence there is a reduction in the surface velocity, which

is observed from the PIV data. The vertically integrated velocity should be constant

across the grounding line, however there will be depth dependent changes. The positive

strain-rate bands may be due to the removal of basal resistance once the current begins

to float. This reduction in resistance will lead to faster flow. In addition, from the

theoretical work in Chapter 5, I have identified the potential for extensional adjustment

regions at the grounding line, where a thick sheet meets a relatively thin shelf. The

thickness of the shelf is determined by the flow dynamics within the confined section of

the shelf and potentially further downstream into an unconfined section if hoop stresses

are influential. This provides a further explanation for the high positive strain observed

downstream of the grounding line.

For the floating sections of the current, there are clear differences between the dynamics

observed in the Golden Syrup and Xanthan cases. Evidence from experiments sug-

gests that the Xanthan shelves slip along the channel walls. The velocity field derived

from PIV is not resolved well enough to properly determine the dynamics in the narrow

boundary layer next to the channel walls. However, cross channel profiles and fits for

shear dominated profiles suggest there is slip. In the case of the 1% Xanthan shelf a

shear-dominated cross-channel profile with n = 7 power-law rheology appears to provide

the best fit to the data, but there is considerable mismatch at the boundaries where

the velocity is poorly resolved. Once the shelf is unconfined there are low levels of de-

formation of the shelf and low strain rates, with the dynamics changing little from the

confined shelf section. While the shelf is confined, it is clear from the elevation profiles

that there is little or no thinning of the shelf. This similarity between the dynamics

of the confined and unconfined sections of shelf suggests that the channel walls provide

little to no resistance to flow. Comparisons with a purely extensional shelf, suggest that

extensional dynamics control the flow. Similar dynamics are observed for both 1% and

1.5% Xanthan shelves.
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In contrast, the Golden Syrup shelves appear to conform to the no-slip lateral boundary

condition throughout most of the channel, which is shown by the cross-channel profiles in

along-channel velocity and the good agreement between the velocity field from the PIV

data and the shear-dominated model. There is some mismatch in the margins, which is

most likely a result of poorly resolved PIV data, due to an absence of tracer particles in

some locations. In comparison to the Xanthan cases, there is also a substantial change

in the dynamics of the Golden Syrup shelves as they approach the channel exit. For

the Golden Syrup shelves there is a zone of high extension in a region of unit aspect

ratio immediately upstream of the exit. In this region the extensional stresses play an

important role in governing the flow along with the shear stresses, which are dominant

further upstream and provide resistance to the flow. These dynamics were observed in

the modelling work in Chapter 5. From the experimental results, it is also apparent that

a small cross-channel flow is induced near to the channel exit because of the increase in

extension near the channel exit, which acts to thin the shelf, predominantly in the centre

of the shelf where extension is largest. The thinning of the shelf in the centre leads to

a cross-channel thickness gradient and the resulting flow. Thinning at the centre of the

shelf near the opening of a confinement is also observed geophysically for the Ross Ice

Shelf.

From the experiments, this extensional zone is followed by lateral spreading of the current

as it leaves the channel and a uniform cross-shelf profile in velocity for the unconfined

shelf, which can be contrasted to the parabolic profile in the channel. From analysis

of the along-shelf velocity, there is little change in the along-shelf flow once the shelf

leaves the channel and the lateral spreading of the shelf can be well estimated by a 2D

approximation considering a laterally spreading perpendicular cross-section.

It is clear that the Golden Syrup shelf shows similar characteristics to the geophysi-

cal examples of confined shelves, with shear margins and lateral spreading as the shelf

leaves a lateral confinement. However, fewer direct comparisons can be made with the

Xanthan shelves, apart from possible considering the dynamics of ice tongues.

It was observed for both the Golden Syrup and Xanthan shelves that the flow speed

at the channel exit exceeded that expected by the scaling relationship considered in

Chapter 4. This suggests that the no-slip condition is not met along the channel side

walls. For the Xanthan shelves there is evidence to suggest that this is the case. How-

ever, for the Golden Syrup it is expected that the no-slip condition holds. This might

break down close to the channel exit, or the presence of a cross-channel flow may be

influential and is not considered in the scaling analysis.
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For future experiments of this nature, a more thoroughly resolved velocity field would be

required, so that variations in velocity and boundary conditions can be more accurately

measured. This could be achieved with smaller tracer particles that are uniformly dis-

tributed across the whole current surface, but would also require a camera with a greater

resolution or to reduce the field of view with the same camera. Direct comparisons with

geophysical examples may be achieved with a power-law fluid with flow exponent n ≈ 3.

However, this can not be obtained with a low concentration Xanthan solution, as the

fluid viscosity (consistency index) reduces with decreasing Xanthan concentration. It

would also be necessary to ensure that the no-slip condition is met along the side walls,

possibly by using rough walls to increase resistance. Improvements could also be made

to the measurements of the shelf-thickness profile by using a laser scanner to produce a

2D altimetry map of the current surface, repeat scans would allow the evolution of the

sheet-shelf system to be captured. There is also potential to investigate the flow regime

and grounding line evolution systematically by varying parameters such as the input

flux, channel width and ocean depth.
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Chapter 7

Conclusion

In this thesis I have used geophysical data analysis, idealized models and fluid-mechanical

laboratory experiments to understand the flow dynamics and buttressing of ice shelves

confined to a channel.

Immediately downstream of the grounding line, where the ice shelf is first formed, we

often see convergent flow and negative strain rates in Antarctic ice shelves. This is partly

linked to the melting of the ice at depth. From analysis of ice-surface velocity and ice-

shelf thickness data, I have estimated rates of thickening and thinning of shelves due to

surface and basal processes such as: surface accumulation; surface and basal melting;

and basal freeze-on. For Amery Ice Shelf, I estimated rates of thinning of up to 5 m

yr−1 in the upstream sections of the shelf, which agree with values of basal melting from

other studies (Wen et al., 2010; Rignot et al., 2013). This may significantly affect the

flow and lead to negative strain rates. Negative strain rates will also be obtained as the

shelf decelerates as it spreads to fill a widening channel.

In the laboratory experiments I presented, the grounding line is associated with con-

secutive bands of negative and positive strain rate that span the width of the channel.

In this case, the negative strain rate is due to the transition from vertical shear flow in the

grounded part of the current to uniform flow in the vertical when the current is floating.

While flux is conserved across the grounding line, there is an adjustment in the vertical

structure of the flow, which leads to a deceleration of the surface velocity. The follow-

ing positive strain-rate band may form as the basal resistance is removed and the shear

stress is reduced as the shelf thins. From the idealized modelling, it is apparent that at

the upstream boundary of the shelf there can be an extensionally-controlled adjustment

region, in which the thickness of the shelf changes rapidly to match the thickness of the

shelf downstream.

The shelf thickness is determined principally by the shear dynamics of the confined
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shelf. The adjustment region at the grounding line is less than a channel width long,

and for a thick sheet adjusting to a thin shelf, this would produce a region of positive

strain rate. Therefore, in the case of the experiments, which do not reach steady state,

this suggests that there is a thinning of the shelf in an extensionally-controlled adjust-

ment region downstream of the grounding line. In the idealized model, I showed that it

is also possible for the shelf to thicken downstream of the grounding line, which may be

relevant geophysically if a grounding line was positioned on top of a bedrock cliff, or to

an ice shelf downstream of an ice rise.

For a shelf confined within a diverging channel, negative strain rates were found in

the upstream section of shelf due to the lateral spreading of the flow and the shear stress

from the lateral boundaries. In these geometries, there must be a balance between the

hydrostatic pressure from the imposed input flux, the shear stress generated by flow

along stationary lateral boundaries and the lateral spreading of the shelf as the channel

widens. The magnitude of the resistance generated by shearing and lateral spreading is

dependent on the effective viscosity of the shelf, the input flux and the angle of diver-

gence of the channel. In the idealized models, the diverging channel geometry was used

as a tool to explore the dynamics of shelves that diverge slowly, such as Amery Ice Shelf.

However, from these models it was clear that the dynamics near the point source have a

significant effect on the thickness profile throughout the length of the channel.

The final two thirds of Amery Ice Shelf forms an approximately parallel channel. Here

the shelf thins almost linearly in the downstream direction. This leads to a mainly posi-

tive strain-rate field throughout the shelf, with maximum speed and strain rate (for the

confined section of the shelf) achieved at the centre of the channel exit. For this parallel

geometry, there is a balance between the imposed input flux at the grounding line and

the shear dynamics within the shelf. For a steady-state, shear-only shelf, the thickness

profile is determined by the boundary condition at the channel exit, which balances the

extensional stress with the hydrostatic pressure of the ocean, and the resistance from

shear stresses within the shelf. This leads to a convex profile, with the magnitude of the

thickness gradient increasing near to the channel exit, due to the thinning induced by

the extensional-stress boundary condition.

When extensional stresses are included in the dynamics, there is only a slight change

to the thickness profile. The extensional terms act to stiffen the shelf, such that the

channel-exit boundary condition can propagate further upstream. This leads to a re-

duction in the strain rate at the channel exit, due to the resistance from slower-flowing

fluid upstream, but leads to an increase in strain rate upstream as the downstream shelf

pulls on the upstream section. Therefore, because the strain rate has increased, there
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is less resistance to flow and the shelf becomes thinner. The magnitude of this effect is

dependent on the effective viscosity. For a power-law shelf, the inclusion of extensional

terms in the rheological model leads to a reduction in effective viscosity throughout the

shelf of approximately 50%. The effect is most pronounced along the shelf centre line

and towards the shelf front, where the strain rates are high.

In the idealized models presented here, it was assumed that there were no-slip boundary

conditions along the channel walls. For the case of a Newtonian ice shelf, this leads to a

parabolic cross-channel profile in velocity. In the case of a power-law fluid, shear margins

form where the effective viscosity is reduced due to high shear, while the central section

of the shelf has an almost uniform profile. This is often the case geophysically, upstream

from the channel exit. When extensional dynamics are included in the rheological model,

the cross-channel gradient in effective viscosity is reduced and the shear margins become

less prominent, with the exception of at the channel exit. Here the shear margins are

enhanced, where there are both high shear and high strain rates, which leads to low

effective viscosity and in turn further higher strain and shear rates.

From the fluid-mechanical experiments, there was a clear difference in the flow dynamics

for Newtonian and power-law shelves. The Golden Syrup (Newtonian) shelves con-

formed to the assumption of no-slip along the channel walls and produced a parabolic

cross-channel profile as expected. However, for the two Xanthan shelves, with n ≈ 6

and n > 6, the data from the experiments suggests that the no-slip condition was not

met. These Xanthan currents appear to behave like purely extensional flows, with the

dynamics changing very little, if at all, between the confined and unconfined sections of

the shelf. For the Golden Syrup shelves, there is good agreement between the idealized

models and the experimental results. A convex thickness profile is observed experimen-

tally with an area of increased thinning and strain rate in an aspect ratio 1 area upstream

of the channel exit, which agrees with the idealized model.

From the experimental results, it is clear that properties in the margins of the shelf

are crucial for determining the shelf flow dynamics and thickness profile. In the geo-

physical data it is apparent that the margins of ice shelves are often areas with high

levels of deformation, with high values of shear and strain rate. These properties of

the flow field are linked to the presence and formation of fractures and crevasses, which

are observed in the MODIS data. Comparing these crevasse features in ice-shelf margins

with the Principal Strain Rates and Axes indicates that the 1st Principal Strain Axes are

aligned at 45◦ to the margin and correspond to positive 1st Principal Strain Rates angled

towards the central section of the flow. These features are associated with negative 2nd

Principal Strain Rates, with the 1st and 2nd Principal Strain Axes aligned at 90◦. This
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is due to the shear flow between the stationary, grounded-ice or bedrock and the fast

flowing ice shelf. These areas of damaged ice, in the shelf margins, with weak effective

viscosity allow high levels of deformation to be achieved. The negative component of the

Principal Strain Rates is indicative of shear flow and implies that these areas generate

resistance to flow, thereby making a positive contribution to buttressing.

The important role that shear margins play was highlighted with an assessment of the

flow speed at ice-shelf calving fronts. It was shown that for ice shelves with intact shear

margins (with comparable rheology in the margins and the centre of the shelf) and that

are laterally confined by pinning points at the calving front, then the flow at the centre

of the calving front conforms to the scaling relationship u ∝ w(εH)3/4, proposed by

Hindmarsh (2012). For those shelves with weak or damaged margins or those that are

not laterally confined at the calving front, the flow speed at the calving front is greater.

This is because they are subject to reduced resistance from the lateral boundaries.

This scaling relationship did not hold for the experimental results, which suggests that

even the Golden-Syrup shelf may slip along the channel walls in the final part of the

channel. However, this may also be explained by the lateral flow observed near the

channel exit. This is due to the presence of a lateral gradient in shelf thickness, which

is induced by enhanced extension in the centre of the shelf, in comparison to extension

in the margins.

For Amery Ice Shelf, the final third of the shelf is a region of high positive strain rate, as

the channel becomes wider and the shelf approaches the exit of the channel. This large

strain-rate feature is not observed in the parallel-channel models, but is observed for di-

verging channel models when the effective viscosity is sufficiently low that the resistance

from lateral spreading has a reduced impact on the dynamics.

In the final part of Amery Ice Shelf both Principal Strain Rates become positive, in-

dicating that there is spreading of the shelf in all directions. While the shelf is confined,

the 1st Principal Strain Axes are mainly aligned in the flow direction, with the 2nd Prin-

cipal Strain Axes aligned perpendicular to the flow. At the channel exit the 1st Principal

Strain Axes becomes aligned perpendicular to the flow, indicating the main component

of extension is lateral.

Once the shelf leaves the confines of the channel, it is expected that there will be some

lateral spreading of the shelf. In the case of the Newtonian shelves in the experiments, a

2D approximation of the spreading of the shelf after it leaves the channel exit provides a

good fit to the data from experiments. For power-law shelves the rate of lateral spreading
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is reduced, and for the Xanthan shelves lateral spreading was too slow to be observed in

these experiments.

While the shelf is confined, the majority of the shelf contributes to positive buttressing

via compression and shear stress. When both Principal Strain Rates are positive this

implies that there is no longer a positive contribution to buttressing from compression

or shearing. The upstream boundary of this region was defined to be the compressive

arch, and Doake et al. (1998) hypothesised that this compressive arch would be stable

to calving events downstream of the arch. However, I have proposed that there are addi-

tional positive contributions to buttressing downstream of the compressive arch due to

hoop stresses. Therefore, if a section of ice were removed downstream of the arch, this

may result in a reduction in total buttressing generated by the ice shelf.

Hoop stresses make a positive contribution to buttressing if the rate of lateral (azimuthal)

extension is greater than the along-flow (radial) extension. From the surface-velocity

data it is possible to determine pointwise the areas of the shelf that make a positive

contribution to buttressing via hoop stresses. If these regions are connected to other,

positively buttressing regions linked to the grounding line, then they will contribute to

buttressing of the grounded ice. This technique allows areas that make no contribution

to buttressing, or provide a negative contribution to buttressing, to be identified. These

areas could be removed from the shelf causing no increase in the rate of ice discharge

from the grounded ice. The non-positive-buttressing regions identified by this method

usually form concave regions at the calving front of ice shelves and are smaller than

the regions that would be identified using only the upstream boundary of the positive

Principal Strain Rates.

In this thesis, I have shown how idealized modelling and fluid mechanical experiments

can be combined to inform interpretations of field data and used to elucidate the flow

dynamics and buttressing of ice shelves.
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Appendix A

Appendix: Fundamental Equations

for the Flow of Ice Shelves:

Viscoelastic Rheology for Tidal

Flexure

The viscoelastic rheological model for ice shelves subject to tidal forcing proposed by

Reeh et al. (2003) includes an instantaneous elastic response, delayed elastic response

and viscous response. These three responses correspond with three components of the

strain in this model: εI , εD and εV . The model gives an equation for the total strain ε

of the form

ε = εI + εD + εV , (A.1)

=
3σ′

3EI
+

3σ′

2ED

[
1− exp− ED

3µD
t

]
+

σ′

2µV
t, (A.2)

where: σ′ is the deviatoric stress; EI is the Young’s modulus; ED is the elastic modulus

and µD is the elastic viscosity associated with the delayed elastic response; and µV is

the viscosity related to slow viscous deformation. From the article by Reeh et al. (2003),

these parameters have the following typical values

µV = 25000 GPas, (A.3)

EI = 9.3 GPa, (A.4)

ED = 10 GPa, (A.5)

µD = 600 GPas. (A.6)

I use these values along with a typical maximum deviatoric stress at the grounding line

during the tidal cycle (σ′ = 104 Pa (Thompson et al., 2014)) to calculate the evolution
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Figure A.1: Strain (a) and strain rate (b) evolution for a viscoelastic ice-shelf rheology
(Reeh et al., 2003), where a constant loading of 104 Pa has been applied. In the upper
panel (a) the three components of the strain: instantaneous elastic; delayed elastic; and
viscous, are shown, together with the total strain. The lower panel (b) shown the strain
rate (total) against time.

of the strain and strain rate for a constantly imposed loading of this magnitude. The

results can be seen in Figure A.1. It is clear in Figure A.1a that from the outset there is

a significant elastic response, which is maintained for the length of the loading. Within

approximately 10 hours the strain value from the delayed elastic response is of a similar

value. After approximately 6 days of loading the viscous strain reaches a value compara-

ble with the instantaneous elastic response. After a further 6 days the viscous response is

greater than the combined response from the instantaneous and delayed elastic response.

Therefore, for timescales of interest in this thesis (1 - 1000+ years) the viscous dynamics

dominate. From the strain-rate plot in Figure A.1b it is evident that there are initially

high strain rates within the first few hours of the stress being applied. However, there is

then a decrease to the strain rate associated with the viscous deformation after 20 hours.
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Appendix B

Appendix: Ice-Surface Velocity

Data for Antarctic Ice Shelves:

Basal Melt and Freeze-on Rates
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Figure B.1: Figure taken from Joughin et al. (2010). Showing acceleration of Pine
Island Glacier and Ice Shelf between 1996 and Jan 2010. The ice shelf appears to have
approximately a uniform speed along the length of the shelf, but accelerates from 2500
m yr−1 to 4000 m yr−1, between 1996 and 2010.

Figure B.2: Figure taken from Joughin et al. (2003). Shows the change in flow speed of
PIG from 1974 to 2000. Between 1987 and 1996 the flow speed is almost constant, but
there is then a substantial acceleration between 1996 and 2000.

260



Figure B.3: Figure taken from Rignot (2008). Showing the acceleration of PIG between
1992 and 2007.

Figure B.4: Figure taken from Rignot et al. (2013). Basal melt rates and freeze-on
for Antarctic Ice Shelves. Area of circles represents mass loss from those shelves, with
hatched fill corresponding to iceberg calving and black fill to basal melting.
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Figure B.5: Figure taken from Wen et al. (2010). Basal melt rates and freeze-on for
Amery Ice Shelf. Red/negative areas represent freeze-on, and blue/positive areas repre-
sent melt.

Figure B.6: Figure taken from Joughin and Padman (2003). Basal melt rates
and freeze-on for Ronne Ice Shelf. Green/positive areas represent freeze-on, and
blue/purple/negative areas represent melt.
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Appendix C

Appendix: Assessment of Ice Flow

Dynamics in the Zone Close to the

Calving Front

The results of the Robust Regression procedure applied iteratively to the full dataset

can be seen in Figure C.1. Here an R2 value of 0.83 is achieved once 9 ice shelves have

been removed from the initial dataset. The resulting regression model takes the form

log(u/w) = A+B log(εH), with intercept A = 1.67 and slope B = 0.64.

The full dataset used in this work is given in Table C.1, with values for: shelf width,

shelf thickness, flow speed, strain rate, mean speed over final 20 km section, standard

deviation in strain rate and speed, and error in velocity field from Rignot et al. (2011a).

Figure C.1: Linear regression achieved after removing 9 outlying data points using an
iterative Robust Regression process. Removed points shown as blue crosses.
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Shelf Width (km) C.F.
Thick-
ness
(m)

C.F.
Speed
(m yr-1)

Strain
rate
(yr-1)

Mean
speed
(m yr-1)

Strain
rate
S.D.

Speed
S.D.

Rignot
- Speed
Error

Amery 165 233 1419 0.0024 1407 0.00067 10. 7 ∼ 9
Borchgrevinkisen 105 240 472 0.0006 469 0.00084 2.4 ∼ 4 - 16
Cook 75 360 809 0.0041 772 0.0050 20.1 ∼ 4-12
De Vicq A 55 452 860 0.0119 760 0.0056 45.6 ∼ 4
De Vicq B 80 258 1160 0.0099 1101 0.0025 39.8 ∼ 4
Dolleman 65 5 584 0.0036 574 0.0047 14.4 ∼ 5
Filchner 170 432 1554 0.0034 1533 0.0015 11.9 ∼ 7
Fimbul 105 288 762 0.0003 758 0.00073 1.9 ∼ 8 - 12
Getz 70 335 725 0.0102 624 0.0040 46.5 ∼ 4
Jelbart 95 260 583 0.006 551 0.0065 39.3 ∼ 8 - 16
Larsen C 290 307 698 0.0010 690 0.00037 4.3 ∼ 4
McMurdo 130 327 420 0.0033 404 0.0025 9.4 ∼ 7
Ninnis 40 584 1274 0.0035 1259 0.0058 21.5 ∼ 8 - 14
PIG 45 500 4067 0.0029 4030 0.0057 10.9 ∼ 3
Publications 55 234 813 0.0389 582 0.0204 193.4 ∼ 5
Ronne 460 353 1410 0.0014 1398 0.00001 6.7 ∼ 9
Robert Glacier 16 137 651 0.0140 512 0.0102 65.0 ∼ 10 -

14
Ross 621 242 1100 0.0010 1090 0.0009 4.0 ∼ 4
Shackleton 110 231 1793 0.0031 1772 0.0021 19.4 ∼ 9 - 12
Stange 45 231 699 0.0210 560 0.0115 118.7 ∼ 7
Venable 30 383 675 0.0047 631 0.0048 24.1 ∼ 5
West A 120 187 773 0.0040 747 0.0014 19.3 ∼ 8 - 12

Table C.1: Table showing full dataset for 22 Antarctic ice shelves.
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This supplementary material contains plots for 22 Antarctic ice shelves with each ice shelf 
assigned a separate page. 
 
The top four plots show:  
 the MODIS imagery used in the geophysical classification  (Haran and others 

(2005)). 
 the non-filtered ice-surface velocity field (450m resolution) for each ice shelf (using 

velocity dataset from Rignot and others (2011)). 
 the along-flow strain rate calculated from the filtered velocity field (see below for fil-

tering details). Additional black line indicates the flow line of maximum speed. 
 the absolute transverse shear rate calculated from the filtered velocity field. This is 

displayed with a colour bar ranging from 0 - 0.05yr
-1

, with saturated regions indicat-
ing values greater than 0.05yr

-1
. 

Each of these plots also includes a grounding line and coastline outline from MODIS 
(Haran and others (2005)). 
 
The filtered velocity field used to calculate the along-flow strain rate and transverse shear 
rate is generated by applying a low-pass Gaussian filter to the original velocity field from 
Rignot and others (2011). We use the MATLAB imfilter function, with a Gaussian filter of 
size 9km (20 grid cells) and standard deviation 1.8km  (4 grid cells). As a result of this fil-
tering there are some artefacts in the along-flow strain rate and transverse shear rate 
plots. Valid values can be found 9km from the ice-ocean boundary. 
 
Values of along-flow strain rate and speed sampled along the flow line of maximum ve-
locity are displayed in the lower two plots. The upper of the two plots gives values of 
strain rate (blue) and speed (orange) along the full flow line transect, with the mean strain
-rate calculated over the final 20km shown as a thick green line. The lower plot displays 
the strain rate values from the final 20km section of the shelf (blue crosses), with the 
mean strain rate (bold green) and standard deviation in strain rate (dashed red). The 
methodology for calculating these quantities is given in the main text.  
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Appendix D

Appendix: Fluid-Mechanical

Experiments Simulating the Flow of

an Ice Shelf

Fluid Thickness (mm) Speed (mm s−1) Strain Rate (s−1)

Golden Syrup

30.8 1.30 0.0001
30.8 1.30 0.0001
7.7 2.10 0.0008
15.4 1.38 0.0001
23.1 1.45 0.0004

1% Xanthan

33.0 4.62 0.0011
33.0 1.80 0.0018
27.5 4.79 0.0012
27.5 4.45 0.0003
27.5 3.96 0.0023
27.5 5.22 0.0004

1.5% Xanthan

22.0 3.58 0.0005
33.0 1.60 0.0005
11.0 4.00 0.0002
22.0 2.75 0.0008
22.0 2.27 0.0006

Table D.1: Details of shelf thickness, flow speed and along-flow strain rate at the centre
of the channel exit, used to analyse the scaling relationship for flow at the channel exit
and plotted in Figure 6.34, for the range of experiments presented in the text.
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(a)

(b)

(c)

(d)

Figure D.1: Original images used to determine thickness profile of Golden Syrup Sheet-
Shelf System, each taken at different time intervals: (a) early time before grounding line
enters field of view; (b) 160 seconds; (c) 480 seconds; (d) 800 seconds after first particles
leave channel exit. Corresponding to profiles given in Figure 6.3. It is possible to see
a small undulation on the surface of the current, identified by an arrow, which is found
in the same location at each time interval and becomes incorporated into the grounded
section by the final interval.
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(a)

(b)

(c)

Figure D.2: Plots for elevation profile of Golden Syrup current: (a) Image processing
for the elevation profile 800 seconds after the first particles leave exit (first step applies
threshold filter to convert to binary image, subsequent steps attempt to improve fit -
filling in holes and removing false values); (b) Elevation profile at 800 seconds deter-
mined from image processing and smoothed profile, using 2 cm Gaussian filtering; (c)
Elevation profile evolution during the experiment, showing both elevation profile from
image processing and smoothed profile.
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Figure D.3: Cross-channel velocity component for the first interval of the Golden Syrup
experiment. Here it is clear that there is little cross-channel flow in the upstream section.
However, in the final 5 cm of the channel there tends to be flow away from the side walls
into the centre of the channel. Once the shelf leaves the confines of the channel there is
considerable lateral flow.

Figure D.4: Relative difference plot between original PIV along-channel velocity field
and fitted model speed, with negative values indicating an over estimation by the model.
Upstream of the grounding line the fitted model overestimates the
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(a)

(b)

(c)

Figure D.5: Plots for elevation profile of 1% Xanthan current: (a) Image processing
for the elevation profile 120 seconds after the first particles leave exit (first step applies
threshold filter to convert to binary image, subsequent steps attempt to improve fit -
filling in holes and removing false values); (b) Elevation profile at 120 seconds deter-
mined from image processing and smoothed profile, using 2 cm Gaussian filtering; (c)
Elevation profile evolution during the experiment, showing both elevation profile from
image processing and smoothed profile.
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(a) (b)

(c) (d)

(e) (f)

Figure D.6: Along-channel flow speeds across the width of the current at intervals along
the length of the current while confined and unconfined. This data is the original PIV
data as determined by the PIV software from the displacement of 8 mm squares of par-
ticles calculated on a 4 mm grid, prior to any interpolation or filtering. (a) and (b) show
the velocity profile from the Golden Syrup experiment, intervals 1 and 2 respectively.
(c) and (d) give velocities for the 1% Xanthan experiments, intervals 1 and 2. (e) and
(f) give velocities for the 1.5% Xanthan experiments, intervals 1 and 2.
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Figure D.7: Cross-channel velocity component for the second interval of the 1% Xanthan
current. (a) Snapshot of Gaussian filtered velocity. (b) Time-averaged and Gaussian
filtered velocity. (c) Cross-channel strain rate.
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(a)

(b)

(c)

Figure D.8: Plots for elevation profile of 1.5% Xanthan current: (a) Image processing
for the elevation profile 320 seconds after the first particles leave exit (first step applies
threshold filter to convert to binary image, subsequent steps attempt to improve fit -
filling in holes and removing false values); (b) Elevation profile at 320 seconds deter-
mined from image processing and smoothed profile, using 2 cm Gaussian filtering; (c)
Elevation profile evolution during the experiment, showing both elevation profile from
image processing and smoothed profile.
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Figure D.9: Figure adapted from Longo et al. (2015). Plot of shape function ψ for power-
law viscous gravity current confined in a horizontal channel, with a semi-circular base,
against along-channel similarity variable η. Red curves represent constant flux release.
Blue curves represent fixed volume release. Solid curves for n = 1. Dashed curves n = 2
and dotted curves n = 2/3. It is clear that away from the nose of the current the slope
increases for larger values of the power-law flow exponent n.

Figure D.10: Shelf thickness, speed and strain rate for a purely extension shelf, with
Newtonian rheology and viscosity µ = 77 Pa s.
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Figure D.11: Shelf thickness, speed and strain rate for a purely extension shelf, with
n = 3 power-law rheology and consistency index µ̃ = 10 Pa s1/3.
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