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Abstract

This study uses tracer experiments in a global eddy-resplocean model to examine two
diagnostic methods for inferring effective eddy isopyadiffusivity from point release tracers.
The first method is based on the growth rate of the area oatupidracers (the equivalent
variance). During the period when tracer dispersion is daeid by stirring, the equivalent
variance is found to increase at a rate between2tifepower law (for a pure shearing flow
regime) and the exponential law (for a pure stretching floyime). The second method is based
on the length of tracer contours. In the framework of eqeimaradius, the two methods of
inferring eddy diffusivity can be understood as two diffgraveragings over the tracer patch.
Over a shorter period of tracer dispersion the two methods gjfferent eddy diffusivities and
only over a longer time when tracer dispersion approaclesfirthl stage of diffusion do they give
a similar value of diffusivity. A new diagnostic quantitylea stirring efficiency is introduced
to indicate different flow regimes by measuring the efficien€ stirring against mixing. The
new diagnostic quantity has the advantage that it can belegéd directly from the gradients of

tracer distribution without needing to estimate straie @tbackground diffusivity.



1 Introduction

It is well established that a scalar tracer released in aikeinb flow will be subject to stirring by the
shear and mixing by the molecular diffusion. The stirringgass is adiabatic with the tracer con-
tours stretched and gradients sharpened. This createkssrala features that eventually molecular
diffusion acts upon, leading to irreversible mixing and sther tracer gradients. Thus, the action
of diffusion is enhanced by the shears of advective flow arel seeks an effective diffusivity that
incorporates stirring-enhanced mixing. See Garrett (R@@6a review of stirring and mixing by

turbulence in the ocean.

In the last decade or so, oceanographers have tried to iddigr diffusivity by releasing inert tracers
such asS Fg into the ocean. Most tracer release experiments focus anagsig diapycnal mixing

in a particular environment such as in the quiet main thetimeof the subtropical gyre (Ledwell
et al. 1998), within the convection region in the Greenland Seatgdvaet al. 1999), over rough
topography in the abyssal Brazil basin (Ledwetllal. 2000), or associated with salt fingers in the
main thermocline of the tropical Atlantic (Schmittal. 2005). Estimates of diapycnal diffusivity vary
from 0.1 cn?s~! in the main thermocline to 10 cs~! or more in the presence of rough topography.
Eddy diffusivity along isopycnals is rarely estimated frdhese experiments because it is almost
impossible to recover all the tracer after the release. Wewén the North Atlantic Tracer Release
Experiment (NATRE) in 1992, the eddy isopycnal diffusiwiyas estimated to be about 1008sn!
(Ledwell et al. 1998). But, it is not clear how robust is such an estimate dasefew observations
with long time intervals between them. The purpose of thislgtis to examine in more detail the

method of determining effective isopycnal eddy diffusivitom a point release tracer.

The dispersion of tracer has three distinct stages (Gdr988). Initially, tracer diffuses from a point
into a Gaussian distribution. The area increases linedtlytisne at a rate proportional to small-scale
(background) diffusivity. The second stage begins whernrteer patch reaches a length scale large
enough for the stirring by shear flow to dominate the initifudion. Finally, when the length scale
of the tracer patch is larger than that of the eddies, strasksvrapped around and merged together,
resulting in a more homogenized tracer patch. Thus, at &loige, the ensemble averaged tracer
diffuse in a Fickian manner with an eddy effective diffuviThe three-stage tracer dispersion has

been illustrated in a two-layer quasi-geostrophic vagtionodel calibrated with the NATRE floats
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data (Sundermeyer and Price 1998).

Some characteristic of flows may be inferred from each stdgbeodispersion: the background
diffusivity from the initial stage, strain rate from the sed stage and the eddy effective diffusivity
over a longer time. However, the question is how can we iflewtiich stage the tracer dispersion has
reached? The most common measure is the rms distance framrttre of mass of tracer distribution.
We will compare this with the other two measures: the areaped by tracers (Joseph and Sender
1958) and the length of tracer contours (Nakamura 1996).sd Iv0 measures are explained in
details in section 2. Briefly here, the ‘area’ method meastine rate of increase of area enclosed
by tracer contours. The ‘contour length’ method (calledieajant length) measures the length of
interface available for background diffusion. Both ardididly different from the rms distance to

the center of mass method in their insensitivity to the shepeacer distribution.

The equivalent length method is an elegant way of diagnasiingng-enhanced mixing (Nakamura
1995). Itis based on the fact that nondivergent flows are(@realume) preserving and so advection
alone cannot change the area (or volume) enclosed by tranearws. However, the shear flow can
deform tracer contours and the available interface foudiffn is elongated. Thus, the more complex
the geometry of tracer distribution is, the more effectivifudion will be. Diagnosis of effective
diffusivity using this method has been applied to quaskdyechemical tracers in atmospheric models
(Nakamura and Ma 1997; Allen and Nakamura 2001) and passigers in an idealised Southern
Ocean model (Marshatt al. 2006). In this study, we apply it to point release tracersiatrdduce
two new diagnostic tools (the mean effective diffusivitydastirring efficiency) so the evolution of

tracers can be quantified.

We use a global eddy-resolving model in two horizontal netsmhs at 1/12and 1/4 with tracer
released at a location as close to the NATRE as possible. &talsdof the model experiments
are given in section 3 and the evolutions of tracers are iticsged. In section 5 and 6, diagnoses
using each method are illustrated and compared. The pessiplact of diapycnal processes on the

methods is discussed in section 7. There is a summary iroaekiti



2 Background

2.1 The equivalent radius variance

Consider a simple 2-dimensional case where the evolutidracér is controlled by diffusion,
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where C(z,y,t) is the tracer concentration arid , are the constant diffusivities in the and y

(1)

directions.

The solution for a tracer initially released at a pojaty) = (0,0) is a Gaussian distribution (e.qg.

Sanderson and Okubo 1986),
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where( is the total tracer load and%y = 2k, 4t are the variances in the andy directions. The
quantitiyo .0, is called the mean variance. The peak tracer concentratign, = % decreases
inversely with time and the contours of constant tracer eatration form a set of ellipses. The
variance in the direction of the principal axes of the eémsﬁ,y, grows linearly in time at a rate

twice the respective diffusivity.

In the ocean, there are spatially-varying flows and so a peietised tracer will no longer evolve

into a simple Gaussian distribution with elliptical tracamtours. Instead, the action of shearing
and stretching by differential advection causes tracetoroa to be deformed into irregular shapes
with steep gradients and fine filaments. In such situatiomay be preferrable to use some kind of
variance without needing to specify any particular di@ttsuch as the directions of principle axes.
One way to do this is to use the area enclosed by tracer cenfdoseph and Sender 1958, Okubo

1971), which we describe below.

For a given a tracer concentration valyalefine an equivalent radiug(c) that satisfieswg = A,
whereA. is the area enclosed by the tracer contOue c. Thus, for any tracer distributio@' there
is a corresponding radially symmetrical functi6hsuch tha@(ve(c)) = c¢. From this function, one

obtains a tracer-weighted average of equivalent radiuarsgy

J2C(ye) da @)
f CA’(’Ve) da ’

2
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where the area elementda = 27, dv.. We will call o2 the equivalent (radius) variance andthe
equivalent deviation. A more intuitive interpretation bétequivalent variance is to observe thaf

is simply the tracer-weighted average of the area enclogéber contours.

In the case of a Gaussian distribution as in example (2) sir&@ghtforward to show that the equiva-
lent radius variance is twice the mean variam:ﬁe,: 20,0y, andm—g is equal to the amount of area
enclosed by the contour of tracer concentratipn= C,,,.,e~'. It is worth noting that the contour

C = c¢; encompasses a tracer load@fl — e~!), which is about 63% of the total amount of tracer.
This may be compared to the contour of tracer concentratigp,e 2, which encloses an area of
3ro? that encompasses about 95% of total tracer load. We willhesetfacts later when comparing

different methods of inferring diffusivity.

The equivalent variance;?, is different from the conventional distance variance,

Jr*C(a,y) da
[C(z,y)da ’

wherer = /22 + 32 is the distance to the center of mass and the area eleméntisdzdy. In the

(4)

2
Oy

case of the simple diffusion example (2), the conventiofgthdce variance is? = o2 + o7 In this

case, it is clear that? < o2. It can be shown that this inequality is always true daydistribution.

The common practice is to infer diffusivities from the growate of variance. In theory any variance
can be used, but the inferred diffusivity will depend on theice of variance for any distribution other

than a symmetrical Gaussian distribution. All the variahoeentioned so far except the equivalent
variance strongly depend on the shape of the tracer disbibu~or this reason, we would emphasize

the use of equivalent variance and define an apparent diffysas in Okubo (1971),

1002
Rg = — .
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Thus, apparent diffusivity is a measure (up to a sdaleof how fast the tracer-weighted average of
the area enclosed by tracer contours spreads, regardibhesgefometrical shape of tracer distribution.
The factorl/4 is such that, gives the same diffusivity for a symmetric Gaussian distidn from

a simple diffusion problem.

2.2 The time evolution of variances

How does a point-release tracer evolve in a turbulent flow feB51983) described the dispersion

6



of point release tracers as a three-stage process. Assenemsbmble averaged tracer distribution
over many realisations is a Gaussian distribution and déffiméracer are& to be the area enclosed
by the tracer contour with concentration value- peak valuexe~!. Note that this way of defining
I" uses the property of Gaussian distribution and'ss a special case of the equivalent variange

because? can be applied to any distribution.

Initially, tracer diffuses from the point of release to a negmmetrical Gaussian distribution by
small-scale diffusion witl® = 4xkt, wherek is the background diffusivity. The diffusive process
dominates until the length scale of trades is comparable to the length scale of the flay and
then stirring by shear flows begins to take effect. This igpespd to take place at the time when
the advective time scaléy; /U (whereU is the velocity scale) is shorter than the diffusive time
scaleL%/k (where Lo ~ 2v/kt, the radius of the circular arefrkt). This implies a time scale
T, = (4\)~! and a tracer length scale- > /k/\, where\ = U/ Ly, is the scale of the strain rate.
During the stirring-dominated stage, the distorted trgegch is thought of as a deformed Gaussian
distribution withT'(t) = T'ge®**~72), wherea is anO(1) constant and’y = I'|;—7, . This indicates
that the tracer areincreases exponentially in time at a rate proportional éosthain rate\. Finally,
when the length scale of the tracer is much larger than th#befllow, streaks of the tracer are
wrapped around and eventually merged together by diffusesulting in a more homogenised tracer
field. The tracer distribution at this final stage is nearlyu&sdan withl' = 4xk,t, whereky, is called

the effective eddy diffusivity.

For some simple cases where the flow is steady, the tracectamvaliffusion equation can be solved
explicitly (Okubo 1966). The simplest case is when theredsstretching, no shearing and only
rotation, and so tracer is diffused by background diffusionthe case of. = ug + Ay, v = 0 (pure
shearing), the mean varianego, ~ kXt? for larget (Novokov 1958). In the case af = nz,v =
—ny (pure stretching), the mean varianegr,, ~ %ezm for larget (Townsend 1951). The scalaks
andn are the constant shear rate and constant stretching ratdpgendix B for definition. So, the
mean variance increases in time as a power of 2 for pure sigefloivs and exponentially for pure
stretching flows. Therefore, Garrett’s prediction of exgatnal growth ofl” is at least consistent with
the case for pure stretching flows. One might expect thatenottean the variance growth rate is
somewhere between the two flow regimes. In any case, duringetond stage of tracer dispersion,

the increase of variance will be faster than linear, so thaegnt diffusivity will be time-dependent.



2.3 The transformed tracer equation

The concept of equivalent radius is very useful in that afpanh inferring the apparent diffusivity it
can be used as a coordinate to simplify the tracer advediftusion equation. The equivalent radius
coordinate has been applied to quasi-steady tracers fyistustirring and mixing in the ocean and
atmosphere (Nakamura 1995, 1996, Shuckburgh and Hayn&s RizB@shallet al. 2006). Here, we

apply it to a point-released tracer and compare to the appdiffusivity in the previous section.

Consider the advection-diffusion equation of tracer,

%—(; +V-(uC)=V-(kVO), (6)

whereu = (u,v) is the divergence-free velocity arkdis the constant background diffusivity. The
derivation for rewriting (6) in equivalent radius coordieaan be found in the literatures. All our
diagnosis uses the isopycnic layer thickness formulasee (he Appendix), but for the convenience

of discussion the following equations omit the layer thieks.

In equivalent radius coordinates, the tracer equations(8ansformed into a diffusion-only equation

IC(ye,t) _ 1 0 <H6L05@<%t>> -

ot Lode Ve
where(:‘(ye, t) is the radially symmetric function as before,(~., t) is the effective diffusivity,

2
L (767 t) (8)

L.(ve,t) is the equivalent length,

2 _ L
Le(ve(e), t) = /(é:c e dl 75;20 Ve d, @)

and Lo(ve,t) = 27, is the minimal length that a tracer contour can have for esietpthe same

amount of area.

There is no explicit advective term in (7) since divergefree-flows are area-preserving ano[%(Oye)
can only be changed by diffusion. That is to say, if there i9ackground diffusion¥ = 0) then
the value of tracer concentration enclosing a given amolatea will remain unchanged at all time
and so the L.h.s. of (7) will be zero. The crucial point of thensformed tracer equation is that if

there are shears then the diffusion of tracer is much moeetafé than that given by the background
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diffusivity. The shear-enhanced diffusion is manifestedhie effective diffusivityx., which is the
background diffusivity multiplied by a factor af?/L3. The Cauchy-Schwartz inequality tells us
that L. is always greater or equal to the actual length of the confou fC:c dl (Shuckburgh and
Haynes 2003). Clearly, > Lg, the length of a tracer contour is always greater than thénmain
length that a contour can have for the same enclosed area, fhieuratioL. /Lo (> L/Ly) measures
how long a tracer contour is relative to the minimal lengthtth contour can have for the same
enclosed area. The idea is that as a tracer contour is deddyyrghear flow, the ratid. /L, increases,

resulting in a longer interface for diffusion to operate #merefore a shear-enhanced diffusion.

The effective diffusivityx, in (8) is an averaged diffusivity for each tracer contow,,iit can vary
across tracer contours but not along the contours. The fation of (8) implies that<. can be
calculated at any instant without prior knowledge of thedrigof a tracer. However, the disadvantage
is that it is necessary to know the value of background difftysbefore one can obtain a realistic

value of effective diffusivity.

To get around this problem, we propose an alternative wawlofitating effective diffusivity which
does not require the knowledge of background diffusivityhar gradients of tracer. Integrating (25)

(from the Appendix) with respect toto give

COA . ,0c
Srde=—kL2o% =

5 Oc

_"ieLOﬂa

(10)

where A(c) is the area enclosed by tracer concentratiof he first term is the total diffusive flux
of tracer across a fixed contodf = ¢ and so (10) is a flux-gradient relationship. The effective
diffusivity can be calculated from equating the total dsffte flux (the first term) to the third termin
(20). Interestingly, the first equality in (10) implies thmtckground diffusivity can also be calculated

in a similar way.

At this point, it is worth comparing the effective diffustyix. to the apparent diffusivity,, discussed

in section 2.1. First of all, the effective diffusivity, is an averaged value for each tracer contour
and so it can vary from contour to contour. This means thahas one degree of freedom in the

horizontal space. In contrast, the apparent diffusikityis an averaged quantity for the entire tracer
distribution. Secondly, the effective diffusivity. in (8) gives an impression of its dependence on
the length. However, if the effective diffusivity is expsesl using the flux-gradient relationship (10),

thenk, can be reformulated in the terms of the change of area emchysttacer contours. This bears
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some similarities to the apparent diffusivity which is related to the rate of change of the mean area
enclosed by tracer contours. Before we compare them furtlgeneed to have some kind of averaged

effective diffusivity for the entire tracer and not just ®ach tracer contour.
2.4 The transformed tracer variance equation

To do this, we make use of the transformed equation for tremeanceé. Multiply (7) by C’(’ye,t)

and integrate over the tracer domain,

0 1.5 B
E/gc (ye,t)da——/f{e

whereda = Lgdy. = 27v.d7. IS the area element. From (11), the mean effective difftyswi can

(9 ]. A9 . _ (9(7 2
E/ic da:—ﬁe/|a—%‘ da. (12)

Thus, the mean effective diffusivity, is the ratio between the rate of change of total tracer vegian

2

M da, (11)

e

be defined as,

il %C‘z da and the total tracer gradients squared in equivalent radiagdinate. Alternatively, equate

(11) and (12) to obtain

2

AC (Ve t
[ Ke % da

. = i . (13)
2
155 [Fda

Thus, the mean effective diffusivity. is the average of effective diffusivity.(v.(c)) weighted by

the squared tracer gradient. The weighted average medamsahaweight is placed toward the centre
of a tracer patch where the tracer contours are more comphid.interpretation of. will help us

to understand the comparison with the apparent diffusivity

It is also worth comparing the transformed tracer variargpeagon (11) with the conventional tracer

variance equation,

E/ic (z,y,t)da = k:/|VC’| da, (14)

whereda = dxdy. By comparing (14) with ( 12), it can be seen that the effecttafar on tracers is
embedded in the tracer gradients when uging)) coordinates whereas it is automatically included

in the mean effective diffusivity when using equivalentitsdcoordinates.

1The term variance is not to be confused with the variancé wistribution, such as?.
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Since the total variance is the same regardless of the cwadedi, the I.h.s. of (11) and (14) are
identical. Take the ratio to define the ‘stirring efficienag

f |VC|2da

N ()

By definition, stirring efficiency measures how much stedgarer gradients are relative to the gra-
dients that the tracer would have if it had not been distobedhear flows. Thus, it is an indicator
of how efficient differential advection is sharpening thectr gradients against the background dif-
fusion which acts to smooth the tracer gradient. It is ndialift to see that in fact = %./k and
so( also tells us how much efficient diffusion has become as dtrekatirring. However, the real
advantage of defining the stirring efficiency as we did in ($3hat it simply uses the degree of tracer
distortion to tell us something about stirring vs. mixinghaut needing to calculate strain rate and
small-scale diffusivity separately. This way of using #egto obtain flow information is particularly

useful for the real ocean where strain rate and backgroufusidities are difficult to measure.
2.5 Comparing effective and apparent diffusivities

We are now ready to compare the effective and apparent ifies. Using the transformed tracer
equation (7), we can express the apparent diffusivity ifeewing way. First, we rewrite the time

derivative of the numerator of the equivalent variance (3),

0 B 80 B , 1 0 oC
Ot/ 2C da = / 5 da / To o (HeLoa%)da = 471/ o /ie’ye)C’ dve.  (16)

The last equality uses integration by parts twice. Use- 7?2 (the area enclosed by the contour

C = ¢) as a variable to rewrite the r.h.s. of (16),

0
Ot/ C’ala—4/&4 /{eA)Cda @an

Since the total amount of tracer is constant, the apparéfusiity from (5) can be written as

5 A
_ i m(ﬁfA)C da' (18)
[ Cda
In this way, the apparent diffusivity is interpreted as ttazér-weighted average %‘-?Z(@A). The

unusual outcome is that the quantiﬁj(ne/l) takes into account the across-contour variation of

effective diffusivity ..
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So, (13) and (18) together tells us that the mean effectiffesiliity %. and the apparent diffusivity
Kq Can be interpreted as two different ways of averagipgThere is no particular reason to believe
why one should be better than the other. The diffusiviigandx,. can be calculated anytime during
the tracer dispersion. During the initial background diftun dominant stage, the two diffusivities
should give similar values since there is not much tracaodien. During the stirring-dominant
stage, diffusivitiess, andz. will deviate from each other since each averaging procediitdias
different aspect of the tracer distribution. At much lontieres when tracer contours are merged and
the tracer distribution is close to Gaussiapandx, should converge a similar value again since now
the ratioL. /L, (hencex,) is nearly constant. So, over the longer time, it is expeetethree eddy

diffusivities discussed so far will be similat, ~ x, ~ Fe.

3 Modd

The model we use is a global ocean model, the Ocean Circulatid Climate Advanced Model
(OCCAM) (Coward and de Cuevas, 2005). Here we only deschibepairt of model setup which
is relevant to the passive tracer experiment. Other modallglenay be found in Leet al. (2007).
The OCCAM model has a suite of runs with three different hantal resolutions at®l, 1/4° and
1/12 . All runs have the same 66 vertical levels and the same sixbhatmospheric fields (from
NCEP/NCAR) for calculating surface fluxes. Note that theli@dpsurface fluxes depend on the
surface ocean temperature and so may be different in diffesas. For our study, we use the runs at
1/4° and 1/12 resolutions. The horizontal advection of tracers uses thaifired split QUICK (MSQ)
scheme. This involves a 4th-order accurate advection sehiegether with a velocity dependent
biharmonic diffusion. There is no explicit horizontal difion. The vertical advection uses simple
second order centre differences with an explicit diffugivof 0.1 cn?s™!. In the 1/4 run, there is
also Gent and McWilliams parameterization and isopycniftigion with both thickness diffusivity

and isopycnal diffusivity set to be 50%sr .

3.1 Tracer releases

To better understand how the diffusivity metrics describe&ection 2 relate to the real ocean, we

perform a series of numerical tracer experiments desigodikttas similar as possible to the the
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North Atlantic Tracer Release Experiment. Although we cameplicate the exact conditions of
NATRE, the general conditions of an open ocean pycnocliaeetr release is a useful setting for
better understanding the different measures of diffusivithe NATRE release site is located in the
southeastern part of the subtropical gyre in the North Aittaat a depth of about 300 m over a region
about 25 km by 25 km in the horizontal. The tracer in the mosléijected into nine grid cells in the
1/12 run with (3,3,1) in(z, y, z) direction and into one grid cell in the T/4un. The centre of each
tracer patch (the triangle marker in Fig. 1) is as close to iththe NATRE as model grids allow.
Despite this, there are still considerable differencewbeh the model and observational releases. At
300 m, the model vertical grid spacing is about 34 m, muchtgre¢han the 2 m vertical spread in
the NATRE. The tracer in the models is set to be uniformly bdighout the initialization grid cells.

In the NATRE, the tracer is released along cruise tracks anlbley are streaky and discontinuous.

When the tracer varies over a length scdle,= §Ax, the biharmonic diffusion associated with the
horizontal advection scheme implies a diffusivity= 1/16U (Az)3/(L%) (whered is a scalarlJ is

the velocity scale and\z is the grid spacing) (Webd al. 1998, Leest al. 2002). The biharmonic dif-
fusion becomes larger than the advection whigi.2 > U/ Ly, which impliess < 1/2(Ly /Az)'/4.
LetU ~ 4 cm s™! and the strain rata ~ 107% s! (these are the averaged values over the tracer
patch in the 1/12model run), then the length scale of the flowZis = U/\ ~ 40 km and the scale

of tracer isLg ~ 1/\/§Ax. So, the scale-selected biharmonic diffusion ensuredrihedr filaments

are marginally resolved at the model grid scale.

The models start from 1985 (see Coward and de Cuevas 2005celratart-up). Tracer are inte-
grated on-line, but because of the limitation of disk spaw @mputational resources we can only
run one tracer at one time. The model tracers are not reledsth@ same year as in the NATRE,
but they were released at the same month whenever possibtehd-1/4 run, a test run of tracer
was started in May 1993 and run for 360 days (called EXR}4 The tracer was reinitialized in
May 1994 and run until 2002 (called EXP1/4). For the 2/fiih, a test run was started in August
1994 and run for 260 days (called EXP1/12d. The tracer was reinitialised in May 1995 and run
until 2000 (called EXP1/12). The two test runs allow us teeasghe sensitivity to the release time.
Our main results will be focused on the first three years ofrvain runs EXP1/4 and EXP1/12. For

convenience, we use elapsed days since the release widfieutrrg to specific months and years.

3.2 Method of binning
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The z-level data is binned into 10 density layers defined by p@kdensityo 3 referenced to 300 m.
The potential density classes are 27.1, 27.3, 27.5, 27.9, 28.1, 28.3, 28.5, 28.7, 28.9 (in units of
kg m—3). We use the same binning procedure as in &eal. (2007), so ensuring properties (mass,
and tracer substance) are conserved. On the density lagdrater concentration is defined to be the
layer-thickness weighted meaiix, y,t) = 7h/h, where the overbar is the vertical integral over the
target density layer. Note that any binning procedure wehMtably create averaged tracer values, so
tracer on a density layer might appear to be more mixed thanzlevel. However, we tested many
different choice of density bins and the results do not cbaquplitatively. For the rest of paper, we
will use the notationr rather thanr for convenience. The target density surface in the NATRE is
28.05. In the model, the density layer that contains most@frtitial tracer substance is the density

layer 27.9, which will be our model target density layer.

Once properties are binned into isopycnic layers, we perimsecond binning procedure by binning
properties according to the tracer value on the target telasier. The tracer-based binnings allow
us to calculate quantities such as the area enclosed by tacturs on the target density layer. As
the tracer concentration is diluted in time, we need to heaaet bins that also vary with time, unlike
the density bins which are time independent. We choose tluesdor tracer bins according to an
exponential functioq Cyaz (t)ezp(3(n/N — 1)), n = 1, N}, whereCy,q,(t) is the maximum value
of C(z,y,t) in the target density layer. The number of tracer bind/is= 20 and N = 40 for the
1/4° and 1/12 runs, respectively. The smaller number of bins for the fui# is to avoid too much
noise caused by the tracer occupying very few grid cellgihit Two additional bins-1 and 0 were
added to account for negative tracer values. The negatlue wacer typically takes up about 0.2%

of total tracer substance.

In section 2, we have assumed no diapycnal flow. However, matehave diapycnic flows and so
the total tracer substance in the density layer will not bacty conserved. Between 5-day means,
tracer substance in the target density layer changes by retiman 0.3% in both 1#4and 1/12 runs.

By the end of three years about 60% and 70% of the total tratestance remains in the target density
layer for the 1/12run and 1/4run, respectively. We will discuss how this might affectgtiastic

methods in section 6.4.
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4 Evolution of tracer

As in the NATRE, the tracers in the model were released in @meghere eddy kinetic energy
is relatively low compared to that in the vicinity of the G8tream. Figure 1 (shading) shows
annual mean eddy kinetic energy at 314 m (model level 25) éar y995 from the 1/F2un. The
superimposed contours show the year 1995 annual mean mrdigsd at 314 m, indicating the large-
scale circulation of the subtropical gyre. However, flows lay no means quiescent. At the time of
release, the pressure at 314 m in the 1fud is filled with small-scale turbulence (Figs. 2ab, the
relative size of box is drawn in Fig. 1). The eddy-rich stawmethas a great impact on the initial
spreading of tracer. In EXP1/12;, the release site was near the southwestern edge of a aycloni
eddy (Fig. 2a). At day 180, the tracer becomes elongateckiedist-west direction and the centre of
mass is to the southwest direction following the tailendhaf tyclonic eddy (Fig. 2c). In contrast,
the release site in EXP1/12 was near the southwestern edgeasfticyclonic eddy (Fig. 2b). As a
result of following the anticyclonic eddy, the centre of mas day 180 is to the northeast direction

(Fig. 2d), opposite to that in the test run EXP1{12

On the other hand, the tracers in the“Iidn are not as sensitive to the time of release as in the
1/12° run. This is because there is no small-scale eddy field infferdn, as shown by the pressure
fields (Figs. 3 ab). For both EXP1/4 and EXP.li4 the centre of mass at day 180 is to the southwest

and the spatial pattern remains near-circular with onfyhsldeformation (Figs. 3cd).

In the NATRE, the centre of mass moves to the southwest afteoriths, similar to EXP1/12,;.
However, as we have demonstrated this clearly depends diothéeld at the time of release. Since
the model does not reproduce exactly the same flow in rea] tiraelo not expect the model tracer to
have the same distribution as in the NATRE. Our focus is orckiaeacteristics of the spatial pattern.
The tracer in the 1/T2run is similar to the NATRE in that after 180 days it has a ripht&l structure

with filaments and pinched tracer contours, which are cotalyl@bsent from the 1f4un.

The continuous straining by the flow in the 17¥Rn eventually breaks up the tracer into four or
five patches (Fig. 4, upper panels). After 365 days, it sgaea@r 10 in the east-west direction

and 7 in the north-south direction. By the end of 2 years, the tr&ées spread over a considerably
wider region (the upper right panel shows part of whole negiovered by tracer). In comparison,

tracer in the 1/4run is slow to develop (Fig. 5, upper panels). It begins tetskr in the east-west
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direction after 180 days and becomes more distorted at ttheeR years. However, it remains as
a self-contained entity without fine filaments or breakupsctsdifferences between the two model
tracers are due to the different strain rate of the flows, it be discussed further in later sections.

But first, we present the diagnosis of effective eddy diffigi

5 Theapparent diffusivity x,

5.1 The equivalent radius variance

Figure 6 shows the time series of the equivalent variam?:,eand the conventional distance variance,
o2. To take a closer examination of, we plot the time series in log-log scale (Fig. 7, left papels
The initial linear growth period of2? seems to be reproduced well by(0) + 4kt (thin solid lines),
wherec2(0) is the variance at the time of release, and the backgrourfidsuiity % is set to be

15 and 60 ms~! for the 1/12 and 1/4 run, respectively. For the 1/12un, there is no explicit
horizontal diffusion and so the background diffusivitysas from the implicit biharmonic diffusion

in the horizontal advection scheme. For the°tl#h, the larger background diffusivity is due to
the additional explicit diffusivity of 50 rfs~! from the isopycnal diffusion. So the mean numerical
diffusivity is estimated to be of order 10-15’8T'. These values are large compared to the estimate

of the NATRE, where the diffusivity is about 2%sr ! for the scale between 1 and 10 km.

During the stirring-dominant stage, we compare the grovitaowith two curves: one is\kt?,
corresponding to the pure-shearing flow regime and the dhef|,—re*"(*~7), corresponding to
the pure-stretching flow regime. We get= 70 and 360 days for EXP1/12 and EXP1/4, respectively,
and strain raté\ = u, + v, and stretching ratg = u, — v, to be the yearly-averaged values for the
corresponding periodl{* year for EXP1/12 and@™? year for EXP1/4, see Appendix B). Although
the parametet is predicted to be order 1 (Garrett 1983), here the value O ais a closer fit to
o2 for both 1/12 and 1/4 runs. We see that in the 1/18in the rate of increase lies between the
law (for a pure-shearing flow regime) and the exponential (fawa pure-stretching regime). Using
the observed dye data Okubo (1971) suggest&d daw while from the NATRE tracer Ledwedt

al. (1998) diagnosed a law close tt It is less clear for the 1P4un because the stirring-dominant

stage is not long enough yet to separdtérom exponential growth.
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If we assume that variance is controlled by the pure-shgdtaow regime,o? ~ A\kt?, theno, ~

VAkt. The quantityag; ~ Ak is called diffusion velocity (Okubo 1968). This means tHse t

rate of increase of equivalent deviation is controlled by the combined effects of shearing and
background diffusion. To verify this scaling using the twodel runs, we need to choose the period
from each model run when the rate of variance increase ieslide the power of 2 law (the first
year for EXP1/12 and the second year for EXP1/4). From thgndised\ andk over these periods,
we estimate the diffusion velocity’ Ak to be about 0.42 cm s and 0.27 cm s! for EXP1/12 and
EXP1/4, respectively. These diffusion velocities are caraple to the estimate of 1 cnT's by
Joseph and Sender (1958). The time series of equivalerdta®wvr,. (Fig. 8) shows that the increase
of o, is about twice in EXP1/12 than in EXP1/4, which is close to thto of diffusion velocity
0.42/0.27 ~ 1.6.

Garrett (1983) estimated that the time scale for traceredspn to reach the final stage of diffusion
is about 1 year. His estimate is based on the exponentialtgnate during the stirring-dominant
stage andk;, = 1000 m?s~! for eddy diffusivity, k = 10~2 m?s~! for background diffusivity,10~6

s~! for strain rate and = 0.5. For our model, if we take background diffusivity= 10 m?’s~! and

a = 0.2, then we also obtain an estimated time scale about 365 days.ihstead use the"? power
law, thendk,t = Akt? impliest ~ 4k, /(\k) ~ 12 years. However, the growth rate of variance in
the model is slower than exponential but faster th#hpower and so it is likely that the time scale
for approaching final diffusion is order of 5-6 years. In amge, it can be seen from Fig. 7 thet

has not reached the linearly increasing stage after thraes ye

So, we cannot estimate the eddy diffusivity from the growth of equivalent varianee. However,

we can still calculate the apparent diffusivity, = %88;'5, between two 5-day means (solid line in
Fig. 9). Since the rate of growth ef? after the initial period is faster than linear, the apparent
diffusivity must be time dependent. During the first 500 day€£XP1/12,x, increases to 1500
m?s~! and then fluctuates between 1000 and 1888 th Since the tracer in 1/22nd 1/4 models
evolves at different time scales, one way to compare theespanding apparent diffusivity is to see
how they vary as functions of equivalent deviatien, If we assume the pure-shearing flow regime
(02 ~ Mkt?) , thenk, ~ Akt ~ /Ako, — the diffusion velocity appears again. Figure 10 shows
that whenos, = 250 km (corresponding to 450 days in EXP1/12 and 900 days in EXPtHex,, is

about 350 and 180 fs~! for each run. The ratio of the diffusivities is again closethat given by
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the diffusion velocity. This suggests it may not be unreabtmto scale:, with a length scale, say,
o and the diffusion velocity/ Ak.

5.2 Comparison witl? andl

Figure 6 shows that the equivalent variance evolves diftrérom the conventional variance. Dur-
ing the first 300 daysy? increases more rapidly tharf and afterwards more slowly tharf. A

seemingly robust feature ig' > o2.

The time series in log-log scale shows that the conventieaahances? in EXP1/12 (Fig. 7, upper
right panel) seems to approach a linear growth after abcaiyear (Note that in the 174un, o2 has
not reached the final diffusion stage yet). As predicted bye&(1983) 02 (in the 1/12 run) indeed
approaches the final diffusion stage earlier thdr(or hisT'). This means while the distance to the
centre of mass is not growing as fast as during the stirringidant stage, the area covered by tracer
continues the faster than linear growth, implying that tlaedrs contours are merged to ‘fill in’ the
gaps between contours. This ‘filling in’ can also be seen fthentime series of areas inside tracer
contours containing 65% and 95% tracer load (Fig. 6). We Isaert? is close to the 95% curve
near the end of three years, but much greater than 95% ovéirdhgear because of the much more

irregular tracer distribution during stirring-dominanage.

From the linear growth o2, we estimate the eddy diffusivity accordingte? = 127k;,t. Note

that here we us@2rk;,t rather thaninky,t becauseras? is closer to the area with 95% tracer load,
and (see section 2.1) for a Guassian distribution the ars&ioing 95% tracer load is- 127wkyt.

This impliesk;, ~ 1000 m?s~!. On the other hand, the equivalent varianceis very close to the
65% curve. Note that neither the 65% nor the 95% curve appezathe final diffusion stage (Fig.

6). Assumingo? reached the final diffusion at year 1, then the radius of theetr patch would be
2V/3knt ~ 660 km. This suggests. needs to be about 660 km before tracer dispersion enters the

final diffusion stage. 1t follows the2"? power law, then this would take about 5 or 6 years.

For completeness, we also calcul&térig. 6) using the simple relationshmc2 da = g—ﬁ (Garrett,
1983). It shows that the time evolution Bfis very similar to those of the equivalent radius variance,
mo2, and also to the area enclosing 65% tracer load. We mentiongetction 2.1 that if the tracer

distribution is Gaussian, therv? is equal to the area containing 65% tracer load Biglequivalent
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to mo2. Although these two integral properties seem to hold fortoacer, it does not necessarily
imply that the tracer distribution is Gaussian for a singlelisation. In fact, we found‘rg—ﬁ1 is not

spatially constant as it would be for a Gaussian distrilbu¢rmot shown).

6 The Effectivediffusivity «.

6.1 Examples

Here, we show examples &t as a function of tracer contours at a given 5-day mean. Tleetefé
diffusivity k. can be evaluated from (8), but we need to first estimate baokgr diffusivity. We
could have used the background diffusivitypbtained from the initial linear growth of the equivalent
varianceo? in the previous section, but for an independent estimate iNaige the tracer variance
equation (14). The three years time series of the backgrdiffugivity is shown in Fig. 11 (the thick
dashed lines). The large spikes at the beginning of thfertifdare due to the steep gradients resulting
from the tracer taking up very few grid points initially. TBeyr average value is abot9.6 + 4.8
m?s~! and 90 + 22 m?s~! for EXP1/12 and EXP1/4, respectively (whetemeans one standard
deviation). Thus, the background diffusivity estimatedviusly from the initial growth rate of?

lies near the lower bound of the present estimate. As we &gethe background diffusivities for

the two test runs (the thin dashed lines) do not differ sigaiftly from those in the main runs.

We also calculate how the background diffusivity varies asation of tracer contours using the first
equality in (10). We choose one example from EXP1/12 at déya3tl one example from EXP1/4
at day 730 and plot them as functions of the equivalent rafhes dashed lines in Fig. 12). The

background diffusivity does not seem to vary much acrosgtreontours.

We now present the equivalent length,, the minimum length,Ly, and the actual lengthl,, as
functions of tracer contours from EXP1/12 at day 360 (Fig). IISote that in calculating lengths
all the line integrals are replaced by area integrals udirgdentity (26) to avoid integrating along
curves. The equivalent length, is longer than the actual length as expected from the Cauchy-
Schwartz inequality. The equivalent lengdth is closer to the minimum length, near the centre of
the patch and increases to at least 10 times longer towasdsitie of the tracer patch. This is due to

the fact that the tracer contours at the outer edge of thertyzaich cover wider areas and so allow
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more stirring by the shear flow. This may be explained by tHevidng scaling. The equivalent length
may be scaled ak, ~ A\/W, whereA is the size of the mixing region with strain ra’teand\/k/—)\

is the width scale of filaments (Shuckburgh and Haynes 2008).A ~ 42, thenL. ~ v2\/\/k,
suggestingL. varies as the square of the equivalent radiusSo, L./ Ly ~ ye\/m. This means
that a larger area enclosed by contours (or, equivalentignger tracer contour) corresponds to a
higher ratio of equivalent length to minimal length. The rayxde in EXP1/12 shows thdt. indeed
increases faster thay but slightly slower than/? (Fig. 13). Similarly,L. /L increases withy,.

In Fig. 12 (the dotted lines), the effective diffusivity = kL2?/L3 is shown as a function of equiva-
lent radius. For the background diffusivity, we should sz dpatial-mean value at the specified day
rather than the time-mean value. Thatkis= 15.7 and 62 ms~! for the 1 /12 run at day 360 and
for the 1/#4 at day 730, respectively. The larger towards the edge of the patch reflects the fact that
there is a larger ratid.. /Lo as explained in Fig. 13. From the scalihg/L3 ~ 42\ /k, we can scale

ke ~ \y2. S0, at a giveny,, the effective diffusivityx. is scaled by the straining rate. If we compare
ke in the 1/12 and 1/4 at the same equivalent raditig, say, at 200 km, then the ratio ef is about

3 although the ratio of strain rate gives about 6-10 (Fig. 12)

The alternative way of calculating. using the flux-gradient relationship (10) is shown by thadsol
lines in Fig. 12. They show that. from (10) is similar to that from (8). Since this method does
not depend on the background diffusivity, the similaritpMaeen the two reassures us that the spatial-
mean choice of background diffusivity for (8) is fairly gaodowever, such similarity will not hold

if we were to use the time-mean background diffusivity foy, @specially for the 1Arun where the

background diffusivity varies considerably with time.

The effective diffusivity can be mapped onto the horizoqtaine using the value of tracer at each
point in space (lower panels in Figs. 4 and 5). The mappingiislp for visualization: recall that
k. does not vary along the contour of constant tracer condé@rtrawithin each time frame, it can
be seen that more deformed tracer contours correspondyr leffective diffusivity. Looking at the
tracer patch as a whole, the overall effective diffusivitgreases in time, reflecting more distortion
of tracer as time increases. It is worth noting that the @&ffediffusivity in the 1/4 run at day 730
has a similar order of magnitude to the 19t@n at day 180. Since the background diffusivity in
the 1/# run is about four times larger than that in 171@n, this means that the2 /L? is much

smaller in the 1/4run than that in the 1/22un. One can see that the tracer in the 1/1& at day
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180 has steeper gradients with fine filaments. Thus, the sahe uf effective diffusivity does not
necessarily imply the same effect of eddy stirring on theera Different parts of the ocean may
have different background diffusivities at different tispéhus one needs to be cautious about how to
quantify the effect of eddies on the dispersion of tracerthla sense, the ‘stirring efficiency’ in
(15) may turn out to be a useful quantity. We discuss thig afeconsider the time series of mean

effective diffusivity.

6.2 The mean effective diffusivity,

The time series of the mean effective diffusivity using (13) is shown in Fig. 11 (the thick solid
lines). The effective eddy diffusivity increases in timethe tracer evolves into a more complex
distribution. The diffusivity in EXP1/12 starts at about @8s~! initially and increases to about 254
m?s~! at day 180. After this, the large fluctuations continue aratihe500 ms~! at day 500 and
850 nts~! at day 700 or 800. The increase carries on until the end of By&xXP1/4 shows a sharp
transition at first 40 days, which is due to steep gradientsex by the initial tracer occupying only
one grid cell. After the initial period, there is a gradualr@ase from 50 As~! to about 250 s~ at
day 600. The time series &t from the two test runs EXP1/12; and EXP1/4..; are also shown (the
thin solid lines). They exhibit slightly different patterfrom those in the main runs. In particulag,

in EXP1/4.; is consistently lower than in EXP1/4. This can be explaingthle different amount of

stretching of tracer as shown in the Figs. 3cd at day 180.

The stirring efficiency in (15) (Fig. 14) is shown as a function of equivalent dewiatt.. In theory,

¢ should be at least 1 since effective diffusivity cannot balgen than the background diffusivity. In
our models, this is only true after a certain number of dagsesinitially there is no substantial
straining/stretching of the tracer contours and so thestrpatch is small with large gradients at the
grid scale. For the 1/T2un ¢ is consistently greater than 1 after 70 days and for therilif after
285 days. Therefore, we can set the time when 1 to be the time when straining by shear flows
begins to operate. This time scale also corresponds wéillthét time scales when the growth rate of

equivalent variance switches from linear to faster thaedin

In the following, we attempt to explain why the stirring efiocy is 10 times larger in the 1/18un
than in the 1/4run (Fig. 14). If we scal&, ~ k, ~ V' Ako. (from section 5.1), theg = %./k ~

M koe. This implies that at a given equivalent deviatien, the stirring efficiency is scaled as
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VA/k, representing the competition between stirring and mixilmgour experiments, the ratio of

VA/k between the 1/T2run and the 1/2is about 6.3.

As stated in section 2.4, the true advantageé o that it can be calculated directly from the tracer
fields without needing to estimate strain rate or backgradiffdsivity. This may be useful as a way
to separate different flow regimes in the ocean by applyingacers in the different locations. To
get some idea of the order of magnitude¢ah the ocean, we can in theory estimgtérom &, /k.
Assumek;, ~ 10° m?s~!, then the stirring efficiency in the real ocean could varyrfre 10* to
500, depending what background diffusivity is conside@atérding to Lewelkt al. 1998,k = 0.07

m?s~! for the scale 0.1 - 1 km ankd= 2 m?s~! for the scale 1 - 10 km).
6.3 Comparing to the apparent diffusivity

The apparent and mean effective diffusivities plotted togein Fig. 9 shows that, is twice as large
ask.. As explained in section 2.6, these two diffusivities are tifferent ways of averaging effective
diffusivity .. Here, we illustrate this difference using an example frodPE/12 at day 730. The
diffusivity %, is an average weighted by the squared tracer gradient inagat radius coordinate.

It puts more weight toward the centre of the tracer patch ebmicer contours are bunched together
and so tracer gradients are larger (dashed line in the ugpal pf Fig. 15a). Near the center of the
patch the effective diffusivity is relatively smaller (fbline in Fig. 15 a) and so the result of tracer
gradients weighting is a nearly uniform diffusivity acrake tracer contours (dotted line in Fig. 15a).
In this example, while:, increases from 0 near the centre of the tracer patch to 2580 'noward
outer edge, the mean diffusivity, is only about 450 rfs~!, which is about the value of diffusivity

at the tracer contour containing 10% of the tracer load.

This may be compared to a simpler average where the weiglstijugt tracer concentration rather
than tracer gradients,; = [ ke da/ | C da. This average puts more weight away from the centre
of the tracer patch (dashed line in Fig. 15b). As a resultwerghted diffusivity maintains a similar
shape as the un-weighted one and the averaged value is atfifutds—!, which is about the value

of diffusivity at the contour containing 50% of tracer load.

For the apparent diffusivity, the quantity to be average@%. Although it varies the same way

aske, it has a much larger value towards the outer edge of tradeh feompare solid lines in Fig.
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15bc). This is because. is not constant — it increases toward the outer edge. Thehtieigfor «,
also put more weight near the outer edge of the tracer ancesmothbination gives a value, about

1900 nts~!. This is about the value of diffusivity at the contour contag 75% of tracer load.

Using the tracer contour, 45, enclosing 65% tracer load as a guide, the mean effectiviestiity
e puts 93% of weight inside the contodrg;, whereas the apparent diffusivity, by definition
has exactly 65% of weight inside the 65% contour. The probhth x,, is that the quantity to be
averaged is twice of the original which leads to a much larger average value. Intuitivelysihgle
averages; seems to give an fairly representative average, althouigmdt clear how to links, with

some equation to give it a physical meaning.

7 Thepossible effect of tracer losson estimating diffusivity

The tracer in the model is not conserved on the target delasy. The transfer of tracer across den-
sity layers can be due to both vertical diffusivity (exdliahd implicit) and the horizontal advection

scheme. In order to separate the effect of each processethibssf tracer budget at each grid cell
would need to be calculated which we are not able to do forstinidy. However, there are clues that

may help us to estimate the likely impact of diapycnal preeeon our results.

To give an estimate, we consider an simple approximatiorrevtie loss of tracer substance is pro-
portional to the tracer concentration (e.g. assume thertigancentration on either side of the target
density layer is negligible and so higher tracer conceinfmatorresponds to larger vertical tracer

gradient and larger diffusive flux divergence):
C ~ —uC, (19)

where( is diapycnal flux of tracer across a density layer and is an spatially averaged time scale.
In reality, » could vary from point to point. From (19), we estimate theiiddal tracer loss term in

the variance equation (11) as
sz/OCdaN—M/CZda:—C*/Cda, (20)

« __ JC%da
whereC* = [Cda

tracer loss ternd can be calculated using the two integral quantities, thenn@&er concentration,

is the mean tracer concentration in the density layer. Usiag.h.s. of (20), the

C™*, and the total loss of tracer substance in the density Ig(yé*rda.
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Thus, an adjusted effective diffusivity including the effef the tracer loss term can be defined
asrLY"t — £, + &S whererS = S/ [ \%]Qda. Similarly, the adjusted mean background

diffusivity is ®24ust = & + %% wherer® = S/ [ |VC|? da.

The adjusted effective diffusivitg??“** is shown by the dotted lines in Fig. 11. For the P/in,

the tracer loss term is about 16% of the rate of change of #itettivariance. The adjustment for the
effective diffusivityz> is —82 4 88 m?s~!. For mean background diffusivity, the adjustment is about
7Y = —3.6 + 2.9 m?>s! (not shown). For the 14un, the tracer loss term is about 14% of the rate
of change of the variance. This corresponds to the adjustofeff = —16.9 + 17 m?s™! to the
effective diffusivity andz® = —6.9 & 5 m?>s~! to the background diffusivity.

How does the diapycnal diffusion affect the equivalentarace ? Take the solution for a point release
tracer in a three dimensional uniform-shear flow witk: ug+ A y+XA.z, v = w = 0 (Where), . are
the constant shears in tiyeand z direction) (Okubo 1968). For a time long enough that theisgr
dominates the background diffusion, the mean variance amiadmtal slice can be approximated as
20y ~ kyAgt?\ /14 §(32)% (= (wherek, . are the constant diffusivities in theandz direction).
This implies that the variance can be affected by the contibmaof vertical shear of horizontal
flow and vertical diffusivity, i.e. the tracer is diffusedrieally to different levels and advected
horizontally before being diffused vertically back to thegmal level. Let\, /A, ~ L, /L, ~ 3x10?
(whereL, ~ 100 km andL, ~ 300 m are the horizontal and vertical length scale of eddies) and
k./ky, ~ 1075 (wherek, ~ 0.1 cm?s™! andk, ~ 10 m*s~! are the estimates of model vertical and
horizontal numerical diffusivities). Using these estigmtthe additional term would change the mean
variance by 1%. This implies that in our model the influenceetical shear/diffusivity is small. It
would not be unreasonable to expect the equivalent vari@nicave a similar behaviour. For the real
ocean, if takek, = 2 m*s! for the scale 1 to 10 km, then the vertical shear term can wdtéance

by 5%. If takek, = 0.07 m*s~! for the scale 0.1 to 1 km then the rafig/k, becomes much larger.
However, at this scale eddies becomes smaller so the xatid, becomes smaller. Thus, it is not
clear that at the scale of 0.1 to 1 km what would be the impath@fvertical shear/diffusiviity on
the variance over a horizontal slice. Futher investigatsoneeded in order to properly quantify the

effect of vertical processes on the variance. This is howeegond the scope of our study.
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8 Summary

Lagrangian observations such as tracers and floats areefitbguused to estimate eddy diffusivity.
Because of the sparse spatial-temporal coverage of thetdase estimates are inevitably uncertain.
In addition, the relationship between different methodsfafrring diffusivity is often not clear which
makes it difficult to interpret the meaning of eddy diffusjvi This study examined two diagnostic

methods that are applied to point release tracers.

The tool used in this study is based on the concept of equivadalius,y.. It allows us to bypass
x andy coordinates and to concentrate on the intrinsic natureasetrdispersion. The variance of
equivalent radiusg2, for example, is related to the average of area enclosedabgrtcontours. The
apparent diffusivitys,, is thus defined as the growth rate of equivalent variance ifitial tracer
dispersion is dominated by small-scale background difusiith o2 increasing linearly. From this,
we diagnose a mean numerical diffusivity associated meaelivection scheme to be about 10-15
m?s~!. After the initial diffusion stage, the tracer dispersisrdbminated by the stirring due to shear
flows. In our 1/12 run the growth rate of equivalent variance during this stageetween the pure
shearing flow regime (power of 2 growth) and the pure stragcliow regime (exponential growth).
In the ocean, earlier studies suggested that the varianceases with time betweerf2and 3¢
power law (Okubo 1971) and more recent result from NATRE &smd a close to 2! power law

(Ledwell et al. 1998).

Another way of using equivalent radius is to use it as a coaitdi to transform the advection-diffusion
tracer equation (Nakmura 1996). The result is a simple siiffuequation with an effective diffusivity
Ke = /-;qu /L3. As a tracer contour is distorted by shear flows, the availatterface for small-scale
diffusion increases and so gives a higher value of effectiffasivity. In this context, effective diffu-
sivity is a function of tracer contours and it reflects thergetrical complexity of tracer distribution

regardless of the history of the tracer dispersion.

We take a step further to propose a new way of evaluatingy relating the diffusive flux of tracer
across tracer contours to the gradients of tracer w.r.t tba anclosed by tracer contours. In this
way, the effective diffusivity has a physical meaning (thexfgradient relationship) in addition to the
geometric one. The new way of calculatirg also has the advantage that it does not require prior

knowledge of background diffusivity, which is difficult tdotain. On the other hand, it does require
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tracer fields between short time intervals which may be difffim acquire for tracers released in the

ocean.

Previous studies (e.g. Allen and Nakamura 2001, Margshadl. 2006) applied effective diffusiv-

ity diagnosis to quasi-steady tracers. For such traceesfréfter contours can be associated with
geographical locations and so the spatial pattern of éfeediffusivity can be linked to the spatial
characteristics of the flow such as the region of strong rgix#kpoint release tracer is always evolv-
ing in time and so it is not meaningful to follow a given tracentour. Thus, we introduce a new
quantity called the mean effective diffusivigy which assigns an effective diffusivity at any instant
time for the whole tracer patch rather than for individuater contours. It also represents an average

of k. weighted by the tracer gradients, c.f. (13).

The mean effective diffusivity, may be compared to the apparent diffusivity. First we interpret
the apparent diffusivity as the tracer-weighted averageafantity that takes into account variations
of k. across tracer contours, c.f. (18). So, the mean effectiffesdiity . (based on the tracer
variance,[ C?) and the apparent diffusivity,, (based on the equivalent varianeg) are in fact two
different ways of averaging.. It is not clear which averaging is more meaningful except
represents an average that puts more weight over the aida mfacer contour containing 65% of
total tracer load. The two diffusivities have a similar v@lonly when tracer dispersion reaches the

final diffusion stage.

A more traditional approach is to infer an overall eddy diffity from the evolution of variance at

a later time. The idea is that during the final stage of tracgpeaision the variance converges to
a linear growth rate (Garrett 1983). In our models, afteeghyears the traditional distance (to the
center of mass) varianeg’ seems to approach a linear growth stage which would give aratbv
eddy diffusivity k;, = 1000 m?s~!. However, the equivalent variane€ has not reached the final
diffusion stage. We estimate it would take about 5 or 6 years$ to converge to linear growth. The
point is that distance-based variance, &;y.always reaches the final linear growth stage sooner than
area-based variance, eqf. So, when inferring diffusivity one needs to be cautious aoie that the

time scale associated the final stage of tracer evolutioiffeseht for different methods.

In summary, the apparent diffusivity,,, and the effective diffusivityg., represent different averag-

ings over the tracer patch. Over a longer time when tracetocos are merged and the tracer patch
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is nearly Gaussian, all three diffusivitiég, ~, andr, are expected to converge to a similar value. In

our experiment, this value could be about 100%m.

The tracer dispersion is ultimately an interplay between gtirring due to shear and mixing due
to background diffusion. In our opinion, the fundamentahfity is the equivalent radius (which
gives rise to the equivalent varianeg and the equivalent length,). The effective diffusivity is a
secondary quantity as it is not uniquely defined (eg«, andk;) and during the stirring-dominating
stage the diffusivity will be time dependent. If the radidsadracer patch is scaled as, then the
rate of increase of the radius of tracer is scaﬁg%j ~ V/\k, indicating that stirring and mixing work

together to increase the size of tracer patch.

We have introduced a new diagnostic quantity called therirefficiency,(. It simply measures
the degree of deformation (in terms of gradients) of theargatch relative to it otherwise would be
without shear flows. Thus, itis an indicator of how efficidm stirring is against mixing. Like Péclet
number, stirring efficiency characterises the flows in teafnadvection versus diffusion. However,
the advantage df is that it can be calculated from tracer fields without negdestimate the length
scale of flow or the background diffusivity. The stirring effincy may be scaled gs~ \/Wae,
which is consistent with the intuition that the efficiency gfrring is a result of the competitions

between stirring and mixing.

The stirring efficiency may be useful as a way of assessingetlsbsimulations of tracer evolution.
For example, the comparison between the stirring efficidéocthe tracers in the 1/22and 1/4 runs
suggests that the 1/Athodel is about 10 times more efficient than the’ hbdel in terms of stirring
tracers. If the stirring efficiency in the real ocean is eatiad to be about0? — 104, depending on
the length scale considered for mixing, then much lowereglof stirring efficiency in the models
indicates the deficiency of the models. Such deficiency magueeto model’s large numerical dif-
fusion (e.g. the 1/12run), or due to the combination of weak strain rate and larpdiat diffusion

(e.g. the 1/4run).

This leads to the question of what impact the 5&m explicit isopycnic diffusivity in the 1/4model
has on the tracer simulation. From the perspective of etgivaariances? ~ M\kt2, the explicit
isopycnic diffusivity compensates for the smaller straater For example, the diffusion velocity

v Ak in the 1/2 model is half of that in the 1/F2nodel rather than ten times smaller as it would
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be implied by the strain rate alone. Thus, one can arguerl@gpycnic diffusivity is necessary in
order to rectify smaller strain rate. On the other hand, thidrgy efficiency is greatly reduced with
the presence of explicit diffusion (as explained in the jmes paragraph). Thus, one might argue
that smaller explicit isopycnic diffusivity for the 174nodel is preferrable. On top all these, it is not
clear to what degree the explicit isopycnic diffusivityexdfs the strain rate in the T/todel. Since
the time scale for the onset of stirring-domination is deiaed by the strain rate, it would always
take longer for the 1Mtracer to catch up to the same effective diffusivity in th&2t/model. Even
when tracers in the two model resolutions give a similar altieffective diffusivity, they will be
achieved through different mechanisms. For example, warsdee Figs. 4 and 5 that tracer in
the 1/12 model (day 365) has fine filaments with pinch-off whereasetrac the 1/4 model (day
735) remains as a coherent structure. It remains a diffisslid to decide what values of isopycnic
diffusivity should be used in the lower resolution model. eTémswers depend on the criteria for

assessing model performance.
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10 Appendix

A  The transformed tracer equation

Here, we give a layer formulation and all our diagnosticsdee in the layer format accordingly.

The evolution equation for a passive tracer in an isopyaai between isopychatsando + do is

) a5 ) - 5, @

wherer is the tracer concentratiom, is the isopycnal layer thickness per unit of densWyjs the

isopycnal gradient, and is the isopycnal velocity.r = dr/dt andé = do/dt are the material

derivatives ofr ando, respectively, representing diffusion and source/sink.
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Following Nakamura (1995), a control volume bounded by adraontourr and lying between
isopycnalss ando + do can only be changed through the nonadvective nature ofrtflaceacross
the tracer contour and through the nonadvective nature mdityeflux across isopycnals. This is

expressed as

0 0 . 0 .
a/AThda—FE/ATThda—i-a—O_/ATahda—O, (22)

whereda is the area element andl; is the area inside the tracer contaur

For simplicity, we assume that cabelling and diffusive dgnifux may be ignored¢ ~ 0). Thus,

the volume can only be changed through nonadvective pre@wtisgy on the tracer,

0 0 )
E/AThda——E/ATThda. (23)

Since there is no forcing of the tracer,can be only due to diffusive flux of tracer. This diffusive
flux consists of the horizontal divergence of horizontafudiive flux and the vertical divergence of

diapycnal component of diffusive flux,

#h=—V-(Dah) — (%(D “n), (24)

whereD = —x V37 is the three-dimensional diffusive flux (@, y, z) coordinate D, is the horizon-
tal component oD, « is the background diffusivity which can be either molecu#fusivity (in the

real ocean) or numerical diffusivity (in models) ands the unit vector normal to the isopycnal.

For simplicity, we further assume the diapycnal compornBniy, is small compared to the horizontal

component. Thus, from (23) and (24), we have

0 __9 9 000 )
E/AThda— E/ATV.(,«;hVT)da—E?{ﬁwﬂhdl— 5 5y /ATKJ‘VT’ hda, (25)

wheredl is the line element and stx = dildr/|V7|. The second equality uses Gauss’ theorem. The

third equality uses the identity

dl 0
j{()hﬁ = —E/AT()hda. (26)

Note that the sign convention is such thaincreases towards the centre of the tracer patch, as it

would be for a point-released tracer.

To really appreciate the essence of tracer-based cooedinat need to use the volume enclosed by

the contours of tracer as a coordinate. Delihe= [, hda andr(V,t) such that (Vo t) = 7(t).
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Following Nakamura (1996) and use the equaﬁ%‘t@ = —%%—‘j, (25) can be transformed to

or(V,t) 0 5 OT(V,1)
ot oy (“Leq v ) @7)
where
2 1 7{
Liy= § rmphel § (97l (28)

In (27), nqu does not yet have units of diffusivity. To make it more traargmt, we use ‘equivalent
radius’ instead of volume as a coordinate. For simplicitg,agsume the region of interest is on a flat
plane rather than on a sphere. For a given vollindefine the ‘equivalent radius’, to be such that

V = mZ2,h whereh is the mean isopycnal layer thickness Yar
B The strain rate and stretch rate

The strain rate in the model was calculated using two diffeexpressions: the rms of strain rate
A = Ju/dy + dv/0zx, representing the shearing deformation, and the rms dichkirg raten =
ou/0x — dv/dy, representing the extension (or contraction) deformatibhe rms is the average

over the region occupied by tracer.

The three annual mean strain rates in unitsf® s—1 are 1.18, 0.77, 0.88 for the 1/18in and 0.08,
0.12, 0.17 for 1/4run. The annual mean stretching rates in the same units@e®75, 0.85 for the
1/12 run and 0.08, 0.12, 0.16 for T/dun.
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Figure captions

Fig.1

The shading gives the mean eddy kinetic energy?€crt) at depth 314 m (model level 25) for year
1995 from the 1/12run. The highest eddy kinetic energy (indicated by darkexdsig) is in the
region of the Gulf Stream. The contours (in units16f Pa) gives the mean pressure field at the
same depth for the same year. The triangle indicates thefsitacer release in the model and the

rectangular box corresponds to the plots shown in Figs. 2-5.
Fig.2

Five-day mean fields from the 1/18un. The left panels (a) and (b) are the pressure fields at 314
m. The color scale is on the left with the units if* Pa and contour interval i80 Pa. (a) is at

the time of tracer release for EXP1412. (b) is at the time of tracer release for EXP1/12. The right
panels (c) and (d) are the tracer concentration on the tdeyity layer after the 180 days (each right
panel corresponds to the release on the left panel). Thertcaacentration is normalised to have the
maximum value 1. The color scale is on the right with the mégeolor showing the negative tracer
value. The release site is marked by the triangle. For casgarthe domain of plots is also drawn

in Fig.1.

Fig. 3

As in Fig. 2, but for the 1/4run. The tracer fields on the right panels are 360 days afiesiges.
Fig. 4

For EXP1/12. The upper panels are the normalised tracereotmation on the target density layer
(color scale on the left). The lower panels are effectiveyatitfusivity ~. (m?s~!) (color scale on

the right). The left, middle and right panels correspondayp 880, 365 and 730 days, respectively.
Fig. 5

Asin Fig. 4 but for EXP1/4.

Fig. 6
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The three years time series of areas from EXP1/12: from thev@ent variancers? (thick solid
line), from the conventional distance varianee;? (dashed line), the tracer area containing 65%
tracer load (dotted line), the tracer area containing 9%#eirload (dot-dashed line), the tracer area,

I (thin solid line).
Fig. 7

Left panels: the time series of the equivalent variance(thick solid lines), in log-log scale for
the run of (a) 1/12and (b) 1/4. The three triangles mark 180 days, 1 year and 2 years. The thi
solid lines shows2(0) + 4kt (wherek = 15 and60 m?s~! in 1/12> and 1/4 run, respectively) (thin
solid lines). Thes2(0) is the variance at the time of release. Note the thin and ioks almost
overlap. Also plotted are curves of thg? power law,\kt> (dashed lines), and the exponential law,
o2(T)e%21(=T) (dotted lines), relevent to the stirring-dominated stag®T") is the value ob? at

the timeT" (70 days and 360 days for 1/1@nd 1/4 runs, respectively). See text for the values of
straining rate\ and stretching ratg. Right panels: the conventional distance variance(thick

solid line). The superimposed line in EXP1/121%:,,t, wherek;, = 1000 m?s~! (thin solid line).
Fig. 8

The time series of the equivalent deviatienfrom EXP1/12 (solid line) and EXP1/4 (dashed line).
Fig. 9

The time series of apparent diffusiviky, (solid line) (smoothed with 30-day filter) and mean effeetiv

diffusivity %, (dashed line) from EXP1/12.
Fig. 10

The time series of apparent diffusivity, (m?s~!) plotted as a function of equivalent deviatiopfor

EXP1/12 (solid line) and EXP1/4 (dashed line).
Fig. 11

The diffusivity (m?s™!) over three years. The left panel is for the F/tn and the right panel is
for the 1/2 run. The background diffusivity: is given by the dashed lines and the mean effective

diffusivity %, is given by the solid lines. The thick lines are from the maing and thin lines are
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from the test runs. The dotted lines &/ = %, + &5,
Fig. 12

The diffusivity (m?s™!) as a function of equivalent radiug (km). The dashed lines are the back-
ground diffusivities. The dotted and the solid lines aredffective diffusivities calculated from (8)
and (10), respectively. The left panel is from EXP1/12 at 8% and the right panel is from EXP1/4
at day 730.

Fig. 13

Length for the contours of tracer from EXP1/12 at day 365 asratfon of equivalent radius,

plotted in log-log scale: the equivalent length (thick solid line), the actual length (dashed line),
the minimal lengthL, = 27+, (thick dotted line). The superimposed lines afe(thin solid line)
andL./Ly (thin dotted line).

Fig. 14

The eddy efficiency plotted against equivalent deviatien. The solid line is from EXP1/12 and the
dashed line is from EXP1/4.

Fig. 15

Quantities contribute to mean diffusivities at day 730 offlEX12. (a) mean effective diffusivity,,

(b) for comparisork, = [ k.Cda/ [ C da and (c) apparent diffusivity;,. Thez-axis is the nor-
malised tracer load encompassed by tracer contours withréspmnding to total tracer load enclosed
by the lowest tracer concentration. In (&), (solid line), Weighting\g—,ifda/f \g—%zda (dashed
line) and the multiplication of the two (dotted line). In (1) (solid line), weightingC da/ [ C da
(dashed line) and the multiplication of the two (dotted Jinia (c), %(RGA) (solid line), weighting

Cda/ [ C da (dashed line) and the multiplication of the two (dotted Jine
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Figure 1: The shading gives the mean eddy kinetic energygchhat depth 314 m (model level 25)
for year 1995 from the 1/F2un. The highest eddy kinetic energy (indicated by darkedstg) is in
the region of the Gulf Stream. The contours (in unitd@f Pa) gives the mean pressure field at the
same depth for the same year. The triangle indicates thefsitacer release in the model and the
rectangular box corresponds to the plots shown in Figs. 2-5.
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Figure 2: Five-day mean fields from the 17x8n. The left panels (a) and (b) are the pressure fields
at 314 m. The color scale is on the left with the unitd @f Pa and contour interval &) Pa. (a) is at
the time of tracer release for EXP1412. (b) is at the time of tracer release for EXP1/12. The right
panels (c) and (d) are the tracer concentration on the tdegesiity layer after the 180 days (each right
panel corresponds to the release on the left panel). Thertcaacentration is normalised to have the
maximum value 1. The color scale is on the right with the mégeanlor showing the negative tracer
value.
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Figure 3: As in Fig. 2, but for the 174un. The tracer fields on the right panels are 360 days after
releases.
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Figure 5: As in Fig. 4 but for EXP1/4.
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log,,(area (10° m?))

Figure 6: The three years time series of areas from EXP 1/t the equivalent varianceg? (thick

solid line), from the conventional distance variance? (dashed line), the tracer area containing 65%
tracer load (dotted line), the tracer area containing 9%#eirload (dot-dashed line), the tracer area,

I (thin solid line).

39



- (10°m?))

log,,(0

. (10°m?))

log,,(0

2
o €

—_—t?
"] =e==eexp(0.271)
4kt

log,, (time (s))

w
l

log,, (time (s))

(10 m)
T

log,,(0

12kt

log,, (time (s))

IN
|

(10" m))
T

log..(0%
N
L

=
l

log,, (time (s))

Figure 7: Left panels: the time series of the equivalentavare,o? (thick solid lines), in log-log
scale for the run of (a) 1/2&nd (b) 1/4 . The three triangles mark 180 days, 1 year and 2 years. The
thin solid lines showr2(0) + 4kt (wherek = 15 and60 m?s~! in 1/12° and 1/4 run, respectively)
(thin solid lines). Ther2(0) is the variance at the time of release. Note the thin and Eokd almost
overlap. Also plotted are curves of tB&? power law,\kt? (dashed lines), and the exponential law,
o2(T)e%2¢=T) (dotted lines), relevent to the stirring-dominated stag®T’) is the value obr? at

the timeT (70 days and 360 days for 1A1@nd 1/2 runs, respectively). See text for the values of
straining rate\ and stretching ratg. Right panels: the conventional distance variance(thick
solid line). The superimposed line in EXP1/121%:,,t, wherek;, = 1000 m?s~! (thin solid line).
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Figure 8: The time series of the equivalent deviatiopnfrom EXP1/12 (solid line) and EXP1/4
(dashed line).
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Figure 9: The time series of apparent diffusivity (solid line) (smoothed with 30-day filter) and
mean effective diffusivityg, (dashed line) from EXP1/12.
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Figure 11: The diffusivity (mMs™!) over three years. The left panel is for the F/tin and the right
panel is for the 1/4run. The background diffusivity: is given by the dashed lines and the mean
effective diffusivity %, is given by the solid lines. The thick lines are from the maing and thin
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Figure 13: Length for the contours of tracer from EXP1/12 & 865 as a function of equivalent
radius~, plotted in log-log scale: the equivalent length (thick solid line), the actual lengtih

(dashed line), the minimal lengthy, = 27, (thick dotted line). The superimposed lines afg(thin
solid line) andL. /Ly (thin dotted line).
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Figure 14: The eddy efficiency plotted against equivalent deviatienn. The solid line is from
EXP1/12 and the dashed line is from EXP1/4.

45



200— 5000 —0.1
— ] 7‘ (@ [
‘o 1 4000 -
e 150 ~ " —0.075
e 10 n B
[2] o~
£ - £ 3000—! N @
[= -4 = 11 B £
'© 100-| 2 kil —005 ©
Z 12 \ - )
£ - 52000 \ C <
= 1 £ SN C
3 50 ° S~ ~0.025
£ ~ 4 1000 — C
° y — -.-._--------::_?__\.\ L

(e 0 \H\\\H\\\H\\\\‘\‘\uo-o

0.0 0.25 0.5 0.75 1.0
normalised tracer load

200 5000 —0.1
F _ b ) [
@ 4 4000 -
£ 150 ~ | —0.075
[2] - N(n -
£ 4 £3000 - @
[=) 1 ~ <
T 100 2 . N~-0.05 ©
z 1.2 AN )
£ 1 '3 2000 Nr~==> SN T =
.§ : g - // v \ I’l‘” \~ B
% 50 © / ~4-0.025
€ 4 1000 / -
© _ w7 B
] Yy -
(U O e e O X0

0.0 0.25 0.5 0.75 1.0
normalised tracer load

200— 5000 —0.1
o | 4000 -
£ 150 ~ k —0.075
\U-)/ 7 Nw [~
E £ 3000 B 8
2 B — =
© 100 2 : ~0.05 @
= 1 = o
£ 1 @ 2000 A - =
> ] E 4/ -
2 504 © / —0.025
£ o 1000 < -
© B f\’ 1'/ ) B
] B4 B
0— OTH\\HH\HH\HHO-O

0.0 0.25 0.5 0.75 1.0
normalised tracer load

Figure 15: Quantities that contributes to mean diffusegtat day 730 of EXP1/12. (a) mean effective
diffusivity %., (b) for comparisoms = [ k.C da/ [ C da and (c) apparent diffusivity,. Thexz-axis

is the normalised tracer load encompassed by tracer centotir 1 corresponding to total tracer load
enclosed by the lowest tracer concentration. In ga)(solid line), Weighting|§—,i\2da/f |g—i\2da
(dashed line) and the multiplication of the two (dotted Jindn (b), k. (solid line), weighting
Cda/ [ C da (dashed line) and the multiplication of the two (dotted Jinén (c), %(@A) (solid
line), weightingC' da/ [ C da (dashed line) and the multiplication of the two (dotted Jine
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