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SUMMARY

surtace waves travelling in water of finite depth may be scattered by a
region of undulating bottom topography. This is a significant phenomenon both on
the continental shelf, where a wide variety of regular and irregular bed features
exists, and off beaches, where rather more regular, shore-parallel, bar structures
are commonly formed.

The present study i1s concerned with the idealized, two~dimensional, situation
in which long-crested surface waves are incident upon a patch of long-crested
regular bottom ripples. The principal question examined concerns the amount of
incident wave energy which is reflected by the ripple patch. A secondary questicn
concerns the nature of the wave field in the immediate vicinity of the ripple
patch and, more generally, the implications of the results for the stability of
ripples on the seabed.

Linear perturbation theory is used to show that the reflection coefficient
of a patch of sinusoidal ripples on an otherwise flat bed is both oscillatory in
the quotient of the length of the patch and the surface wavelength, and also
strongly dependent upon the quotient of the surface and bed wavenumbers. In
particular, it is shown that there is a resonant interaction between the surface
waves and the ripples 1if the surface wavenumber is approximately half the ripple
wavenumber. Due to the finite length of the ripple patch, there is a broad re-
sonance in respect of the ratio of these two wavenumbers, which is associated with
the reflection of incident wave energy. This phenomenon is such that surprisingly
few ripples, of relatively small steepness, are required to produce a substantial
reflected wave. The theory is used to predict not only the properties of the
reflection coefficient of the ripple patch, but also the nature of the wave field
over the ripples. In reso..ant cases, which are of particular interest throughout
this report, it is shown how the partially standing wave on the up-wave side of
the ripple patch gives way, in an almost linear manner over the ripple patch itself,
to a progressive (transmitted) wave on the down-wave side.

The theoretical predictions are compared with an extensive set of laboratory
observations made in a wave tank. For the experiments, a fixed patch of sinusoidal
ripples was constructed on an otherwise flat bed, mid-way between a wave generator
and a wave-absorbing beach. The properties of the surface wave field were deter-
mined with wave gauges, and reflection coefficients were determined with gauge
pairs. In resonant cases, measurements of the reflection coefficient of the
ripple patch support the theoretical predictions very well, for a wide variety of

parameter settings including the length of the patch; not only are the magnitudes
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of measured reflection coefficients in good agreement with the predictions, but
also the width of the main resonant peak is confirmed. In general non-resonant
cases, the measurements also support the theory, though the trend predicted for
the reflection coefficient is concealed somewhat by a (small) amount of wave energy
reflection from the beach. Comparisons between theoretical predictions and
experimental observations are made also for wave elevations measured in the region
of the ripple patch itself and, again, consistently good agreement is found.
Finally, the implications of the results for sediment transport on an
erodible bed are examined. Calculations of the (irrotational) bed velocity field
are made, and the results of one experimental run are described, in which the move-
ment of a thin veneer of sand throughout the ripple patch, and on either side of
it, was observed. It is clear, from both theory and observation, that incident
wave reflection by an existing ripple patch provides a mechanism for the growth
of new ripples on the up-wave side of the patch, having the same wavelength as the
existing ripples. This suggests that there may be a coupling between wave re-
flection and ripple growth on an erodible bed, which may have important implications
for coastal protection. However, it remains unclear from the results of the
present study whether the existing ripple patch is likely to be a stable, or an
unstable, feature on the bed, particularly in resonant cases in which there is a
significant amount of wave reflection. This matter calls for further theoretical

and experimental investigation.
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1. INTRODUCTION
1.1 Background to the present study

The interaction of surface water waves with undulating seabed topographv is
a problem of fundamental importance to coastal engineers. While it has been shown
that, in the nearshore zone, quite complex patterns of wave motion (eg edge waves)
may lead to beach cusps, shore parallel bars and even crescentic shore welded
sand bars (Holman and Bowen, 1982), the problem that concerns us in this study is
how waves are likely to interact with a pre-existing pattern of regular undula-
tions on the seabed. Such a pattern may consist of shore parallel bars formed by
plane reflections of low amplitude swell waves from a beach, leading to standing
waves of the type observed by Suhayda (1974). Alternatively, standing waves may
occur seaward of the surf zone as a result of the time varying breakpoint forcing
mechanism described by Symonds et al (1982). 1In this case a forced wave having
incident wave group periodicity is radiated seaward from the breaker zone. Such
a wave, interacting with incoming infragravity waves having periods in the range
30-300 s , might lead to standing waves and consequently bar formation. This
latter mechanism seems to be the most likely candidate for generating the multiple
shore parallel bars observed by Short (1975), which would require wave periods of
the order 100 s.

A pre-existing pattern of bottom undulations might also consist of tidally
generated features such as sand waves (eg Langhorne, 1982) or sand ridges lying
transverse to the general direction of wave propagation and, as such, may occur
well offshore away from the coastline. In general, surface wave/seabed inter-
actions may occur in any depth of water where the waves are able to "feel the
bottom". It follows that such interactions may occur for a wide range of surface

water wavelengths and bedform length scales,

1.2  The present study
The present study arose from some theoretical predictions (Davies, 1980,

1982a) concerning the interaction of long crested incident surface waves with iong
crested transverse bedforms. Essentially, it was shown that significant resonant
interactions, associated with wave reflection, may occur between surface waves and
bottom undulations provided that their respective wavelengths are in the approx-
imate (Bragg scattering) ratio of two to one. Furthermore, it was shown that the
coefficient of wave reflection for a patch of ripples on an otherwise flat bed is
oscillatory in the ratio of the length of the patch to the wavelength of the {ree
surface wave. These results were without any detailed experimental support until,

during a visit to the US Army Corps of Engineers, Coastal Engineering Research
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Center, Fort Belvoir, Virginia, USA, the opportunity arose for one of the authors
(A D Heathershaw) to carry out an extensive set of measurements in a wave tank to
test the theory. Some preliminary aspects of this investigation have already been
described by Heathershaw (1982). 1In the light of some of the results from these
experiments, which were outside the scope of the original theoretical study, it
was thought desirable to extend the theory to give a more complete description of
the way in which surface waves interact with a patch of bottom undulations. Thus
the original theory has been extended (see §2) to enable comparisions between
measured and predicted wave properties both above the ripple patch (referred to as
the 'near field'), and on either side of it (the 'far field').

In §3, the experimental set-up is described and, in §4, the results are
presented. Initially in 84, results for the wave reflection coefficient are
compared with the theoretical predictions. Next, measured wave elevations
throughout the wave tank are examined; here a description is given of the likely
effects of transmitted waves being back-reflected onto the ripple patch by some
further reflector on the down-wave side (eg a beach). Finally, comparisons of
observed and predicted sediment movement in a wave-reflecting ripple system are
made on the basis of the near-bed velocity field both over the ripple patch, and

beneath the partially standing wave pattern on its up-wave side.

2. THEORY
2.1 Introduction

When surface waves are incident on a region of undulating seabed topography,
it is well known that wave energy may be scattered by the bedforms. In general,
incident waves travelling onto a bed roughness patch from any one direction may
be scattered into any other direction. For large roughness patches, this problem
has been treated by Long (1973), who examined the case of an arbitrary spectrum of
surface waves propagating over an arbitrary spectrum of bottom perturbations. A
rather simpler situation, which is of particular interest to workers in the field
of sediment transport and which is treated here, is that in which long-crested
waves are incident upon purely transverse bed features. 1In this special case,
there are only two types of interaction between the waves and the bed, namely
back-scatter (wave reflection) and forward-scatter (wave transmission). One
reason why this problem is of interest is that, on erodible beds, there is a
suggestion of a coupling between wave energy reflection and bedform growth, which

may have significant implications for coastal protection.
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In a previous paper, Davies (1982a) considered a two-dimensional problem in
which surface waves were incident upon a patch of sinusoidal transverse ripples on
an otherwise flat bed. The interaction between the waves and the ripples was
examined on the basis of linear perturbation theory, and results were obtained for
the reflected and transmitted waves for the "far field", well away from the region
of bed disturbance. Although the theory was strictly applicable only to small
roughness patches, the results indicated that, in certain circumstances, very few
ripples may be needed to produce a substantial back-scattered wave. Firstly, it
was shown that the reflection coefficient is oscillatory in the ratio of the
surface wavelength to the length of the roughness patch and, secondly, that it is
resonant if the surface wavelength is twice the bed wavelength. Taken together,
these two effects produce a resonant peak near this critical ratio of wavelengths,
the width of which decreases, and the intensity of which increases, as the number
of ripples in the patch increases. Both the oscillatory nature, and the resonance,
of the reflection coefficient have been established in a number of previous
related studies. The oscillatory nature has been identified by, for example,
Kreisel (1949), Newman (1965), Mei and Black (1969) and Fitz—Gerald (1977) and
also, for long surface waves, by Jeffries (1944); and the resonance has been at
the heart of Long's (1973) study, and has been discussed by various authors in a
wider context (eg Beckmann and Spizzichino (1963), Fortuin (1970)). It is
believed, however, that there has been no previous attempt to combine the two
effects in a single theory describing the interaction of surface water waves with
a region of undulating seabed topography (see the literature review of Davies
(1980)).

Results for the "near field", over the ripple patch, were presented by Davies
(1982b). As expected from previous related studies, the interaction between
surface waves and sinusoidal ripples was found to give rise to two new waves with
wavenumbers equal to the sum and difference of those of the surface waves and the
bedforms. The sum wave is always in the onward transmitted direction; the
difference wave is either in the onward transmitted direction, or is back
reflected, depending upon whether its wavelength is less than, or greater than,
that of the ripples, respectively. Unfortunately, the theory presented in this
earlier paper produced a physically unrealistic result at resonance, as a result
of the physically unrealistic assumption that the ripple patch was of infinite
horizontal extent; in particular, it produced an infinite reflection coefficient
for bed wavelengths equal to exactly one half of the surface wavelength. The

details of this infinite resonant interaction have been examined recently by
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Mitra and Greenberg (1982).

The contribution of the present paper is to draw the results of the two
earlier studies into a single framework. Essentially, the results of Davies
(1982a) for the "far field" are extended to some considerations of the '"near
field", for a physically realistic ripple patch of finite extent. While the sum
and difference waves are found to be present over the patch, two additional waves
are found there also; these waves are such as to produce a finite reflection
coefficient for all combinations of surface and bed wavelengths. Moreover, an
infinite number of trapped wave modes is found at both ends of the ripple patch.
Each of these modes decays exponentially with distance from the end of the patch
on which it is centred. When taken together with the various progressive wave
modes in the solution, the trapped modes ensure the continuity of the solution at
both ends of the patch.

In §2.2, the formulation of the problem is presented. This is a steady
state formulation based upon linear perturbation theory, involving the Fourier
transformation of the governing equation and boundary conditions in respect of the
horizontal space variable, and leading to a solution for the transform of the
perturbation potential. Section 2.2 includes some comments about a linear
friction term which is introduced into the analysis both to make the solution
determinate, and also to ensure that the waves in the perturbation soclution
satisfy the radiation, or Sommerfeld, condition. In §2.3, some functions are
obtained which are required in the analysis of the particular problem of
progressive surface waves incident upon a patch of sinusoidal ripples. In this
section, and throughout the remainder of the study, two particular cases are
treated. In the first, the unperturbed incident waves in the first order solution
are assumed to undergo no attenuation in amplitude as they travel across the
ripple patch. This amounts to the use of the theory in a pure form; but, in cases
in which there is a substantial reflected wave, it results in a physically unreal-
istic imbalance between the incident, reflected and transmitted wave energy fluxes.
Essentially, the solution provides an upper bound on the size of the reflected
wave, at least in resonant cases. The second particular case treated is that in
which an energy balance is imposed on the solution by an approach suggested by
Davies (1982a). This assumes, with good justification as it turns out, that the
attenuation of the incident wave amplitude is a linear function of distance across
the patch. On this basis, more realistic results are obtained. The solutions for
both the "mear" and "far fields", and for both unattenuated and attenuated

incident waves, are obtained by a contour integration method which is discussed in
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§2.4. Results for the general case in which 1 # 2k (1 = ripple wavenumber,

k = surface wavenumber) arc developed in £2.5, and for the special resonant case
in which 1 = 2k in §2.6. 1In §2.7, the wave reflection coefficient is discussed,
and some computed examples are presented which demonstrate the behaviour of the
solution throughout the flow field, The role of the trapped wave modes at the
ends of the ripple patch is illustrated, and the implications of the results for
bedform stability and sediment movement are considered.

Since we are concerned with an irrotational theory, we take no account of
the presence of a (thin) wave boundary layer above the impermeable bed. More
importantly, we assume that the flow above the ripples is always nonseparating.
This implies that the orbital excursion of the water particles at the bed level
(calculated for a notional flat bed) is less than the ripple wavelength (Sleath
(1975)). This is not a severe restriction in view of the ratios of surface to
bed wavelength which are of concern here, namely thoseratios which give rise to
substantial reflected waves. There are several further limitations on the theory,
which are stated in §2.7; however these do not prevent use of the results obtained

in a wide variety of physically interesting cases.

2.2 Formulation
This has been discussed previously by Davies (1980, 1982a), though in a

form slightly different from that presented here. As depicted in Fig 1, the bed

surface is prescribed about its mean level (y = -h) as
o -0 < x g/,
’S(x)= )Z(x) in Ll < x \<L3’ (1)
o) L,_\<x<oo

and the departure of the free water surface from its mean level (y = 0) is given
by n(x,t). The prescribed first order velocity potential is denoted by &(x,y,t),
and the second order perturbation potential, which expresses the interaction of
¢(x,y,t) with the bedforms, is denoted by ¢(x,y,t). The governing equation and

boundary conditions, correct to second order, are given by

2
V%=O in _isﬁso,~w<x<oo (2)

7t+é =0 on Y= 0O (kinematical condition). (3)

17



?7 - é = on Y= O (pressure condition) . (4)

¢ - é S + § {=0 oo Y =-ﬁ (kinematical condition), (5)
Y xx 4y

in which t is the time, g is gravity, and in which the subscripts indicate diff-
erentiation. A detailed derivation of these equations by standard power series
expansion methods, and a discussion of their limitations, have been given by
Davies (1980, Part 1, §3). In §2.7 these limitations are expressed as a series
of conditions involving the length scales introduced in §2.3 to define the surface
waves and the ripples. The surface boundary conditions (3) and (4) have been
linearized in the usual way. The bottom boundary condition has been linearized
also, and expresses the requirement that the component of fluid velocity normal
to the bed must vanish. In effect, bottom topography variations are treated as
small perturbations on a plane surface, such that the interaction between the
(first order) flow which would be present without the perturbations, and the per-
turbations themselves, involves a new source of (second order) fluid motion
situated on the plane surface. From Eqs (1) and (5) this new source can be seen
to be a vertical velocity perturbation on y = ~h which occurs in L, £ x = L,.

It follows that we may rewrite Eq (5) as

O -0 « x <« ;L,
¢ = -.\/o (l,t) in L, < 2 < Lz (6)
4

o L, < 2 < oo

where

Vi) =g 5+ 8 et - @

The effects of this disturbance on the fluid as a whole are described by Eqs
(2)-(4).

If we prescribe ¢ as a periodic function of time and seek a steady state
solution of Eqs (2)-(5), we find, for reasons which are well known, that this
solution is indeterminate. We therefore employ the device, described by Lamb
(1932, Art 232), of introducing into the formulation a small amount of friction
proportional to the relative velocity. Although the coefficient of friction is

set ultimately to zero, the device ensures the convergence of the integrals arising
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in the analysis, and it clarifies the way in which the radiation condition can be
satisfied. It should be noted that the introduction of linear friction is
essentially a mathematical device which does not accurately represent the way in
which dissipation occurs in the flow in reality. It enters the formulation as
an additional term in the equations of motion and, hence, appears in the surface
pressure condition; in particular, following the integration of the equations of

motion, the pressure condition (cf Eq (4)) becomes

3‘2-#;.:/‘%-_-0 on y=0o0 (4a)

in which p (>0) is the coefficient of friction. Eliminating n(x,t) between

Eqs (3) and (4a), we obtain

39 + ¢

¢

twégo on y=0. (8)

We now assume that ¢ and its first and second derivatives tend to zero as
. . 1 . .
|x| > = , in such a way that Fourier transforms exist in x. Thus Eqs (2), (8)

and (6) become

>

n
o

A
¢ in —i$3\<o)"°a<§‘w’ (9)
Y A

)

>

w
O NN
+
TO<

S

sé =0 on 4y=0, (10)

and
A bd Ex k2 Ex
§ | et he o L[ V) Fe
T -0 ™ Ly
= NGO sy an
1. Definition

#61.t) =J—'-—_
¢ (x. 4.t =f—:—J %égt)c oLE -
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The solution of Eq (9) is

e, u,t) = A(ELD cosh(by) + B (£, sinh (Ey) s
and we make this specific to the case of waves of frequency o by taking

A =A™ s BLaD =B ma A 69-ABO

The solution $(£,y,t) which satisfies Eqs (10) and (11) is then

) ) = 3§Cos£,(f‘j> + (o'z—_i/uc'> Slnf(?‘:\) ) .
¢(§‘j ) J:?Tr{(Uz-;yw')fcosLGK)-jgzsinﬂ(gf')} -/l"’ (g,t)

Upon taking the inverse transform, the velocity potential ¢(x,y,t) is

given by

e | Bk (1) o (oiued k(b gy D
¢( "ﬂﬂt> = 2”.{ {(o"-%a) coi(f‘)-g;ﬁ»ﬁ(é{)i _/L(§)e alg .

This integral determines the solution for both the "near" and "far" fields. The
form of Eq (12) differs from that of the equivalent integral obtained by Davies
(1982a,Eq (15)). In this earlier work, V,(x,t) was specified as a real function of
space and time and this resulted, upon inversion of the transformed potential, in
a purely real velocity potential. Here, for convenience,we takeV,(x,t) as the

real part of a complex function. Upon inversion of the transformed potential $,
this results in a complex form for ¢, from which the required velocity potential

is obtained by taking the real part. This may be demonstrated quite simply though,
for brevity, the details of the argument are not included here. In §2.3 the
function A(Z) is determined for both unattenuated, and attenuated, incident waves

and, in §2.4, the integral in Eq (12) is evaluated by a contour integration method.

2.3 The function A(E)
The function A(Z) depends upon both the nature of the bedforms and the
unperturbed first order motion. The bedforms are assumed to be sinusoidal ripples,

such that Y, (x) in Eq (1) is given by
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Yb(x) = b S;m(‘(z-i-é) s (13)

where b is the ripple amplitude, 1 is the ripple wavenumber and & is an arbitrary
phase angle. For continuity of bed elevation at the ends of the roughness patch,

and for convenience in making comparisons with the later laboratory results, we

write
m T mT
L,=L = i L,=-[__-.-__£ and §= O , (14)
where m is an integer. Thus there are m ripples in the patch, which is centred

on x = 0 and is of length 2L.

2.3.1 Case 1. Unattenuated incident waves,
We assume initially that the incident progressive waves are not attenuated

as they pass over the patch, and that the unperturbed velocity potential is given

by

é("’ﬂ'w - Sor ' Zfi (k?e) 3 cos (hxe—ot) (15)

where a, o and k are the surface wave amplitude, frequency and wavenumber,respecti-
vely. Equation (15) corresponds to waves propagating in the +x direction, in

which we note that &, k and the depth h are related by the dispersion equation
ot = sk fa..{(bC)- (16)
Using Eqs (1), (13), (14) and (15), we obtain V,(x,t) from Eq (7) as
'Vc(x,t) = C*{ lsin U?x-a—f) cos(/-az)-'-k cos{at—kx) sen e % s (17
where

C. =326k
* ocosk (RL)
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It is convenient to take V{(x,t) as the real part of a complex function and, in
particular, as the real part of

ot

\/: (z,t) = V(o e
where, from Eq (17),

8

. ke (-Ox] p [ ilkex L(—k-é)z} .
V(:>=C,{-,:qc v el ] [a - €

It follows from Eq (11) that

m( L(E-R)L lf-RL) 5t
_/\_(E)=—C:-(-‘) {c - 6 } (E-k)z- {z, . (18)

Following the substitution of this expression into Eq (12), we may determine
the perturbation potential ¢ for both the near and far fields, subject to the con-
dition that solutions for the far field must only comprise waves satisfying the
radiation condition as x > * o, Now, as noted in §2.1, if the amplitudes of these
outgoing waves (and, particularly, of the reflected wave) are not negligible com—
pared with the amplitude a of the incident wave in the first order solution, then
the combined velocity potential (¢ + ¢) will, in general, violate the overall
requirements of energy conservation in the solution. This difficulty is overcome,

to a great extent, by the procedure described in the following section.

2.3.2 Case 2. Attenuated incident waves

If incident waves are reflected by the bed roughness patch, then the incident
wave amplitude must decrease in some way across the patch. Strictly, in the
assumed absence of any mechanisms of dissipation, the incident wave energy flux
must be balanced by the reflected and transmitted energy fluxes. For the reason
given above, this condition is not satisfied, in general, by incident waves which
are unattenuated across the patch in the first order solution. In fact, results
obtained later on the basis of Eq (17) may be considered as providing upper bounds
on the amplitude ax of the reflected wave. A procedure to impose an energy
balance on the solution was proposed by Davies (1982a). In this procedure, the
surface wave amplitude in the first order solution was assumed to decrease linearly

from its starting value a at x = -L to a new lower value ;T at x = +L, Values of
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éT and ;R’ the modified transmitted and reflected wave amplitudes well away from
the patch, respectively, were required to satisfy the equation

2 ~ 2 ~ 4
a* = a_ + a, -

-

The iteration method adopted is not discussed in detail here; essentially, it
involved the determination of a final value of the reflected wave amplitude ER from
an initial estimate of a based upon Eq (17). There is strong justification for
the assumption of linear attenuation of wave amplitude across the ripple patch, at
least in resonant cases, both from the results for the wave reflection coefficient
(see §2.7.1) which indicate a linear increase in ap with the number of ripples in
the patch, and also from the later experimental results (see §4)1.

The corrected results for attenuated waves in the first order solution are

obtained by replacing V.(x,t) in Eq (17) by V,(x,t) where
¥ ] a x (4.
M(”’Q:M("’t)'{i(’* L) + L (T'O} '

such that "Z (x,t) =V(x,t> at x = - L and V;(")t) = %——V:(x,t) at x=/[

(Note that tildes are used hereafter to denote the case in which the incident

surface waves are attenuated.) On this basis, the result equivalent to Eq (18) is

< c[ R (5 PE a-d, ifr (£eL%kD)
A@=-CED e 'f'&"'(e_m*-f* & Zmr Hf-k)"-(‘}z}

(5oL {_ L | a-d it (LK) H
ve (kY -¢* &  Zwr {(§-R0-€F

(19)

Clearly, Eq (18) is recovered if ;T = a

While the present approach has the obvious advantage that a proper energy
balance is achieved in the solution, it has the disadvantage that the redefined
first order waves (¥(x,y,t)) do not strictly satisfy the potential equation in
-L £ x £ L. (This is an implication arising from the introduction of the linear

attenuation term into the expression for the perturbing bottom velocity V (x,t).)

1.  The theory of Long (1973), when applied to the present geometry, also predicts
a linear attenuation of the incident wave with penetration into the scattering
patch (Long, personal communication).
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However this drawback, which in practice is of minor significance, does not extend
to the perturbation solution, since the disturbance wave still satisfies Eqs (2)

to (5).

2.4 The contour integration method

We now consider the evaluation of the integral on the right hand side of Eq
(12) by contour integration. Initially, the approach adopted is to take £ as the
real part of a complex variable X = £ + iy, and to replace the path of integration
~» < § < », by a closed contour in the X - plane. This contour is chosen as a
semi-circle of radius r, which includes the portion -r <£< r of the real axis of
A. The semi-circle, which completes the contour, is chosen in either the upper or
lower half plane such that a physically admissible solution is obtained. 1In this
section, we identify all the singularities of the integrand in Eq (12), and we
show how certain groups of these singularities contribute to the solution in
different parts of the flow field. Where singularities lie on the contour of
integration, in particular on the £ - axis, the contour is indented. The
indentations are made in either the upper or lower half plane, such that the
contributions to the solution from the singularities in question enable the bottom
boundary condition (6) to be satisfied. Ultimately, as the radii of the indent-
ations tend to zero and as r - =, the required path of integration, namely the
¢ - axis, becomes part of the complete contour. Moreover, since the semi-circular
portion of the contour makes a contribution to the solution which tends to zero as
r + @ (see Davies (1980, Part 2, §2.1.1)), the required result for the velocity
potential is simply equal to the result obtained by integrating around the
complete contour.

We consider, firstly, the singularities associated with the term in the
brace in the denominator in (12). If we write X = £ + iy, these singularities are

at positions A = A, which satisfy the equation
(0_1._:‘,/,.,0'> cosk. (')F{) - 3“? Sin{(%.t) = 0. (20)

Each solution of this equation gives rise to a simple pole. Two poles lie close
to the real axis of A, at lp =k - iyk, and -k + ipk,(yx > 0, k, > 0), where Eq (16)
has been used in the solution of (20). The first of these is displaced slightly
into the fourth quadrant, and the second into the second quadrant, as a result of
the presence of the linear friction term. 1In addition, there is an infinite number

of poles (kp) closely adjacent to the imaginary axis of A. For non-zero u, these
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poles are subject to small real displacements from reference positions (A, = ix,)

determined, with u = 0, from solutions of the equation

or = - 3:z;'tan.(2;JC> . (21)

These poles are associated with trapped wave modes near both ends of the ripple
patch, while the poles on, or closely adjacent to, the real axis of A are
associated with travelling waves.

We consider next the singularities associated with the functions A(£) and
A(£), given by Eqs (18) and (19) respectively. We start by replacing A(E) and
A(Z) by A(A) and A()), respectively. TFor convenience, we write the function A(})

in the form

_A_()) - If(g> ei(ﬂ-k)L_‘_ Z(q)e_é(ﬂ-h)L , (22)

where

oy Ot
i(q) = C#() (A-R)*- £% ?

and (23)

. Clay A
£OD = GOy .

Note that both f;()) and f,()\) are singular if A = k * 1. Similarly, we write the

function A(}) in the form

A -7Zme

L(3-R)L Py ~i{3-k)L
+ £ e , (24)

where

I Y a-d. il 0% R
ORNIE '){57 (A-ky¥-€* @ 'Zw'f(:\-k)‘-{‘i"g’

and b (25)

5, m ¢4 -2 if" VL4
N = -Gl - * 2o |
£ =-C) { (2-k) - £* Q@ Zwr {(D-R)- ”fz?

/
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Upon setting éT = a in Eqs (25), Eqs (23) are recovered, as expected. Also it may
be noted that, while f;(}) and f,()) have simple poles at A = k + 1, the functions
£1(2) and £2()) have both simple and double poles at these points. A further
important consideration is that, in the limits u+0 and 1 + 2k, the pole at (k - 1)
and the pole identified earlier at (-k + ipk,) approach one another; this
situation constitutes a special case which is later treated separately.

To obtain a physically meaningful solution, it is necessary to ensure that

the inversion integral (Eq (12)) is convergent. If we substitute Eq (22) (or

Eq (24) as appropriate) into Eq (12), define the function wu(l) by

}/:(’A) _ 97 cask(')u) -+ (a"-_i/«»a') sl (Qg) (26)

2rd (o2 o) ol (AL)- g 5in & (ALD}

and replace the limits of integration in (12) by integration around a closed

contour C in the A -plane, then (12) becomes

Me-2) ;(ot- ~i2ex) ((otehe)
Brend= | { I EH, yr ey |
[of

= I + I» s, say. (27

Here we have split the integral into two parts, I, containing the f; - term and I,
containing the £, - term. The convergence of these two integrals is governed by

the terms exp(iA(L - x)) and exp (-i)(L + x)), and the decaying parts of these

terms are

LAlL-2) ~X(L-2D )
e €

s

and p (28)
M Lexd X(Lez)
¢

/

respectively. We are now in a position to choose contours for integration which
ensure convergent solutions in the three regions x < -L, |x| <L and x > L. From
(12), it is required that, ultimately, each contour includes the real axis of A.

Our choice in the matter is in how to close the contours, and this is dictated by
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(28) as follows:

(1) if x < -L, the contours for both integrals I; and I, must be closed in the
upper half plane;
(ii) if

x| < L, the contour for integral I; must be closed in the upper half
plane and the contour for integral I, must be closed in the lower half
plane; and

(iii) if x > L, the contours for both integrals I; and I, must be closed in the
lower half plane.

Evidently, the division of the integral into two parts is necessary only if

)x{ < L. If x < -L or x > +L, the same contour is taken for I; and I, and the

function A()) may therefore be utilized in its original form. The significance

of this is that the function A(A) is nonsingular at A = k * 1, whereas the functions

f1()) and £,()) are singular at these points, as established earlier.

At this stage, the role of the linear friction term is apparent. As a
result of the displacements of the poles close to X = -k and +k into the second
and fourth quadrants respectively, the former pole is included in the contour of
integration only if C is taken in the upper half plane and the latter pole is
included only if C is taken in the lower half plane. Having established this,
we can dispense with the friction term and, in what follows, we take u = 0 and
simply refer to the positions of the poles as A = -k and +k.

In summary, the singularities to be considered are as follows:

(i) if x < -L, we have a simple pole at A = -k and an infinite number of simple
poles at A = iX, (X, > 0), as given by Eq (21);

(ii) if |x| < L, we have simple poles at A = -k and +k, simple (or both simple
and double) poles at A = k -~ 1 and k + 1, and an infinite number of simple
poles at A = iX, (X, § 0); and

(iii) 1if x > +L, we have a simple pole at X = k and an infinite number of simple
poles at A = iXy (X, < 0).

We shall find that the pole at A = -k is associated with the outgoing wave in

x < -L, and that the pole at A = +k is associated with the outgoing wave in x > L.

In |x| < L, there are contributions from these two poles, as well as from the poles

at (k £ 1), These latter contributions enable the bottom boundary condition to

be satisfied over the ripple patch and, in practice, this requirement dictates the
sense in which indentations around the two poles are made. The poles on the

imaginary axis of A ensure the smooth continuation of the solution at the ends of
the patch (x = #L).
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The required contours C; and C, are shown in Figure 2, and the inter-
pretation to be placed on the poles shown on the contours at X = -k and +k is as
given above. For convenience, we persist with the division of the integral into
two parts for the purpose of stating the results, though this is not strictly
necessary if |x| > L. Note that as the radius of the semi-circular portion
of each of the contours C; and C, tends to infinity, the contour encompasses all
the poles on the X-axis in the upper or lower half plane, respectively. The con-
tour itself includes the entire real axis of )\ as required; it may be shown that
the semi-circular portion makes no contribution to the final results, It remains
only to determine the residues of the various poles identified above, and to
construct the solution on the basis established in Figure 2. This is done in
§2.5 for the general case in which 1 # 2k, and in §2.6 for the special case 1 = 2k

in which the pole at k - 1 coincides with the pole at -k.

2.5 Solution for the general case (1 = 2k)

We consider the regions x < -L, x > L and |x| <L in turn, and state the
results in a general way. We denote the residues of the poles by R, with a sub-
script indicating the pole position and a superscript indicating which integral

(Iyor I,)is being considered.

2.5.1 Solution for x < -L

For both integrals I, and I, the contour Ci contains the pole at A = -k
(residue R_ ) and the poles on the positive imaginary axis (residues R say,
where j = 1, 2, 3 .... denote the positions X, = Y1y, X2, X3 «... given by Eq (21)
for Xg > 0).

For integral I, we have

()

0 " o
820 [ o - 2efR TR )
C G, J=!

(where the empty brace denotes the appropriate term of the integrand in Eq (27)),

and for integral I, we have

¢w = % a9 =2w;{/{fm+i{{?}- (30)
G, C, Js!
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It follows that the final result for x < -L is given by

0) (2)

Plxgt) = ¢ ~ é - (31)

- ¢,
2.5.2 Solution for x > +L

For both integrais I: and I, the contour contains the pole at A = +k
(residue Rk) and the poles on the negative imaginary axis (residues R—j’ say,
where j = 1, 2, 3 .... denote the positions Xp = -X1, X2, =X3 .... given by Eq (21)
for X4 < 0).

For integral I; we now have

(1))

9‘(: ‘%’ f }ad = -2mi {R:,+iR: 7§ ’ (32)

CZ c" J cl

and for integral I, we have

(2) @ 2) & (v
4 - _43 [ jdd =2 {R+Y RY (33)
Cz J:l
C.
where the minus signs are included on account of the need to integrate along the

£-axis in the £-positive direction. The final result for x > +L is given by

(2)

¢(x,:],t> = ¢l') + ¢ . (34)

c, c,

2.5.3 Solution for |x| <L

Part of the solution in |x| < L comprises terms identified above, namely

1 2
the terms ¢c1( ) and ¢ ( ). To these terms must be added contributions from
c

2
the poles at X = k £ 1, which we denote by ¢k-1 and ¢k+1' The solution for

|x| < L may therefore be written

¢(*"$’t)= ¢w ¢(z)+¢ . ¢ . (359

-
¢ g k-6 Thee

The essential requirement on ¢k 1 and ¢k+1 is that their sum satisfies the bottom

29

e gt i L e et v e ee e e 5 e e | g e e AT T et



boundary condition over the ripple patch, and this is achieved by indenting the
contours C; and C, as shown in Figure 2. The resulting solution (35) is then one
which also provides a smooth transition in ¢(x, y, t) across the ends of the ripple
patch (x = #L). Since, for integral I;, the direction of integration along the
real axis is as required but, for integral I,, this is not so, we may express the

contributions to the final solution as

(0 . ()
é-e = TCL ek-e - T Rk-g ) (36)
and
() . )
é,e = T Rh»! - T R‘"e s (37)

where R_1 and R 4 are the residues at X = (k-1) and (k+1) respectively, and
where the superscripts again denote the integral involved. The final result for

[x! <L may therefore be expressed by

' _ N (2 =
¢(x,y,t‘:>= ZWL[E-::*-J.ZRJ-, + Ek + E:R:;]
— . (38)

D) ) ") () ]

i [R),-R +R -R

k+e R-£ k-£

2.5.4 Residues

It remains only to calculate the residues for Eqs (29), (30), (32), (33), (36)
and (37). It was noted earlier that at each of the positions A = A given by Eq (20),
there is a simple pole provided that 1 = 2k. Now since each ofpthese positions

A= Ap is an ordinary point of the function

A cosf (3 o nl (D A=) (ot-kL)
= ‘j>2:rr; LN P

and also of the function

3‘) cosk (2yq) + (0:'—-_7-/ua-> sinh (93) . -iA(erx) (ot kL) ,
2 e e
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which appear in the integrands of I and I» in Eq (27) respectively, and since also

ZLC Q-J>, _ 'H2¢wsﬁ.éap¢{>

ey (0™~ imuc) cosh (AR) - gAsinh(IR) - 9 {2},7{, +sinh (2,)")} >

we obtain the following general results for the required residues. For integral

I,, and for the typical pole at A = Ap, we have

[

; . 2 i . "2(01".(’) i)
R, =y 1 (9,9« o%sink (3,1} ST ek BT

(A (L-2)  iot-hL) (39)

* 7,{(’;\?) & c 3

and, for integral I,, we have

) ) A4) e o¥sim . - Zwsk( ,)p£> .
IQ)’ =7 gg'f\, sk (2,9 ¢ & L(’),%)} 35204 + sk (22,4003

-2 (L*x) (ort+ kL)
* {{qp> a " € 7 L]

(40)

in which p has been set to zero. The particular results required are obtained
by taking Ap = -k, +k or iXy in (39) and (40), and hence in (23) or (25), as
appropriate,

Finally, we consider the residues at A = k % 1, Since the functions
£1(1) and %Z(A) in Eq (25) have both simple and double poles at A = k % 1, we
proceed with the calculations in a rather more formal way. Initially, we define

the function F(1) by

. -Ax
F(A) = »(D e(at ’

in which (1) is given by Eq (26) with py = 0, and we also write

A = A« A1) >

such that the integrand of I, in Eq (27) is F(A)A1()) and the integrand of I, is

F(O)A (V). For convenience, we write

N = kel g D= kot
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Consider firstly, the case of incident surface waves which are unattenuated

(Eqs (22) and (23)). 1In the neighbourhood of * = A1, ¥(A) is nonsingular and may

be expanded as a Taylor series, as follows:

¥ = ) (A (2)- -

By writing appropriate expansions for the remaining terms of both integrands in
the neighbourhood of A = X1, the required residues are given simply by the

coefficients of the terms in (A - Rl)_1. From the function F(A)A1(}), the

(1) (1)

residue R>\1 = Ry is given by
" ) -2, let-kL)
ha = - C*z( () e T e s (41)

and, from the function F(A)A2(}), the residue Rkl(Z) = Rk+1(2) is given by

() " lL+x . -
Rh , = —C*z’ﬂ-ﬂ,v(ﬂ,) g (% iloteke) (42)

Similarly, in the neighbourhood of X = A;, Y(}) is nonsingular and may be

expressed by

WD = ¥ (3) « (-2 ¥(3) .- - :

The results in this case are, from the function F(A)A; (),

0 ("

-l ' ¢ 'x)g; o=
- En-e } C_’;,(—)— r)z"k/az,) 6(L 6( Tk > (43)

and, from the function F(A)Az (X),

~ile+x)Ay, ((etekL)

) _ (2) .- C,,, (- ’)m.
R,A = RH ===, ¥(A)e e . (44)

&

The combined result for the poles at A = k + 1 may therefore be written as follows:
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(et=2,2 (ot-A,x)
§ = 2m{vl) 2GR epr(a)- o G

For incident waves which are attenuated, the same procedure is followed but
with f; () and f,(1), given by Eq (23), replaced by El(x) and £,(3), given by
Eq (25). The only essential difference in the results is that the double poles at
A = A1 and A2 draw additional terms into the coefficients of () - Al)_1 and

(» - Xz)-I. As usual, we denote all results for the case in which the incident

waves are attenuated by tildes, and we write

A = Ao~ AL

where the terms on the right hand side relate to integrals I; and I,, respectively.

In the neighbourhood of X = A1, the residue from the term F(A)RI(A) is given by

é;)= R—m =[,‘km),’,\‘ a, +V(q)(af-a) A : (L-x)+1/,/g)(&_5_ {2]

' * Amm
(46)
C (_‘)m- L-(L-z)q, (et -RLD
LT, et
and, from the term F(A)Rz(x), b
~(2) x (2) a- ar {a
R, = R =[-vtn, +yia) (2% ik
47

~C (—')m ~ilee?, lot+h)
. _._*T.__ . 6 c .

In the neighbourhood of A = ),, the residue from the term F(A)Kl(k) is given by
-~ (1} (1)

% Rh.e il

2

[#0) 5, G v ) (258) il il ol o) (2582 100

“Cu (1Y i (et-RO (48)
"—z ¢ e ,
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and, from the term F(A)A,(}), b

Ra =Qk

E2

2»1?1’

(49)

["P(’/\ * yf[gz)(a_;'it) _}'% L+ + (3D (a;E,),-L(Q,L]

- C* (_.,) -..(L-'-z)') (et RO
€

Note that results (41) to (44) are recovered from (46) to (49) respectively, by

setting iT = a. The combined result for the poles at X = X1 and X» in this case is

%1_% ey *I{a-ﬁa’,_ a-&, fx H'\"{g)‘) Lot ')x) ((),)’A ..(o»t')x)}
k

AR Ra a
(50)

_a-a, ¥ ;‘1/«/’))2

o

(et 3:) /ﬂ Y) i (ot- ,"x")z]

mm

In the cases of both unattenuated and attenuated incident waves, the sum of
the results for the poles at X = A; and A, satisfies the appropriate bottom
boundary condition over the ripple patch. All the other poles in the solution
satisfy a flat bed boundary condition (¢y =0 ony=-h). It remains only to
determine the functions ¢(X1), ¥ (A1), ¥(X2) and ¢y~ (X;), and these results are
listed in Appendix 2.1.

At this stage, let us summarize the results for the general case in which
12 2k. Inx < -L, the potential is given by Eq (31) and the residues in (29) and
(30) are given by (39) and (40). 1In x > +L, the potential is given by Eq (34) and
the residues in (32) and (33) are also given by (39) and (40). In |x| < L, the
potential is given by Eq (35), and this involves both terms which appear in (31)
and (34), and additional terms given by (45) or (50), as appropriate. In
diagrammatic form, the perturbation solution comprises the various parts shown in
Figure 3. Herein, each arrow represents a propagating wave mode, and against each
arrow is indicated the pole position with which the wave is associated. The
direction of travel of the wave is indicated by the arrow head; for example, the
(k + 1) -wave is in the onward transmitted (+x) direction, while the (k - 1) -wave
may travel in either direction depending upon whether k % 1. Note that, from
integral I,, there is a wave associated with the pole at (-k) which travels off

the patch in the negative x-direction. Similarly, from integral I,, there is a

34




wave associated with the pole at (+k) which travels off the patch in the positive
x-direction. In the next section, we establish equivalent results for the special

case in which 1 = 2k.

2k
(k - D tends towards that of the

pole at A = -k, and each of the earlier residues R_k(l), R_k(z), Rk—l(l) and

(2)
Re-1

the up-wave side of the ripple patch (x < -L), it is necessary to recalculate the

2.6 Solution for the special case in which 1

As 1 + 2k, the position of the pole at A
becomes singular. For this reason, we treat 1 = 2k as a special case. On

result for the outgoing wave in the perturbation solution, since the residues

R_k(l) and R_k(z)

also to recalculate the earlier results for the region of the ripple patch itself

in Eqs (29) to (31) are separately singular. It is necessary

(|x| < L), on account of the merging of the two pole positions. In the case of
unattenuated incident surface waves, this merging gives rise to a double pole at

A = -k and, in the case of attenuated waves, to a triple pole. However, on the
down-wave side of the ripple patch (x > L), the solution is independent of the poles
at A = -k and A = k - 1, and so the earlier solution remains unaltered. Let us

consider the regions x < -L and |x| < L in turn.

2.6.1 Results for x < -L
In the general case in which 1 # 2k, the result for the outgoing wave in the

perturbation solution is given, as x »> —-=, by

¢(1,5,t) - 2"; {Rl') . Elz) } . (51)

~k -k

Now, if 1 = 2k, each of the terms f;(-k) and f,(-k) for unattenuated incident
waves, or £1(-k) and f,(-k) for attenuated waves, is singular, and it follows that
R_k(l) and R_k(z) are singular also. This is not the case for the sum of these
residues however, as may be demonstrated either by examining their sum in the limit
1 > 2k, or by considering the complete functions A()) or A()), as appropriate, and
calculating independently the residue of the entire integrand in (27).

For unattenuated incident waves, the function A()) is given by Eq (22). If

A = -k + q where q is small, and A()) is expressed as a series in powers of q, then

in the neighbourhood of X = X, = -k, and for 1 = 2k, we obtain

.A_(’Az*i) = _Cn- -"_z—r' * O(i)
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If the function ¥()) is also expressed as a series in powers of q, the leading

. . -1 . . . .
term is a term in q and this governs the residue of the integrand in Eq (27).

The final result for the potential may be expressed by

_ gkhost(bo)+ osinklks)  2coshlbf)  Camm iltrked
Plest)- k gi2khesmb el 2 C SRRSEY

If 1 = 2k, this result replaces the contributions for the general case, which

appear on the righthand side of Eq (51).

For attenuated incident waves, the function A(}) is given by Eq (24). Now,

in the neighbourhood of X = X = =k, we obtain

A6o)= -G [2(1- &) iz 1+ &)+ O(p »

and the final result for the potential is

¢(z,3,t)= Ahcosh (k) + s A(ke9) _ 2«»&.(/60 .= Ceu
k a3k +sab(208)F 2
(53)
L (ot+kx)

J20-8) e iz (1o B e

This reduces to Eq (52) if 5T = a, and the result replaces the contributions

arising from the terms on the right hand side of (51) in the special case in which

1 = 2k.

2.6.2 Results for |x| <L

In the special case in which 1 = 2k, we have
’).:k*{: Sk and ’AL: k"{:—k LY

so that the pole at A =A; coincides with the existing pole at A = -k (see Fig 2).
The way in which this merging of the poles occurs is complicated by the fact that,

in the general case (1 # 2k), integral I; involves a complete anticlockwise circuit
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around the pole at X = -k, but only half a circuit (indentation) around the pole
at (k - 1); by comparison, integral I, involves a half circuit (indentation)

around the pole at (k - 1), and no contribution from the pole at (-k). In Eq (38),
the contributions from the poles at (-k) and (k - 1) were expressed, for integral
I,, by

) )

2wl Q‘b + T R

k-¢

and, for integral I,, by

)
ni R, -

If we partition the result for I as follows:

Q) ) . nY
TCe ( le + ;ahﬁcj) + T }e-h
we can consider the first term to consist of contributions from two indentations
of the same type (ie anticlockwise half circuits) around the poles at (-k) and
(k - 1), and the second term simply to be a residual contribution from the pole at
(k). It follows that, in the limit 1 + 2k, only the result for the first term is
directly affected by the merging of the poles, and this result must be recalcu-
lated on the basis of a single half circuit (indentation) of the combined pole at
A = ~k. This new pole is a double or a triple pole for the cases of unattenuated
and attenuated incident waves, respectively. We express the result for the first
term by 7i R*xz(l), which is finite as required. However, as noted earlier, the
residue R_k(l) is singular if 1 = 2k, and so the second term of the partitioned
expression is singular also. We overcome this difficulty by rewriting the result

for integral I,, for the general case (1 # 2k), as follows:
()

(2) (2) .
i (RE+RE) « =i RY

In this form, we can again consider the first term to consist of contributions
from two indentations of the same type around the poles at (-k) and (k -1), and

the second term to be a residual contribution. As 1 » 2k, the result for the
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first term must be recalculated and again, on account of the partitioning, the new
result is obtained from a single half circuit of the combined pole at X = -k.

ii), is finite as required, whereas the result
2(2)
k

This result, which we express by -7miR
for the second residual term involving R, ” is singular. If we add the revised

contributions from integrals I and I,, we obtain the combined result

"

TCL Q*“z_ + T R_(: -l Rf) + Tl R‘Z)

%" .y

. ) (2) , ) (2}
= TC. (R;ﬁ — R""XL) += TCL (Q-k -~ R-k .
a2

By comparison with Eq (51), the residual terms may be seen to make a contribution
which is equal to exactly one half of the potential of the outgoing wave in
x < -L (Eq (52) or (53), as appropriate). So, although the residual terms are
separately singular if 1 = 2k, their sum is finite, as required.

The result for this special case in which 1 = 2k may be obtained alter-

natively by starting with the expression for the general case, namely

. pw . p® LA @
dri R-n T Rk-e T ek-l

and by formally investigating the limit 1 > 2k. This procedure has been carried
out as an independent check on the final results, for the cases of both unattenu-
ated and attenuated incident waves. However, since lengthy calculations are
involved, particularly in the latter case, the steps in this alternative argument
are not presented here.

The component parts of the solution are shown in diagrammatic form in Fig 4.
As compared with Fig 3, there are now two distinct contributions in ‘x] < L arising
from the pole at -k. The first is associated with the merging of the two poles
at (-k) and (k - 1) as 1 + 2k, and the second (marked with double arrowheads) is
associated with the residual terms identified above. The remaining contributions
in Fig 4 are either the same as, or are special cases of, those in Fig 3. The
brace around each pair of (-k) -terms indicates that it is the sum of these
(separately singular) terms which provides the finite outgoing wave in the pertur-
bation solution.

In summary, the action which we must take to obtain the solution for the

special case in which 1 = 2k is as follows:
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1. The contribution arising in the general case (1 # 2k) from the poles at

A= 2, =k ~1and » = -~k must be removed.

2. A new contribution, which accounts for the merging of the poles at A =k -1

and -k as 1 - 2k, must be included.

3. A further contribution, associated with the pole at -k and arising from the
residual terms discussed above, must be included.

We therefore replace Eq (38) by

¢(x,5,t) = 27ri[ i Q:) + R::) + g Q(;) ] + i + é’ ) (54)

J:l

where ¢,(x, y, t) is the potential arising both from the pole at A = A; and also
from the merging of the poles at A = A,, and ¢R(x,y,t) is the potential associated
with the residual terms.

We proceed by modifying, where necessary, the earlier analysis for the case
in which 1 = 2k. As far as the A; ~term is concerned, the analysis is unchanged,
that is R(l) and R(z) are unchanged. But as far as the X, ~term is concerned, in

A1 A1
the neighbourhood of X = X, it is now convenient to write

¥(2) = —i_‘—_’_f ’ﬁ(ﬂ) ) (55)

such that A = X, is an ordinary point of the function w*(k), and Y()A) itself has
a simple pole at this point. This is the essential difference between the present
argument and that which was adopted in obtaining the residues in Eqs (43) and (44).

We now have, therefore,

-9,

¥ = = {0~ (00K O+ 50-23% 0D~ -1 -

As in the previous section, we treat separately the terms F(A)A;(2) and F(A)A,(X).

For unattenuated incident waves, and for the term F(A)A;(2), we have

ADe

If we write A — X, = q and express the terms involving A as power series in q then,

L(&t-')z)

FMAN (D) =+ e

(A-R)L

in the neighbourhood of A = X;, we have
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FODA, (3= [Yle(“u * VII(’A)""][‘ 1 (L"‘)'"H-—;i +323_ - %_77}]

- Cg. (_‘)"“ Laz_(‘—"x) L(vt—k,t..)
2 € e .

The term in q 1 comprises three contributions, such that the new residue at ) = ),

is

Rm [y(ﬂ){ ((L-2)7, + ',\21),}‘%2 1/;’/‘)2.)][:-%] et ot-2, .

For the term F(A)A,(}), the following result is obtained by a similar argument:

v (Ut - qz,")

R‘:; [ O {2 -0, O] S

The potential ¢,(x,y,t) in Eq (54) is therefore

# et - < (Ry - Ry ) + < (R, - R.h.)

L

(56)

2 . T etD3)
=2nL[1/¢(g,).-_%"\_'.é(°¢“) Co [v«mgma Tﬂ__q.}a (qg] (et ]

which may be compared with (45). As shown earlier, the residual term is equal to

one half of the potential of the outgoing wave in x < -L, so that from (52)

Blogt)e s Soklodeotiohles 2 ntlel) Camm | HLotR
A L 'GI2kE « B (TREY} 2
- »(,t 20
= L - C* K2 il D) . (57)

If we combine (56) and (57), we obtain
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;(O't - q‘ x)

Sé-f-ﬁ = dni [V(’A) -C*’A
(58)

B} %&[t(ag%(-wﬂs {‘.‘q}"ﬂﬁl(@]é Mﬁ]

which may be substituted into Eq (54). It remains only to calculate v(xy), ¢*(A2)
and y,(1;), and these results are listed in Appendix 2.1. It might be noted,
finally, that the terms in (58) ensure that the bottom boundary condition is
satisfied over the ripple patch.

For attenuated incident waves, the argument is as given above, but with Ay

and A, replaced by A1 and ﬁz, respectively. The result for the A;-term is again
unchanged, that is R( ) and R(z) are unchanged and, for the )A,-term, we treat

separately F(A)Al(x) and F(A)AZ(A) For the term F(A)X; (}), we have

(ot-Ax) {A-RL

,l'(ﬂ) (59)

FOLO = ¥(Me

If we again write A — ), q, then in the neighbourhood of A = X2 we have

2 Legr 3
where
Y q—ar b-f
Ai = (29 ) Z"\."r ()Z ?
5 a
B =- "aL,;\z ’
and

_a A a-a, € 9
a0, a Zmw (22N

(@]
IS
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Expressing all the remaining terms of Eq (59) involving X as power series in q, we
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obtain
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The coefficient of the term in q_1, that is the residue R(l)

comprises six
*}\2, p

contributions and may be written

RY = [ (018 +ile-0B - 5(-h 1o ) {8 c(-R S+ 40D A ]

*3

(60)

-C. l'.(O’t‘qx,">
= e .

For the term F(A)KZ(A) we obtain, by a similar argument,

él’;) = [1/:(@9 $8, - i(Le)B, -5 (Lex) A J+ (0D 1B, - L{Ledh R+ 4 ;&W(D]

¥*

- Llet-2, =)
.—ZC*. 6 ) (61)
where
" _ a-&-,- of _ - A
AL - Qa Ly 3" - A' ’
Bo- 9,
and

£ o- D, a-d L O ,
= a  Zem  (3)

The potential ¢,(x,y,t) is given in this case by
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¢(*»mt) = wi (R RY) + mi ( 3. ) » (62)

in which, from (46) and (47),

~ ~ (2 Llet=-2,%) . .
Ry - Ry = -5 €77 [, (Bre) wia (a5 L0, 2

« w5 (2= “') if -2’)]

and, from (60) and (61),

ﬁ(-) _ ‘Rl’-) - _%&. i{et-2,%) [v,m‘l) ;é,,, ;_(L.x)él-H'.(L-rx)él-Lz(L-x')LK. *-‘i(L*xs.K; ;

%A, &Az
+_y:’(ﬂz>§é3-.-i.(L-x)Z’-&L(L#x)Z‘i*..i_'f;n(qD'Aj] .
where

A-A-K ., B =B-B aa (=C-E -

It might be noted that Eq (62) reduces to Eq (56) if 5T = a. As before the
residual term is equal to one half of the potential of the outgoing wave in x < -L

and so, from Eq (53), is given by

¢=.'_, ‘3k—ws&.(k‘5>+azs:;£.(ku), 2 cosh, (k) =G {4 I a) Lm'rr(’ a,-)'i
2

k 312kh + 5inh (KL} 2
R (etrked
o L e’ ,
> e (BB

The final solution for the case of attenuated incident waves in the special case
1 = 2k is obtained by substituting (62) and (63) in Eq (54), the bottom boundary
condition over the ripple patch being satisfied by the terms of (62). It remains

only to obtain expressions for ¥(X1), ¥" (A1), ¥, (A2), Y (X2) and ¥, (X2), and
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these are listed in Appendix 2.1.

2.7 Discussion
2.7.1 The reflection coefficient

We state here results which are obtained from the asymptotic behaviour of
the solution for the potential ¢ as x + —», and as x + +=, In particular, we
obtain an expression for the wave reflection coefficient, for use later in making
comparisons with the experimental results. The properties of the reflection co-
efficient have been discussed in detail by Davies (1982a), and are not repeated
here.

We define the wave reflection coefficient from the potential of the outgoing
perturbation waves in x < -L, and from the incident waves in the first order
solution. In the limit x - -, the former waves are given, from Eqs (29) - (31),

by the real part of

¢(x,.j)t> - 2t {Rl-) . R(:\J%

-k -k

For the general case in which 1 # 2k, and in which the incident waves are un-
attenuated over the ripple patch, the required residues are obtained from Eqs (39)

and (40), such that

Blery,d) = gk cost, (k) + *snb (Re) 2okt —Qﬁ(")m(z%).s;n(:zm Lotk

3k J2h& + sinb(2RAR (2R/g)*- | e ’
2 o (k{502 | Culy B20) sin (2R L) ej(,hkx) (64)

T i 2kLe s A@RRY  (RR) -

The reflection coefficient, KR’ is defined as the quotient of the coefficient of

cos(ot + kx) in (64) and the equivalent coefficient for the incident surface

waves in Eq (15), such that1

1. It is interesting to note that the modulus of this result for K_ is ob-
tainable from a general result quoted by Kreisel (1949) for reflection by a "low
gently sloping reef'.  Although, unfortunately, Kreisel simply states his result
without any discussion of the approximate conformal mapping employed in his
analysis, the two theories appear to yield the same result for the reflection co-
efficient in limiting cases in which the bottom undulations are very small.
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For the special case in which 1 = 2k, and for which the perturbation potential is

given by Eq (52), the reflection coefficient becomes

= —_Zbk . T ¢ = 2k) - (66)
Kz § 2kf + sinh (2R8D} 2 >

Equivalent results for the reflection coefficient may be obtained for incident
waves which are attenuated over the ripple patch. These results differ signifi-
cantly from those given by Eqs (65) and (66) only if KR 2 0.4 (see Davies (1982a)).
From Eq (66) it may be noted that, at resonance when 1 = 2k, the reflection
coefficient increases linearly in the number of ripples (m) in the patch. It
is for this reason that the earlier assumption of linear attenuation of incident
wave amplitude across the patch is reasonable, at least near to resonance. More
generally, Eq (65) reveals that, while the maximum value of KR is found near the
critical ratio of wavenumbers 2k/1 = 1 (in fact, at a value slightly greater than
unity, but which tends to unity with increasing m), the reflection coefficient is
also oscillatory in the ratio of the length of the ripple patch (2L) to the surface
wavelength. It might be emphasized here that the definition adopted for KR allows
its sign to change; 1in particular, KR takes a positive value at 2k/1 = 1 while,
for general values of this quotient, its sign depends upon the value of m. The
properties of KR are discussed in more detail in the later consideration of the
experimental results (§4). There it is demonstrated that surprisingly few bottom
ripples, of quite modest size, are needed to produce a substantial reflected wave.
For the outgoing waves on the down-wave side of the ripple patch, the poten-

tial in the asymptotic limit x » +» is given, from Eqs (32) - (34), by

¢(Z,g,t) = ~2nl § Qm + Qm} .

k Rk

For unattenuated incident waves, this gives simply

¢(Z,|3,t) = O' (67)

It is evident from Eqs (64) and (67) that the vertical velocity distribution

prescribed at the bottom boundary in Eq (17) is such as to produce an outgoing
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wave in the up-~wave direction only. However, in the case of attenuated incident
waves, there is a small outgoing wave on the down-wave side, the properties of

which have been discussed by Davies (1982a).

2.7.2 Properties of the waves over the ripple patch

We turn next to some detailed considerations of the properties of the waves
over the ripple patch, in which we utilize the complete solution in —» < x < =,
The elevation in the perturbation solution n(x,t) is given by Eq (4) (only the real
part of which is of interest), and the elevation of the first order incident waves
associated with Eq (15) is simply {a sin(kx - ot)}, 1In Figs 5 - 9, we show results
for a typical case near to resonance which relates to one of the later laboratory
experiments. The parameter settings are as follows: ripple amplitude b = 5 cm,
ripple wavelength (2m/1) = 100 cm, the number of ripples m = 10, the water depth
h = 41.7 cm, and the wave period (2n/0) = 1.23 s, from which it follows from (16)
that 2k/1 = 0.985. The incident waves are assumed to be unattenuated across the
ripple patch, so that the asymptotic behaviour of the perturbation solution is
given by Eq (64) as x > -», and by (67) as x » +w, From Eq (65), the reflection
coefficient in this case is KR = 0.509. The incident wave amplitude in the labora-
tory experiment was a = 1.62 cm, though this is not important (beyond the fact that
it well justifies the use of linear theory for comparison with the experimental
results) since the results in Figs 5 - 9 are all normalised with respect to the
incident wave amplitude a.

In each of Figs 5 - 9 results for the normalized elevation n(x,t)/a have

been expressed in the form:

ZE8 | F (e eosbot) + E, () sin(ot) (68)

where E;(x) and E,(x) comprise contributions from some or all of the poles shown

in Fig 2. The curves plotted in Fig 5 are for the perturbation solution only,

and show the instantaneous elevations E;(x), E,(x), -E;(x), and -E,(x) at the phase
angles ot = 0, 7/2, m and 37/2, respectively, together with the envelope curves

for wave elevation given by % JGEIT:_EZ?. The results show that, on the down-wave
side of the ripple patch (x > L), the water surface is motionless as required by

Eq (67). Between the down-wave end of the patch (x = L) and the up-wave end
(x = -L), the perturbation wave increases in size. Thereafter, in x < -L, the

wave propagates away from the ripple patch in the negative x-direction, with
amplitude ap = 0.509 a as given by Eq (64). The result of superimposing the

perturbation waves and the incident waves is shown in Fig 6, in which the elevation
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curves plotted are equivalent to those in Fig 5. Now the evolution of a partially
standing wave pattern is apparent in x| < L, with a fully developed partially
standing wave being present in x < -L. On the down-wave side, there is simply an
outgoing transmitted wave. Since the incident waves are assumed to be unattenuated
over the patch, this outgoing wave has elevation given by a sin(kx - ot). In the
later discussion of the experimental results, examples are included which illustrate
how results of the kind shown in Fig 6 are affected by the imposition of an energy
balance on the solution, in which the overall transmitted wave amplitude is con-
strained to satisfy the equation éT = fa? - éRz (see §2.3.2).

In Fig 5 the evolution of the perturbation wave in |x| < L is dominated by
the (-k) and (k - 1) -waves (see Fig 3). The (+k) and (k + 1) -waves have a
rather small influence on the results. This is the typical situation in cases
near to resonance. In general non-resonant cases, in which the perturbation
waves are confined to the region of the patch, the (k + 1) -wave has a greater
relative influence on the results. At the ends of the patch (x = #L), a smooth
transition in the solution is obtained as a result of the trapped wave modes
associated with the poles on the imaginary axis of A (see Fig 2). The properties
of the two most important trapped modes are shown in Fig 7. Here we have taken
the same example as in Figs 5 and 6, but have eliminated all the propagating wave
modes in the solution, and all but one of the trapped wave modes. The results
are plotted only for the regions near both ends of the patch, and in a manner con-
sistent with the elevation curves plotted in Figs 5 and 6 (though with a change
in the vertical scale, since the trapped waves are relatively small). In Fig 7(a),
surface wave motions are shown which are associated with the pair of poles nearest
to the real axis of A in Fig 2 (at X, = *0.0662 cm_I), while, in Fig 7(b), motions

are shown for the second pair of poles (at Xy = *0.1464 cm_1). The magnitudes of

these trapped waves at the ends of the patch (x = *L) may be seen to be of the
order of 0.015 and 0.005 times the amplitude of the incident wave, respectively,
or, to put it another way, about 37 and 17 of the magnitude of the reflected wave.
So, while their maximum effects are small in this case, they are not entirely
negligible. Away from the ends of the patch, the effects of the trapped modes
decay exponentially in x, the first mode having a more extensive effect than the
second, and so on. It will be noted that, while the outer envelope curves are
continuous at both ends of the patch, this is not so for the instantaneous surface
profiles, which are discontinuous. This emphasises the obvious fact that the
trapped modes cannot exist in the absence of the propagating modes. The sum of

all the trapped modes, including those in Figs 7(a) and (b), is shown in Fig 8,
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and the way in which a continuous solution is brought about across the ends of the
patch by the inclusion of these modes is shown in Fig 9. Continuity of both the
instantaneous elevation curves, and the envelope curves, may be seen to be estab-
lished by the inclusion of the trapped modes.

Finally, the horizontal velocity field (u = —¢X) assoclated with the waves
in Fig 6 is illustrated in Fig 10. Here the amplitude of the horizontal velocity
is shown as a function of horizontal distance (x) for discrete values of the
normalized depth (y/h), namely y/h = 0 (free surface), -0.5, -0.75 and -1.0 (bed).
Each of the curves has been normalized by U, = gak/c, the horizontal velocity
amplitude of the incident wave at the free surface, On the down-wave side
(x > L), the vertical attenuation of velocity is govermed by {cosh k(y + h)/cosh kh}
(see Eq (15)). On the up-wave side, the waves in the perturbation solution have
the same dependence, as may be seen from Eq (64). The behaviour of the velocity
field over the ripple patch is rather more complicated, on account of the way in
which the (k *+ 1) -waves are attenuated in the vertical direction. In general,
the effects of these waves are most pronounced at the bed level, and they are
strongly attenuated with distance above the bed. Near to resonance, however,
the attenuation of the dominant (k - 1) -wave is similar to that of the incident
wave. In Fig 10, it may be seen that the horizontal velocity amplitudes decrease
downwards from the free surface for all values of x which are off the ripple patch
(]x]| > L), but that this is not the case over the patch itself (|x| < L). Here,
both variations in the bed velocity amplitude, and also magnitudes of the bed
velocity amplitude for certain values of x, are rather larger than those at the
height y/h = -0.75. In the upper layers, the velocity amplitudes increase to
their peak values which are found at the surface. The vertical velocities in the
flow are generally small; in the present example, the tangential velocity ampli-
tude at the bed does not differ greatly from the horizontal velocity amplitude.
This is illustrated in Fig 11 where, for the same parameter settings as in Figs 5
to 10, instantaneous horizontal bed velocities are plotted for the phase angles
ot = 0, n/2, 7™ and 37/2, together with envelope curves which show the amplitudes
of both the horizontal and tangential bed velocity. At the ends of the ripple
patch (x = #L), it may be seen from Fig 10 that the trapped wave modes give a
smooth transition in the horizontal velocity amplitude at all levels, other than
the bed level where the velocity field is divergent. This anomaly, which is
apparent also in Fig 11, is associated with the discontinuities in the prescribed
bed slope at x = L (see Eq (13)); it has no general physical significance, and

should be ignored in any considerations of sediment movement on the bed surface.
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The divergence of the velocity field at x = %L, y = -h, is discussed in Appendix
2.2 where it is shown that, at all levels other than y = -h, the series expansion
for the horizontal velocity associated with the trapped wave modes is convergent.
The wider implications of results of the type shown in Fig 10, for sediment trans-
port and bedform stability, are discussed briefly in §2.7.4,and also in 584 where a

preliminary laboratory result is examined.

2.7.3 Limitations on the solution
There are certain physical limitations on the solution discussed earlier.

These arise on account of terms dropped in linearizing the boundary conditions,

and also on account of the general requirement of the method that o] << |o].
The limitations of the former kind have been discussed in detail by Davies (1980,
1982b), and may be stated as a set of simple conditions on the various length

scales in the problem, namely

ak, % ’ %‘&ﬁz ’ "'( » ny\_ and bk << '.

It has been shown also that the analysis breaks down if k >> 1. The requirement
o] << |#| imposes at the outset a condition on the size of the reflected wave.

In its pure form, the theory requires both the reflected and transmitted waves in
the perturbation solution to be small compared with the incident wave. However,

if an energy balance is established in the solution by the ad hoc procedure de-
scribed in §2.3.2, this condition may be relaxed. Unfortunately, if this pro-
cedure is adopted, the analysis becomes somewhat deficient in another respect;

in particular, the first order waves do not strictly satisfy the potential equation.
In view of this, it is reassuring to find quite close agreement between results

for a. calculated on the basis of both the pure perturbation theory, and the ad hoc

R

energy balance argument, at least for cases in which K, is not too large

R
(KR.S 0.4, say). In practice, it is necessary to correct first estimates of ag
from the pure theory only in resonant cases for which the reflection coefficient is
large. For example, in the limiting case in which the first estimate for ap is
such that ap = a, the size of the reflected wave may be shown to be overestimated
by 25%. However, this is the worst possible case and, for smaller waves in the
perturbation solution, the overestimates are considerably smaller, 1In general,

the first estimate of aR from the pure theory should be viewed as providing an
upper bound on the size of the reflected wave. It should be added here that the

perturbation solution may predict over-reflection, and that particular care should
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be exercised in interpreting any results which suggest that [aR] > a. The per-
turbation solution allows this situation to arise, since it is assumed that the
interaction between the incident waves and the ripples takes place over the entire
ripple patch. In practice, if complete reflection occurs, the interaction region
may be -L < x < L* where L, < L. The present formulation does not admit this
possibility, though it could be developed to do so. Finally, in the context of

a total approach to the problem of wave propagation over a region of undulating
seabed, the present theory is further limited by ignoring the effects of energy
dissipation by bottom percolation and bottom friction. However, despite all the
limitations mentioned above, the theory may be used in a variety of physically
interesting cases, including the laboratory experiments described later. Ulti-
mately, the strength of the theory lies in providing a good initial estimate for
the size of the reflected wave, as well as the details of the wave motion over the

ripple patch.

2.7.4 General implications of the results

The results obtained in §2 have been for sinusoidal surface waves incident
upon a patch of sinusoidal ripples. Since the theory on which the results have
been based is linear, it is possible to superimpose solutions and obtain results
for the general case in which a spectrum of waves is incident upon a spectrum of
bottom perturbations within the roughness patch. As far as the reflected wave is
concerned, this general interaction amounts to a superimposition of solutions like
(64) for each combination of surface and bed wavenumbers present. For the simple
case of the interaction of a spectrum of incident waves with a single constituent
harmonic of the bed roughness patch, the reflection coefficient given by (65) may
be seen to predict reflection of wave energy in preferred groups of wavenumbers,
the dominant group being that centred upon k = 1/2. In the general case, in which
there is a spectrum of bottom perturbations as well as a spectrum of surface waves,
the reflection coefficient will be a rather more complicated function than this,
though, in practice, it is one which may be determined quite easily.

For the simple case of sinusoidal ripples, the reflection of incident waves
at resonance (k ® 1/2) gives rise to a partially standing wave pattern on the up-
wave side of the ripple patch (Figs 6, 10 and 11). If the bed is erodible, this
suggests the possible development of new ripples on the up-wave side of the patch.
Under certain circumstances, which are discussed more fully in §4.4, the velocity
field may be shown to be consistent with the continuation of an existing sinusoidal

ripple patch on the up-wave side. Intuitively, it might be expected that accumu-
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lation of material would occur at positions on the bed with the smallest bottom
velocity amplitudes, and that erosion would occur at positions with the greatest
velocity amplitudes. It is argued in §4.4, however, that the situation may be
rather more complicated than this. Ultimately, for there to be a coupling between
wave reflection and ripple growth, accumulation and erosion must occur on the
existing ripple patch in a way which suggest ripple growth, rather than ripple
destruction, by the wave action.

In general non-resonant cases, the theory predicts that the bottom velocity
field over the ripple patch is such that there exist very marked variations in the
amplitude of the surface velocity from ripple crest to trough positions. In many
cases, these variations are confined to a near-bed layer, in that they are attenua-
ted upwards away from the bed. Moreover, they are not associated with reflected
or transmitted waves of any significance. The implications for sediment transport
of the general non-resonant case have been discussed by Davies (1982b), and a set

of field results has been interpreted quite successfully on the basis of the theory.

APPENDIX 2.1
Results for the functions y and Vg
The following results involving the functions ¥ and y, are required in

Eqs (45), (50), (58), (62) and (63). From Eq (26) we have, setting u = 0,

YD = HM G,

where

|
H(rn = o*cost (AL) - 3“5."‘4 (Qﬂ>

and

]

g% cosh. (Ay) + o*sind (Ag) .
G () 2w
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It follows that, for A = Ap,

¥(2) = HO) GO

and

v = HIW G )« HA)CH)

where H(X1) and G()A;) are obtained by setting A = A; in the expressions for H())
G()\), and in which

H(A) = =30t sk (O0)- Wk (94)- 852K (AA)]
{ o cosh (Ah) - q') sk (2.40%"

and

C/"(%) - oy N, cosh, (91'32; (S(A.zg —a'z> smh /%-:,) ]
2w D

The results for ¢¥(X;) and ¥~ (X;) are obtained by replacing A3 by X, in each of the
above expressions.

From Eq (55) we have

¥0) = (32 9(2) =-WYHADGN = HDGD . 5.
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It follows that

Y&(?AL) = P{*.Cng) C;<”);> >

Y2 = HOD G (W) + KOO G2 »

and
%' (0 = H0) G2 « 2H, (2 G(3.) « H. (2D G ()
in which
=2 (D.8)
H.(3) 3520 % + 5nh (20004
H () - A ek’ (BWR)
* 95204 + 5L (298K
0y Lk O lan0 3} ek OO |
Ho () =Szt s @y [352 fosnh ) {20,%e sk (0,00
and

"\ _ cosh(A.) § g'}i 4 - 26,4 E + sk (3,4 ga":\: Y+ 204
q (ﬂ ) - '
* 2}

The terms G(};) and G”();) are as in the expressions for ¥(X;) and ¢ (X;).
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APPENDIX 2.2
The divergence of the bed velocity at the ends of the ripple patch

It was pointed out in §2.7.2 that the bed velocity at both ends of the ripple
patch (x = %L, y = -h) is divergent and that, at all other points in the flow, the
velocity field is convergent. Ths is an anomalous result of no general signi-
ficance, and is associated with discontinuities in the prescribed bed slope at the
ends of the ripple patch (Eqs 1, 13 and 14). We show here briefly the reason for
the divergences in the velocity field, by examining the properties of the trapped
wave modes at the ends of the patch. We do not consider the propagating modes in
the perturbation solution, all of which are well behaved.

In the region x € -L, which we treat as a typical region for the present

discussion, the trapped wave modes are given, from Eqs (29)-(31), b

g2 { TR 3R

j=! Js!

in which, from (39) and (40),

i)

R.

T {‘3%"5(&3)4-05‘«(1,.3)} -2¢:os (KR fy)) im0

J L $2% A+ Sm(Z’KﬂX
and

(2) . v otsin - 2cos (Xoh) ¥ Xo(Lex) | (otehLl)
RJ. 2w% § 9%, cos(L)+ *sin (L)} - {2 Rw s LR L(x) e

where each value of j is associated with a solution X, = X.j of Eq (15). We may

consider, without loss of generality, the case of incident first-order waves which

are unattenuated over the ripple patch such that, from (23),

Ay e L) o (g L 12Xk i (A%} - %)
Fla =-few - ey St as i
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Since Xo > 0 for x € -L (see Fig 2) and since also, at the end of the ripple patch

(x = -L), we have

(-2 -,

= e and

Ko (L+x)
e =

[

. . . . (1) 2 . .
it is evident that the summations involving Rj and Rj are associated with the
trapped wave modes centred on x = +L and x = -L, respectively. Our present

)

concern is with the contribution from the summation ZRJ(2 therefore; in particular,
we consider whether this contribution converges or diverges at x = =L, It is only
at the end of the patch that the solution may diverge since, elsewhere in x < -1,
the exponential decay ( ~exp (Xo(L + x))) in each term of the series ensures its
convergence. At x = -L, the potential of the trapped wave modes may be expressed,

using (21), by

(otvkL)

¢ = ans(x,(j*f_))- 2 ’ ‘Z(iz.) e .

; RYf + sn (UL

For simplicity, and bearing in mind that we are interested here in the behaviour
of this series for large j, we may consider solutions of (21) to be given approx-
imately by X, = Xoj where

M._:J VL, 2,3, 4 ... .

T

.
i}

(These solutions are accurate for large j, though not for small j.) Now, for

large j, and therefore large X,, the real part of -f,(iX,) has the behaviour

Cua LY, . 2%k Cu(-1) 2k¢
(k*- K- €*) + 4% k* x>

and the imaginary part has the behaviour
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Co GV LH, . - (R-%2-¢7)

.
(R -2 - €*)* + 4 X k*

X,

C. -1

It follows that the series may be expressed by

m  {ot+hL) I Zkf . {
d~Cl) e JZM(K(“”O)'X,A'( e x,)’

the terms of which are accurate for large j. When horizontal velocities are
considered (u = —¢X), a multiplying factor (-X,) is introduced such that the

appropriate series (again in a form which is accurate for large j) is

GO L T it (o 5)

In the special case in which y = -=h (cos(X, (y + h)) = 1 for all j), the real
part of the summation $2k/x% clearly converges. However, the imaginary part
J
i%1/x. diverges, and it is for this reason that the horizontal velocity evaluated

at x = L, y = -h, diverges,

For the general case in which 0 > y > -h, we retain the cos(X,(y + h)) term
within the summation. As far as the real part is concerned, the fact that the
reduced series ZZk/Xi converges at the bed (y = -h) means that, by the comparison
test, the new séries 52kcos(Xo(y + h))/x5 1is absolutely convergent. For the
imaginary part iZcos(io(y + h))/X,, the situation is not quite so straight forward,
since the reduced series i%1/X, diverges at the bed. In the new situation,
alternating blocks of posi%ive and negative terms occur in the series as a result

of the cosine term, viz.

; § cos (Xol(4+h)) _ ik {cos(W(H%)) " ws{ﬁf;('*"'/ﬂ))+ cos(3"(’+%)).....§ .
xo T | k-1
J

The widths of the blocks depend upon the height (y/h); in particular, the widths

increase as (-y/h) tends to unity. Furthermore, the multiplying factors within
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the blocks (ie the values of the cosine terms for given y/h) are not, in general,

the same in adjacent blocks. In fact they are only the same if

1+ y/h =1/, e, Yy oeees (Note that these levels become increasingly

bunched towards the bed.) In these special cases, the series may be shown quite

simply to be conditionally convergent. More generally, however, the convergence

of the series at all the intermediate levels in O > y > -h may be inferred from

this, though we do not present a detailed justification for this statement here.
In conclusion, we have demonstrated that the divergences in the horizontal

bed velocity field at the ends of the ripple patch (x = L, y = -h) result from

the discontinuities in the prescribed vertical bed velocity field at x = 2L

(Eqs (6) and (17)). These discontinuities are due, in turn, to the discontinuities

in the prescribed bottom slope at x = L. Having taken the region x £ -L as a

typical region for the purpose of demonstrating the reason for one of the diver-

gences, we infer more generally that

i) the horizontal velocity, and hence the vertical velocity, are convergent
for all (x,y) except (x = %L, y = -h); and that

ii) the horizontal bed velocity is divergent at x = #L.

It might be noted, finally, that by a simple extension of the earlier arguments,

the velocity potential ¢ itself is convergent for all points (x,y) in the flow.

3. EXPERIMENTAL TECHNIQUES
3.1 Construction of the ripple patch

To test the results of the preceding section, and in particular Egs (65) and
(66), measurements were carried out by one of the authors (ADH) during a visit to
the Coastal Engineering Research Center, Fort Belvoir, Virginia, USA.

The tests were carried out in a glass walled wave tank, 45.72 x .91 x .91 m
(nominally 150" x 3' x 3'). Initially, calculations were made to determine the
optimum ripple wavelength from the range of possible surface water wavelengths,
the limiting factors being the available water depths and wave periods. A wave-
length of 1 m was chosen for the ripples, and a patch of ripples was built into a
false bottom in the tank. Details of the experimental set-up are shown schemati-
cally in Figure 12. The amplitude of the bedforms was chosen to be 5.0 cm (a
trough to crest height of 10.0 cm), this being the steepest case examined by
Davies (1982a, Figure 3), who also showed that 10 ripples of this steepness could
bring about almost total reflection of wave energy for limiting values of the
water depth. A 1 m wavelength for the bedforms also gave resonant wave periods

approximately in the centre of the range which could reasonably be tested in the
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tank (about .5 - 3.05 sec.), and thus permitted a detailed examination of the
oscillatory nature of the reflection coefficient. TInitially, 10 ripples were
built in the tank, with later tests being carried out on 4, 2 and 1 ripples,
respectively. As ripples were removed (from the down-wave end of the patch, see
Figure 12) they were replaced by plywood covered, and sand filled, sections of
false bottom. There was no facility for return flow through the false bottom.
The rippled test section (Figure 12) was built in-situ and consisted of a
2.5 cm thick sand cement shell overlying wet sand, which was contoured to sinu-
soidal plywood templates in 2 m units. Five such units were set in a 15 cm deep,
plywood covered and sand-filled, false bottom. At the far end of the tank, a 1:10
slope rubberized fibre wave absorbing beach was built to prevent waves from being
back~reflected onto the ripple patch. The beach was constructed so that, at the
highest water level examined, the longest period waves would have to travel over
about twice their own wavelength of beach material. Shorter period waves were
expected to be more readily absorbed by the beach than these long period waves.
The beach was anchored in the tank using stones and stainless steel clamps. Due
to the buoyant nature of the rubberized fibre, and the presence of trapped air, the
beach face could not be maintained entirely plane. Deviations from a plane beach

face were of the order of 10 cm between supports.

3.2 The wave generator

Monochromatic sinusoidal waves were generated using an electrohydraulic
piston type wave generator manufactured by Shore Western Manufacturing Inc of
Monrovia, California. Design characteristics of the generator are shown in Figure
13. This shows the design operating limits for wave periods in the range .5-20.0
sec, with bulkhead amplitudes of up to 40 cm (a stroke of 80 cm) attainable at wave
periods of about 3 sec. The generator was at all times operated within these
limits, with bulkhead amplitudes being chosen to comply with the limiting criteria
for the wave properties outlined in §2.7.3.

Wave period settings could be adjusted in increments of 0.01 sec. Independ-
ent checks on the accuracy of these settings were carried out in the range 0.6 to
3.0 sec by timing 30 oscillations of the wave generator bulkhead. The results,
which are summarised in Table 1, indicate agreement to within *.005s of the nominal
wave period setting. Following achange in the setting, the time taken for the wave
system in the tank to attain a steady state was usually of the order of 60 sec.
Since the time between successive sets of measurements was in general longer than

this (of the order of 3 minutes), the measurements described in §4 were
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representative of equilibrium conditions.

3.3 Wave measurements

Measurements of incident, reflected and transmitted wave heights were made
using CERC type parallel wire wave gauges. Details of these instruments may be
found in Kellum (1956) and Stafford (1972). The CERC wave gauges were of the
parallel wire resistance type and have a linear output. Similar wave gauges for
use with hydraulic models have been described by Fryer and Thomas (1975). The
gauges were not temperature compensated, and calibrations were carried out daily
or whenever the water in the tank was changed. The tank temperature was also noted
daily. Where measurements were made at different depths, this was usually done
with the water level falling so as to avoid the introduction of colder water into
the tank.

Two sizes of wave gauge were used for the measurements described in this
report. Measurements on 10 ripples, and with water depths in the range 25.0 -
62.5 cm, were made with gold plated brass wire gauges having a nominal length of
50.0 cm and a wire spacing of approximately 3.7 cm. The wire diameter was
approximately 0.25 cm. For measurements om 4, 2 and 1 ripples and with water
depths in the range 12.5 - 50.0 cm, miniature stainless steel wire gauges were
used. These had nominal wire lengths of 13.0 cm, with a wire separation of 1.5 cm
and wire diameters of approximately 0.10 cm. Comparisons between the small and
large gauges showed good agreement, with the small gauges underestimating the
large ones by, on average, 47. These comparisons are discussed later. Water
depths were determined to within an estimated 0.1 cm using a pointer gauge. All
gauges were mounted on stands which could be slid along the top of the tank on
rails.

To determine reflection coefficients the method described by Goda and Suzuki
(1977), which involves the synchronous measurement of surface elevations with a
gauge pair, was employed (see Appendix A). Incident and reflected wave trains are
ideally resolved by a pair of wave gauges having spacing Ax of 0.25)y, where Ay is
the wavelength. However, Goda and Suzuki (1977) have shown that this condition
may be relaxed, and that gauge spacings in the range .05 < Ax/\y < .45 are probably
acceptable. 1In this work, gauge spacings were maintained in the range
.15 < Ax/Ay < .35, Two pairs of gauges and a single gauge were used to make two

types of measurement:
(a) measurements of the variation in the reflection coefficient, and in the wave

height, over the entire ripple patch and on either side of it; the fifth (single)

gauge was positioned at the foot of the beach in these cases.

59



(b) measurements of the reflection coefficient at a fixed point on the up-wave
side of the ripple patch, approximately mid-way between it and the wave generator,
and at a fixed point on the down-wave side of the patch, approximately mid-way be-
tween it and the wave absorbing beach. The fifth gauge was positioned mid-way
along the patch in these cases.

These two arrangements are illustrated schematically in Figure 12. In each case,
synchronous wave records were obtained from the five gauges, by sampling each

gauge 16 times per second (16 Hz) for 64 seconds, thus yielding 1024 data points
for subsequent spectral analysis by the fast Fourier transform (FFT) method.
Spectral coefficients were then combined to yield a reflection coefficient for each
gauge pair. The wave gauges were used also to determine variations in wave height

along the wave tank, and to obtain estimates of the wave steepness.

3.4 Wave filters

As a separate aspect of this study, tests were carried out on a series of
wave filters. In laboratory experiments of many kinds, it is necessary to minimise
re-reflection of wave energy from the blade of the wave generator. Normally this
is done by inserting wave filters between the test structure and the generator.
As part of the work carried out at CERC it was required to determine the wave trans-
mission and reflection characteristics of a series of rubberized fibre, or 'hogshair'
filters. These were constructed in modules, each module consisting of sheets of
rubberized fibre mounted transversely, on edge, across the wave tank in wire mesh
baskets. Each filter unit was approximately 0.30 m in length, and three such units
were built. The filters were positioned in the tank with aluminium supports
clamped to the edges. The filter length could thus be varied from 0.3 m to about
0.9 m, that is approximately half the incident water wavelength at resonance (for
ripples of 1 m wavelength). Full details of the filter design and characteristics

can be found in Appendix B.

4, EXPERIMENTAL RESULTS
4.1 Variation of the reflection coefficient with the ratio of the water wavelength
to the ripple wavelength.

The first experimental results described here are for the wave reflection
coefficient L the appropriate theoretical predictions being given by Eqs (65) and
(66). The variation of IKRI with the ratio of the water wavelength to the ripple
wavelength is shown in Figs 14(a) - t4(c) for m = 10, 4 and 2 ripples, respectively.

The results of the measurements from the up-wave pair of gauges (1 and 2) are given
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in Table 2. Where practicable, the quotient (2k/1) was varied through the range
0.5 < 2k/1 < 2.5 in steps of A(2k/1) = 0.01 for m = 10 and 4, and in steps of
A(2k/1) = 0.02 for m = 2. However, it may be seen that, for 2k/1 > 2, the re-
solution in (2k/1) is poorer than this as a result of the limited resolution in the
wave period (AT = 0.01 sec). The results shown in Fig 14 illustrate that fine
resolution in the wave period, and hence in the quotient (2k/1), is necessary to
resolve the predicted oscillations in [KR|, additional to the main resonance at
2k/1 = 1.

In Fig 14(a), the measured reflection coefficients for 10 ripples may be
seen to follow quite closely the general trend of the theoretical predictions.
The width of the main resonant peak is well established, and agreement is reason-—
able for values of (2k/1) up to about 2. For the cases of 4 and 2 ripples (Figs
14(b) and (c)), the theoretical predictions are again well supported by the
measurements, particularly in respect of the main resonant peaks. However, there
is generally more scatter in the results in these cases, probably due to the un-
wanted effects of wave energy reflection by the beach. This question is discussed
below. In each of Figs 14(a) to (c¢), the experimental results are compared with
theoretical predictions for incident waves which are assumed to be unattenuated
(see §2.3.1), and linearly attenuated (§2.3.2), over the ripple patch. (Reflected
wave amplitudes, for the case of linearly attenuated waves, have been calculated
from first estimates given by Eq (65) (or(66)) by the iterative procedure proposed
by Davies (1982a).) In the remaining sections, we refer to such results as being

based upon uncorrected and corrected theory, respectively. In the region of the

main resonant peaks in Figs 14(a) - (c), better agreement is achieved between the
measurements and the corrected, rather than the uncorrected, theory, as expected.

Figures 14(a) — 14(¢c) also show the measured wave reflection coefficients
for the wave absorbing beach (see Figure 12) for m = 10, 4 and 2 ripples, respect-
ively. These results were obtained using the down-wave pair of gauges (gauges 3
and 4), and are also tabulated in Table 2. For the case of 10 ripples, wave
reflection coefficients from the beach were of the order of KB = 0.1, or less,
corresponding to about 17 in terms of the incident wave energy. Tests on 4 and 2
ripples showed that measured reflection coefficients from the beach were in general
higher, of the order of KB =z 0.2, or about 47 in terms of energy. The reasons for
these differences are not clear. Comparisons between the small gauges used for
the tests on 4 and 2 ripples, and the larger gauges used on 10 ripples, showed that
the former underestimated K by only about 47, which would not account for the

differences in the measured values. (Further discussion on this point is included
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in §4.3.)

The importance of wave energy reflection by the beach in the present context
is that it introduces uncertainty into values of the reflection coefficient |KR|
based upon measurements made on the up-wave side of the ripple patch. This may be

demonstrated as follows:

Let KRT
KRt

KBT

and KBM

where each symbol denotes the magnitude of the reflection coefficient in question.

true reflection coefficient of the ripple patch,

measured reflection coefficient of the ripple patch,

true reflection coefficient of the beach,

measured reflection coefficient of the beach,

If we start by considering an incident wave of amplitude a, which is scattered by

the ripple patch (Figure 15(a)) to give a reflected wave of amplitude éR and a

~

transmitted wave of amplitude &5, emergy conservation requires that
~ % 2 2 2 2
a, =a - 4a, -.-.a(l—!(”

>

where éR = KRTa (see §2.3.2). Re-reflection of the reflected wave éR by the

generator is irrelevant in the present argument, provided that equilibrium con-

ditions have been attained by the waves (see §3.2). Such re-reflected waves
nerely contribute to the (equilibrium) incident wave a. What is relevant is the
possible reflection of the transmitted wave éT by the beach. Here we assume that

éT is partially reflected by the beach, and that the reflected wave, in turn, is

scattered by the ripple patch (Figure 15(b)), such that

A

O'B = Q, KB’_ ]
aan."— aakn'r °

Qgr = Q4 (/" k::;>%l‘= @ Acar ( /"k:;:) ’

(Re-reflection of the agp-wave by the generator is irrelevant, for the reason

and

stated above.) Further, we assume that re-reflection of the a__-wave by the beach

BR
is negligible. This is a reasonable assumption since any re-reflected wave would
. . . -2
= 3 2 . 2 .
have amplitude aBRKBT aTKRTKBT ; in practice, KBT v 10 7, so that little error
is involved if this term is ignored.

On the basis of the above assumptions, the pattern of incident, reflected

and re-reflected waves is as shown in Figure 15(c). On the up-wave side of the
ripple patch we have the incident wave a, the reflected wave éR = aKRT’ and the
transmitted wave from the beach agr = aKBT(1 - KiT). The phase angle of the

appTwave in relation to the other waves is unknown, though bounds can be placed on

the phase differences resulting from it, as shown later. Clearly, the measured
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reflection coefficient KRM has its maximum possible value when the contributions

from &, and ap, are in phase, that is when

K _ Gu+ Qo - K. kw(;-k:,),

RM Q

and it has its minimum value when the contributions are out of phase, that is when

= A8 0l

Kn'r - ka-r ( I - '<:-r>

On the down-wave side, we have the transmitted wave 3., the reflected wave

T!

ag and the re-reflected wave asr* By a similar argument, the minimum measured

reflection coefficient for the beach will be given when the transmitted and re-

reflected waves are in phase, that is when

= = 5

8 G, + Qgy s KK

K Q, — K 8T

and the maximum value will be given when

kK = Qg e Ker .
a4 - Q| |l - KKl

In practice, KBTKRT << 1, so that KBM = KBT'

It follows that bounds on the true reflection coefficient KRT’ in terms of

the measured coefficients, may be calculated from

KRH = kn-r = KBH (I—Km—)’—

This equation may be solved for ,» subject to the further assumption K2, << 1
T J p T L

to yield, as the final result for the bounds on the true reflection coefficient:

c Koo = Ko + ,
k:;r | + 2 k:;L ~ k:nu = k:SH

(in which the lower bound is replaced by KRT =0 if KBM > KFM)' The true re-
flection coefficient is therefore subject to a maximum error of #* KBM’ at least

provided that the following assumptions are valid:

(a) KM_'V O(O-t) » so that K:’_'\« O(O-Ol) which is negligible;
B K Ke << |
d 4 2
an (C) kk'r << 2‘(‘? << ' .
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The result above for the bounds on |KR[ is consistent with the measurements
in Figure 14. In the case of 10 ripples (Fig 14(a)), relatively low beach re-
flection coefficients (KB * 0.05) have enabled reliable estimates of IKRI to be
made through a number of secondary maxima on either side of the main resonant peak.
However, for 4 and 2 ripples (Figs 14(b) and (c)), rather higher values of KB have
concealed the true ripple reflection coefficient [KR{, at least for values of
(2k/1) on either side of the main resonant peak. It may be seen that the measured
values of the reflection coefficients for the ripples and the beach are of compar-
able size for 2k/1 < 0.75 and 2 k/1 > 1.25 in the case of 4 ripples (Fig 14(b)),
and for 2k/1 > 1.5 in the case of 2 ripples (Fig 14(c)). In these cases, it would
have been necessary to reduce considerably the amount of energy reflected by the
beach (below the present levels of about 4%) to have enabled theoretical predictions
for IKR] to be tested for values of (2k/1) outside the main resonant peak.

Figure 14(c) shows the results of wave phase angle calculations. The points
plotted represent experimentally determined values of (EI + ER), where €1 and e
are wave phase angles defined in Goda and Suzuki's method (see Appendix A,
equation (A.1)). It is argued in Appendix A that m-phase shifts in the sum
(eI + ER) are associated with sign changes in the elevation of the reflected wave
and hence, as noted in §2.7.1, with sign changes in the reflection coefficient KR
as defined by equation (65). For the case in which m = 2, the theory in §2
suggests that the sum (eI + eR) should remain constant in 0.5 < 2k/1 < 1.5, that
there should be m-phase shifts at either end of this range, constant values of the
sum in 0 < 2k/1 < 0.5 and 1.5 < 2k/1 < 2.0 and, thereafter, for increasing (2k /1),
further m-phase shifts at 2k/1 = 2.0, 2.5, 3.0, .... Although the values of
(EI +ER) in Figure 14(c) are plotted on a vertical scale which is arbitrary to #2m,
*4m ...., v-phase shifts should have the significance indicated above. It may be
observed that (;[ + eR) remains reasonably constant in the range 0.67 < 2k/1 < 1.31,
and also in the range 1.6 $ 2k/1 < 1.93, and that phase shifts occur in the ranges
0.5 <2k/1 < 0.6 and 1.45 < 2k/1 < 1.55. These phase shifts are not at discrete
values of (2k/1) as predicted, probably on account of the presence of the reflected
wave from the beach; this is connected, in turn, with the fact that the measured
values of [KR] do not fall to zero at either 2k/1 = 0.5 or 1.5. However, the
phase shift close to 2k/1 = 1.5 is approximately equal to . For 2k/1 > 2.0,
there is a suggestion of a general increase in (sI + sR), but this is probably
associated with the wave reflection by the beach. Despite some uncertainty,
there appears to be a strong suggestion in the measured results of the predicted

behaviour of (eI + eR). The detailed way in which the sum of the phase angles has
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been calculated is described in Appendix A.

4.2 Measurements of the variation of peak reflection coefficient as a function
of the quotient of ripple amplitude (b) and water depth (h), and of the
number of ripples (m) in the patch.

Figures 16 (a) - (d) show the results of experiments carried out to measure
peak reflection coefficients for different ripple amplitude to water depth
quotients (b/h), and different numbers of ripples (m). The earlier measurements
in Fig 14 showed considerable variations in [KR[ within the central resonant peak,
which may have been due either to reflection of wave energy by the wave absorbing
beach or, possibly, to the effects of additional resonances not described by the
perturbation theory in §2 (see Davies (1982b)). 1In the tests described herein,
time did not permit detailed measurements of |KR| over an extensive range of
values of (2k/1), for each combination of (b/h) and m values examined. It was
thus necessary to make measurements of lKRI over a limited range of (2k/1) values
in the vicinity of the main resonant peak, in an attempt to measure the maximum
value of ‘KR] for given values of (b/h) and m. Unfortunately, in practice, a
representative number of measurements was not always made.

The procedure adopted, for comparison of the observations with the theoret-
ical predictions, has been to average measurements of |KR| made in the vicinity of
the main resonant peak. This averaging has been carried out within a range of
(2k/1) values, centred on 2k/1 = 1 and representing, in each case, *10Z of the
total width of the main peak. The results are shown in Table 3 and Figure 17 as
means and standard deviations of the measured ]KR[ values lying within these
ranges. In Figure 17, the averaged 'peak’ IKR[ values are compared with both
uncorrected, and corrected, theoretical predictions for the maximum reflection
coefficient. For the cases of m = 10, 4 and 2 ripples, the averaged peak values
give good agreement with the corrected theory. However, for m = 1, the measured
values considerably overestimate the predictions; it is thought that this is due
partly to the unrepresentative nature of the measurements (see Figure 16a), and
partly to the effects of wave reflection by the beach. As mentioned in §2.7.3,
the theory predicts over-reflection (]KR| > 1) for certain parameter settings (see,
for example, the cases inFigure 16c for which b/h = 0.36 and 0.40, and in Figure 16d
for which b/h = 0.18 and 0.20). Although experimental results have been obtained

in such cases, no meaningful comparisons with the present theory are possible.
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4.3 Measurements of surface elevation and reflection coefficient over, and on
either side of, the ripple patch,

In order both to assess whether the measured values of lKRl discussed in
§4.1 and 4.2 were truly representative of the reflection coefficient, and also to
obtain a general understanding of the wave field throughout the tank, a series of
measurements was made with the gauge configuration shown in Figure 12, which was
moved along the tank in steps of 1 m. The resulting measurements of the amplitude
of the surface elevation both above the ripple patch, and on either side of it,
are shown in Figures 18a - 18i, and are tabulated in Table 4. The observations
were made at or near the predicted resonant peak, as were the results in Figure 16,
and the measured surface elevations have been compared with predictions of
elevation given by both the uncorrected and corrected theory (see §2.7.2). The
incident wave amplitude used in the comparisons was obtained by averaging the first
five values of aI(=a) tabulated for the up~wave side of the ripple patch in Table 4.
The results for m = 2, 4 and 10 ripples show good agreement with the theory, and
indicate clearly how the standing wave pattern on the up-wave side of the ripples
gives way to a purely progressive wave on the down-wave side (having an envelope
described by two parallel lines). On the down-wave side, agreement is better
between the measurements and the corrected, rather that the uncorrected, theory.
Moreover, the observations show how the incident waves are, to all intents and
purposes, linearly attenuated across the ripple patch, as assumed in §2.3.2. No
comparisons with theory have been possible in Figures 18h and 18i, for m = 10
ripples and water depths of h = 25.0 cm and h = 27.8 cm,respectively. For these
conditions, the theory predicts over-reflection (|KR| > 1, cf Figure 16d), and so
the measured values have simply been joined by a cubic spline to indicate their
overall trend.

In general, there is good agreement between the measured and predicted
positions of the partially standing wave pattern (fixed in space) on the up-wave
side of the ripple patch. This is seen in Figures 18(a) - (g) where the phase
angles of the measured and predicted envelopes of wave elevation are very similar.
In most cases however, there is evidence of a small progressive phase shift,
indicating a slight mismatch in wave period between the nominal value adopted for
the theoretical comparisons and the true experimental value. Calculations (see
Table 5) have shown that this may have given rise to cumulative discrepancies in
phase of 1°-3° for each wavelength of the incident wave. For the case of m = 10
ripples (Figures 18c - 18g), this implies wavelengths in the experiments which

were about 0.6-1.7 cm shorter than those predicted in the theoretical comparisons
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based on the nominal wave period settings. Such differences suggest true wave
periods which were 0.002 - 0.006 s lower than the nominal values, for typical
resonant waves with wavelength 200 cm in 50 cm depth of water. Table 1 shows
that, in the range 1.2 to 1.8 s, true wave periods were between 0.001 and 0.004 s
lower than the nominal settings. Since such differences are of the same order as
those which may be inferred from the measurements, the observed disagreements in
phase may be accounted for by a small experimental error in the wave period setting.
However, calculations on the data for m = 2 and m = 4 ripples (Table 5) suggest
that the mismatch may have been greater in these cases, possibly of the order of
0.02 ~ 0.03 s in the wave period setting. The reason for the poorer agreement in
these cases is not clear.

It is possible that other factors may have contributed to the observed phase
differences. For example, the cumulative phase shift described above may have
been superimposed on a constant phasé shift throughout the partially standing wave
pattern on the up-wave side (eg Fig 18(g)). It is possible that such a phase
shift may have been due, at least in part, to wave reflection by the beach. It
was shown in §4.1 that this effect introduces uncertainty into the measured values
of the reflection coefficient |KR|. By a simple extension of the earlier argument,
it may be shown that reflection by the beach may introduce also a constant phase
shift in the position of the envelope of the measured partially standing wave

pattern. The bounds on this phase shift may be expressed by
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and where KRT and KBT are the true reflection coefficients for the ripples and
beach, respectively. (This result has been obtained by assuming that

91 = /a, << 1; in particular, by neglecting terms of higher order in 6;, than

B’ R
01% in a series expansion for cos(l. The assumption that 8; is small is clearly

valid in near-resonant cases, such as those in Fig 18.) If we use the earlier
results in §4.1 to relate KRT and KBT to their equivalent measured values KRM and
KBM’ namely

we arrive at the final result for the bounds on the measured wave envelope:
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Here the worst possible case has been chosen, that is the case which maximises the
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bounds on the phase shift (and which has been distinguished from the result based
upon the true reflection coefficients by the change of subscript). In practice,
for the results in Figs 18(a) - 18(g), the values for the bounds()z are #5°, #2°,
+8°, #6°, £5°, #6° and +5°, respectively. (Note here that there are two antinodes
in each cycle of 360°.) The fact that these values are rather small, and that
cumulative phase shifts of 1° - 3° per wavelength were consistently observed,
supports the view that the disagreement in Figs 18(a) - 18(g) was most likely due
to a mismatch in wave periods and not due to reflection by the beach.

It should be noted, finally, that consistent underestimates of the water
depth in the wave tank might also have accounted for small progressive phase shifts.
However, for this effect to have produced phase shifts of 1° - 3°, for waves of
200 cm wavelength in a nominal water depth of 50 cm, the actual water depths would
have to have been 0.7 - 1.9 cm lower than indicated. Since water depths were set,
using a pointer gauge, to an estimated accuracy of #0.1 cm, this effect is unlikely
to have contributed significantly to the differences in Figures 18(a) - (g).

Reflection coefficients calculated by the method of Goda and Suzuki (1977)
are normally obtained from measurements made above flat beds. If the method is
used with measurements made above an undulating bed of the present kind, the values
obtained for the reflection coefficient need to be interpreted carefully, for the
reasons given in Appendix A. In particular, the values will depend upon the gauge
spacing and may contain quite marked local spatial variations. In the present
context, what is obtained by the method of Goda and Suzuki is a modified reflection
coefficient, K, which is such that K - 'KR' only on the up-wave side of the ripple
patch. Figures 19(a) - (i) show comparisons of the measured and predicted
reflection coefficientsat resonance, both over the ripple patch and on either side
of it,for m = 2, 4 and 10 ripples, and for different values of the ripple amplitude
to water depth quotient (b/h). The results are also tabulated in Table 4. It
should be noted that wave reflection measurements from gauges 1 and 2, only, have
been used throughout these comparisons. Table 4 shows that for the case of m = 10
ripples, with the large gauges, gauges 1 and 2 gave measurements which were in good
agreement with gauges 3 and 4. However, measurements for m = 2 and 4 ripples,
with the small gauges, show that gauge pairs 1 and 2, and 3 and 4, differed con-
sistently by as much as 0.1 in the measured reflection coefficient. Earlier tests
(§3.3) had shown that the small and large gauges gave results which agreed to with-
in 4%, and so the reasons for the differences in Tables 4(a) and 4(b) are not clear.
For consistency with other measurements (eg §4.1 and §4.2), it was decided to use

gauges 1 and 2 (large and small) throughout. However, gauges 3 and 4 were used
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to provide some of the surface elevation data discussed earlier; this data was not
found to include any spurious effects that might be attributable to the gauges
(Figures 18(a) and 18(b)).

Agreement between the observations and the theory in Figure 19 is generally
good, the best agreement again being achieved between the observations and the
corrected, rather than the uncorrected, theory. For small amounts of reflection
(eg Fig 19(c) in which IKRI ~v 0.15, m = 10 and b/h = 0.08), agreement between the
measured and predicted values of K is particularly good throughout the tank.
However, as b/h is increased and the amount of wave reflection becomes larger,
measured reflection coefficients tend to underestimate the theoretical values on
the up-wave side of the patch, and to overestimate them on the down-wave side. 1In
the case of m = 2 ripples (Figure 19(a), b/h = 0.32), the measured reflection
coefficients tend to overestimate the theory on both the up-wave and down-wave sides,
the best agreement being directly over the ripple patch. However, the results for
m = 10 and m = 4 ripples show better agreement. A particular, though as yet
unexplained (see §5.4), feature of the results is that the measured reflection
coefficients tend to rise to localized maxima just before the incident waves enter
the ripple patch, and fall to localized minima just as the waves leave the patch.
More generally, on the down-wave side of the patch, the non-zero measured values of
K indicate the effects of reflection by the beach while, on the up-wave side, the
tendency for values of K to decrease steadily towards the wave generator is probably
due to viscous dissipation in the tank, as discussed below. No theoretical results
are shown for those cases in which over-reflection was predicted. All measurements
of the present kind for m = 2, 4 and 10 ripples are summarized in Figs 20(a) - (c),
in which the trends in the reflection coefficient are indicated by cubic splines
fitted to the measured values.

It was suggested above that the tendency in Figs 19(c) - (i) and 20(c) for
the reflection coefficient K = IKR[ on the up-wave side to decrease towards the
wave generator was due to viscous dissipation in the tank. Although this effect was
generally a small one, it should be borne in mind in interpreting the results in
Figs 13, 14, 16 and 18, for which the wave gauges were at fixed positions mid-way
between the wave generator and the ripple patch. The estimates obtained for |KR|
with these gauge positions may have been slightly less than estimates which could
have been obtained with the gauges nearer to the ripple patch (but, necessarily,
outside the region of influence of the trapped wave modes at the end of the patch).
In order to obtain a rough estimate of the effects of dissipation in the tank, the
simple situation of waves propagating down the tank above a purely flat bed has

been examined (see Appendix C). The results obtained suggest that energy dissi-
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