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Using measurements close to a detection limit in a geostatistical case study to

predict selenium concentration in topsoil

T.G. Orton ***, B.G. Rawlins °, R.M. Lark *
% Rothamsted Research, Harpenden, Hertfordshire. AL5 2JQ, UK

® British Geological Survey, Keyworth, Nottingham, Notts. NG2 6JJ, UK

Abstract

Data on environmental variables are subject to measurement error (ME), and it is
important that this ME should be considered in any statistical analysis. Environmental
datasets commonly consist of positive random variables that have skewed
distributions. Measurements are then usually reported with a theoretical detection
limit (DL); measurements less than this DL are deemed not to be statistically different
from zero, and these data are then treated by setting them to an arbitrary value of half
of the DL. The skew of the data is dealt with by taking logarithms, and the
geostatistical analysis performed for the transformed variable. The DL approach,
however, is somewhat ad hoc, and in this paper we investigate an alternative approach
to incorporate such measurements in a geostatistical analysis, namely Bayesian
hierarchical modelling. This approach incorporates ‘soft’ data (i.e. imprecise
information), and we use soft data to represent the information that each measurement
provides. We can use this approach to combine a lognormal model to describe the
spatial variability with a Gaussian model for the measurement error. We apply the
methods to a dataset on the selenium (Se) concentration in the topsoil throughout the

East Anglia region of the UK. We compare the maps of predictions produced by the
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approaches, and compare the methods based on their ability to predict the Se
concentration and the associated uncertainty. We also consider how the geostatistical
predictions might be used to aid the effective management of Se-deficient soils, and
compare the methods based on the costs that might be incurred from the selected
management strategies. We found that the Bayesian approach based on soft data
resulted in smoother maps, reduced the errors of the predictions, and provided a better
representation of the associated uncertainty. The cost resulting from Se-deficient soils
was generally lower when we used the soft data approach, and we conclude that this
provides a more effective and interpretable model for the data in this case study, and
possibly for other environmental datasets with measurements close to a DL.
Keywords - Geostatistics, Bayesian hierarchical modelling, measurement error,

detection limits.
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1. Introduction

Any data collected on a variable are subject to measurement error (ME). In
many cases this error is negligible relative to other sources of variation and may
effectively be ignored when it comes to manipulating the data set and using it to make
predictions of that variable at unsampled locations. However, in other cases, the
measurement process can give rise to considerable errors — it is then imperative that
this error is considered in any subsequent analysis.

Environmental datasets commonly consist of measurements of non-negative
random variables. For example, the concentration of a substance in the soil can
obviously not be negative. When taking measurements of such positive random
variables, it is usual to report the measurements along with a theoretical detection
limit. This detection limit (DL) is a property of the measurement process. It is
calculated (from repeated measurements in a control experiment) so that any
measurement that is less than this limit is deemed not to be statistically different from
zero.

It is common practice in analysis of environmental data with a DL to treat
large values as precise (without error) and to set values below the DL to an arbitrary
value of half the DL (Woodside and Kocurek, 1997). This approach, however, is
somewhat ad hoc, and in this paper, we investigate an alternative approach to
represent and incorporate data on variables with a DL in a geostatistical analysis.

Classical geostatistics provides a number of approaches by which we may
incorporate ME in the analysis of a Gaussian spatial random field (SRF). If the ME is
Gaussian with an unknown (but constant) variance, then the nugget effect of the

variogram accounts for the error, in which case the nugget effect, c,, is the sum of

two components, the microscale process, c,,s, and the measurement error, C,, :



62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

Co =Cms T Cpe - 1)
In practice, we can only separate the nugget variance in this way if we have duplicate
measurements at some locations, so that the measurement error can be estimated. As
duplicate measurements are rarely undertaken, the two components are generally
unresolved in practical studies. If the measurement error is Gaussian with a known
(estimated) variance, then kriging with measurement error (Webster and Oliver, 2007)
may be used to calculate predictions. If the measurement error variance, C,,., iS
unknown, but repeated measurements are available, then we can use the repeated
measurements to estimate c,,. and incorporate this estimate in the kriging predictions

(Laslett and McBratney, 1990).

These methods to incorporate measurement error are based on a Gaussian
model for the spatial random field (SRF). However, in this paper, we are concerned
with the analysis of positive random variables using data that are subject to ME. Such
positive random variables often exhibit strong positive skewness (i.e. many
measurements close to zero, and fewer larger measurements, as is often the case for
numerous major and trace element concentrations in soils and sediments), in which
case the Gaussian assumption for the SRF, Z, may not be justified. This skewness can
often be removed by taking logarithms (Webster and Oliver, 2007), in which case, a
variogram may be fitted for the log-transformed variable, Y =InZ ; in this case, we
refer to the original SRF, Z, as a lognormal SRF. In the absence of measurement error,
kriging may then be used to predict the log-transformed variable, and the prediction
transformed back to predict the original variable; if we require that the predictor be
unbiased, then the method is called ordinary lognormal kriging (OLK).

If we consider that the nugget of the variogram for a log-transformed SRF, Y,

incorporates measurement error, as in Eq. (1), then we essentially assume that the
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measurement error model is Gaussian for the log-transformed variable, Y. Although
the Gaussian assumption for the microscale variation of Y may be appropriate, it does
not follow that the measurement process should also give rise to errors that follow the
same pattern, since the generation and the measurement of the SRF are essentially
independent processes. The classical measurement error model is Gaussian for the
variable that is being measured (i.e. Z). For unbiased measurements with a constant
measurement error variance, this choice may be justified by the maximum entropy
principle (Kapur and Kesavan, 1992). As far as we know, a kriging system for
incorporating Gaussian measurement error for Z for a lognormal SRF has not been
described. The approach that has been commonly adopted to incorporate
measurement error in the analysis of lognormal SRFs is the detection limit (DL)
approach (Woodside and Kocurek, 1997).

Reimann and Filzmoser (2000) looked at a wide range of variables from
environmental datasets, and found that most of these variables exhibited variation that
could not be explained by either the normal or the lognormal distribution, but rather
originated from more than one process. We can consider a Bayesian approach
(Banerjee et al., 2004) to combine a Gaussian measurement error model with a
lognormal SRF model, and by doing so, provide one possible approach to deal with
such data. The Bayesian approach consists of a prior and a posterior stage. In the prior
stage, we choose appropriate probability distributions that represent our beliefs about
the values of the parameters (of the mean and covariance models) and variables (i.e.
measurable quantities) in the system prior to collecting the data. In the posterior stage,
we update these prior beliefs in the light of the data, through Bayesian conditioning;
this results in a joint posterior distribution for the variables and parameters, which we

may use to make our inferences about the quantities of interest. The Bayesian
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approach allows for the inclusion of soft data in a spatial analysis; these soft data
represent imprecise information, as opposed to the precise measurements that are
represented by the hard data. Here, we consider how we might use these soft data to
represent measurement error. The Bayesian approach also incorporates parameter
uncertainty, which can be a considerable advantage in the analysis of lognormal
SRFs, where predictions can be sensitive to the fitted variogram parameters. Previous
studies that have investigated a Bayesian approach to incorporate imprecise
measurements in a spatial analysis include De Oliveira (2005) and Fridley and Dixon
(2007). In particular, these studies show how we might incorporate censored
measurements; in this work, we aim to incorporate measurements that are subject to
measurement error, but from which we can still extract information other than just
some censoring limits.

In this paper, we begin by introducing a case study, on the concentration of
selenium (Se) in the soil, and demonstrate how we might deal with measurement error
in the analysis of a lognormal SRF. We review two approaches to spatial prediction
— the classical kriging approach (ordinary and lognormal), and hierarchical Bayesian
modelling — paying special attention to how ME is dealt with through these
methodologies. We apply the prediction methods to the case study, and discuss the

results.

2. Introduction to the case study
Although Se is toxic in excess, it is also an essential element for human health.
Low dietary intakes of Se are associated with health disorders, including oxidative

stress-related conditions, reduced fertility and immune function, and an increased risk
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of cancers (Fan et al., 2008). The amount of Se in the soil is therefore important
because it can influence root uptake and crop Se concentration (Adams et al., 2002).
The British Geological Survey collected soil samples at 5761 locations throughout the
East Anglia region of the UK. The concentration of Se (as well as other elements) in
each of these samples was determined using X-ray fluorescence spectrometry (XRF-
S) and reported in mg kg™*; see Lark et al. (2006) for a fuller discussion of the
sampling and analytical procedures. The measurements ranged from a minimum of -
0.1 to a maximum of 9.5, and are plotted as a histogram in Fig. 1a, and on a classified
map of the region in Fig. 2. Clearly, a negative concentration is impossible —
readings such as this must be due to measurement errors. If a longer period had been
devoted to the analysis of each sample, a lower DL would have been achieved; a
decision was taken that the benefit of the lower DL was insufficient in comparison to
the extra time required.

The geostatistical methods that we will use in this paper are based on a
Gaussian model for the log-transformed variable, Y =InZ . Fig. 1b shows the
marginal distribution for Y, the log-transform of the Se data; since this shows Y to be
roughly Gaussian, it supports the assumption.

The objective in this case study was to use the available measurements to
predict the Se concentration at any location in the study region, and hence be able to
identify more accurately those areas where there was a risk of Se deficiency in the
soil. This information could be used to identify sites where an application of Se to the

soil might be beneficial.

3. Representing measurement error
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We begin by introducing some notation. In the following, we suppose that we
have taken a single measurement of the original (i.e. untransformed) variable, Z, at

each of the N data locations, x, = {x,,X,,...,x,, }. We write this vector of

measurements as §, =(¢,,<,....<y )", and refer to the actual values at these
locations (i.e. the values that would have been recorded had there been no imprecision
in the measurement process) as z, = (zl, Zy, Zy )T . When we refer to a pdf-type soft
datum (we will introduce this concept later in this section), we consider the pdf,

f.; (zi |§i ) — orsimply f_,(z,) for short — that represents the information that we
obtain about the variable, Z(x, ), when we are given the measurement of this variable,

¢; . We consider independent measurement errors, and we therefore write
N
f(z)= [Tt (z,)-

The magnitude of measurement error for Se was investigated by the repeated
analyses of three soil certified reference materials (CRM). Each homogenized CRM
was repeatedly subsampled and made into 22 pellets; each of these pellets underwent
the XRF-S analysis to give a measurement of its Se concentration. Results from the
repeated CRM measurements are shown in Table 1.

A common approach to deal with measurement error in such geochemical
surveys is to adopt a detection limit (DL) approach (Woodside and Kocurek, 1997).
The DL for a particular measurement method is defined as the smallest concentration
that is statistically different from zero — here we consider the 5 % level for statistical
difference. The measurements shown in Table 1, along with other calibration
measurements, were used to determine a DL of 0.2 mg kg™. When incorporating ME

in geostatistical predictions via a DL approach, we assume that large measurements
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can be considered as accurate. Since any measurements that are less than the DL
cannot be considered as statistically different from zero, these data are assumed to
take the value of half of this DL. All of these data are then assumed to be
measurements of the variable of interest in the study, and the geostatistical predictions
that result from this approach incorporate measurement error through the nugget
variance.

Another approach that may be used to incorporate measurement error in a
geostatistical analysis is to use soft data; the hierarchical Bayesian approach allows
for the inclusion of this kind of data. A soft datum represents the information that we
receive from a measurement at a location about the true underlying value at that same
location. To derive the form of this soft datum, we assume a measurement error

model. In each of the three cases shown in Table 1, the variance of the repeated
measurements was approximately 0.01 (&2, = 0.01), despite the mean of the

measurements being different. It appears from these measurements that the classical
measurement error model would be a reasonable assumption (i.e. measurements are

independent and unbiased). Therefore, for a single measurement, ¢, at a location, x;,
we write the measurement error model to give the probability (density) of taking this
measurement, if the actual concentration being measured were z, :

fme.i(§i|zi):N((i;zi'&;e): (2)
(i.e. for each location, x;, i =1,...,N, £; has a Gaussian distribution with a mean of
z, and a variance of 7). From this measurement error model, we can use Bayes

theorem, to write the n soft data pdfs:

. (zlg )= {N(Z‘; On) 720 )

0, otherwise.



208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

This is based on a uniform prior for z, > 0, which we can justify here because any
other information that we have about z, (prior to measurement) is accounted for

through the geostatistical method that we will use to process these soft data (see the

methods section below).

4. Spatial prediction methods

We will consider three geostatistical approaches to estimate the Se
concentration at unsampled locations in our case study: ordinary and ordinary
lognormal kriging (OK and OLK), and Bayesian estimation. In this section, we briefly
review OLK and Bayesian estimation, noting how they can be used to deal with ME.
We pay special attention to the Bayesian estimation method, in which we combine
ideas from hierarchical modelling (Banerjee et al., 2004) and the Bayesian maximum
entropy method (BME; Christakos, 2000).

In the following, we seek a prediction of the variable, Z, at the single

prediction location, x, ; we refer to this variable as Z(x, ) or Z,, and the values that
this variable can take as z,. We use X, to refer to the covariance matrix between the
data locations, and X, , for the vector containing the covariances between the

prediction and data locations.

4.1  Ordinary lognormal kriging
If the data exhibit a strong positive skew, then any variogram that is fitted
from the data is sensitive to small changes in the larger data values, because of the

large contribution they make to the squared differences. This problem can often be

10



232

233

234

235

236

237

238

239

240

241

242

243

244

245

246

247

248

249

250

251

252

overcome by considering the logarithmic transform, Y = In(Z), of the original

variable, Z. If the transformed SRF, Y, is approximately Gaussian, then we can use
ordinary lognormal kriging (OLK) to calculate our prediction.

Suppose that we have estimated the variogram from the transformed data, y,
that the local mean for Y is constant but unknown, and that we seek a prediction of Z

at the location x,. The OLK estimate is calculated so that it is unbiased and it
minimizes the mean squared logarithmic error, E[(In 2OLK (x,)—1In Zoﬂ . Note that it

IS not guaranteed to also minimize the mean squared error (MSE) on the original
scale. If we write Y, (x,) and o2 (x, ) for the ordinary kriging estimate and variance
for the transformed variable, Y(x, ), then the OLK prediction for Z(x, ) is given by

(see Journel, 1980):

~

ZOLK(X0)= eXp{YAOK (XO)+%G(§K (Xo)_‘//}- 4)

(1_ ZO,DZ_Dll)
T

where y = . Note that y is often called the Lagrange multiplier — the

Lagrange multiplier, however, depends on the precise form of the Lagrangian used in
the constrained optimization (which is not unique), and as such we prefer to specify
the equation for y here.

If we do not require that the predictor be unbiased, and require a predictor that

minimizes the error on the logarithmic scale, we can use the median predictor:

Zok (Xo ) = exp{YOK (Xo )}, (5)
where we use the tilde to denote the median predictor. Note that the back-transform

does not depend on the kriging variance here, and so the predictor is not so sensitive

11
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to small changes in the variogram parameters. As a result, this predictor is often
preferred in the literature (e.g. Tolosana-Delgado and Pawlowsky-Glahn, 2007).

To measure the uncertainty, we use a confidence interval; we calculate this
confidence interval from the kriging prediction for the log-transformed variable, since
we can directly transform the quantiles back to give a confidence interval for the
original variable.

Ordinary lognormal kriging cannot be used to process pdf-type soft data.
Measurement error is dealt with in OLK either through the variogram or by assuming
that the data are subject to a detection limit (DL). If it is dealt with solely through the
variogram, then the error is assumed to be Gaussian for the transformed variable, Y. In
this case, the variogram should be fitted from all of the log-transformed data. A DL
approach assumes that large measurements can be considered as precise, whilst any
measurements less than the DL are imprecise, and given the value of half of this DL.
If we use these values to fit the variogram, then we will underestimate the nugget
variance, since we will have many identical values in our dataset. We therefore use

just the larger values (i.e. those above the DL) to fit the variogram.

4.2 Hierarchical Bayesian modelling approach

We split our description of the hierarchical Bayesian modelling approach into
three sections: first we describe the model, second we state the prior distributions for
the model parameters, and third we show how we can implement the hierarchical
Bayesian modelling approach through Markov chain Monte Carlo (MCMC) methods.
Banerjee et al. (2004) provide a useful textbook, introducing the theory and

application of Bayesian modelling for the analysis of spatial data.

12
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1. Model — The hierarchical Bayesian model that we use for our data here can perhaps
best be pictured through a directed graph model, as shown in Fig. 3. This essentially
consists of four components: the trend and covariance models, the SRF model, the
transformation of this SRF, and the measurement error model. The trend and
covariance models and transformation of the SRF are deterministic (i.e. given the
inputs, the outputs are defined uniquely by the model or transformation). The SRF
and measurement error models are stochastic (i.e. given the inputs to these models,
the output is a random sample from some probability distribution that is
parameterized by the model inputs). We now describe each of these components in
turn, starting with the trend and covariance models.

We denote the trend and covariance parameters as the vector, 0. In our case

study, we will consider a constant mean, x, and an exponential covariance model, so
that 0 = (y,az,s,a), where o is the total variance, s is the proportion of this
variance with a spatial structure, and a is the effective range of correlation. In Fig. 3,
we include the trend parameters, 5, B,,..., B,, Which can be used to model a non-
constant mean function, although in this work we will consider a constant mean only,
so that we have p = f,1, and we write z in place of f,. For the covariance matrix,
X, we use the exponential model with a nugget effect. We can write the covariance
matrix as £ = o>A, where A is the correlation matrix for the data and prediction
locations.

Given the mean vector, p, and covariance matrix, X, the model for the SRF,
Y, is Gaussian with these parameters. This constitutes the second section of the graph
model in Fig. 3. The SRF, Y, is for some transform of our original variable, Z, and we

will come to this transform next.
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Since the data in our case study exhibit strong positive skewness, the Gaussian
SRF model for the original variable, Z, is inappropriate. In such circumstances, a
common approach is to assume that some transform of the data, Y = ¢(Z ), gives a
variable, Y, for which the Gaussian assumption is appropriate. The logarithmic
transform is commonly used in geostatistics to perform this task (as in OLK) for
positively skewed data. This transformation is shown as the third section in Fig. 3. If
we assume that the transformed variable takes a Gaussian distribution, and if we are
given the mean and covariance parameters, 0, then we can write the SRF model for

the values of Z (at the prediction and data locations) as:

fore (ZOD |9): J, MVN (yOD;”(,U)v E(O'Z,S,a)), ()

N
where J, = Hl/ z, (the Jacobian determinant of the transformation) is the product of
i=0

: . z
the inverses of the elements in the vector, z,, = { ° } , and
Zp
MVN(yOD;u(y), Z(az S, a)) is the multivariate Gaussian model for the transformed
variable, y, , parameterized by the mean vector, u(,u), and covariance matrix,

Z(GZ,S, a). Essentially, this represents the assumption that the transformed SRF, Y, is

Gaussian, and that Y is the log-transform of the variable, Z. Eq. (7) then effectively
models the first three sections in the graphical model, Fig. 3.

We can include measurement error in a Bayesian hierarchical modelling

approach using the measurement error model, f_, (Z;D|zD ) (as described in Section 3).

This measurement error model comprises the bottom section of Fig. 3, which

completes the Bayesian hierarchical model that we consider for our case study.
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The graphical model helps us to picture the relationships between the
parameters and variables in the system. We must now write our joint statistical model

for these parameters and variables:

£(0,205,55) = fo(0) fore (Zoo0) T Co|20 )- (8)
This is simply an application of the fundamental rule of probability (i.e. for two
events, A and B, Pr[A, B]= Pr[A]Pr[B|A]), and the assumption that the measurements,
€, and the parameters, 0, are conditionally independent given the actual values of
the SRF, z,, . Eq. (8) gives the joint probability of observing any combination of
values, 0,z ,{, ; we are interested in the probabilities for the values of Z, given the
measurements, {,. We can calculate these probabilities by integrating out the
unknowns here (i.e. the parameters, 0, and the actual values, z,, of the SRF at the

data locations — not the measurements). This gives us our prediction distribution:

”(ZOKD)OC If (o, ZOD’CD)dZ do

9
_,[ fore ZOD|9) me(§D|Z )dzD de. ©)

We now define the soft data as the information provided about the SRF, z,

by the measurements, &, and we can use Bayes’s theorem to write:

fS(ZD|CD): fme(§D|ZD)fz(ZD) ’ (10)
fme(g |Z ) ZD dZD

S ey 8

where f,(z, ) is a *prior distribution for z, . The hierarchical Bayesian approach is

based on the assumption that the measurements are conditionally independent of the

parameters, 0, given the values of the SRF, z, ; we do not have to account for the
spatial correlation in z,, through fz(ZD) here (and therefore choose a uniform prior

for fZ(ZD) over the positive numbers), because their spatial correlation is already
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accounted for through the SRF model, fSRF(z0D|ﬂ). The normalization constant in the

denominator of Eq. (10) does not depend on z, and we can therefore write Eq. (9) in

terms of the soft data (for which we write f_(z,) as shorthand):

7{z| (25 )) o [ £0(0) Fope (265 [0)f, (2, ) dz,, 0O (11)
By writing the prediction distribution in this way, we may note the similarities
between this Bayesian hierarchical approach and the way in which the Bayesian
maximum entropy (BME; Christakos, 2000) method incorporates soft data in a spatial
analysis; the predictive distribution for both methods is obtained by integrating the
product of the soft data and the SRF — or in the BME terminology, the general
knowledge based — model. Orton and Lark (2009) showed how the BME approach
could be used to give predictions for lognormal variables using soft data; this work,
and indeed the general BME methodology, is based on knowledge of the covariance
and mean trend parameters. In the hierarchical approach, however, we also integrate
over the trend, covariance and transformation parameters, to incorporate the

uncertainty about these values.

2. Priors — The task of specifying appropriate prior distributions for the parameters is
an issue of considerable interest in Bayesian statistics. The subjective Bayesian
approach (e.g. Banerjee et al., 2004) consists of choosing prior distributions to
represent our a priori belief about the values of the system parameters (perhaps based
on the opinions of experts, or on the results of previous experiments). The objective
Bayesian approach (e.g. Berger et al., 2001) is to determine appropriate prior
distributions to use for these parameters in circumstances where such prior

information is unavailable.
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In this work, we use a combination of the subjective and objective approaches
for our parameter priors. We make the assumption that the parameters are a priori
independent. For the (constant) mean and total variance parameters, we adopt the
commonly used improper uninformative prior (Jeffrey’s independence prior; Jeffreys,

1961):

ol o) % (12)

Since this prior is improper (i.e. its integral is infinite), we must ensure that it gives
rise to proper posterior distributions. Note that this prior for o is equivalent to a

uniform prior for Inc?. Berger et al. (2001) showed that the improper prior, Eq. (12),
for the mean and variance parameters gives rise to proper posterior distributions in a
spatial analysis if the priors for the spatial correlation parameters, s and a, are proper.
We follow De Oliveira (2005) by subjectively assigning vague proper priors for these
parameters (i.e. priors that represent very little knowledge about the parameters),
using an inverse Gamma distribution for the effective range parameter, a, and a
uniform prior for the proportion, s. With parameters of « =2 and S = a, the prior
distribution for a has a mean of a and an infinite variance, where we choose a =15

km to represent our a priori guess of the range (evaluated through inspection of the

experimental variogram). This gives:

£,(0)=f,(.0%a,5)c 02;“” exp{_'g}. (12)

a
We note here that the posterior distribution for the range, a, is influenced by

the choice of prior distribution here (see results in Section 5.1). De Oliveira (2005)

found similar results, and suggested that this was because the likelihood for a is quite

flat. However, in terms of the resulting predictions, the prior does not have much
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influence, because we have sufficient data in this case study that the posterior

distribution for Z, is dominated by the likelihood.

3. Approximating via MCMC — The multivariate integral in Eq. (11) is not analytically
tractable. However, some of the components of the parameter vector, 8, may be
integrated out analytically, leading to a simplification of any numerical technique that

we use to approximate the predictive distribution; we can integrate Eq. (11) with

respect to the parameters, # and o, to yield:
ﬂ-(zo| fs(ZD))OC I fs(ZD)fO(S’a‘)fISRF(ZD|S’a)fISRF(ZO|ZD'S’a)dZD dsda, (14)
where we refer to f,SRF(zD|s,a) as the integrated SRF model, and f .. (zo|zD,s,a) as

the related predictive distribution. We noted in Eq. (7) the relationship between the
distribution for z and that for y; the pdf for z is defined by the product of the pdf for y

and the Jacobian of the transformation, J,. If we assume that y,, has a multivariate

Gaussian distribution, then we have:

1
fISRF(YD|Sla)OC 1 1 NER (15)
|AD|2(1TA_Dll)2 [yTDTAYD] 2
and:
)
fisre (YO|YD’s:a): N ! (16)
N -1 - 2y V) L7
Jr F[j {N varY o, }2 A0 OKS 4]
2 N varY,,
where A is the correlation matrix for the data locations, and
L AZI1TAD o : . .
T, =Ap TTTAT Here we write Y, for the ordinary kriging estimate and
D

var\fOK for the ordinary kriging variance for Y, (where the total variance parameter,
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or sill, &%, has been estimated by maximum likelihood, given the values of s and a).

The predictive distribution, Eq. (16), is equivalent to a t-distribution with N -1

A~

Yo — Yok

\/N var\for/
N -1

degrees of freedom for the standardized variable,

. This predictive

distribution has a mean of Y, , and a variance of:

GIZSRF = VarYAOK (17)

N
(N-3)
We note here that although the mean and variance of this distribution do exist for the
log-transformed (i.e. Gaussian) variable, Y, the back-transformed pdf for the original
variable, Z, does not have a defined mean or variance. It is, however, a proper
probability distribution, and all quantiles of this pdf can be calculated.
Eq. (14) thus gives the prediction distribution in a form that we may make use

of in its numerical approximation. This integral may be approximated by the

summation:

”(Zo| fs(ZD))z B_li fISRF(ZO‘[ZD , s,a] (i))' (18)

i1
where B is a normalization constant, and [z,,s, a] 0 is the ith of M independent
samples drawn from the probability distribution described by:

f(zp,5,) o f,(25)f(5,2) fone (2os,). (19)
We may draw samples from this probability distribution using a Markov chain Monte
Carlo (MCMC) method, in particular the Metropolis-Hastings algorithm — see Gilks
et al. (1996) for a good introduction to the general theory and some applications of
MCMC. In any MCMC algorithm, we begin with a set of samples (one sample for
each of the variables in the system). A new set of samples is then drawn, which is

conditional on the previous set, and that set only; hence the name Markov chain
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Monte Carlo. There are several classes of algorithm for performing MCMC, based on
different methods of drawing the samples. In Metropolis-Hastings, new values for the
set of variables (or alternatively for an individual variable) are proposed, and this set
of values (or value) is accepted with a probability that depends on the joint
probability, Eq. (19). For instance, the probability of accepting a proposed sample, Y,

when the previous sample is X, is given by:

; :min[l f(Y)q(XIY)]

where f(Y) is the joint probability density, Eq. (19), for the proposed sample Y and

(20)

the current state of all other system variables, and q(Y|X) is the probability density

for the proposed sample, Y, from the proposal distribution. The proposal distributions
can have any form, but they should be chosen so that the resulting samples explore the
posterior distribution effectively. The acceptance probabilities ensure that if a sample,

() is also a

[z,,5,a]", is a sample from the posterior distribution, then [z,,s, a]
sample from this distribution. If we run the algorithm for long enough, then the chain
will “forget’ its initial state, and thereafter, the samples may be considered as
(dependent) samples from the posterior distribution. Consecutive samples may be
highly correlated, and to reduce this correlation, we can save the samples from every
kth iteration only.

We used five independent chains, started from five different sets of initial
values. After tuning (for which we followed De Oliveira (2005) by tuning the
proposal distributions to produce an acceptance rate of around 0.35) and burning in

(forgetting the initial state) these chains, we saved every fifth sample from each chain,

saving a total of 5000 samples from each chain. We compared the estimates and
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predictions from each chain, and concluded that we could be confident that our results
were accurate to the levels given in this paper.

We used MATLAB (2004) to perform the calculations. For practitioners that
are interested, we can provide the MATLAB code at request. It is also possible to use
the freely available WinBUGS software package (Spiegelhalter et al., 2005) to draw
samples from the posterior distributions in a geostatistical case study. However, we

found this to be considerably slower than MATLAB in this example.

Other issues

Some statistic of the posterior pdf for Z(xo), Eqg. (18), may be used as the

prediction. Often, the mean is chosen so as to minimize the mean squared error

(MSE). However, we cannot use the mean in our case, since — as we noted earlier —

the mean of the predictive distribution, f - (ZO|ZD S, a), does not exist. In this study,

we therefore consider the median of the posterior distribution as our predictor. For
heavily skewed distributions, the mean is sensitive to the variance of the transformed
variable; the median predictor has often been preferred for this reason. Tolosana-
Delgado and Pawlowsky-Glahn (2007) justify the use of the median predictor for
lognormal variables through its property as the optimal predictor on the multiplicative
scale, the scale on which the lognormal distribution is built. Some measure of the

uncertainty about Z(x, ) can be calculated from the posterior distribution; we will use

the standard 90 % confidence interval, since the variance does not provide a good
measure of uncertainty for heavily skewed distributions.

Ordinary lognormal kriging deals with non-stationarity in the mean by
considering that this mean is constant within a local neighbourhood of the prediction

location only. In this work, we deal with non-stationarity in the total variance
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parameter (through Bayesian prediction) in the same manner; if we use MCMC to
draw samples from the posterior distribution for [z, s,a] given the global data, then

we can use Eq. (16) within the local neighbourhood to give the conditional prediction
distribution (we use Eqg. (18) to compute the average of such probability densities to

integrate over z, s and a). By doing this, we address non-stationarity in the total

variance, o?.

We consider Bayesian hierarchical modelling using three different approaches
to represent the measurement error:
1). For comparison with OLK, we considered the detection limit approach to represent
the measurement error, whereby the small measurements were set to a value of half of
the DL. We used just the measurements greater than the DL to sample the covariance
model parameters. (LBH)
2). We represented the small measurements by interval type soft (censored) data on

(O, DL ). Here, we used these censored data (as well as the larger measurements) to

sample the covariance model parameters, since treating them as soft data allows them
to vary and hence not contribute unduly to the nugget effect. (LBC)

3). We represented each measurement by a soft datum through Eqg. (3). (LBS)

5. Results

We focussed here on one particular part of the study area that roughly
corresponds to the Fens region of East Anglia (the area outlined in the north-west of
the region in Fig. 2); we did so for two reasons. Firstly, this region was of particular
interest to us, since it contained more of the lower measurements of Se, where our

treatments of the measurement error were most different. Secondly, as can be seen
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from the plot of the data in Fig. 2, the data over the entire study region cannot be
assumed to provide a realization of a stationary random function, a requirement of
many standard geostatistical techniques; the measurements in the Fens region show a
high degree of spatial smoothness (the variogram that is fitted to these data only have
a proportion of the total variance with a spatial structure of s =0.59 ), whilst the
measurements over the remainder of the study area showed less spatial correlation
(this variogram had a spatial variation parameter, s =0.15). This difference may be
explained by the history of the low-lying Fens region, which was liable to flooding —
in some cases, permanently flooded — before being drained. This drainage was
essentially started in the 17" century to provide farmland, although once drained, the
peat that covered much of the region shrank leaving the land lower than the
surrounding rivers, and by the end of the 17" century the land was once again under
water (Godwin, 1978). Drainage was again attempted in the late 18" and early 19"
century, and completed when the dawn of the steam age in the 1820s provided more
powerful pumps to replace the windmills. The concentration of Se in the topsoil is
strongly related to the quantity of soil organic carbon (SOC); the smoothness of Se
concentration in the Fens and high variability in the remainder of the region is due to
the different spatial distributions of SOC in these two parts of East Anglia.

For the purposes of validation, we split the Fens dataset into two parts, one for
estimation and one for validation. The estimation dataset contained the measurements
at 564 locations across the region, whilst the validation dataset consisted of the
measurements at the remaining 1127 locations. We also used these estimation data to

produce maps using the different spatial prediction methods.

5.1  Spatial correlation models
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For ordinary lognormal kriging, we must fit a variogram to the log-
transformed data. In our OLK approach, we use a value of half of the detection limit
to represent the measurements that were not statistically different from zero. We

therefore only used the measurements that were greater than the DL for fitting the

variogram, since the repetition of the value, D'/ , contributes nothing to many of the

squared differences and reduces the nugget of the variogram. The experimental and
fitted model variogram are plotted in Fig. 4; the parameters for the fitted exponential
model were o° =0.44, s =0.59 and a =19 km.

The Bayesian approach does not require that a single variogram be fitted to the
data. Instead, the method integrates over all possible variogram parameters using the
integrated prediction formula, Eq. (18). We can use the samples from the posterior
distributions for the correlation parameters to calculate the mean, and 5 and 95
percentiles of our estimated correlation at various lag distances. In Fig. 5, we plot
these statistics for the associated normalized variogram (i.e. the variogram normalized
to unit variance, since the variance parameter is integrated analytically); the three
plots show the posterior statistics for the normalized variograms for the LBH, LBC
and LBS approaches. Table 2 gives the posterior statistics for the variogram
parameters. From these, we can see that the soft data approach gave a larger value for
the spatial correlation parameter, s.

The results shown in Table 2 were obtained using the inverse gamma prior for

the effective range parameter, a, (with the prior guess of a =15 km) and uniform
priors for x,sand Ino?. We tested the sensitivity of the results (with the LBS

approach) to the parameters of this inverse gamma prior: with a prior guess of a = 30
km, the posterior statistics for s were unchanged, whilst the posterior mean for a was

increased to 30 km, and the 90 % CI became [17,52]. These differences did not affect
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the spatial predictions or the estimates of uncertainty that we consider in the following
sections. This was because in this case study we have enough data so that they
dominate the posterior through the likelihood; if we had fewer data, then the prior
distribution may have been of more importance. We tested the sensitivity of the
results to the prior guess for the effective range parameter with 100 estimation data.
With the LBS approach, and with prior guesses of 4 =8 km, a=15 kmand a = 30
km, the posterior means for a were 37 km, 39 km and 44 km, respectively. The
resulting LBS predictions were similar, with a maximum absolute difference between
predictions from the three different priors of 0.05, and identical (to three significant

figures) validation results for the bias, MSE and GMSE from all three priors.

5.2  Maps of geostatistical predictions

We used the methods to estimate the Se concentration at the nodes of a grid
that covered the area of interest in our case study. For OLK, we compared the maps
produced using the mean and the median predictors, whilst for the remaining maps,
we used the median predictor only. We found that for the Bayesian methods, 1000
samples from the posterior distributions for the model parameters were enough to give
sufficient accuracy for these maps (i.e. there were no visual differences between maps
produced using 1000 samples). The maps are shown in Fig. 6.

Fig. 6a shows maps for the OK predictor, and for the mean and median OLK
predictors. The OK map shows the largest area of dark (i.e. the high predicted Se
concentrations). This is because the skew of the data is not taken into account by OK,
and therefore the large data values have a strong influence on the predictions. When
the data are transformed (i.e. by taking logarithms) the largest measurements do not

have such a great influence on the predictions. By comparing the maps for the mean
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and median OLK predictors, we can see that the mean gives larger predictions, as
should be expected.

If we look at the maps produced using the lognormal Bayesian method (i.e.
LBH, LBC and LBS, Fig. 6b), then we can compare our different treatments of
measurement error. The features of these maps all appear very similar; the dark (i.e.
the soil with a predicted Se concentration of more than 0.5 mg kg ™) in each of the
maps covers roughly the same parts of the region. However, we can notice small
differences. The map produced using the soft data shows generally slightly larger
predictions (compare the sizes of the dark regions, and also the areas of lighter shades
of grey), and is also smoother than the maps produced using the censored or hard
data. This is because of the effect that the hard (and censored) data have on the
predictions. When we impute a value of half of the DL for the smaller measurements
in the LBH approach, this datum is allowed to have a larger influence on the
predictions than it should really have, since the uncertainty about this imputed value is
not accounted for. This causes the predictions around the imputed values to be
smaller. Similarly, the censored data approach gives lower predictions than the soft
data approach; the representation of a measurement of 0.2 mg kg ™ by the interval
[0,0.2] does not allow for the measurement error to give a true concentration of Se
greater than 0.2 mg kg ™. The soft data approach, on the other hand, aims to represent
exactly the information that each single measurement provides (about the
concentration at that measurement location) through the soft data pdfs. For example,
even though measurements of 0.2 mg kg " and 0 mg kg ™ are not statistically different
from each other, the soft data pdfs can be used to represent these measurements
differently, by taking into account the uncertainty about each different measurement.

In our opinion, the smoother transition between the larger and smaller predictions —
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as modelled by the soft data approach — provides a better representation of the
uncertainty in the predictions surrounding the lower measurements.

We can investigate the effects of parameter uncertainty on the predictions by
comparing the map produced using OLK (the median predictor) to that produced
using the lognormal Bayesian method with the same hard data (i.e. LBH). These two
maps, shown in Fig. 6¢, appear very similar. Both approaches are based on the same
model for the SRF; the only difference between these approaches is that the Bayesian
approach accounts for the uncertainty about the variogram parameters, and thus it
would appear that this parameter uncertainty is not of great importance for the

predictions in this case study.

5.3  Prediction assessment

We have compared the methods in terms of the maps of the resulting
geostatistical predictions. We can also use validation to compare the predictions. We
estimated the Se concentration at the 1127 validation locations using the geostatistical
approaches described in this paper. We then compared the predicted values to the
actual measurements at these sites in terms of the bias, mean squared error (MSE),
and geometric MSE (GMSE). We used both the arithmetic and geometric means of
the squared errors because the MSE for lognormal predictions is dominated by errors
at just a few locations (i.e. when we under-predict the concentration by a large
amount), whilst the GMSE is effectively a measure of the errors on the log-
transformed scale; since our data are roughly Gaussian on the logarithmic scale, the
GMSE is not dominated by these errors.

We note here that when we use the Bayesian method based on the pdf-type

soft data (i.e. LBS), the variable that we are actually predicting is Z(xo). However,
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the values that we are validating against are measurements of this variable. We can
put the measurement error back into the predictions from LBS through:

7(¢o| £, (20) = [ (26| £, (25)) e (o ]20 ) 025 (21)
We therefore use this prediction pdf to calculate the predictions for validation with the
LBS approach. Since the approaches built on the detection limit (i.e. the hard and
censored data approaches) do not explicitly distinguish between the measured and
actual values of the variable, we could not consider such an approach with these
methods. We therefore use our original predictions with these methods.

Table 3 summarizes the results for the estimators in terms of the bias, MSE,
and GMSE. This shows the results for the validation against the actual measurements,
and the GMSE for validation against the DL-imputed values; the results for validation
against the soft data means showed similar patterns to the validation against the actual
measurements, and are not shown.

The OK predictor gave the best predictions of all of the methods in terms of
the MSE and bias of the predictions. However, as noted previously, the MSE is
dominated by the errors at the few locations where the measured concentration is in
the tail of the distribution. At these locations, there is no danger of us over-predicting
and so the larger the prediction, the better. Generally, OK performs well (in terms of
the MSE and bias) because when we krige with the original (untransformed) data, the
larger measurements have a big effect on the predictions (since in this model they are
essentially outliers). When we use the log-transformed data to predict, the larger
measurements do not act as outliers, and do not affect the prediction as much,
resulting in a lower prediction. Hence, we get a larger error at these locations — and
therefore also a larger MSE — from a method built on this transformation. Because of

this domination of the MSE (and bias) by the errors at just a few locations, the GMSE
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provides a more appropriate measure of the accuracy of the geostatistical predictions
in this case study. We therefore focus on this measure from here on. We can see that
despite giving the best predictions in terms of the MSE, OK gave the worst in terms

of the GMSE.

Tolosana-Delgado and Pawlowsky-Glahn (2007) justify the use of the median
predictor (for lognormal data) based on its property as the optimal predictor on the
multiplicative scale; the GMSE is essentially a measure of the errors on this scale. As
should be expected, we see that the median OLK predictor gives a smaller GMSE (but
larger MSE) than the mean OLK predictor (whatever the choice of validation values).
The OLK mean predictor has often been disregarded because of its sensitivity to the
fitted variogram parameters. The predictor aims to achieve unbiased predictions (and
minimize the MSE on the logarithmic scale) through a balance between many small
over-predictions and a few large under-predictions; this balance is sensitive to the
fitted variogram parameters and to the lognormal assumption, from which any
departure can result in poor predictions (Roth, 1998). The median predictor
overcomes this sensitivity somewhat, because the back-transform does not depend
directly on the fitted variogram parameters.

The validation results for the Bayesian approach suggest that the pdf-type soft
data improves the accuracy and precision of the estimates. The LBS approach gave a
GMSE of 0.012, compared to 0.014 for the LBH and LBS approaches. It also gave a
lower bias than these other two approaches. The Bayesian approach offers the
advantage over the OLK approach of incorporating parameter uncertainty in the
predictions. The validation results, however, did not show significant differences
between these approaches in terms of the bias, MSE and GMSE (compare the results

from the median OLK predictor with those from LBH).
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We note that the choice of prior did not affect the accuracy of the predictions;
we compared the results from LBS with the inverse Gamma prior for a and with prior
guesses of a =15 kmand a =50 km, and found all of the measures of prediction

performance to be identical to the precision shown here.

54 Uncertainty assessment

We also used the validation dataset to determine how well each of the methods
represented the uncertainty about the estimated Se concentration. Consider a
validation location, x,, where we have a measurement, ¢, and suppose that we have
used our estimation dataset to calculate a prediction pdf for this measurement, from
which we can calculate any quantile. If the prediction pdf provides a good
representation of the uncertainty, then we should expect that the proportion of
locations for which the validation measurement is less than the g-quantile from the

prediction pdf be g; we denote this actual proportion p, . If we assume that the
validation sites are independent for n, =1127 validation locations, then the 90 % CI
for p, is q J_r1.6451/qil— q)/nk . We note that the assumption of independent

validation data results in a somewhat crude estimate of the confidence intervals for

p, - In reality, these intervals should be wider, because of the correlation between the

data at the validation locations. We use the independence assumption here to provide

a rough idea of plausible values for p,, rather than to accept or reject a particular

approach based on these bounds. We display the results as plots of the quantile of the
prediction distribution, g, on the x-axis, against the proportion of validation

measurements less than this quantile, p,, on the y-axis. These plots are shown in Fig.

7.
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705 We also calculate the percentage of the validation locations for which the 90

706 % confidence interval contained the validation data for each prediction method, P,
707  and the average widths of these confidence intervals, W, . These are shown in Table

708 4. A method that gives a small average width is precise, whilst one that gives a

709  percentage in the confidence interval close to 90 % is accurate (in terms of the

710  uncertainty estimate).

711 Again, when we use the pdf-type soft data to calculate the prediction

712  distributions (i.e. LBS), we can put the measurement error back into the prediction
713  pdfs through Eg. (21) and use this pdf for validation; Table 4 shows the results from
714  these pdfs, and in brackets the mean width of the 90 % Cls for the actual

715  concentration, without the measurement error added back. We could not consider
716  such an approach to separate out the measurement error and micro-scale variation
717  with the hard data or censored data approaches.

718 From Fig. 7a, we can see that OK did not represent the uncertainty well. The
719  lower quantiles of the prediction distribution were too low, and therefore very few
720  validation measurements fell below these lower quantiles. The upper quantiles were
721  too high, and very few validation measurements were greater than these upper

722  quantiles. Also, from Table 4, we can see that the 90 % CI captured the validation
723  measurements too often. This is because the OK estimate is symmetric (i.e. based on a
724  Gaussian SRF) and does not take account of the highly skewed nature of the data.
725  Note also the average width of the Cls from OK, which was much larger than that
726  from any other method, showing that the approach overestimated the uncertainty of
727  the predictions.

728 Ordinary lognormal kriging (OLK) does account for the skew of the data, but

729  does not account for any uncertainty in the variogram. We therefore expected it to
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improve on the OK estimates, but to underestimate the uncertainty of the predictions.
We expected that this underestimation of uncertainty would be a result of the lower

quantiles being too high, and the upper quantiles being too low. Indeed, from Fig. 7a,
we can see that the upper quantiles of the OLK prediction distribution were generally

too low. However, the lowest quantiles (q < 0.1) gave good representations of the

uncertainty. This happened because the value imputed for the lower measurements by
the DL approach (i.e. 0.1) generally underestimated the actual measurement at these
locations (the mean of the actual estimation measurements at these locations was
0.15). When OLK is used to calculate the prediction distribution with these data, the
variogram uncertainty is not taken into account (meaning that the lower quantiles are
higher than they should be). The overestimation of the lower quantiles by OLK and
underestimation of the lower quantiles by the DL approach balances out, and results
in good estimates for these lower quantiles by OLK with the DL approach in this case
study.

When we look at the 90 % CI for OLK, we see that this failed to capture the

validation value in enough cases (P;, =80.8 %). Generally, this was because the

estimated Cls were too narrow; the average width of the Cls from OLK was the
smallest out of all of the approaches. This was because OLK does not account for the
uncertainty in the estimated variogram, which can play a significant part in the
uncertainty of lognormal predictions.

The Bayesian approach incorporates variogram uncertainty. When we used the
DL approach to give hard data (i.e. LBH), this gave better results for the upper
quantiles (where the effect of the DL imputed data was less) than OLK, but worse
results for the lower quantiles. This was because the underestimation of the lower

quantiles by the DL approach was not balanced out by an overestimation from the
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geostatistical approach here. The uncertainty of the variogram is accounted for by the
Bayesian approach, and thus, because the DL imputed data underestimate the
measurements, this results in lower quantiles that are lower than should be expected.
We note that the results from the Bayesian approach with censored data, LBC, were
very similar to those from LBH.

In terms of the 90 % CI, we can see that LBH performed better than OLK,
with 90.1 % of the validation measurements contained in the intervals. These intervals
were larger than those from OLK, because they take into account the uncertainty
about the variogram.

The Bayesian approach gave better results when we used soft data. We can see

that the line for LBS on Fig. 7b lies closer to the diagonal, p, =g, than the line for

LBH. This is because the soft data better represent the information that we receive
from the measurements than the DL approach does through hard data. However, we
again see that the Bayesian approach resulted in the lower quantiles of the prediction
distributions being too low. Although the soft data improves on the hard data
approach, it could perhaps be improved further by considering an alternative
measurement error model; this would generally be a more complicated model, which
we would only be able to consider if we had more repeated measurements.

When we look at the 90 % Cls, the soft data approach, LBS, resulted in the
validation measurements being captured in these intervals more often than should be
expected. This was because only 2.5 % of the validation measurements fell below the
0.05-quantiles of the prediction distributions (94.9 % of the validation measurements
fell below the 0.95-quantiles). With LBH, although 90.1 % of the measurements were
in the 90 % ClI, this was made up of 3.5 % below the 0.05-quantiles, and 93.7 %

below the 0.95-quantiles; since both of these are less than should be expected, the
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resulting 90 % Cls contain the validation measurements for an acceptable number of
validation locations.

An interesting point here is that the average width of the Cls from LBS was
smaller than those from LBH and LBC. This was because the hard or censored data
caused the prediction pdfs to favour lower values than the soft data approach (because
the average of the replaced measurements in the LBH and LBC approaches was
greater than 0.1); the lognormal assumption then leads to narrower Cls from the LBS
approach. Further, the average width of the Cls from LBS without the measurement
error added back in (i.e. predictions for the actual underlying concentration, and not
the measurement of this quantity, shown in brackets in Table 4) is considerably
smaller again. This provides a good benefit of using the soft data approach — we can
separate out the micro-scale and measurement error components of the variation, and
use this information to reduce the uncertainty about our predictions.

We note that the choice of prior again did not affect the predictions; we
compared the results from LBS with the inverse Gamma prior for a and with prior

guesses of 4 =15 kmand a =50 km, and found the plot of p, against g to be

identical.

5.5  Geostatistics for the effective management of selenium deficient soils

The management of the soil can be made more efficient by using the
information provided by geostatistical predictions. In many case studies concerning
the concentration of some element in the soil, the task is to determine areas where the
soil may be considered as contaminated, and some clean-up operation may be deemed
necessary in these areas. In this case study, however, we concern ourselves with the

problem of determining areas where the soil may be considered as Se deficient; Se
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may be added to the soil in these areas to increase the amount available for uptake by
plant roots.

We note that the variable in this case study, the total Se in the soil, is a poor
indicator of the total Se available to plants. Other factors, such as the Se speciation in
soil, the soil pH, and the sulphate concentration can have a much greater influence on
Se uptake. However, a limit of 0.5 mg kg is used in New Zealand, below which the
Se content of the grass may be insufficient for grazing sheep (Hawkesford and Zhao,
2007). Tan (1989) defines the level of Se in soil for human nutrition as being deficient
for less than 0.125 mg kg ™, and marginal for 0.125-0.175 mg kg . In this work, we

consider three limits (which we refer to as the limit of deficiency, or z,); the first of

0.55 mg kg *, a second of 0.35 mg kg *, and a third of 0.15 mg kg ™, so these limits
were chosen to demonstrate the differences between the geostatistical approaches in
this case study.

In order to decide whether a site has sufficient Se, we should take into account

the relative cost of wrongly declaring a site as Se deficient, @, the relative cost of
wrongly declaring a site as not deficient, @,, and the (estimated) probabilities of these
events occurring. If we used the perfect strategy (i.e. correctly classified the soil at
each location in the validation dataset), then we would incur some minimum cost; we
suppose (without loss of generality) that this minimum cost is zero. When we base our
strategy on the probabilities of deficiency, p,, estimated using our geostatistical
method, we incur a greater cost than this minimum due to misclassification. At any
single location, the expected extra cost if we apply Se is a)l(l— Pp ) and the expected
extra cost if we do not apply is @, p,. We choose our strategy at each location to give

the smaller expected cost.
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We can use our validation data to calculate the costs that result from the
decision about where to apply Se to the soil. We present the resulting costs in Fig. 8
as a percentage of a default “maximum’ cost. This default is the cost that would be
incurred if we simply used the percentage of deficient data in the estimation dataset to

give p, and hence determine the appropriate strategy — this default tells us to apply

Po

everywhere if the cost ratio, w, = o, /w, , is less than

, and to apply nowhere
D

otherwise. Percentages of this default below 100 % indicate the potential saving (i.e.
90 % equates to a 10 % saving) that could be made by using the geostatistical
technique to decide where to apply. The resulting validated percentage depends only

on the ratio of the costs, @, = @, /®, . We can rearrange the cost inequality that we

use to choose our strategy to show that we are essentially using the 1 Dr -quantiles
+ R

from the prediction distributions to classify the soil as deficient or otherwise. We
therefore plot this variable on the x-axis in Fig. 8. Quantiles below q = 0.5 are used
when the cost of wrongly declaring the soil as deficient, @,, is small (and hence, this
favours the application of Se to the soil), and the upper quantiles are used when this
cost is large.

In Fig. 8a, we compare the methods for using hard data to calculate the
geostatistical estimates (via the DL approach). The results here seem to agree with the
results from the previous section — for the low quantiles, OLK performs well, but for
the higher quantiles performs poorly compared to LBH. This was particularly the
case for z, =0.55ppm and for z, = 0.35ppm.

In Fig. 8b, we compare the treatments of the measurement error through the

lognormal Bayesian methods, LBH, LBC and LBS. We saw in the previous section
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that LBS generally gave better estimates of the uncertainty about the predictions; we
should therefore expect this to lead to better decisions regarding the management of
the soil. From Fig. 8b, we can see that the costs resulting from the three geostatistical
approaches were similar for many values of the cost ratio, particularly for the limits of

deficiency of z, =0.35ppm and z, = 0.55 ppm. For these limits of deficiency, LBS

resulted in a cost that was less than the default strategy (i.e. percentages were less
than 100 %) for most quantiles from the prediction distribution (apart from the
extreme upper quantiles); LBH and LBC, on the other hand, both resulted in costs
greater than this default strategy for some of the upper quantiles (i.e. by using these
approaches to choose the appropriate strategy, we actually increase the cost over the
default strategy). In the previous section, we saw that the upper quantiles from the
LBS approach represented the uncertainty better than those from the LBH and LBC
approaches, and the reduction in cost from LBS when these upper quantiles are used
to classify the soil is a result of this improvement. For z, = 0.15ppm, LBS generally
performed better than LBH and LBC, although in this case, for quantiles, ¢, between

0.31 and 0.63 (i.e. values of the cost ratio, @, /@, , between 0.44 and 1.7), LBS gave a

greater cost than the default strategy. However, this increased cost was small
compared to those from LBH and LBC, and these methods increased the cost over a
larger range of values for g (for LBH, this increase was for values of g between 0.28

and 0.76).

6. Discussion and conclusions
In this paper, we have compared several geostatistical approaches for
predicting the Se concentration in the soil using data that are subject to measurement

error. Environmetric datasets that consist of measurements subject to a detection limit
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are commonplace, and we have investigated a method to represent these
measurements through soft data that provides more information than the approaches
built on hard or censored data.

We have focussed on the median predictor throughout this paper because it is
the optimal predictor (for lognormal variables) on the log-transformed (i.e.
multiplicative) scale. This follows other work (e.g. Tolosana-Delgado and
Pawlowsky-Glahn, 2007) that has suggested that this predictor be used for positive
variables. Further, we assessed the accuracy of the predictors in this paper by the
geometric mean of the squared errors for similar reasons (the arithmetic mean of the
squared errors is dominated by the errors at just a few locations for heavily skewed
positive variables).

We have compared the detection limit approach that has previously been used
(Woodside and Kocurek, 1997) with a soft data approach based on a Gaussian
measurement error model. Each soft datum represents the information that a
measurement is providing us with about the actual Se concentration at that location;
the uncertainty about this value is taken into account, and thus measurements that are
not statistically different can give rise to different soft data.

We found that the soft data approach generally resulted in slightly larger
predictions, and also smoother maps of these predictions. In our opinion, these
smoother predictions provide a better representation of the measurement error and the
resulting uncertainty. From the validation exercise, we found that the soft data
approach to incorporate measurement error improved the precision and accuracy of
the predictions compared to the classically used approach of using a detection limit.
When we used Bayesian modelling to calculate the prediction distributions, the soft

data gave a better representation of the prediction uncertainty, as shown in the p, -

38



902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

918

919

920

921

922

923

924

925

926

plots in Fig. 7. Although the hard and censored data approaches gave better results in
terms of the proportion of validation measurements captured by the 90 % Cls, this
was because of a balancing act between the overestimation of both the lower and
upper quantiles by LBH and LBC. We also showed the soft data approach to
generally result in better management of Se deficient soils; by taking into account the
cost of Se deficient soil, we found that the LBS approach generally resulted in a lower
validated total cost.

One particular benefit of the soft data approach is that it allows us to separate
out the measurement error from the *micro-scale’ variance. We can use this
information to calculate predictions for the underlying variable, and also (if required
for validation), predictions for the measurements of this variable.

The soft data based on the classical measurement error model that we have
used in this work effectively represents the simplest choice of model, given that the
measurements are unbiased with a constant measurement error variance. However, if
more repeated measurements were available from other samples, then it may be
possible to consider a more complex model for the measurement error. For instance, it
may be that when the actual concentration in a sample is low, the measurements have
a low variance, whilst the measurements of higher concentrations may be more
variable. With more repeated measurements, it may be possible to fit such a model
and use it to give soft data; however, with the limited number of repeated
measurements that we had, we could only consider the simplest choice, using the
classical measurement error model.

We compared the Bayesian and ‘plug-in’ kriging approaches in order to assess
whether parameter uncertainty had an effect on the predictions. We found that both

approaches (when using the hard data only) resulted in maps that were apparently
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identical. Furthermore, the validation results from the OLK median predictor were
very similar to those from the LBH median predictor (i.e. the Bayesian approach
using hard data), and we conclude that the parameter uncertainty did not affect the
geostatistical predictions much. However, in terms of the assessment of the prediction
uncertainty, the parameter uncertainty did have an effect. The 90 % confidence
intervals from the Bayesian methods captured the validation measurement in close to
90 % of the validation cases, whilst the OLK Cls captured the validation values in
only around 80 % of the cases. The improvement may be attributed to the sensitivity
of lognormal kriging estimates to the fitted variogram parameters. The Bayesian
confidence intervals were on average larger than those from OLK (1.16 for LBH
compared to 0.76 for OLK), because of the effect that parameter uncertainty has on
the uncertainty of geostatistical predictions. Although OLK poorly represented the 90
% Cls, it did represent the lower quantiles well. The hard data imputed for the low
measurements (i.e. half of the DL) provide underestimates of the actual values here;
also, OLK does not incorporate variogram uncertainty, and hence overestimates these
lower quantiles of the prediction distribution. We hypothesized that these two poorly
represented quantities could balance out in this case study to give good
representations of the lower quantiles. We note that the upper quantiles were poorly
represented by OLK.

In this paper, we have used the Bayesian hierarchical approach to deal with
measurement error in lognormal variables. The measurement error model describes
how the measurements are related to the SRF; we have referred to these
measurements as soft data, because they are related to the SRF by a stochastic
relationship. In fact, any information of this form may be viewed as soft data, and

would fit in with the hierarchical approach. For instance, it might be that a process
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model gives us information about the SRF at some locations; this will generally be
uncertain information, and if its relationship to the underlying SRF can be modelled,
then we can incorporate this through soft data in the hierarchical approach. We note
that there are other approaches for including information from process models in
geostatistical analyses (e.g. Stacey et al., 2006); the soft data approach provides
another means of incorporating this information.
It is also important that we consider a hierarchical approach for the covariance
parameters when we have soft data in order to ensure that the covariance parameters
that we estimate are for the same variable that the soft data provides information
about. For instance, if we used the mean of each soft datum to estimate the variogram,
then the estimated parameters would not incorporate the measurement error properly;
the nugget effect for the variogram of the SRF should not include the measurement
error here, because this is accounted for in the soft data, and an estimate of the
parameters based on the means of the soft data would therefore be an overestimate.
According to Deutsch and Journel (1992, p. 58), “... it is subjective
interpretation ... that makes a good model; the data by themselves, are rarely
enough”. This would seem to provide a good argument in favour of using soft data to
model measurement error; all of the measurements can be interpreted through the
classical measurement error model. This approach enables us to separate out the
nugget variation into components for the micro-scale variation and the measurement
error, which can improve the accuracy of predictions and provide the modeller with

more useful information about the variability of the spatial random field.
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Figure captions

Fig. 1 — The marginal distribution of a) Se concentrations and b) the log-transformed

Se concentrations from the entire East Anglia region

Fig. 2 — A map showing the measured concentrations of Se across the East Anglia
region, and the outline of the Fens (the area in the north-west of the region) studied in

this work

Fig. 3 — A graphical representation of the Bayesian spatial prediction approach

Fig. 4 — The experimental and model (exponential) variogram fitted to the log-

transformed data using only the measurements greater than the DL

Fig. 5 — The posterior means, 5 and 95 percentiles from the standardized variogram
using the three Bayesian approaches, LBH, LBC and LBS. In a) we only use the
measurements greater than the DL to calculate the posterior variogram, in b) we also
use the censored data representation for the low measurements, and in c) we use the

soft data representation for all of the measurements

Fig. 6 — Maps of the geostatistical predictions of Se concentration across the Fens. In
plot a), we compare OK, and the OLK mean and median predictors, in plot b), we
compare the representations of measurement error by the LBH, LBC and LBS
approaches, and in plot c) we investigate the effects of parameter uncertainty by

comparing OLK and LBH
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Fig. 7 — The proportion, p,, of validation data less than the g-quantiles from the

prediction distributions. Plot a) compares OK, OLK and LBH, and plot b) compares

LBH, LBC and LBS. The dots show the expected value for p, and the crosses the 90

% Cls for p,

Fig. 8 — The cost of Se deficient soils calculated for the validation locations. The costs
are presented here as a percentage of the *default’ cost, which is the cost that would
be incurred if we did not use geostatistics to classify the soil. The variable on the
abscissa is the quantile of the prediction distribution that is used to classify the soil.

Plot a) compares OK, OLK and LBH, and plot b) compares LBH, LBC and LBS
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