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Numerical investigations in the Irish Sea and its estuaries

A hydrodynamic-numerical model has been devised to study tides in a
shallow sea.

Two-dimensional hydrodynamic-differential equations of motion and
continuity, including non-linear terms, are replaced by finite-differences.
The equations are in such a form that space derivatives are expressed as
central differences whilst a combination of forward and backward differ-
ences is applied for time derivatives. The final equations are solved
numerically on a finite=-difference grid, where a step~by-step procedure in
time is used.

An attempt is made to reproduce the propagation of the M, tide in the
eastern part of the Irish Sea and to describe the behaviour of"the M _wave in
estuarial waters where a barrage crossing is proposed. The main interest is
focused on tidal elevations along coasts where an increase (or decrease) of
tidal amplitudes might occur in the vicinity of a barrage.

1. Introduction
In recent years the old idea of damming the entrances to shallow water
areas has emerged in a new light and has been given thorough and thoughtful

attention.

Proposals to construct barrages across tidal estuaries are being actively
considered at national level, and at the moment a number of barrage projects
are being discussed in England, by different authorities. To mention some of
the schemes we may start, first of all, with the proposed barrage in the
Bristol Channel, next the closure suggested for the Wash, and then the most
feasible ones, namely those being considered for the River Dee, Morecambe Bay

and the Solway Firth.

Reasons for building estuary barrages differ in England from site to
site but, generally speaking, they are seen as means of augmenting water
resources for human consumpftion and industrial needs, improving communications,
recreational facilities, land reclamation, protection purposes and even to
harness tides for power generation. Needless to say, the barrage problem is
being widely investigated from various points of view. Everything is aimed
at establishing objective criteria for a discussion of whether the overall
potential benefits of an estuary barrage will exceed the overall costs involved.
Therefore vast investigations are being carried out, involving collection and
assessment of all relevant data, before the final decision to build a barrage

is taken.

The whole discussion is based, as it is seen, on the following three

aspects: economic and demographic, technical and engineering, and last but not
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least, the hydraulic-oceanographic problem., The first two problems, although
decisive in the final consideration as to whether a barrage should be erected,
are beyond the scope of this report. As these two aspects play the decisive
part in the final stages of ratifying a barrage project, the third hydraulic-
oceanographic aspect is the initial stage of the investigation, which has to
supply essential data needed in describing the best site of a crossing and the
safe, yet economical, character of the structure. Apparently this will give
the possibility to establish the economic and technical aspects of the whole

undertaking.

It is understood that it is not our intention to argue which aspect,
according to its merits, has to be given priority, for all three groups of
investigation will play its own role in giving the barrage problem an

expected practical realisation,

The Institute of Coastal Oceanography and Tides, formerly the Tidal
Institute, being aware of the importance of the barrage problem, joined in
the investigations with the purpose of tackling the problem as far as the

oceanographic aspect was concerned.

A research grant, awarded by the Natural Environment Research Council
in 1968, enabled the author to undertake a numerical investigation by con-
structing a hydrodynamic-numerical model for the eastern part of the Irish

Sea and its estuaries.

It was decided that the numerical model, developed in 1961 by Lauwerier
and later extended for more practical application by Heaps(1966) and Banks
(1967) should be used for these investigations.

At the commencement of the study a thorough consideration was given to
decide which part of the Irish Sea area should be taken into account to give
the most reliable reproduction of the tidal regime, especially in the Solway
Firth, Morecambe Bay and Dee River estuaries. The choice was between one model
of variable mesh size, covering the entire eastern half of the Irish Sea,
including its estuaries, or a group of models each covering, with a uniform
mesh, a separate estuary. Giving weight to all proposals it was agreed that
the first stage of the study should take the eastern part of the Irish Sea as
the typical case. The decision was taken firstly due to the lack of tidal
data in the mentioned estuaries and, secondly, to test the whole method on a
bigger shallow sea area before commencing more detailed investigations in the
Morecambe Bay, Solway Firth and Dee River. It was hoped that the first model

(parent model hereafter) would provide accurate tidal data in the seaward
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regions of the estuaries: data which could be used later as initial values

for the small models.

Having the elevations along the open boundaries of the small models,
numerical calculations would then be carried out for each estuary separately;
firstly without a barrage and afterwards with a barrage crossing (in various
places) in order to establish the differences, if any, in tidal regime in the

estuary without and with a barrier.

It is apparent that an impermeable barrier placed across a tidal estuary
will interrupt completely the normal tidal flow and may have measurable effects
on the tide seaward of the structure. Thus investigations to predict the maxi-

mum sea level and current pattern seaward of a proposed barrage have to be made.

The intention of this paper is to show, in as concise a form as possible,
what has been done in this field and there is no need to emphasise that it will
be left to the authorities concerned to decide whether the results obtained

can prove to be useful,

2. Scope of the study

The reported study was generally designed for three aforementioned areas
in the eastern part of the Irish Sea, and the aim of the work was to investi-
gate the methodology of numerical models in determining sea levels, and even-

tually currents, seaward of a barrage alignment,

This work, considering and applying the hydrodynamic-numerical method,
is intended to set out some procedures for the application of the model as a
research tool to study tides in estuarial waters and, moreover, to indicate
how the numerical models can be used in supplying preliminary oceanographic

data before any thorough and relevant research is undertaken.

The scope of the work is restricted not to general tidal problems as
such, but to a model sea, namely the lrish Sea, where the principal lunar semi-
diurnal M2 tide is experienced as a result of co-oscillation with tides, caused

by tide generating forces in the adjoining ocean.

It is worth emphasising, at the beginning, that wind stress effect, which
plays a significant role in shallow sea areas, will not be taken into account

in our calculations; a single !4, constituent only will be considered.

2
In this work the calculations are based on the two-dimensional hydro-
dynamic~differential equations. These are expressed in a finite-difference

form providing the basis of an iterative procedure and giving the basic
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equations to forecast tidal elevations and tidal streams in the basins under

discussion.

As it was said, the whole study considers the eastern part of the Irish
Sea and its estuarial waters. Through the parent model investigations the

open boundary input values for the small models are sought.

The given paper can be divided into three main parts. The first intro-
ductory part gives some general remarks about the barrage problem and the areas
considered. The second part describes the theoretical analysis in setting and
solving the given problem. Results, related mainly to the parent model and
their brief discussion, are given in the third part. Results obtained in the

small model investigations will be discussed in separate reports,

It is understood that some paragraphs of this report contain a number
of known facts and details which were already experienced, explained, developed
and solved by various investigators and, as such, could be found in literature
or other sources (references given). However, they are given here for the

sake of clarity and the completeness of this paper.,

3. General remarks about barrages

The simplest definition for an estuary barrage can be expressed as:"a dam,
permeable or non-permeable, comnosed generally of local materials (sand, clay,
rocks) placed across an estuary in order to keep out the water of the sea."
Obviously the latter is rather vague and subject to the purposes the barrage is
given to serve, Thus the last part of the 'definition' changes when the tide

is harnessed for, say, electric power generation,

The idea of building barrages, in British estuarial waters,is not a new
one. Such barriers have been proposed in England many times, e.g. the crossing
of the River Dee. Nevertheless the greatest credit has to be given, as far as
the technical experience is concerned, to Dutch engineers. In this respect it
is fair to mention the completion, in 1933, of the 32 km long Zuider Zee dike,

and more recently the current progress of the well~known Delta Plan,

Though giving full credit to the Dutch, it is worth remarking that they
were forced into such measures by their geographical position, their densely
populated country and the urgent need to protect their countrymen against a

recurrence of the notorious 1953 flood tragedy.

The need for barrages in Great Britain is dedicated mainly by industrial
requirements. The great demand for water in this country, for industrial and ,
potable purposes, is so far the paramount reason and inspiraticn for barrage

building.
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3+1 The barrage problem in Great Britain

As mentioned before, the necessity for estuary barrages in Great Britain
is due mainly to industriasl needs. Therefore all barrier structures are intended
generally to be built in areas suited for such crossings, and in particular, in
regions of increasing industrial activity and rapidly rising demand for fresh
water.

The enclosed sketch (figure 1) shows the probable building sites for
British barrages. The subsidiary figures indicate different sites, in each
estuary, for proposed barrage crossings.

The best building site will
be chosen, of course, after consider-
ing all the arguments for and against
each possibility, once all the data

required has been obtained,

It seems that some of the
estuaries might have two, or even
more crossings; primary and secon-
dary ones, to achieve the most effic-
ient exploitation of natural
resources and in particular the
optimal, practical solution for a

proposed barrier.

No doubt all the British

barrage crossings, if erected,

could have many advantages, as
mentioned already, but one has to
bear in mind that some of the merits
Figure 1. Suggested building sites might be achieved at the expense of
for barrage crossings. . . s s s
‘ spoiling existing conditions, caus-
ing disbenefits as well: this is even without mentioning that some interests are in

obvious conflict, e.g. fresh water storage and tidal power generation.

Silting or scouring problems difficulties in approaching existing harbours
or even the necessity of closing some of them, flooding of agricultural land and
effects on fisheries; these are only some of the considerable disadvantages which
might be faced by damming an estuary. It is true to say that a barrage might cause
as many problems as it solves. Therefore the whole barrage problem, as mentioned
at the outset of this report, is carefully weighted and undoubtedly the fervent

and dedicated enthusiasts, who can be found supporting each barrage scheme, will
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always be able to establish the main reason in putting forward their barrage

proposal.

The main advantage and reason for the barrages is seen to lie princi-
pally in:
(a) fresh water storage and improved communications for Morecambe Bay
and Solway Firth barrages,
(b) improved communications for River Dee crossing,
(¢) land reclamation and fresh water storage in the Wash project, and
(a) tidal power generation and land reclamation for barrage in Bristol
Channel.
Adding to the above the flood prevention purpose for the Thames estuary
barrier, one has the stimulus and all the reasons for the current barrage

proposals in Britain.

L. Barrage problem in view of different model investigations

Any engineering scheme, before its final construction, has to be designed
on the basis of reliable data obtained through different model investigationms.
Hence it appears that before a dam is erected, both the hydraulic engineer and
the bceanographer will be urged to supply enough practical assessments to

indicate whether the chosen estuary is suited for a barrage.

Despite a dearth of tidal data a method has to be found, and investi-
gations carried ocut, to predict the water movements in a newly faced barrage
situation,

As far as the hydraulic and oceanographic aspects are concerned any
method applied here must provide as basic results where and how the barrage
has to be placed, and how high the feasible dam has to be raised to avoid
any danger of overtopping in the most adverse combination of tide, surge and
waves. Interests have to be focused mainly on the changes in tidal amplitudes
which might necessitate the reconsidering of existing, if any, coastal defence
schemes. OUnly a set of relevant and comparative data collected from, say,
different model investigations can give an authoritative reply on the given
problem. It follows that one method of investigation does not exclude, by any
means, the other but supplements it. This way of tackling a problem by
various methods will be used for many years to come unless a fully proven,
universal and faultless method is developed to give accurate data on the

problems concerned.

For a long time there have existed some ways of tackling problems in
water level variations of shallow sea areas. Tidal or non-tidal water move-
ments have been tackled either in the hydraulic laboratory by small scale

physical models, or by formulating, then solving, mathematical eguations
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governing the motion of the water. In the latter case it has been customary
to use analytical sclutions or, for simplified practical p.roblems, an
empirical or statistical method. However, the question was always open
whether the results obtained by model testing techniques or appropriate

mathematical methods could be accepted as accurate.

The hydraulic model investigations give, in general, a good insight
into the dynamics of the water and the resultant morphology of the basin.
Nevertheless hydraulic models, due to scale restrictions, cannot describe
the real physical nature of the sea under consideration. Lven less reliable
results can be achieved, as far as the practical point of view is taken,
from the analytical method. Here arain all the ideal mathematical assumptions,
needed to solve the given equations, restrict the derived results only to sci-
entific understanding of the problem of interest but are doubtful for prac-

tical purposes.

In spite of all limitations confined to the results obtained by hydraulic
model investigation, this has so far been the only method providing enough data
for design purposes, and the results yielded by hydraulic models have generally
been accepted without question. We have to admit that the latter attitude has
been adopted, in some cases, because of the great cost and time involved in

such investigations.

Generally speaking, it is true that water movements in a narrow estuary
can be explained using small scale hydraulic models. A hydraulic model may
well reproduce the dynamical regime in a narrow estuary or river channel where
the geostrophic effect can be neglected. In the case of a wide estuary, how-
ever, the geostrophic motion has to be included. Therefore another approach
has to be found to solve the hydrodynamical equations governing the water

motion in which the geostrophic acceleration is included.

Gf course it is not our aim to state which model or method has to be
used. It depends on many circumstances, but it seems unlikely that a thorough
investigation could ignore the hydrodynamic-numerical method which has become

prominent in recent years.

It seems to the author that, if the case of a hydraulic structure to
be placed in a water region arises, the hydrodynamic-numerical method (or H-N
in short) should be aprlied as the first stage of any investigation. The
author feels that the preliminary results, obtained by this method, will open

the way for further research and investigation if necessary.
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It should be understood that the author is far from saying that all
problems concerned with water movements have to be solved by the hydrodynamic-
numerical method only, but wishes to state that with the vast development of
modern computing facilities the method referred to seems to be the one to give
the fastest, cheapest and most reliable hydrodynamic data for use later on in

any practical scheme,

If the hydrodynamic-numerical method proves capable of solving the
whole problem on its own, it will be better for the method itself. If not,
it can still be used to verify results from other investigations or to supply
preliminary data for other methods. To describe it shortly, the H-N method,
although it cannot give any information, say, about sediment transport in
shallow seas, it can supply enough results on tidal elevations and tidal
streams responsible for the mentioned phenomena. A hydraulic model furnished
with tidal data obtained from the H-N method can then sclve the relevant
sediment problem. It is obvious, further on, that hydrographic data obtained
in the laboratory can be used in numerical investigations, and the latter can

supply the former with other results, e.g. open boundary conditions.

These small examples show only some of the many possibilities which can
be matched and linked within two different models in providing relevant data.
Thus hydraulic and oceanographic problems raised by a barrage structure can
be easily and satisfactorily solved. Once more the statement (Rossiter, 1961)
that there is a place for different models in attacking sea water dynamics

has proved its value.

l+1 Hydrodynamic-numerical method

The development and availability of high-speed electronic computers has
made possible the use of hydrodynamic-numerical methods for sea dynamic compu-

tation.

The H-N model investigations are now well advanced and many oceancgraphic

problems have been so far explained and solved using this method.

The H-N method developed in 1956 by W. Hansen, the recognised pioneer in
this field, has subseguently been successfully used by many investigators in

studying sea level changes of tidal and non-tidal origin,

The encouraging results so far obtained by means of H-N models in
reproducing tides and storm surges, by explaining their generation and propa-~
gation, has revealed the great potentialities of this method to many oceano-

graphic problems.



The method under discussion is based on the fundamental laws of motion
and continuity. Therefore the initial stage in the H-N method is the formu-
lation of the relevant hydrodynamic-differential equations which govern the
motion of the sea. The equations can be written in linear or non-lincar form
and are usually vertically integrated from the bottom to the surface. Such
equations give us the fundamental prediction equations. To solve the given
hydrodynamic-differential equations, which can be formulated in a one, two

or three-dimensional system, a numerical solution is applied.

A numerical solution of the hydrodynamic-differential equations can be
achieved by approximating the differential quotients by finite-differences at
discrete points in time and space. This means that each partial differential
coefficient has to be replaced by a finite-difference. What kind of finite-

differences will be used depends on the computational scheme chosen.

In the finite-difference representation of the differential equations,
central differences are most widely used to express space derivatives, while
time derivatives are frequently expressed in forward or backward difference
form. Such time differences will transform a situation at time t into a situ-
ation at some later time t+at (where at is the elementary time step); the
transformation only requiring information from these two time levels. Thus
tides or storm surges can be built up numerically, at a series of time levels,

starting with an initial state of displacement and motion.

A numerical sea model, describing in numerical terms the physical pro-
perties of a natural basin, is the only model so far which can reproduce, with
sufficient accuracy, the dynamics of the water in the considered sea area. How
thoroughly the sea dynamics will be reproduced depends on the accuracy in for-
mulating the basic hydrcdynamic-differential equations, on the chosen dimen-
sions of the finite difference grid, and on the confidence which can be placed

on the hydrographic and meteorological data obtained.

Whether all the mentioned 'parameters' can be included and taken in their
most reliable and accurate form devends again on the data and computer core

memory available.

More detailed information about the H-N models can be found in the next
paragraphs, where the whole theoretical analysis, of the method under discussion

is given,



5. Physical characteristics of the areas considered

It lies far beyond the scope of this report to give a complete physical
account of the sea regions considered. Nevertheless, a short description of
the geometrical and hydrographical properties of the basins mentioned may

elucidate the problems involved,

Drawing one line from Barrow Head (Scotland) to Ayre Point (Isle of Man)
and another from St. Mary (on the same island) to Carmel Head (Anglesey) we
produced the western boundary of the eastern part of the Irish Sea. Taking
the boundary in such a way we obtain two entrances; the northern approximately
29 km and the southern approximately 72 km wide. Through these two openings
comes the tidal wave. And it is here where the amplitudes and phases of the

M? constituent are prescribed for our computations.

The total sea area covered by our computational mesh, for the parent
model, amounts to 14412 kmz. The depth distribution, in this area, varies
from a maximum depth of 6920 m. to a minimum of 5.00 m. The average depth

does not exceed 25 m, giving in total a rather shallow reservoir.

Though the western boundary of our sea is a straight one, the eastern
boundary is rather complicated. Here the sea enters the land in many places
giving a changing coastal configuration. The sea and the entering rivers
build up, in this part of the Irish Sea, many bay-like water areas. The main

ones are, of course, the Solway Firth, Morecambe Bay and the Dee Estuary.

The Solway Firth with its converging coastal lines seems the easiést
basin to deal with in describing the bathymetry but, oddly enough, this region
is the least documented area as far as hydrographic data is concerned. More
information can be found for the other two water areas, where recently some
field measurements and aerial surveys were carried ocut. Even so, a thorough
reproduction of the coastline in either of these estuaries by a "zig-zag"
approximation is difficult to obtain since the coastline changes in time with
water level. In Morecambe Bay, for example, at low tide about 70% of the upper
reaches of the Bay are dry having only the water, confined to small channels,
given by the river discharges. Most certainly these drying banks, exposed.
during the receding tide, are the main concern in establishing the depth values.

The same concern applies to the Dee Estuary and the Solway Firth.

The tidal movement, in any of these estuaries, is very strong and produces
a lot of cutting and replacement of the bottom. Thus a remarkable and surely

unpredictable sediment movement occurs in such regions.

The tidal streams, during the first stages of flooding, follow the direc-

tion of the main channels. This could be said also when the banks are dry and
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the ebbing tide is at its final flow. When the tide covers the banks the
stream tends to run across them. It is difficult and unwise, therefore, to
accept any fixed stream pattern since the bottom floor decides the direction

of the tidal current (at low water) in existence.

6. General description of tides in the Irish Sea and its estuarial waters

As mentioned already the whole work deals with one principal tidal
constituent only. Thus, in the following general description of the tides
in the Irish Sea, we shall be mainly concerned with the principal semi-diurnal
M2 tide.

It is a known fact that tides in the Irish Sea are caused by an influx
and efflux through the Northern Channel in the north and ﬁt. George's Channel
in the south.

The tide generating forces (varying forces of the gravitational attrac-
tion due to the moon and the sun) which generate the tides in the Atlantic
Ocean are practically negligible in the Irish Sea. It is apparent, therefore,
that tides in this basin are of a co~oscillating type with those of the
Atlantic. Although that type of tide seems, in general, to be a comparatively
simple one, the tides in the Irish Sea are rathgr complex due to shallow water

interactions.

It is clear that tides in the Irish basin are determined by the distri-
bution of tidal currents over the mentioned entrances. According to Doodson
and Warburg (1941) the tidal streams entering through the North Channel are at
their maximum speed at 0750 in lunar time. The same applies to the tidal
streams crossing the southern entrance. It means that at that time the Irish
Sea begins to augment its water volume. The latter reaches its maximum amount
after 3 hours, i.e. 1050 after the transit of the moon at Greenwich. The time
of maximum amount of water in the basin is also the time when the currents are

turning to leave the basin.

After another 3 hours the currents, at their leaving stage, reach their
maximum speed. At the time of maximum speed of the currents, either inwards

or cutwards, one can find the mean amount of water in the Irish Sea.

The speed of the tidal currents at both openings determinesthe excess
of the water over the referred mean volume. The current velocities differ, of
course, from springs to neaps and can be strengthened or weakened by meteoro-

logical effects and, in some places, even by river discharges.
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The current pattern and velocity distribution vary from site to site
but generally it is accepted that the stream lines, passing the northern and
southern approaches, turn in the easterly direction building up elevations
along the eastern sea edges. This gives in result a surface gradient with
higher water level at the English and lower at the Irish coast. Needless to

say the ebb currents follow the same way, in the opposite direction of course.

Tg;w5§é&rg§ Man, being located roughly in the centre of the Irish Sea,
separates;to a certain extent, the meeting of the main stream flows until they
reach the eastern part of the sea. The location of the island, and the depths
between it and the Irish coast, is the main reason that in this region, the
tidal currents are very weak and the sea area west of the island is considered

as slack water.

The speed of the tidal currents, except in the slack water region, differ
from place to place. The currents attain their maeximum speed, as it was said
before, roughly at 8 hours after the moon's crossing of the meridian of Greenwich
and are the cause of building up elevations above or below .the mean level.
Observations show that at the eastern coast the tidal amplitude is 3+0Om
(Proudman, 1953).

In the eastern half of the Irish Sea the co-range lines are 'parallel' to
each other, starting with the amplitude of 220 cm. at the western border, and
ending with 300 cm. at the Lancashire coast. This indicates a distinct gradient

of elevation in the eastern direction.

The value of the amplitudes rises going inwards along the existing
estuaries. There the increase in tidal friction, due to shallow water, causes

additional growth of the tide.

Considering now the tidal range of spring and neap tide, and not the mean
tide as in the case of the mentioned amplitudes, the values reach (on the
southern coast of Morecambe Bay) approximately 9+0 m. and 5¢0 m. respectively.

A slight increase in these values may be found on the coast of the Wirral

peninsula.

Adding on the astronomical tide to the meteorological tide,due to wind
and pressure, one can focus interest on the height to which a barrage must be
raised to withstand the head of the water (static pressure) and the wave

action (dynamic pressure) likely to occcur,

Figure 2 shows a chart of co-tidal and co-range lines of the whole
Irish Sea. It was prepared using the classical tidal chart devised by Doodson

and Corkan (1952) and data from other sources available.
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Fig. 2. The co-tidal and co-range lines of the M, tide in the Irish Sea

co~-range ( amplitudes cm) lines).

The enclosed chart comprises, besides the layout of times and amplitudes

of the M? wave, a series of H and g values for different coastal statioms.

The reliability of thesxvalues, collected from different sources such as:

Doodson and Corkan (1952), Tidal Institute harmonic aralyses, I.H.B. tables,

depends on the span of data taken in evaluating H and g.
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7. Theoretical analysis of the hvydrodynamic-numerical investigation of the

tides in shallow sea areas.

The basic mathematical analysis of difference method can be found in
various publications, e.g. Buchingham R1957), Richimeyer (1957), Collatz (1960).
The model discussed here is based on the finite-difference interpretation
of the two-dimensional equations described by Lauwerier (1961), Heaps (1966)
and Banks (1967). In particular the numerical scheme devised by the latter
was applied, with some modifications, for the investigation under discussion.
In the hydrodynamic-differential equations applied in our model the space
derivatives are expressed in central difference form. Forward differences are
utilised in the equations of motion for time derivatives but, to maintain
stability, the time derivatives in the equation of continuity are expressed
by backward differences.
In this way the final hydrodynemic-differential equations of motion and
continuity, including non-linear terms, are replaced by finite-difference
equations and an iterative procedure is used for the calculation of stream

components and elevation at grid points of a mesh covering the sea.

7+1 The basic hydrodynamic eguations

A small sea area is considered and therefore, to facilitate the whole
theoretical analysis of the given problem, the following Cartesian co-ordinate

system is chosen, figure 3,

+= ./'y“ /M\
4

%

Figure 3. The chosen co-ordinate system

Assuming that the water is incompressible and homogeneous, and that the
horizontal component of the geostrophic acceleration (proportional to w)
is neglected; assuming, further, that of the frictional stresses acting on
the water only those acting on horizontal faces are included, the general
equations of motion and continuity for a rotating sea can be expressed, as

follows (Defant, 1961):
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where:
X,¥sz - Cartesian co-ordinates (LHS);

UyVyW - current components in the directions of increasing x, Yy 2

respectively; ,
P - pressure at a point in the water;
14 ~-density of the water (assumed uniform);
g - acceleration of the Earth's gravity;
t - time;
f - Coriolis parameter (2a)sin>’);
F,G  -components of the frictional stresses.

Considering only 'small' motion in the sea, we can neglect all terms
which contain products of the velocity components u, v and w, this means that
the equations can be linearised. Thus instead of /Dt we can write O/Ot, 50

that equations (1), (2) 2and (3) can be written in the simplified form:

"Z"""' (5)
or Pz’ 7

=) (6)

9{ = P az ‘f'g * (7)



If the long waves (tidal motion) are considered, it is usual to neglect
Zhv/ﬂf . Thus the equation of motion in the z-direction can be considerably
simplified to:

L2 I
;:-)D iié? #';? , or ‘ifé? = }Dé?'

When P is constant (as it is in our case) then by simple integration we

obtain for a homogeneous sea;

P = P37z +//"3];Z(/ (8)

Taking into account the boundary conditions on the sea surface (regarded as
horizontal), remberlng that the surface the water pressure is egual to the

atmospheric pressure p = Pg (denoting by Pa the atmospheric pressure /Dd/*y/{))
we obtain from (8)

p=po *Pe(Z7T); (9

where r is the elevation of the sea surface, i.e. disturbance in height of
the free surface from its undisturbed level.
Bguation (9) corresponds to the basic hydrostatic equation, this means

that the pressure at any depth is given by the hydrostatic law for pressure.

Coming back to the remaining two equations of motion (5) and (6) the
pressure gradient terms can now be expressed (by differentiating equation (9))
in terms of atmospheric pressure and surface slope. Simply speaking, the
derivatives of the pressure (in the horizontal directions) now become func-

tions of the water level and the admospherlc pressure:
p _28 , 2 ) 27
3r =5y r 2 [Pa(ze9)| - 45 1 pg 57
do_Op, 2
. 98 ppten]- 2o po 5y
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Substituting these into the first eguations of motion (5) and (6) we obtain:

9! 128  /OF

/ L Ip _ L2, (1)
f?y P oy P Yz

The above equatlons, since we are not taking into account the atmospheric

effect on the sea surface, can be further simplified and written as:

((_‘/y-:_ﬁ_g;_;_l%f) (12)

P
ofus-53-7 52 v

and repeating the equation

o, DV, In (14)
W"Dy 2z g 1

we obtained the whole set of hydrodynamic-differential equations, of motion

I

and continuity, needed as a starting point to establish our fundamental

prediction equations.

The next step is to integrate the primitive equations (12), (13) and

(1&) from the bottom to the surface.

The technigue of such integration has been discussed by Proudman (1953),
Welander (1961) and Ueno (1964). According to this integration a set of

equations is obtained which is independent of the vertical co-ordinate.

Integrating the whole set of equations from the bottom to the surface
and introducing the surface, and especially the bottom boundary conditions,
we obtain the resultant set of equations, which govern the motion in the sea,

_/V:—ﬂ/éf]/gvaj—;//f—/fj) (15)
W f)--g(hed) 5+ 5 (4G,

and 27!’ _ _‘.224{‘— zélk/ .
'p"[‘ Tx ﬂy J (17)
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where;

Z=<h
U-‘-‘- Z(a/Z and y / y‘dz (18)

z=~¢

The wind stress components, FS and Gs in the x and y directions
respectively, occur in the equations as a result of the surface boundary

conditions;
— e DU — v -
/‘(____- 3’{5_ and /ﬁ—-:&s /Jf Z—O)J (19)

where: (1( is the coefficient of eddy viscosity, generally assumed for

theoretical purpcses to be constant.

Correspondingly we can write the conditions at the sea bottom:

—/“gf_:-/b- and ——/q_azz_y';_@ /c;Z‘Z=b/, (20)

where: Fb and Gb express the components of the bottom friction in terms
of bottom current. According to Welander (1957) the alternative bottom

condition is:

U=U=20 (af Z‘A/. (21)

. Due to the fact that in this study tidal problems only are considered,
the surface stresses of the wind effect are ignored and only the bottom

friction is -takeén into account.

It is assumed here that the resultant bottom stress, according to the

recognised quadratic law, will be given in components of the total stream by:
2 z,
o+
£ = ,@}DUMU v ’ (22)
(h+5)°

G = &P//)m . (23)
6 (h+7)? )

where &3 is the coefficient of bottom friction (varying value as will be shown

later), taken according to Proudman (1955), and others as 0-0025; for the parent
model only.
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Taking into account all the aforementioned assumptions and restrictions
the final hydrodynamic differential equations, with the above defined bottom

stress components, can be expressed as:

(24)

W1y pur) 2L _ 2 YWV
o /V j/é 57;7—4 }mz/f )

W1y 0rs. L, VP )
7 /ﬁ 3/6 jjpy 4 /é,L;/Z)) (25)

9{__2_4__(21_{. (26)

oA Dr Dy

7+2 Initial and boundary conditions

In addition to the mentioned surface and bottom conditions, initial
and lateral boundary conditions of the elevation and stream flow are required

in order to solve the previously derived equations (ZL), (25) and (26).

Here, as the study considers tidal problems only, the initial conditions
of the astronomical tide have to be specified. Thus at time t = O the values
of U(x,y,t), V(x,y,t) and, in our case, the elevation value ¥ (x,y,t) have
to be described. Also at land boundaries and at the artificial boundaries,
located across the open sea areas and called open boundaries, boundary con-

ditions are required for all the time.

It should be mentioned that the component of the flow normal to the

land boundary is permanently zero:

Ucosy+Vsinf=O,
where 79is the angle between normal to the coast line and the x-axis
(figure L).

It follows that:

U = 0, is the boundary condition for the stream points on the land
boundaries lying along parallels of the y-axis;

V = 0, is the boun‘ary condition for the stream points on the land

boundaries lying along parsllels of the x-axis.

- 19 -~



Elevation along the open
y
VI l boundaries is either assumed to
U:0+ + + be permanently zero or specified
. . f as a function of time and position.
U0+ + <+ 4+ The former condition is most suit-
¢ ’ ¢ able for deep water open boundaries
u-=0 .
+ . + . + o+ where the elevation is generally
e . e .
U=O+——+*-’l-—'—+—— small, but for shallow waters con-
N V=0 V:0 V-0 v-0 sidered in this study the second
‘&'b . - .
aé? A ", condition has to be applied.
Sy . X

The existing co-tidal charts
(e.g. see the one prepared in figure.z)
- Figure 4. Definition of normal flow. enable us to specify, one supposes
with sufficient accuracy, the elevation as a function of time and position along

the open boundary of the model sea.

73 The array of prid points

The choice of a grid net and the grid size is usually based on the

accuracy required and, moreover, on the type of computer to be used.

Three arrays of grid nets were prepared for the eastern part of the Irish
Sea. They included three cases: parent model without barriers and parent model
with barrage alignments, in Morecambe Bay and the Soclway Firth. One of the

prepared matrices is shown in figure 5.

The meshes of any of the parent models were selected in such a way
that the grid nets for the small models could have the x, y axes parallel and

perpendicular to the main (longitudinal) axis of the concerned estuary.

Figure 5 consists of two different sets of grid points: dots for ele-
vation values (I) and crosses for stream values; U, along x-axis and V along

y-axis respectively.

The basis for selecting a proper mesh is the classical Courant-Friedrich-
- Lewy (1928) criterion, which governs the numerical stability of a two-dimensional

finite-difference scheme.

For a square mesh, as chosen in this work, the necessary condition for

stability is the fulfilment of the following inequalityi

2

123
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Numbers at various places (at elevation

elevation values at the open boundaries
values for some of the coastal stations.
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which shows an explicit dependence between the values of the spacial increments,
namely the mesh width value As (cm) and time increments At (sec). Neglecting
this rule the expected convergence of the computed solutions to the real solu-
tion of the difference equations may not occur but rather a 'blow-up' of the

computational values might be experienced.

Theoretical analyses to difference procedures show that, for a system

to be numerically stable, the grid size and timestep cannot be chosen indepently.

According to the criterion the following values, of aAs CAx:Ay=¢&s) and AAt,
for the parent model were chosen: As = 2781 m and At = 120 sec.

The real land boundary is represented by a step-like boundary, so that
the mesh chosen reproduces the coastline with sufficient accuracy. The same

conditions were applied to the small estuarial models.

7<), Labelling system and indication of grid points

The meshes, covering the considered water areas of all models in dis-
cussion, consist of 2p horizontals, numbered serially 1,2,3,4k.... downwards
through the grid. ZEFach horizontal has n grid points of elevation and stream.
All the grid points have, as is shown below, their own co-ordinate designation

constituting interlacing submeshes, figure 6.

I :2 L3 | 4 | i = ln y1
1 2 3 |A n—1 n
—I-+———+————+ +- +++— Y
al+! an+2 n+3 "n+4 201 aZn y3
n+l n+2 n+3 4 2n—] 2
——— L mmm____apl_*_"+1\a
an+! @n+2 2n +3 2n+4 3n-1 3n
® eresrves @) ® y5
2n +1 2n+2 2n+3 2n+d 3n--1 3
i B ! TN -3\ SRR 1 + 2 Y5
- 3n 41 .3n +2 3n+3 Insdf adn-1 4n y
h 2k-1

In4l 3n+2 3n+3 3n+ 4 4n—1 4n .
-+ T -+ o -+ .t._ y2k

_‘l(p-l),,:—,_.lp—l),uz .)(p-l)n,a 1P-Dn 44

y2 -1
(P-l),,, “Dn s “Dn s ( ‘)n-o n— n
_l__\ar ! .’.p 2 .!.p Do 23 .F_] ....7‘....._'_.!."_‘._.?.’_ Yap

Figure 6. Labelling system of the grid points.

The horizontals, of the elevation sub-mesh, are labelled J = 1,3,5,...
o2 qr eee 2p-1’ and in the stream sub-mesh as j = 2,4,6,... 2ir eee 2.
A serial numbering for the grid points, at both sub-meshes, is applied and
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runs from left to right along alternate horizontals moving downwards across
the whole grid. Apparently any elevation or stream point i is associated
with particular j showing the horizontal on which the point is located. A
single suffix notation of the integer i will be given to each elevation or
stream point, denoting the value :Z at elevation point i by Z;. The same
applied to stream values U = Ui and V = Vi at points fixed by appropriate
integer i. Such notation facilitates the programming for numerical calcu-

lations.

The horizontal and vertical lines (latitude and longitude) build a
rectangular matrix of points which encloses the real matrix of the sea. It
is obvious that all fictitious grid points within the rectangular frame, but
outside the sea area must be labelled as well, The fictitious points will
not take any real part in the calculations but will enable us to obtain the

output values in a configuration resembling the natural sea under ccnsideration,

A set of rectangular matrices, for the L models considered, was prepared
giving the following dimensicns: (but for no barrier cases only, for other
arrays were prepared when a barrage crossing was introduced)

(a) 34 x 31 squares (1054 elevation and 1054 stream points) for the parent
model,

(b) 35 x 42 squares (1470 elevation and 1470 stream points) for Solway Firth
model,

(c) 29 x 3 squares (986 elevation and 986 stream points) for Morecambe Bay
model, and

(@) 39 x 60 squares (23,0 elevation and 23,40 stream points) for River Dee

model.

Figure 7 gives the indication of various categories of points on a

fictitious sea region.

Applying this notation to our real sea model all the different types

of grid point location, denoted by integer 1 to 14 respectively can be found.



Figure 7. Indication of various categories of points.

To explain the above given figure, namely, all the vsrious categories
of grid points and their appropriate integer label i, the following descrip~

tion comprising different elevation and stream points is set out:

label '1' - denotes the elevation point i, located outside the model
boundary
"o ‘o' _ ... on the open boundary,
vtz _ ., within the boundary.
v 'Lt - denotes the stream point i, located cutside the model

boundary,

nmootgt . .., within the boundary,

mooYgt .. at a 90° corner of the boundary,

" 7' - ... on the longitudinal section of the boundary,
"o '8' - ... as above,

"o'g' o _,. on the latitudinal section of the boundary,

"o'0' - ... as above,
wotqqt L ,.. at a 270° corner of the boundary,
wootq2t L ... as above,
"otq3' _ ,,, as above,

vttt - ,.. as above.
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75 The transformation of the hydrodynamic-differentizl eguations into

A numerical solution of the established hydrodynamic-differential
equations (24), (25) and (26) can be achieved by approximating the differ-
ential quotients to finite differences in space and time co-ordinates at
definite points of a grid system. Various ways exist of representing

differential equations in finite~difference form.

The space derivatives, in our Hydrodynamical equations, are expressed

as central differences. For time derivaties, in the e¢ cns of met

§

forward differences were used. To maintain stability of the numerical sol-
ution the time derivatives in the equation of continuity are described by

backward differences.

It follows, from the above, that values of the vsriables Ui’ Vi and tzi
at time (m + 1) At, and lying within the sea, are derived from the values at
the preceding time mat. Here At is the time interval between successive com-

putations, and m is an integer.

Returning to the differential equations we can now replace the equation
of continuity (26) at an elevation point i, lying within the sea, by the
following finite-difference equation:

;m*/,i-g;n,i - 5nm,z - f,,,*/); . (27)
at 2ax 2ay !

where the quotients Bi/ZAX and Ci/zny represent the derivatives OU/DX and

aV/Dy in equation (26).

The values of Bi and Ci are expressed as

S | 1 U
____.F.'"_"_‘L,_i _|_'.'"_ y2‘k'2

T @ Yak-1

BL = -él" (Ui.-n ‘Ui-n—l -l-Ui. “Ui-l))

T _ | (28)
SR T I S 3 v ' . ’
T T C "“}‘(v -N *V;"’Vt‘n“l "VL-I))
+— Ax—+
Figure 8

and are the averaged central differences formed from the values of U and V

at four stream points surrounding the elevation point i, Figure 8.
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Now replacing the differential ecuations of motion (21) and (25) by

finite-differences we obtain:

U, i vty
/m/z -4, /1/ /é A //—ﬂ'ﬁf . %,,/Wl (29)
Lax (% 22mi)*

%9*/,["%7,"_,_; LL -9/ +2n,, f'-m'_ /4/}]/02,:"1/“
DY floi (%) 2y “ % o)

(30)

The derivatives aI/Jx and DZ/Dy are replaced by finite differences

D, /2ax and E /2Ay. The Zm 5 value represents the elevation at astream point
b}

i at time mA&

Rearranging the equations (27), (29) and (20) into:

‘/ 2 pm
”/'H/,l"”m,[ /Z'Zm'{ ,A{ /V AZI f/b me, ZA;Af) (31)

/‘{ /“’ /mf'}/ ' {]_/U”’II'A{-?/A/’Z@})%A-% (32)

/é me: 2

at - Cores

mi T o Zay 22t at, (33)

and .
e/,

we obtain the stream flows at time (m+1)ak, where the suffix i refers to a

stream print of latitude Yo

The forms tzken by Di, Ei and Zi,as will become apparent, vary according

to the position of the stream point i relative to the land boundary.
At a stream point i, lying on a longitudinal land boundary as shown in

Figure 9a and 9.
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Figure 9a Figure 9b

where the value of Ui (according to our boundary condition §7:2) is

permanently zero, the stream flow is

KW‘V[ /él/ lf }?/é ’”/) (3

Similarly at a stream point i, on a latitudinal land boundary, as shown

in Figure 10a and 10b

: ko
—'ion -—.—-—.‘zﬂ 1
_.I -n h.l-_n*‘l
_|l+n
+-2
_.i_’zp__—'——'h_znq
__.i oLﬂ
_P:Zn
’ SN
Figure 10a e

where now the Vi value is permanently zero, the stream flow is

0077‘41. “”m,[ bzé\_q@::;_ A{] ﬁ/ K /?71/ p”z (35)

7+5+1 The value of elevation Z at a stream point i

The value of Zi depends, as it wos said already, on the location of the

stream point i.

At a stream point i, lying within the model boundary, as in Figure 11,

the value of Zi is an average of the elevations surrounding the point.
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Figure 11

In estimating the Zi values at different locations let us consider the

following Figures 12a and 12b

5 |
i ,“id/z it , ‘

T‘ : ‘. Yok-1 ! -
b o
—o —i-'— _?'_'12_ Yoy — ol —|—'— odixt Ve

| |
|

. |

Tm T“"*‘Q Tim” Yok T TH*" T Y2kt

?igure 12a Figure 12b

Figures 12a and 12b show our fictitious points surrounding the stream point

i where the elevation will be denoted by:

(a) (4¢i - for the point due north of i, labelled i + %, 2k—1‘ since it lies
between elevation points i and i + 1 on parallel 2k_1 north of the

stream point i.

(b}ﬁa+n -~ for the point due south of i, labelled i+n+g, 2k+1’ since it lies
between elevation points i+n and i+nm+1 on parallel 2k+1’ south of

stream point i.

(c) 9. - for the point due west of i, labelled i-%, Qk’ since it lies between

points i-1 and i.

(a) °i+1 - for the point due east of i, labelled i+%, 2k, since it lies between

points i and i+1 on the same parallel as i.

The above scheme (Bankg, 1967) will enable us to describe the elevations

and elevation gradients at different land boundaries.

6)



Applying three point Lagrange extrapolations from the elevations adjacent to

the boundaries, we obtain/ui and Qi as given below.

When the land is to the west of the boundary as in Figure 9a;

/
i=5(3%0, 70, ). 37

When the land is to the east of the boundary, as in Figure 9b;

=255 -0, ).

When the land is to the north of the boundary, as in Figure 10a;

= L
\)‘ - 2—/5!0‘}7 —Zz'»«zo/‘ (29

When the land is to the south of the boundary, as in Figure 10bj

Vv, = 2—//5;; —[‘._b)_ | (40)

The elevation at a stream point i lying on a longitude boundary

(Figures 9a and 9b), will be given by:

Z“-'-—/ ;o (41)
p ) /tf /Lr”,@)’
being the average of the elevation values, at the fictitious points, due

north and south of point i.

In the same way we derive the elevation of any stream point i lying on a

latitude boundary (Figures 10a and 10b) by forming:

42;‘ = "2'{/‘)1' 4 \)(;"/ ), (h2)

that is by averaging the elevations at assumed points due east and west of
the stream point i. It follows that at any stream point i lying at a corner
formed by a 90° sector of coast, as in Figure 13(a,b,c,d,), the elevation Zi

can be taken as an average of Z's given above.

Thus,

/
Z 22—//”" e V" - \)‘-ﬁ/) (43)
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where the values of /44 and ¥ are appropriate to the type of longitude

and latitude boundaries forming the corner.

The following Figure 1%, shows various corner points with coast in
different quadrants:

(a) coast in the quadrantlsouth to east;

(b) coast in the gquadrant south to west;

(¢) coast in the quadrant north to eastj

(d) coast in the guadrant north to west.
q

‘i n__| : ..l‘;i’l” — liin_ N _l“””

__disn-1 Jian o+ i+n+2
| | | |
b | b lo | Lo
\ e L{..;.@.__m (@il.'. + ’
i ‘ din oixn+l _ lin oitn+1 Qin+2
] |
T

.i+2n i+2n+1 .i+2n .i_+_2_n+1

| | |

s e S

Figure 13

In this way we can express the elevation Zi at the 90° corner, with

coast in the quadrant south to east (Figure 13a) as
1 ’ | " .
Z, = |6, + . . - . .
i g [ Z; 3 Z;+1 * 1+n) (;;-n+ Z:L-n-i-‘l+ 2;-& M 22+n-1)J (43a)

which is obtained by substituting/ﬁ& and Qi from equations (38) and (AD),

respectively, into eguation (13).




Similarly at stream point i, at a corner with coast in the quadrant

south to west (Figure 13b), as
2, =1 | |
S G ARECANS NI +z;_n+1+;;+2+5+m2>] L

In the same way for stream point i, at a corner with coast in the quadrant

north to east (Figure 13¢c), the elevation value Zi at point i is given by

1 | .
Zi =—8“6Z:-I.+n ¥ 3(2; * Z:i.+n+‘l> - ((i-‘t * :i.+n.-1 ¥ Z‘i.+2n+'1 +Z;‘:+2n)_j' (43¢)

Again for a stream point i, at a corner with coast in the guadrant north

to west (Figrure 13d)

2y = %[6Zi+n+1 * 3<Zi+'1 ,+Z;.+n),‘.- (‘z:;.+2 .+Z;.-l;n-|;2 '+'Z:L'..+2n "'Z:"H-Ez:\-i-'lz]A (434)

7+5+2 The surface gradients at a stream point i

The surface gradients represented in the finite-difference equations, and

denoted by Di and Ei’ are now discussed briefly.

For the sake of convenience let us repeat the figure with a stream point
i lying within the model boundary (Figure 1)

The gradients of elevation for an interior

LT Loy : point i,as in Figure 14, are expressed by
— o o— VY |
! ] ) 1
T + O Dy Y (Zi-kn-i-'l ,-Z:;n ¥ Z;.-;-‘l - Zi>’ (Leh)
Ay ‘ B . :
i+n : i*net
l—‘ - ®-—" Yoy
3 I = 1 (45)
4—Ax—t ‘ o Ey Yy (Z;_ = Zi-a-n Y eiv” Zi+n+‘l.)"
Pigure 14

The elevation gradient for a stream point i, lying on a longitude coastal
boundary (Figures 9a and 9b), where according to our assumed boundary condition

Ui = 0 for all the time:
f; '—/A’( _/’/'7‘/7 . (46)
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Similarly for stream point i, lying on a latitude land boundary (Figures

10a and 10b> where again Vi = 0 is permanently zero
ﬂg' = Very T \)z . (47)

Applying the same reasoning to astream point i, at a corner point formed
by 90° sector of land (Figure 13) where the values of/((i and \)i are defined
by equations (37), (38), (39) and (40) yields

= U Uy, (48)

D=V = Vi - (49)

Thus, a stream point i, at a corner with coast in the south-east quadrant

(Figure 13a) can be taken as:

1 ' '
E, = (3 . - 3 - 32' + .
iT 50 ]3. Z;-'l i+n Z:.-m-,’l), (50)
1
Di = —2_ (3'2;&.1- z;.-n+1 - 32:1-. +’Z:.i.-n), (51)
where the values of 5 in equation (38) and 5 in equation (40) are applied.
Considering the remaining stream point i, lying in the three different
corners, we cbtain:
for a corner with land in the wouth-west quadrant (Figure 1%3b) using
equation (38) ana (40)
. | - B,
E; = "(3-?:‘&1 - Z:‘.+2 - 3Z;.+n+1 * :'x.+n+2>’
2 (52)
. o
i '—"z' ’7;, - :x.-n+1 - 32::. * n.—n _ (53)
for a corner with land in the north-east guadrant (Figure 13¢), using
equation (38) and (39)
1 7 =3l - '
E; = '2"(3,[1- {1 BZ"“‘ Zinma), (54)
1 - -.. . + : )y
Dy = > (,32i+n+.1 Zi+2n+'| 321‘*'3 o Zx.+2n‘ (55)
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for a cormer with land in the north-west quadrant (Figure 13d), using
equation (37) and (%9)

1
E' =-; 3214-1 "Z:u-a 3Z+n+1 +Z:.+n+2>’

| (56)

: N o
et .
| 4 . | ,
U RPN Dy = "2" (BZi.-ym-‘l - Zi+2n+1 = 3£+n * Zi.+2n>»'
] R ' BC

Figure 15. Sea areé‘in different quadrants formed by 270° sector of coast.

According to the previously assumed boundary condition it is apparent that for a
stream point i, lying at a corner formed by 270° sector of cocast, as in the

enclosed figure 15, the values for Ui and Vi are zero all the time.

8. The data
Besides the formulation of the equations, the appropriate grid and mesh
system, labelling designation and the programming technisue, a set of hydro-

graphic and general initial data is required to commence the numerical

calculations.

A layout, and short description of these data,now follows

8.1 Depth values
A set of depth values has been prepared from relevant charts and read
firstly as average values surrounding an elevation point. The real depths were
read finally at a stream point as an average value from the four elevation
points adjacent to that point. Such a method gives the necessary smoothing

required for numerical analysis.

Figure 16 gives the depth distribution(in cm) at any stream point i for

the eastern area of the Irish Sea lying within or on the boundary but not at
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a corner formed by 270° sector of coast.

A0
Uz 1920 1520 720
3520 3120 91’620'11:20
5020 5120 4720 3520 2220 1320
4820 4920 5120 5320 420 3U20 2820 1320 920 720 520
2020 4220 4520 4520 4720 4620 #1320 3620 3020 2170 1370 820 570 520
6aP0 2P0 3520 3920 4620 4520 3820 3320 2920 2120 1420 1470 670 570 520
s20 1420 2820 2020 3170 4220 4320 3720 3070 2570 1920 1420 1070 670 5RO
420 420 b20 M20 420 1220 2020 2420 2420 2670 3120 3720 4020 3520 2920 2420 2020 12R0 620 L20
3420 2820 2720 2220 2500 2720 2070 P20 2320 2620 3420 3870 3820 3270 2720 1970 1320
4820 420 8120 3820 3620 3220 312C 2020 2620 2220 2620 3720 4220 3720 3070 2320 120
5620 5020 4720 4520 4220 B020 3720 3320 3020 2670 2420 2620 3520 3920 3670 2920 2120 420
5820 5520 5320 5020 4720 4420 4320 4020 3620 3170 2920 2720 2820 3320 3820 3520 2920 2070 420 r
6020 6020 5920 5820 5520 4920 4520 Bh20 4220 4020 3620 3220 2920 2820 3120 3520 3220 2620 1670 420
6920 6720 6120 5320 5720 5520 5020 lo62<)'lu¢20 4320 422073920 3720 3320 3020 3220 3320 2920 2170 1120
6920 6320 6620 5820 5620 55é0 5220 5020 4720 8520 4220 8120[kUP0 4020 3720 3420 3220 3020 2620 2020 420
5720 5720 5820 5720 5620 5420 5120 4820 4720 4620 4520 4220 392013820 3720 3620 3320 2920 2720 2220 1270 k20
"';720 5120 5120 5120 5120 4520 4820 4720 4620 4520 4520 4320 4220 3920 3720 3520 3320 2920 2620 2820 {920 870 420
3120 2920 3920 4820 S020 5020 4820 4620 4620 4620 4420 4320 4220 4020 3920°3720 W20 3020 2720 2420 2220 1320 B0
720 420 920 3920 4820 5020 4920 4820 4620 4520 3320 4220 4120 3920 3820|3620 3920 2820 2520 2320 2070 1220 520
720 bo2o 4520 520 4720 4820 620 4320 4120 4020 4020 3780 3220 2820 2b20 2220 2170 1670 920 .520 520
k20 2520 3920 luzo‘kuzo 4620 4620 4220 LOTO BOTO 4070 382013020 2520 2070 1820 1920 1570 820 520 490 470
520 2420 320 3920 4120 4220 4220 4120 3920 3820 3820 372013120 2520 1920 1420 1520 1420 920 670 h4oo 470
2120 2520 3120 3520 3820 4020 4020 3720 3420 3320 32203020 2420 1820 1420 1270 1020 820 620 520
520 1320 2220 2820 3220 3520 3620 3420 3120 2920 2820|2520 2170 1820 1520 1120 720
520 1120 1420 2020 2520 2720 2920 2920 2920 2720 2420|2120 1920 1620 1170 T70
420 520 1220 1720 1920 2170 2420 2520 2520 1920 (1670 1520 1120 920 420
: 720 1120 1320 1420 1620 1920 1720 1270‘1070 o Tr0 520
670 T70 920 1070 1270 1170 970 770 620 420

K0 670 TrO 820 720 570 EASTERN PART OF THE IRISH SEA
670 _ 470 670
. DEPTHS IN CM AT STREAM POINTS

Figure 16.‘ Depth distribution in the eastern part of the Irish Sea.

8.2 Open boundary input

Figure 17 shows the H (cm) and g (deg) parameters of the M2 constituent

taken as initial tidal data for the parent model investigations.

The values were interpolated from the co-tidal chart (Figure 2) and
read at the 27 elevation points which build up the open boundary of the
numerical model. The M? tide specified at those points gives the 'feeding'

values enabling us to generate the M? wave in the model sea.
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of the parent model.

8+% Constant values

2

tide

at the open boundary

All the constants, needed for the calculations, were taken in CGS units

giving in result, for the four models considered, the following values:
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(a) Parent model:As 6920 cm;

P

f

278100 cm; ot

1.0 g.om™2; K,

0+0001175 sec_1; i (speed of constituent) = 0-008333;

120 sec; A

981 cm.sec_2

1}
"
i

0-0025; g

(b) Morecamby Bay; As = 92700; At = 90; hmax = 3450; £ = 0-0001175

Tne other values as in (a); apart from value Kk,
Miscussion' on k  parameter is given in & 10.

(¢c) Solway Firth ; As = 92700; At = 60; b, = 47005 £ = 0-0001181

(d) River Dee; As = 463505 At = LO; By = 25005 f = 0-0001163%,

9. Evaluation of currents and elevations

It is impossible to discuss in detail the whole procedure of obtaining the
seeking values, i.e. elevations and currents, therefore the following short

description of the calculating technique follows only.

Before commencing the calculations all values of , U and V have to be
specified at appropriate grid points, of the model sea, at the time mat, or
the elevations along the open boundaries has to be given as a function of time.
As mentioned in the preceding paragraph the latter condition was applied. Thus,
the values of elevation (Z) in the form of harmonic constants (H) and (g) were

described at the starting point (t=0) of our calculations.

Applying the equations (31), (32) and the devised formulae, relevant to the

e

locations of the different points, i.e. the various equations for 4 . and

., D
m,i’ “m,i

E ., stream flow values of U . and V . for cach stream point i of the
m,1 m-+11 m+1,1

model were obtained.

The elevation value Zm,i at any stream point i wzs cobtained from the
equation relevant to the location of such a point i (see =] 7-5-1). With the
help of the Zm,i value obtained the depth mean velocities Ui/(hi+Zi) and Vi/(hi+zi)
were determined at time mat.

Continuity equation (33) together with the appropriate equations for Bi and

Ci’ yielded for any elevation point i.

m+t,1

The enclosed figure 18 (Heaps 1969) shows the flow diagram of the iterative
procedure how the required values of Ui‘ Vi;‘Di, Ei at each stream point i, within
or on the model boundaries, and the values of [i and Bi’ Ci’ at each elevation

point i, within the model sea, were calculated,
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Values of I, Uy and Vy
havo %o be speoified

(at starting point, t=0)

Elevation values of the M, constitueat !

Lnput are inserted, sz foeding data, at grid 5

poiats of the open boundary I
(st time t)
Caloulutions of D, and E,
are carried out
(at time %)
Values of U, and ¥, Results of depth mosn ourrents
are ovalusted Lo oupput —ed v,_/(hl’zi), vi/(h‘»fzi)
{at time t+4t) are given (at time t »at)

Calculations of Bi and (:1
(at time & +Qt)
Results of elevation volues

- Levation poinsts of
Bvaluation of elevatdon vadue Ty | oo ) :i "';:.: i _:. e
(at time t +at) ¢ o o ¥

(at time t +&t)

End of the Zirst loop

Figure 18. Flow diapgram showing the evaluation of the required values: Ui’

i
elevation point i, of the model sea.

V., D,, E, at each stream point i, and {., B., C. at each
i' i : it it i

The figure represents one loop of the iterstive procedure. The calculation
proceeds by applying the loop for many successive time steps, say, t = 0, At,
2at, 3at ... etc., up to (m-1) At. Thus, by consecutive iterations (depending
on the time step chosen) the displacement of Z;, Ui’ Vi values, in the sea of

interest, is given numerically.

9+1 Program snd computer used

The programming techninue for ordering the whole set of calculations was
brsed on a scheme devised by Danks (1967). The computer program, for the calcu-
lating procedure was written in aALGOL and all the runs were carried out on an

English Blectric KDF9 with a 32K computer core memory.

The order of calculations and printing out of the results was facilitated
by designating to each grid point of the sea region an integer label of the

group to which the point i belongs (see S 7e)

Hach run of the program simulates the elevations (Z} and depth mean currents

U/(h+[), V/(h+]7, induced in the model sea by the open boundary values.

The out-ut values, given in a shane of the basin considered, were obtained
according to the data prescribed. The last values, of each run, were generally
stored on magnetic tapes enabling Turther calculztions to be carried out if

unsatisfactory results were cobtained.
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A layout of the computer program (2621100) used to carry out all the

calculations in discussion is enclosed in Appendix I.

10. Calculations and the results

Many calculations have been carried out to reproduce the M2 tide in

the eastern part of the Irish Sea and its estuaries.

Some difficulties were encountered in these runs which necessitated
a modification to the program to deal with the shallow water areas. The
non~-linear depth term (h+§) was replaced by (h+c(§3, where the parameter of
was initially taken to be zero then increased to 0.2, 0-5 etc., up to the
final value o= 1-0 when the total depth (h+¥) was taken into account. This

procedure was time consuming but gave correct values for the parent model.

The initial runs of the Morecambe Bay model, however, using the above
modification, gave completely unsatisfactory results. Unexpectedly high
elevations, showing no signs of converging to the correct values, were found
at various points of the model. So a series of tests was carried out to find

the cause of these spurious values.

A smaller Morecambe Bay model was prepared and a series of runs carried
out with various timesteps, alternative open boundaries, different open boundary
input values, and a resmoothed depth distribution including and excluding areas of

shallowest water. None of these changes gave satisfactory results.

The value of the friction parameter used throughout was 0-0025 as given
by Proudman (1953) for open sea areas. Since Morecambe Bay contains large
areas of very shallow water it seemed possible that a larger value might be
appropriate. A further series of tests was thus implemented to investigate
the effect of an increased friction parameter. These runs were carried out
using the small Morecambe Bay model. This model, Morecambe Bay proper, con-
tains exactly the same area as the hydraulic model being used at H.R.S.,
Wallingford. In the first run the friction parameter was increased by a
factor of 10, i.e. kb = 0-025 and this removed the previous instability.

The elevation values gave a smooth representation of the M2 wave. This result
encouraged further tests which indicated that, when considering very shallow
waters, the friction coefficient should be increased by a factor of 3 to .

The best results for Morecambe Bay proper were in fact obtained with Kb = 0<0075.
It has to be mentioned here that the parameter o may be given the value 1

throughout the calculation when Kb is increased in this way.
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10«1 The parent model results

The first runs of the parent model were carried out, as described

earlier, on the grid net shown in Figure L. This matrix of grid points

includes the first barrage crossings in Solway Firth and Morecambe Bay,

excluding the most shallow parts of these estuaries.

The M2 wave in question is shown in the enclosed Figure 19. The

figure gives the distribution of the M2 tide in the eastern Irish Sea at

the time of high water at Liverpool.

217 233 245 250 257 260

218 220 234 242 251 251 258

217 220 228 234 243 249 257 260

215 219 225 231 239 244 252 257 261

“ 210 217 223 227 236 242 248 253 260 264
203,211 217 224 234 238 243 249 258 262 268

192 202 211 220 229 235 241 246 254 260 264 270

181 190 203 215 223 230 238 245 251 257 263 268 274
78 506 216 225 236 242 248 255 262 266 272 277
79 §3 212 219 229 238 248 252 258 264 269 276 282
T £00 213 225 236 245 250 255 263 270 273 278 283
221 23% 241 249 256 263 267 272 279 283 289

237 241 248 254 261 267 272 277 282 285 291

247 252 255 260 265 271 275 281 287 290 293

25k 257 262 265 272 276 281 285 290 294 299

262 268 271 276 280 286 291 294 298 302

270 272 276 282 285 290 293 298 302 305

273 275 280 286 290 294 298 302 306 309

290 294 297 302 305 309 313

. 29% 297 301 306 309 313 315

Figure 19.
at time of high watér at

241 243
217 230 239 246

217 222 233 240 248
217 222 233 238 245 250

255 254 255 256 260 263 266 268 272 275
261 261 261 261 265 265 268 269 273 276
262 263 264 268 269 272 273 276 218 279 285"
264 266 270 273 27h 276 279 279 283 284 .
265 269 272 276 277 280 282 285 286 29,
271 273 277 279 282 285 288 200,292
272 275 279 284 286 290 297 294
276278282286288292295
277 281 286 293 294 297 299302
282 286 290 293 295 300 302 306
285 289 292 297 301 305 307 3113
288 293 298 301 308 307 311 35
292 294 299 303 307 311 315 320 Iz
296 299 305 308 311 315 318 323 29
298 302 307 310 314 318 321 325 320
305 306 310 313 317 321 323 37 9.
306 308 313 317 320 324 306
310 314 317 320 323 326
313 317 319 322 325
316 319 322 325 327
39 302 34 T

e

The elevations of M, tide in the eastern area of the Irish Sea

Liverpool.

Comparison of the results obtained with those given in the co-tidal

chart (Figure 2) shows that the H-N model reproduced the M2

with sufficient accuracy.

constituent

The enclosed table shows a comparison, for some of the main coastal

stations, of the calculated amplitudes and those obtained by harmonic
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analyses evaluated from the observed tidal data.

Table 1.
Tide gauge and the reference Amplitudes (cm)
number of the elevation point
in the model sea (Fig.2 and 4) | Observed | Calculated
Birkenhead (916) 319 321
Heysham (738) 327 331
Walney Island (643) 310 315
Workington (276) 374 382
Sotherness (217) - 292 290
Abbey Head (118)‘, ﬁ,’”:,a,270 : 261,
Burrow Head ‘i?fal) ol ees 1 e300
Ramsey o (emy) | 226 227
Douglas (292) 230 233
Langness (290) 230 233

A full comparison between the calculated elevations and the existing
co-tidal chart can be made when, from all the theoretical data obtained
from the H-N model, the harmonic constants (H) and (g) have been evaluated
and a new co-tidal chart prepared. Such calculations are already being
carried out using Doodson's filters, enabling the amplitudes and phases of

the M2 constituent and also the shallow water M

X M6 and M8 Constituents

to be found.

Of course one has to bear in mind that any strict comparison of the
tidal amplitudes (observed and calculated) cannot be fully achieved, for
some of the tide gauges are situated inland and far away from the elevation

point taken for comparison.

In order to demonstrate the current distribution of the M2 tide the
following two Figures (20 and 21) are given. The figures show the current
pattern of the semi-diurnal tide 3 hours before and 3 hours after high water
at Liverpool. This is to give a brief insight into the inflow and outflow of

the sea water into the basin under consideration.
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Figure 20. Resultant depth mean currents in the eastern Irish Sea area
3 hours before high water at Liverpool.
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Figure 21. Resultant depth mean currents in the eastern Irish Sea area
% hours after high water at Liverpool.

Although the figures show the depth mean current only, the represen-

tation of the tidal current gives a fair picture of the water movements

in the eastern area of the Irish Sea.
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As mentioned earlier the tidal currents enter the eastern Irish Sea, as
seen from the enclosed Figure 20, through two entr%%es, north and south of
the Isle of Man. There the currents are strongest reaching up to 180 cm/sec.
Going further into the basin one can see that the velocity of the resultant
depth mean current weakens and in average reaches about 60 cm/sec. 4 distinct
increase in the current velocity can be seen again in the inner parts of the

main estuaries; Solway Firth and Morecambe Bay.

Analysing the currents of the M, tide it can easily be seen that two

separate areas in the current patterngoccur. The water masses entering the
eastern Irish Sea through the southern and northern passage build in some way
their own reservoirs between which a small water exchange occurs; neglecting
here of course any wind effect. An apparent separation of the two water masses

follows roughly on the line between Barrow and Ramsey.

More detailed information concerning the current pattern can be given
when a current picture has been laid out showing the current distributiomn in

different stages of the tide, i.e., in a full cycle of the tidal wave.

Another diagram follows (Figure 22) to show briefly the M, wave for some

2
elevation points, of the H-N model, which may be referred to the tide gauge

stations chosen: Workington, Douglas, Heysham and Birkenhead.

Here the full tidal range is shown. Many diagrams, with the tidal curves,
were drawn for different places showing that the shallow water effect produces,
for some tidal stations, a higher amplitude for high water and lower for low
water. Thus, instead of tidal amplitudes one should speak about the half
range of the tide. This difference in interpretation could account for the

small discrepancies shown in Table 1.

Another interesting feature has been observed, on the diagrams prepared,
that a distinct influence of the shallow water effect (non-linear terms in
the equations of motion) was shown in a faster rise and slower fall of the
vertical displacement of the water; see elevation points, in particular
738 -Heysham and 946 -Birkenhead.

The following diagram (Figure 23) displays the parent model extended
(no barrier case) by including very shallow water areas in Solway Firth and
Morecambe Bay. The depth distribution for this matrix is given in Figure 2k,
and includes the innermost parts of the mentioned estuaries with an 'artificial'
bathymetry in some places (the water volume, however, was maintained as far as
possible). This was necessary in order to show any differences in elevations

obtained running the parent model with a barrier and without a barrier.
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Figure 22,
constituent at four
elevation points:
276 -Workington,
292 -Douglas,

738 -Heysham and
94,6 -Birkenhead.

Tidal curve of the M

The main interest in
running the extended parent
model was focused on the
elevations lying approximately
along the open boundary (see
elevation points: 668,669,701,
702, 703, 7%5, 769, 803, 837
and 871) chosen for hydraulic

model investigations.

A comparison between the
elevation values obtained from
both models (barrier and no
barrier case), taking into
account the half range of the
M2 tide, has been carried out,
showing a 4+5% increase in the
elevations of the non-barrier
case over those obtained previ-
ously, ie. when the barriers were

introduced.

It has to be emphasised that
the given conclusion cannot be
fully accepted for the extended
parent model did not give satis-
factory results (as might be
expected anyway in giving arti-
ficial depth values in places
where drying banks occur already
during mean tide) as far as the
rest of the Irish Sea area was
concerned. Therefore another run
was carried out with barrage cros-

sings placed approximately (see

Figure 23) at the main entrances

to Solway Firth and Morecambe Bay avoiding completely the shallow estuarial

waters.

Here another decrease in water elevations resulted, apparently show-

ing that the exclusion of the shallow estuarial waters gives slightly smaller

amplitudes along the coast.

- L -




The last model of the whole series of parent models gave the most
iasble results; proving once more the full usefulness of the H-N method
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Figure 24, Depth distribution in the eastern part of the Irish Sea for the parent model extended.




A comparison of the two diagrams (Figure 16 and 2) shows that the
depth distribution at the latter was resmoothed in some way. The depth
values along the land boundaries were slightly increased and the innermost
parts of the estuaries were given (in some places) fictitious depth values,
This provided the possibility of running the parent model without a barrier,
and the increased depths, along the coasts enabled the extended model to be
run without introducing the o parameter, thus saving a lot of computer time.
But as mentioned already the results obtained for the parent model extended,
cannot be fully accepted and really little can be said as far as the differences

in elevation at the open boundary of the hydraulic model are concerned.

More detailed and reliable information of the barrage influence on the
open boundary of the hydraulic model was found by running the Morecambe Bay
model, General information about the results is given in the following
paragraph.

10,2 The Morecambe Bay model results

A thorough discussion of the Morecambe Bay results will be given in
a separate report, however a general layout and short insight into some of

the results obtained is given here,

The runs for the main Morecambe Bay model were carried out on the

difference grid shown in figure 25.

The open boundary input was fed into the model at the outer

elevation points.

Due to the introduction of the innermost parts of the estuary, areas
beyond the barrage crossing, it was desirable to use a friction parameter as
high as kb =§Qigi;ii The application of the high friction parameter
enabled us to neglect the 4 parameter and the results obtained were, as will

be seen, quite satisfactory. .

The depth distribution used in our calculations is given in figure 26.
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Figure 26. Depth distribution in the Morecambe Bay model.

In all three runs were perﬁprmed for the Morecambe Bay model under
.ﬂ@;cgpsion.,MAdditional runs were carried out for the model of Morecambe Bay
roper.but they are not being discuesed here,

’ater basin covered by the mesh in figure 25. The second run
le. same sea area but without Coriolis parameter. The third one
ied out with a barrage crossing -~ excluding the shallowest parts

e Morecambe Bay estuary.
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Figure 27 shows the distribution of the calculated M2 wave during
high water at Heysham, so that figure 27A gives the elevations without and
figure 27B with a barrier crossing.
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Distribution of the M2 wave in the Morecambe Bay model.

( A - without a barrier, B - with a barrier, )

Values taken to the nearest centimetre.
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It is apparent that the introduction of a barrier crossing gave a
slight increase in elevations along the open boundary of the hydraulic
model, Greater increases of elevation are noticed however along the
barrier itself. Encouraging is the fact that almost no differences are
revealed along the open coast, showing that a barrier introduced in
Morecambe Bay will not seriously influence the water elevations in these

areas, i.e. north of Walney Island and south of Fleetwood.

The following figure (Figure 28) gives the water elevations for a
run in which the Coriolis force has been neglected.
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Distribution of the M2 wave in the Morecambe Bay model when

the Coriolis effect is neglected.
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But see letter of 19th June, 1970, reference 0501/JRR/PMC and new figs. 29 and 30.

t

Comparing this diagram with the one of 27A it can be noticed that a
small gradient of elevation occurs when a Coriolis effect is introduced.
But it can be said that the Coriolis force does not make a great influence
on the water elevations as such and could be neglected as far as the
engineering aspect is concerned. Perhaps a greater influence of the
Coriolis effect will be found when considering the current pattern, but

this will be discussed later on.

A rough estimate based on the comparison of the elevation output
values, for the Morecambe Bay proper, indicates that the best reproduction
of the M2 wave could be achieved when the kb coefficient is between 00075
and 0401, say, kb = 0+0090, The latter value, although high in comparison
with the Proudman's (1953) value 0-0025, seems quite reasonable for shallow

water areas as those in Morecambe Bay estuary.

Figure 29 shows the increase in elevation along the open boundary of
the hydraulic model upon introduction of the barrier, Coriolis effect being
included. From figure 27a and 29 it can be seen that the effect of the
barrier is to increase elevations along the open boundary of the hydraulic
model by 2%. A comparison of figures 27A and 27B shows that the increase

in elevation at points adjacent to the barrier location is of order %%.

The effect of omitting Coriolis force on elevations along the

hydraulic model open boundary is shown in figure 30 for the no barrier

case.

The barrier introduction gave only a very slight increase (negligible
from the engineering point of view) in elevation along the open boundary of
the hydraulic model. This shows that the open boundary of the H,R.S. model
was well chosen. As the figure indicates a smaller increase of elevations
might bevexpressed when Coriolis force is neglected which of course is the

case in the H.R.S, model.

11. General concluding remarks

The calculations carried out so far proved quite satisfactory in spite
of the shallow water problems involved. In particular the reproduction of

the tidal elevations is encouraging. Some doubts however remain concerning
the phases of the M, tide.

2



An introductory analysis shows that the phase differences are a bit
larger than they should be in comparison with the values obtained from
I1.C.0.T. harmonic analyses. This discrepancy is due perhaps mainly to the
application of the high friction parameter used in our calculations. One
should be aware also that the elevation values obtained numerically include,
due to the non-linearity of the model, the higher harmonics i.e. Mq, M6 and

M80

A full discussion of the results obtained can be given when these

constituents have been evaluated.

It seems probable that a variable friction parameter, with a low value
in the open sea increasing in the shallower parts of the model, could further

improve the results.,

Improvements could also be achieved by introducing into the
programming technique the problem of drying banks so that zero values of the
total deﬁth would be permitted.

The computer used also posed some difficulties. A 24 hour simulation
of the M2 wave for the Morecambe Bay model took about 60 minutes of computer

time. This was one of the reasons for the Dee River model (with its very

fine méph and short timesteps) being discarded for the moment.

Alkhough the results, from numerical model investigations, are
encouraging no complacancy should so far be shown, for still a lot has to be
done in achieving fully acceptable predictions of water movements, of
astronomical and meteorological origin, in estuarial waters, where a complex

interaction among different forces and their responses is observed.
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